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An equation involving the derivatives of a dependent variable
with respect to one or more independent variables is called a
differential equation. The order of a differential equation is the
order of the highest differential coefficient involved. When an
equation is a polynomial in all the differential coefficients, the
power to which the highest differential coefficient is raised is
known as the degree of the equation.
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| Illustration | 1 ;

Any differential equation of order 1 is of the form
fix, y,y)=0e. g

y' =y, xy) =2y + x are | order differential equa-
tions. The order of the equation
vy’ +5y=0is 2.

The order of x* Y7y + ey’ =(?+3) y3
is order 3. The degree of the equations

dy 2 d*y (dy)2
= +y'=0, —=+|=| +y=0
: &Y 2 y
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dx
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4 2

and (d_z) +ﬂ +y=x2are
dx dx

1, 1 and 2 respectively.

FORMATION OF A DIFFERENTIAL
EQUATION

To obtain the differential equation whose solution is the
equation f(x, y, ¢, ¢,, -+, ¢,) =0, where x and y are variables
and ¢, ¢,, ---, ¢, are arbitrary constants we differentiate the
above equation n times successively, so that n + 1 equations
are obtained. From these n + 1 equations, eliminate the con-
stants ¢y, ¢, =+ €.
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Illustration | 2 :

1 11 1

1000 Find the differential equation of family of circles

of radius Scm having centre on x-axis.
The equation of such a circle is
(x—al+)y*=25 (1)

)
)]
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Differentiating this equation with respect to x, we get

dy
x—a) + 2y—= =
(x —a) o
=2xX—-qa= —-y—=—
X —a y

Substituting this value in (1), we get

2
2 @’ 2 —
=] + =25
y(dx) y

which is the required differential equation.

Illustration | 3 F

Find the differential equation corresponding to the

equation y = ae* + be*™ + ce™* (1)
where a, b, ¢ are arbitrary constants.

y = ae* + 2be™ 3ce‘3t (i1)
y = ae* + 4be*™ + 9ce " (ii1)
VY = ae* + 8be*™ — 27ce™ (iv)
Y —y = be™ — 4ce™> v)
Yy —y = 2be™ + 12ce™>* (vi)
V" —y" = 4be*™ — 36ce > (vii)

Putting (v) in (vi)

Y =y =20/ —y) + 8ce + 12ce™
=" — 3y + 2y = 20ce >

Putting this value in (v),

be* = () — y) + dce >

’ 1 ” ’
=(y—y)+§(y ~3y +.2y)
_1..2,3

gF Tl g

Substituting all these values in (vii), we have

7, ” 4 ” ’ 36 ” ’
¥ =g g(y +2y —3y)—2—0(y —-3y"+2y)

"'+(—1—i+2) ,,+(_§_ﬂ) ,+[E+§)
¥ 58,0 5 5 (s 8r

=0
ylil_7yl+6y=0
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'~ - .. METHODS OF SOLVING DIFFERENTIAL
- EQUATIONS SOLUTION OR INTEGRAL
OF A DIFFERENTIAL EQUATION

Itis arelation between the variables, not involving the differ-
ential coefficients such that this relation and the derivatives
obtained from it satisfy the given differential equation. The
solution of a differential equation is also called its primitive.

A solution which involves a number of essentially dis-
tinct arbitrary constants equal to the order of the equation is
known as the general solution.

A solution of a differential equation obtained from a
general solution by giving particular values to one or more
arbitary constants is called a particular solution.

A solution which cannot be obtained from any general
solution by any choice of the arbitrary constants is called a
singular solution.
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EQUATIONS OF FIRST ORDER AND
FIRST DEGREE

A differential equation is said to be linear if the dependent

. . . variable and its differential coefficients occur in it in the first
R degree only and are not multiplied together.
"o 9 9
= ... Equations in which the Variables are Separable
leee These are the equations which can be so expressed that the
s oa. coefficients of dxis only a function of x and that of dy is only
! : : : . afunction of y. The general form of such an equation is f(x)
ye@ @ e dx=g(y)dy. Integrating both the sides, we get the solution.
L X 1
'® l.’} Cl :
)@ ¢ | Mlustration | 4 :
Solve 9yy” + 4x = 0.
Separating variables, we have
9y dy =—4x dx
Integrating both sides, we obtain
o ¥
<o 97 =—2x + Const
e 2 2
PR = 2 +2 —Const
N N N 9 4
ree e
'+ %+, Linear Equations
X X X N
il A linear equation of first order and first degree is either of
ye@ oo the form
I I 11 dV
444 — +Py=0 @)
dx
where P and Q are functions of x, or
dx ..
a4y +Pix=0, (ii)

