BSE-X

e Since 2001... IMILAR
IIT-JEE | NEET | CBSE THEOREMS
T

s T U C L E ANGLES
ACCENISIEDUCATIONAL'PROMOTERS

OFFLINE-ONLINE LEARNING ACADEMY

[IT-JEE
EoREwS
NEET

“The Successy Defanafton.... IMILAR
TriancLes
V

iei . LA,
23) Call Us: Visit Us: seaay
+91 99395 86130, +91 7739650505 www.aepstudycircle.com AW

&7 2ND FLOOR, SATKOUDI COMPLEX, THANA CHOWK, RAMCARH, JHARKAHAND - 829122




A E P i AR
=
STUDY CIRCLE RIANGLES

ACCENTS EDUCATIONAL PROMOTERS

THEOREMS SIMILAR TRIANGLES

> 1. THEOREM :1—{[BASIC PROPORTIONALITY THEOREM - (THALES THEOREM)]
Statement - In a triangle, a line drawn parallel to one side to intersect the other side in distinct
point divide the other two side in the same ratio.
Or
I If a line drawn parallel to one side of a A divides the other two side in the same ratio.

Given: — Ina A ABC, DE is drawn || to BC
To prove: - AD = AE
DB EC
Construction: - we draw DM 1 AC and EN _L AD and join BE and DC
Proof: - We know that, A’® on the same base
(DE) and between same ||,s (BD || CE) are equal in area.
S ar. ABED =ar. ADCE (1)
Now ar. AADE = WXDMxAE = AE —— (1) [“area of A =% x b xh]
ar. A CDE %/x DK x CE CE
Again, ar.AADE = % xEXxAD = AD ------- (1)
ar. ADBE  %xENxBD BD TN
But, ar.,ABED=ar. ACDE ------------mmmmm- - [ from (1)] P N
: ar.AADE = AD - (IV) BL T S\ C
ar. A CDE DB
From (lll) and (IV), we have
- AE= ADL L
.+.CE.- DB~ - -

Hence Proved.

[ = kRN OIIIETSY — AD = AE [ Proved above]

DB EC
Adding 1 to both sides, WE get
AD + 1= AE + 1
DB EC
= AD +DB = _AE+EC [-:-:-AE-:-%-:AE'-:-:]

DB e T T

= PIRNOIGIENY - AD = AE [ proved above]

DB EC
bB = EC
AD AC
adding 1 to both sides.
DB +1= EC +1
AD AC

= DB+AD =EC+AC
AD AC
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Converse of B.P.T_ — If line divides any two side of a triangle in the same ratio than it is parallel
to 3" side.

A
Given: - In a A ABC, DE is a straight-line meeting AB & ACresp.at D & E
such that AD = AE
DB EC
To prove: - DE || BC

E
Construction: - Consider that, DE §f BC, but it is || to BM / \
AC is produced to intersect BM at M. C
Proof: -

In A ABM, DE || BM [by assumption]

AD AE (I') [ If aline drawn on other of a A, divides
DB EM the other sides in the same ratio.(B.P.T)]
But AD =AE (my  (given)
DB EC
Frem (l)and (l1), we get
AE =AE
EM EC
EM =EC
Which is possible only when M coincides with C
ie., BC = BM
Hence, |DE || BC

, which contradicts our supposition.
Hence proved.

3.Internal bisector theorem: - The bisector of an angle of a triangle, divides the opposite side in ratio of side

containing the angle.
Given: - A ABC, in which AN is an internal bisector of £ A meets BC at N.
To Prove: - AB =BN_ M 4
AC NC .
Construction: - Through C we draw MC || AN. Also, BM is produced to M to meet CM L)
Proof: - Since AN || CM and BM is transversal /’ 4 'l
L1=/2 (corresponding angles) ----- (n // l|
/
Agaln since AN || CM and AC is transversal ! |l
S £2=/3 (alternate £ ®) -—----=--m-m-m=- (1) ',
But, Z 1=/2][~ ANis internal bisector of £ A (given)] ------- (1) ‘|
From (1), (1) and (111) 2 1
£3=/4 |
Now in A ACM, 31
£3=/4 [ proved above]
AC=AM [sides opposite to equal £’s are also equal
Now in A MBC, AN || MC. (By construction.) B N C
AB = BN [BY (BPT) ]
AM NC
or, [ .AB="BN.'.". ] [~ AM = AC (proved above)] Hence Proved.
T RC NG
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4. Converse: - If aline through one vertex of a triangle divides the opposite side in the ratio of other two side,
then the line bisects the angle of the vertex.