TIT-MATHEMATICS
o )

where P, and Q, are functions of y. In order to solve equa-
tion (i), we multiply both sides by the integrating factor is
&P After the multiplication, left hand side becomes the

differential coefficient of yeJP 4 and now integrating both
the sides, we have

yejpdr - J‘ erpdr dx+C

as the solution. Similarly we solve equation (ii)

Equations reducible to linear form. If the given equation
is of the form dy/dx + Py = Qy" where P, Q are functions of
x, we can reduce it to a linear equation by dividing both the
sides by y" and then substituting y”*' = z. The given equa-
tion will be linear in z.

Illustration | 5 ;

Solve y' — y = ¢*

This is a linear equation with P = -1, Q = €™
The LF. = ¢4 = ¢~ . Multiplying with

I.LF., we have

d —X' —X 7 —X X
I Oe) =& ¥~ 3¢
Integrating both sides
ye* = Je dx + C

=e¢'+C
=y ="+ ce

| Ilustration | 6 F

y —Ay = - Byz, A, B are constants. This is a dif-
ferential equation reducible to linear equation with
P =-A, Q=-B,n=2. Dividing by yz, we have

| 1
—2 P —A— =-B
y y
Puo Loz 18 _ &
y y-dx o dx
HL oo K = B
dx
This is a linear equation with P = A, Q =- B
LE = ¢, so
4 (zeM)= — B
dx
sz=-Baic
A
:>—l . + Ce™
y A

Homogeneous Equations

dy _ f(x.y)
dx ¢(xy)’
f(x,y) and @(x, y) are homogeneous functions of x and y of

It is a differential equation of the form — , where
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>4+ the sa;n:i: degree. /:: functl(:)n f (x,‘ y)is Salj. to be/ honslogﬁne- Procedure for finding the orthogonal trajectory
T
1008 OuB - clogroe B It can be w.ntten as X" fi(y). Hen an (i) Let f(x, y, ¢) = 0 be the equation, where ¢ is an
100 O | equation can be solved by putting y = Vx. After substituting :
< : : . 2 arbitrary parameter.
y = Vx, the given equation will have variables separable in
V andx. (i) Differentiate the given equation w.r.t. x and then
The equations of the form dy/dx = (ax + by + ¢)/ eliminate c.
>+ (Ax + By. + C) can be reduced to a homogeneous equation (iii) Replace ﬂ by — d_x in the equation obtained
4+ 4] by changing x =X + h and y = Y + k, where h and k are the dx dy
P constants to be chosen so that it makes the given equation in (ii)
.»se. homogeneous provided aB—-bA #0. ) (iv) Solve the differential equation in (iii).
P If aB — bA = 0 then the given equation can be written as
Io® e
434 ] b(z it y) b DIFFERENTIAL EQUATIONS OF FIRST
333 ay R ORDER BUT NOT OF FIRST DEGREE
o999
108 e B (Bx it )+ C The equations which are of first order but not of the first
) ; ; - ) ) degree, the following types of equations are discussed.
)OO ¢ Now put (a/b) x + y = z so that the given equation reduces N E ; e e
to an equation whose variables are seperable in z and x. (l) quatfons solvable for p = dy/dx
(i) Equations solvable for y
5 F (iii) Equations solvable for x
Illustration | 7 (iv) Clairut’s Equations
N (i) If there is a quadratic (or third degree) equation in p,
) Solve y" = il solve the equation for p to get two (or three) first order and
D x=y ) first degree equations in x, y and p. These equations can be
*« oo Y = fix, y), fix, y) is a homogeneous function of ¢ jved as above.
TR degree 1. Putting y = Vx, we have dy =V+ xﬂ (ii) Suppose that the given differential equation on solving
Iee e ) ) for y, gives
5408, The given equation reduces to y=f(x, p) (1
100 & 4 dv._ x(1+V) 1+V d
4+ v T x1-V) 1-V Differentiating w.r.t. x, we obtain p = & _ 0 (x, ps _p)’
TIIX dx dx
44+ dv  1+V 1+V-V+VE 1+V? so that we obtain a new differential equation with variables
4444 = & % = 1-v -V -V x and p. Sugpose that it is possible to solve this equation.
000 " 2 Let the solution be
—5dV=— fep,e)=0 )
1+V * where, c is the arbitrary constant.
=5 11 2v dv = dx We may either eliminate p between (1) and (2) or we may
14972 21492 X solve (1) and (2) for x, y.
1 (iii) In this case differentiate w.r.t. y and proceed as in
. = tan”'V - 2 log(1 + V) = logx + C case (ii).
D (iv) The equation of the form y = px + f(p) is known as
8-804 = tan?! 2 = =logx(1+ VW24 C Clairut’s equation.
.. e X
e ® 0
, ‘ _ Differentiating w.r.t. e get + +
reoe: =tan! 2 =log (2 + )2 + C 1 lating w.r.t. x, we getp =p +x —— f(P)
TEXEX X dp dp
leoe e+ f(pN7-=0 = a=0,x+f’(p)=0
222 ORTHOGONAL TRAJECTORY
TIT
'08® Any curve which cuts every member of a given family of If 2—’7 =0, we have p = constant = ¢ (say). Eliminating p
) o o o ¢ X