Given: - A A ABCin which AD is a line from vertex A such that  AB=BD
AC DC
To prove: - AD is bisector of Z BACor £ A.
Construction: - Through C, we draw MC || AD and produce AB to meet MC at M.
Proof: - In A BCM, AD || MC (By construction.)
‘ AB=BD [By (BPT)]
AM DC
But, AB = BD
AC DC
AB= AB
AM  AC
Now in ACM
AC =AM [Proved above]
Z 1=/ 2[angles opposite to equal side are also equal]  ------- (n
Now AD || MC (by construction.) and AC is a transversal.
: £2=/4 (alternate /£’s) ------- (1)

Also AD || MC (by construction.) and BM is a transversal.

£3=/1 - (1) [corresponding £’s]
From (1), (I1) and (111),
£3=/4

AD is bisector of Z BAC, hence proved.

5.External Bisector Theorem — The external bisector of an angle of a triangle divides the opposite side in the ratio

of sides containing the angle. A K
Given: - In B ABC, AQ is an eternal bisector of exterior £ CAK.
To prove: - AB=BD
AC CD
Construction: - Through C we draw CN || AD
Proof: - Since, NC || AD and AC is a transversal  (By construction.)
: L1=/2 (alternate/’s)
Again NC || AD and AB is a transversal
£3=/4 (Corresponding Z,s)
But,£2=/4 (Given)
£3=/1
Now, In & ANC
£3=/1 [Proved above]
AN = AC [Sides opposite to equal £’s are also equal.]
Now, In @ ADB, AD || NC (by construction.)
AB=BD [+ aline drawn || to one side of a @ divides the other side in same ratio]
AN CD
But, AN=AC [Proved above]
AB =BD
AC CD

Hence proved
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6. Area Theorem: - The ratio of areas of two similar A’s is equal to ratio of square on their corresponding
side.
A D
[
|_—| E M F
B N C
Given: - A ABC~ A DEF
To prove: - ar. AABC= BC’= AB2= AC?
ar. A DEF EF? DE? DPF?
Proof: - arAABC= 7% xBCxAN-= BCx AN -------- (1
ar. A DEF 7 x EF x DM EF DM

Now, In A ANB and A DME

Z ANB = Z DME [each 90°]

/B=/E [~*A ABC ~ ADEF]

AANB ~ ADME [ by AA similarity]

AB =AN

DE DM

Also, BC=AB
EF DE

From (1) and (II)

AN = BC

MD EF

ar. AABC=BCxBC=BC?* -----mmmm- (A)

ar, ADEF EF EF EF?

Similarly, we prove that

[*A ABC ~ A DEF] - (1)

ar. AABC= ABZ? --—-oo- (B)
ar. ADEF DE?
Also, ar.AABC= AC?-—-- (C)

ar. A DEF DF?
From (A), (B) and (C)
ar.AABC= BC?= AB? =AC?
ar. A DEF EF? DE? DF?

CBSE-MATHEMATICS,

[If two A’s are similar then the ratio of corresponding sides are same.]

Hence proved
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7.Characteristics prope of similax triangles -
| (1) A-A Similarity
1. If in a two &'s corresponding angles are equal. i.e. the triangles are equiangular, than the triangles are similar.
Given: - In A’s ABC and DEF. Z A=/ D,
ZB=/ZEand LC=ZLF. A D