curve at right angle is called an orthogonal trajectory of
the family. For example, each straight line y = mx passing
through the origin, is an orthogonal trajectory of the family
of the circles x* + y2 =d’.

we have y = cx + f(c) as a solution. If x + f’(p) = 0, then by
eliminating p, we will obtain another solution. This solution
is called singular solution.

Remark If u = rf(6), then du = rf’(6)d0 + f(6) dr

IIT-MATHEMATICS

P
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SECOND ORDER BUT OF DEGREE ONE

If there is a linear second order equations with constant coe-
: dzv dy
fficients say — + 4, — + a,y =0 then we solve the quad-
d  ldx
ratic equation m> + a, m + a, = 0. There will be three cases
Case I Discriminant of the quadratic equation above is
positive say roots are ¢, and o, then y = C; " +
C, ¢™" is a solution.

Case Il If oy = 0, = ofsay) then a solution is y = (C| x +
Cy)e™.
Case Il o, = o+ iff (complex roots) then a solution is

y=C, cos ox + C, sin fx.

Illustration | 8 F

Solve y” +y" =2y =0

Consider the equation m+m-2=0
=>m+2)(m-1)=0

=>m=-2, 1

Hence the required solution y = Cye > + Cye*

Illustration | 9 F

Solve y” +2y" +y=0

Consider the equation m+2m+1=0

(m + 1)* = 0, so

m = -1 are coincident roots. Hence required
solution y = (C, + Cyx)e ™.

® Example 1: The solution of the equation y’ = b fa i
X
given by
(@) y=Cx+1 (b) y=Cx-1
(c)y:Cx2+l (d)y=Cx-2
Ans. (b)

© Solution: The equation is with separable variables, so
can be written as

IIT-MATHEMATICS

duui

=

| Ilustration |10;

Solve y” +y =0

Consider the equation m+1l=0=>m==i
are two complex roots with o = 0, = 1.
Hence required solution is

y=2C, cos 0.x + Cy sinx = C, + C, sin x.

d’y
5 =f(x)

y .
> = f(x) then inte-

grating both the sides, we get Z—y- = F(x) + C,, where F(x)
x

= J' f(x) dx and C, is a parameter.

Integrating again, we have
y=Gx)+Cyx+C,
where G(x) = J F(x) dx and C,, C, are parameter.

I Illustration |11;

Integrating, we get

Y o sin’ xdx + C, = %j (1 -cos2 x) dx + C,

dx
_ l(x_sm 2x) +C,
2 2

Integrating again, we have

5

y=x—+10052x+C,x+C2.
4 8

SOLVED EXAMPLES
Concept-based

Straight Objective Type Questions

dy dx

y+1 x

Integrating, we have
log(y + 1) =log x + Conts

= y+l=Cx=y=Cx-1.

® Example 2: The solution of the equation
xy’ - Y
X

y
=tan = is given by
X
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(a) sin Y- Gx (b) cos - Cx
X X

0000000000

-

®0 ¢ (c) tanl = Cx*
X
Ans. (a)
© Solution: The given equation can be written as y’ =
Y.

tan —+ =
X X

(d) tanl =CF +x
X

This is a homogeneous equation of degree 1 so put y = Vx.

V+xd—v =tanV+V
dx

xd—v =tan V= cot VdV= é
dx X

= logsin V=log x + Const = sin y/x = Cx.