To prove: - A ABC~ A DEF
Construction: - We draw mark point M and N on DE and DF
respectively such that AB =DM and AC = DN

and join MN
Proof: - Three cases arise
Case—1: AB=ED, Here M coincides with E
Case—1l: AB < DE, Here M lies on DE B C
Case —lll: AB > DE, Here M lies on DE produced.
» Case — |: - AB = ED, here, M coincides with E
A
N
B C E F
In A ABC and A DEF
AB = DE [By construction]
ZA=/D [Given]
AC=DE [+ N coincides with F]
A ABC = A DEF [by SAS]
BC=EF [CPCTC]
BC=1
EF
Similarly, AC=1and AB=1
DF DE
BC= AC=AB
EF DF DC
Also, ZA=/D,/ZB=/ZEandZC=/LF [Given]
A ABC~ A DEF Hence proved
> Case — I
AB < DE, Here M lies on DE, A
In AABC and A DMN,
AB =DM (by construction.)
ZA=/D (given)
AC=DN (by construction.)
A ABC = A DMN (by SAS)
ZB=ZDMN (CPCTC)
But, «ZB=ZE (given) B C E F
ZDMN=/E
But these are corresponding angle and are equal
MN || EF
Now, in A DEF, MN || EF (Proved above)

Cosc-matHemATICS, AN
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DM = DN (* a line drawn || to one side of a @, divides the other side in same ratio)

DE DF
But, DN = AC and DM = AB (by construction.)
DE  DF

AB=BC -------- (I1)

DE EF

From (1) and (Il)

AB=BC=AC

DE EF DF

Also, /ZA=/D,/ZB=/EandZLC=/F (given)

o A ABC ~ ADEF Hence proved
Case — Il

AB > DE, Here M lies on DE produced.
In AABC and A DMN A
AB =DM (by construction.)
ZA=/D (given)
AC=DN (by construction.)
A ABC = A DMN (by SAS)
Z B=/DMN (CPCTC)

But, £ B=ZDEF (given)

~Z DMN = /£ DEF

But these are corresponding side and are equal B CE \ F
EF || MN € »
Now, In ADEF, EF || MN (Proved above) M N
DM = DN (by corollary of BPT)

DE DF

But, AB =DM and AC=DN (by construction.)
AB=AC-------- (1)

DE DF

Similarly, we can prove that

AB= BC -------- (1

DE EF

From (1) and (I1)

AB=AC=BC

DE DF EF

Also, /ZA=/4D,/ZB=/ZEandZLC=ZLF (given) .. AABC~ADEF Hence proved
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il. Characteristic property of similar A :- — S-S-S Similarity
If Corresponding sides of two triangles are proportional than they are similar

Given: - In A ABC and A DEF
AB=BC=AC A
DE EF DF

To prove: - AABC ~ ADEF

Construction: - We mark point M and N on DE and DF respectively.
Such that AB = DM and AC = DN. Join MN

Proof: - Since AB = AC (Given)
DE DF F

But, AB =DM and AC =DN (by construction) B C

DM =DN

DE DF

Now In A DEF, DM = DN (proved above)

DE DF
MN || EF [by the converse of BPT)

L1=/2 (Corresponding./’s)
Now, In A DMN and A DEF

L1=/2 (proved above)

ZD=«/d (Common)

ADMN ~ A DEF (by AA similarity) --------------- (A)
DM =MN [If the A’s are similar then their corresponding sides are in the same ratio.)

DE EF

AB=MN [~ AB = DM]

DE EF

But, AB =BC

DE EF

BC=MN
AF EF

In AABC and A DMN

BC=MN (proved above)

AB =DM (by construction)

And AC=DN (by construction)

A ABC = ADMN (by SSS congruency) --------------- (B)
From (A) and (B)

AABC ~ ADEF Hence proved

M. Characteristic property of similar A:- — S-A-S Similarity —
If in two A’s one pair of corresponding sides are proportional and the included angles are equal than the two
AN’s are similar.

Given: - In A’s ABC and PQR

AB=ACand LA=/P

PQ PR A
To prove: - A ABC~ APQR

Construction: - We mark point M and N on PQ and PR respectively
such that AB = DM and AC = DN and join MN.