0000000000000 0 s s
0000000000000 00 s s
000000000 OCOCOGISISILIPSL S+

2_xy

® Example 3: The solution of y’ = 1 +x

X

yl.—o=11is given by

(a) y= JH—X +sinx
l—x
(b)y-a, [2+x

I+x
() y= 51’—'[

1 ( 2 i x4)
=] 1+ x4 ————=—
1—x° 2 3 4
Ans. (d)

© Solution: The equation is a linear equation with inte-

yi-¢]
e

+sin” x]

(d)y=

0000000000000 s s
P0000000POCFOCFONINIOGOSLLDS TPV
P000000OCOCOONIONISISILDL VL

dx "I 2x

dx

- elog(l =), (1

1- 22 1-x2

grating factor e '~ =e¢ ~%)

Multiplying with LF., we have

%(y(]_xz))=(1_x2)(|+x,

(1 —x2)=,f(l —x2+x—x3)dx+C

x & X

s, e
3 2 4

_ ! (x_£+ﬁ_£)+ c
Y Ie2\ 32 D

y(0) =1so0 C=1. Hence

since

9000000000000 00 s
P000000COCOOGONOGISIOSELETL P
D00000O0OOPOCOOQRSIITOEPOSEDS s

1IT-MATHEMATICS
o

® Example 4: The solution of y’ +y=—  is given by
y

|
a) —=—x+¢&
(a) ¥

(b) Y =—-x*+ %(1 &

(c) y2=—x+%(l g o0y
(d) ; =——x+ %e"‘
Ans. (¢)

© Solution: The given equation is reducible to linear
equation yy’ +y° = —x

Put y2=Z=>2yﬂ=£.Thus
dx  dx
g +Z=-x
2 dx
= g +27Z=-2x

which is a linear equation with LF. = ¢, so

i(Ze“):—erl'
dx
N xelx 2x
= Ze¥=-2[xe* dx+C=-2 - dx [+C
2x
=—x®+ < 4C
2
= f:—x+l-+Cé*
2
1 |
For x=0,y0)=1s01==+C=C=-—.
2 2
Thus V=—x+ % (1+e™)
@ . , 2x—y+l = o
Example 5: The solution of y’ = ———— is given by
x=2y+1

(a) xz—xy+y2+x+y=C

(b) *=xy+y*+x-y=C

(c) xz—xy+y2—x+y= C

(d) - +2y-y*—x+2y=C
Ans. (b)
© Solution: The given equation is reducible to homoge-
neous equation. Puty=Y+k, x=X+h

dy _dy dv dx _dv
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Select h, k suchthat2h—k+1=0,h-2k+1=0s0
h=- l and k = l.Thus
3 3
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¥ 2Xx-Y
= x oy

which is a homogeneous equation

Putting Y =vX, we have
v+ Xﬂ = 2=V
dX 1-2v

e 2 _ 2
- Xﬂ=2 v—v+2vy =_2(1 v+v)
dx 1-2v 2v-1

:fv—dv_-zd—x
vi—v+1 X

= log (v2 -v+ 1)+ logX2 = Const

0000000 ses st
P000R0OORNINISISEES S -
P0000OOPOROSISIPSISLEEST S -

T
e
e

f

= Y? - YX + X* = Const

1 1 1 i3

= (y__) —(y——)(x+—)+(x+—) = Const
3 3 3 3
2 2

2
= (y——X+IJX2=Const
X

= y2+x2—xy—y+x=c
® Example 6: A particular solution of

log % =4x+ 5y, y(0)=0is given by

I I N IR E R
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44+ (@) 5¢" +4¢>=9  (b) 5e* +4¢” =9
- 4x —4x 4x —4y
: (c) 4™ + 5 =20 (d) 4e™ +5¢ 7 =9
Ans. (a)

_ . d . ;
Solution: Ey =M = %

= e dy =" dx
Integrating, we have

4 5
Putting X=Oandy(0)=0,C=i+%=—

el

Thus 9 =5¢* + 4¢™

T 1 XX RN RN NN NN B R
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® Example 7: The motion of a particle is given by % =

ay

—3a cos’ tsint, = 3a sin’t cos ¢ and passes through at ¢

=0, then the path is given by

r'I—IT-MATHEMATICS
(R

(@ c+a)*+(y-a=1

b) -y + (y + ) = 247"

©) P +yP =

@) ¢+ +yP=d"
Ans. (d)
© Solution: x =-3ajcos* sintdt+C=acos’ 1+ C
Fort=0,C=-a
y=alsin’t cos tdt=asin’t+ G,at1=0,y=0s0 C,=0
Thus x = a(cos3 t—1),y=a sin® 7

N 13 y 1/3
= (—+l) = oS 1, (—) =sint
a a

x N\ 2/3
=5 (__,_1) _,_(X) = 1. x+a)P+)yB =g
a a

® Example 8: The solution of initial value problem xy’ + y
=0, y(2) =—2is given by

(@) xy+4=0 (b) y+2)=0
(© x-2=y+2 d) (x-2) (y+2)° =4
Ans. (a)
© Solution: xﬂ =—y= ﬂ.,.g -0
dx y x
= log y + log x = Const
= xy = Const

Since ¥(2) =—2so Const=2(-2) =4
Thus xy + 4 = 0 is the required solution

® Example 9: The solution of ¥ + xy = xy™', y(0) = 2 is
given by

(a)y—2+2e—r () Y =3+¢
(c)y’=3+¢" d) y*=2+2"
Ans. (¢)
© Solution: y' +xy=xy"' =y +xy’ =x
This is reducible to linear equation, so put y2 =z= y%
_ld
2 dx
1 dz
—— +xz=x
2 dx
= L] +2xz=2x
dx
ILE. = ezj Sl Multiplying with L.F., we have

d 2 2
—(z)=2x ¢
= (ze')=2x

= 28 =[x dx+C=e" +C
= yze‘l—e‘2+C

Since (0) =1so C 3

= —3+e

® Example 10: The solution of y’ + cos(x + y) = cos(x — y)
and (E)— ud is given b
y )7 g y
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1008 ¢ (a) siny=2sinxcoszy (b)cosy=25inxsin2y = —cosecycoty=—2cosx+ C
::::: (c) cos y=2cos x sin’y (d) sinx=2cos ysin’y ) T T
1900 Ans. (b) Since y(z)= Z so C =0. Thus
. dy ) ) cosec ycoty=2cosx
© Solution: et cos(x —y) — cos(x + y) = 2sin x sin y 5 T
: L. P
++ siny
leee: LEVEL 1
R N N N
L A N N
3414 Straight Objective Type Questions
00!
19981
:; ;; . @ Example 11: The degree of the differential equation ® Example 14: The order and degree of the differential
++4 3/2
3 , 2 dyY
d'z+5(df] —x310gd—';is [1+(a))
d dx? ds equation P=>—"7  are (respectively)
2 2
(a) 1 (b) 2 d“y/dx
(c) 3 (d) none of these @ 2.1 ®) 2.3
A A : ’
: ns. (d) ©) 2,2 @ 2,6
... O Solution: Since the equation is not a polynomial in all g, (c)
= =« the differential coefficients so the degree is not defined. ; 3 3 5
eeo e ) ) ] - © Solution: The given equation can be written as
149991 ® Example 12: The degree of the differential equation y, , 2 i
R A8
TXL X (a) 6 (b) 3 dx dx
X X N N 2 (d) 4
+4-4-4 © which is clearly of order 2 and degree 2.
L oee: Ans (a)
1008« o oition: y,3? 2,4 g both sid h ® Example 15: An equation of the curve in which sub-
4444 s DU 2% l;y +4. Squaring both sides, wehave | o varies as the square of the ordinate is (k is constant
)OO y, =y +16 +8y, of proportionality)
= (3 —y; — 16)* =64y, =5 —32y3 - 2y3 y, + y; — 32y, + (@) y= A (b) y= e’“2
256 = 0. Hence the degree of the given equation is 6. B (©) y2+kx=A d y+h'=A
® Example 13: Which of the following equations is a lin- e dy
ear equation of order 3 ? © Solution: According to the given condition y ke ky?
X
3 2
ped (a) d_:’ g d_); dy +y=x = d’v = kdx (variables separable equation)
s dx’  dx” dx Y
ot d‘y d‘y 5 = log Iyl = kx + C = |yl = Bé* = y = Ae" where A =
e (b) 4 4 y'=x + B and k is the constant of proportionality.
' o ¥ di
e e . " ® Example 16: A solution of the differential equations
S5 e (L] -+ +5-0is
TIIX 8 dx dx
'oe®
1008 (d) d—2+d—y =log x (a) y=2 (b) y= 5
1ttt dx”  dx (©) y=2x-4 () y=2¢"-
oot Ans. (c) Ans. (¢)

© Solution: The equations in (a), (b) and (c) are of order
3 and in (d) is of order 2. The equations in (c) and (d) are
linear, see theory for definition.