Proof: - In @ ABC and @ PMN
AB =PM (by construction)
LA=/LP (given)
AC=PN (By construction) B C

ACCENTS EDUCATIONAL PROMOTERS
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AABC and = A PMN (by SAS)

AABS ~APMN [+ congruent [I's are always similar] -------------- (A)
Now, AB=AC

PQ PR
But, AB =DM and AC=DN
PM=PN
PQ PR
Again, In APQRPM =PN (proved above)

PQ PR

MN || QR (by the converse of BPT)
L1=/2 (Corresponding/’s)
Now, InAPMNandAPQR
L1=/2 (proved above)
LP=/P (common)
APMN ~ A PQR (by AA) -------eeeeev (B)

From (A) and (B)
AABC ~ APQR Hence proved

8. Pythagoras Theorem: -

In a triangle, the square on the hypotenuse is equal to the sum of square of other two sides.

Given: - Inrt AABCrt. £ % atA
To prove: - BC? = AB? + AC?
Construction: - We draw AB 1 BC
Proof: - In A ABD and ABC
ZB=4ZB (Common)
Z BAD = £ ADB (each 90°)
A ABD ~ A ABC (by AA similarity) A
AB =BD [If two triangles are similar than their
BC AB corresponding side are in the same ratio]
AB? = BD X BC ------———-- (1)
Again, In A ADC and AABC
ZC=/C (common)
2 ADC = Z BAC (each 90°)
A ADC~ A ABC (by AA similarity)
AC=DC [if two A’s are similar than their corresponding
BC AC side are in the same ratio]
AC2=BCXDC --mmmmmmmmem ()

Adding (1) and (lI)
AB? + AC2=BCxDC+BCxBD
ABZ + AC2 = BC (DC + BD)
AB? + AC2=BC x BC
BC? = AB? + AC2. Hence proved
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9. Converse of Pythagoras theorem: -

In a triangle if the square of one side is equal to the sum of square of other two sides than the angle opposite to

The 1% side is a right angle.

D A
NN
R RRRES F B o
Given: - In AABC, AC? = AB? + BC?
To prove: - AABCisart. Z¢9A
Construction: - We draw rt. Z°% Art. Z°% at E such that AB = DE and EF = BC
Proof: - In rt. AABC, rt. /%% at E (by construction)
. DF? = DE? + EF? (by Pythagoras theorem)
DF? = AB% + BC? [+ AB = DE and BC = EF (by construction)]
But, AC?=AB?+BC?----- (1
From (1) and (I1)
DF? = AC?
DF = VAC?
DF =AC
Now, In A DEFand ABC
DE=AB (by construction)
EF =BC (by Construction)
DE = AB (proved above)
A DEF = AABC (by SSS congruence)
/B=/E (CPCPTC)
But, ZE=90° (by construction)
ZB=90°
Hence A ABCis a rt. Z°* triangle
Proved

CBSE-MATHEMATICSI
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10. Obtuse Angle Theorem: -

Prove that AB = BC? + AC>+2 CAx CD
Given: - AABC is a A in which £ BCA > 90° also AC is
produced to D such that BD 1 AD.
To prove: - AB?=BC?+AC*+2CAxCD
Proof: - Inrt. @ ABD, rt. Z/%% at D
: AB? = BD? + AD? (by Pythagoras theorem)
AB? = BD? + (DC + AC)?
AB?=DB?+DC?+AC?+2 DCx AC

In aA ABC, Z ACB is greater than 90° and side AC is produced to D such that segment BD L AD.

U_T________—_ los]

AB? = (BD?+ DC?) + AC?+2 DCx AC
Hence Proved

11. Acute Angle Theorem: -
In A ABC, Z B<90° AD is drawn perpendicular to BC. Prove that AC? = AB%2 + BC2— 2 BC x BD

Given: - ABC s aBin which £ A=90°also AD L BC
To Prove: - AC?=AB%+BC?-2BCxBD
Proof: - Inrt. @ ADC rt. £ at D
: AC?= AD? + DC? (by Pythagoras theorem)
AC? = AD? + (BC — DB)?
AC? = AD?> +BC?+BD?-2BC x BD B

AC? = (AD? + BD?) + BC2— 2 BC x BD

Hence proved

CBSE-MATHEMATICSI

AC? = AB%2+BC?>-2BCxBD [in rt. A ABC, AB? = AD? + BD?, By Pythagoras theorem]
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