TIT-MATHEMATICS
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© Solution: Letp= g_y so that the given equation can be
x

written as p> — xp + y = 0. Therefore y = xp — p* which is a
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Clairut’s equation see theory. Differentiating with respect
to x, we have
dy

= — =p+x —
¢ dx B dx

dp
dr

_2p

(x=2p) dp =0= d =0so p =const = C (say)
dx dx

Soy = Cx— C?is a solution, in particular C = 2.
® Example 17: The solution of & = 5 is given by
2x—y
1 1 1
a) y=Ce X+ —x* +—x+—
® 27 T2y

v I 11
b) x=Ce”? + —y* +—y+—
(b) x=Ce 2 T3

1
2
+y+—
T2

(d) x=Ce” + 1y2 +1y+l

2 2° 4
Ans. (d)

o1
c) x=Ce' + —
(c) x=Ce 4y

dy =2x- y2 (This is a linear equation in x).

© Solution:

. . . [ 2y oy
The integrating factor is e ) odr e,

So L] (xe?)=—y* e
dy
Integrating, we have
2.2y
=TI . I ye > dy + Const
-2
2 _2y
=L oy _ lJ‘ 2 dy + Const
2 2 2
2 =2y
=Y W4V, € +C,
2 2 4
2
x=C| ez"v+ y_+y+l
2 4

® Example 18: The curves whose subtangents are pro-
portional to the abscissas of the point of tangency (the pro-
portionality factor is equal to k) is

(a) y*=Cx b) y=cx
(c) yk/ = (d) none of these
Ans. (a)

d
© Solution: Subtangent = yd—x so according to the given
) 4

dx
condition y — =kx
dy

IIT-MATHEMATICS
T

= g:kﬂ = logA +log Ixl =k log Iyl
X y
= A=W = Y=+Ax=Cx

® Example 19: The degree of the differential equation of
all curves having normal of constant length C is

(a) 1 (b) 3
(c) 4 (d) none of these
Ans. (d)

Solution: According to the given condition

2 2
1+ d—xj =C = y2+y2(d—x =’
dy dy

The degree of this equation is 2.

® Example 20: Which of the following transformation

s ; . dz
reduce the differential equation ar +
X

3 logz= iz (log z)*
into the form * &

& +uP(x)=0(x)
dx

(a) u=logz (b) u=ée
(©) u=(logz)" (d) u=(log 2)’
Ans. (¢)

© Solution: Dividing the given equation by z(log z)>, we
have
| dz 1 1 1

= == o)
Z (log Z)Z dx lOg X x2

dz

puting L _ du »
utting —logz =u, we have =—(log z) i

dx

So (i) can be written as

de ¥ -l
dx x 42
which is in the required form with P(x) = —1/x and Q(x)

=— 1/
® Example 21: A particular solution of log dy =3x+
. dx
4y,y(0)=01is

(@) e +3e =4
(c) 3¢¥ +4e¥ =7

(b) 4> - ¥ =3

(d) 4 +3e P =7

Ans. (d)
d . ; ;
© Solution: d—y =TV M Y o e Vdy=edx
X
e—4 ¥ e3x 1 1

Thus = Const. But y(0)=0,s0, - —_—— =C.
- 4 3

Hence (e /(- 4)) - (e*3)==7/12 = 3¢ ¥ +4e%=7.
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® Example 22: The solution of o _aih represents
a parabola if o+

(@) a=0,c=0 (b) a=1,b=2

(c) a=0,c#0 (d) a=1,c=1
Ans. (c)

© Solution: The given equation has separable variables so

2
(cy + d)dy = (ax + b) dx. Integrating we have % +dy +
2

K= % + bx, K being the constant of integration. The last

equation represents a parabolaif c=0,a#0ora=0, c#0.

® Example 23: The differential equation corresponding
to the family of curves y = ¢ (a cos x + b sin x), a and b be-
ing arbitrary constants is

(@ 2y, +y,-2y=0
(©) 2y,
Ans. (b)
© Solution: y,=¢"(—asinx+bcosx)+e' (acosx+bsinx)
= yy =€ (—asinx+bcosx)+y

(b) y,=2y,+2y=0

-y, +2y=0 (d) none of these

= 2=y, +€ (—acosx—bsinx)+e (—asinx+
b cos x)
= =2y, +2y=0.

® Example 24: The solution of y° x + y —x ? =0is
X

(a) x*4 +(1/5) (xly)’ = C

(b) 15+ (1/4) (xly)* = C

() (ly)’+x4=C

d (xy) +x/5=C
Ans. (b)
© Solution: The given differential equation can be writ-
ten as y5 xdx + ydx — xdy = 0. Multiplying by x3/v5 we have

At 3(ydx 2xdy] 0
¥ ¥

Integrating, we get ¥’/5 + (1/4) (x/y)* = C,

3 p—
%(Nx_;@)=us au  whereu=*
y y

y

since

® Example 25: The equation of the curve passing through
(3, 9) which satisfies dy/dx = x + 1% is

(a) 6xy=3x>—6x+29

(b) 6xy=3x>-29x+6

(¢) 6xy=3x"+29x—6

(d) none of these
Ans. (¢)

© Solution: The given differential equation has variable
separable so integrating, we have y = x*/2 — 1/x + C. This

IIT-MATHEMATICS

Aumy

=@

will pass through (3, 9) if 9 = 9/2 -
Hence the required equation is 6xy = 3x° + 29x —6.

1/3 + C = C = 29/6.

® Example 26: The solution of
dx is

g

Y y
2y (a2 +y?

(b) cos™ (y/x)
(d) y2/x2 =xtan (¢ —x)

(a) y=xcot(c—x) =—x+c
(c) y=xtan(c—x)
Ans. (¢)

© Solution: The given equation can be written as

xdy—-ydx xdy—-ydx 1
Ty TR — X g il
X"ty x 1+y“/x
1 d (y :
= —— 5 | = | =-dx Integrating we have
1+y“/x" dx \x

tan”" O/x)==x+c
= y=xtan(c—x).

® Example 27: The solution of the equation (2x +y + 1)
dx+ (@4x+2y-1)dy=0is
(a) logl2x+y-1l=C+x+y
(b) log(4x+2y-1)=C+2x+y
) log2x+y+ 1) +x+2y=
(d) logl2x+y-1l+x+2y=C
Ans. (d)
dy dXx
© Solution: Put2x+y=X = 2+ —— = — . There-
dx dx
fore, the given equation is reduced to (see theory the case
when aB - bA = 0)

dX X+l dX _3(x-1)

dx X ~1 de 9%~
= 22X retr = Lo | @i

3(X-1) 3 X-1

= %[2X+long—lI]=x+Const

= 2(2x +y) + log I2x + y — 11 = 3x + Const
= x+2y+logl2x+y-11=C.
® Example 28: Solution of the differential equation

2y sin x ? =2 sin x cos x — y” cos x satisfying y(1/2) = 1
X

is given by

(a) y2 =sin x

(c) y2=cosx+ |
Ans. (a)
© Solution: The given equation can be written as

2y sin x 4y +y% cos x = sin 2x
dx

(b) y= sin® x
(d) y2 sinx =4 cos’ x
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= I (y* sin x) = sin 2x
dx

T
90000000
90000000

= y* sin x = (=1/2) cos 2x + C.

) ((m/2))* sin (w/2) = (=1/2) cos 2m2) + C

= C=1.2.

Hence y2 sin x = (1/2) (1 = cos 2x) = sin” x

= y2 =sin x.

® Example 29: Solution of the differential equation
xdy —ydx— 1% +y2 dx=0is

(a) y—\lx2+y2 = Cx* (b)y+ x2+y2 =Cx°
©) x+ yx2+y? =0y (d) x— x> +y* =Cy*

Ans. (b)

C0000OPOCPOISIRIOIRSESESDS s ¢
00000 OCOOOOIOSIOSISIESETES S«
00000 0COGOGOOOISIESLETES S«

d
© Solution: Writing the given equation as ﬁ >

2 2 dv
+x° + .
YINY 7Y and putting y = vx, we have v + x e

2 do dx

=0+ \1+0 = = —
Jl+0? X

Integrating, we have log (v + y/1+ 0 ) = log x + Const.

= yx+J1+y x2 =Cx = y+Jx*+y? =Cx%
® Example 30: An equation of the curve satisfying

xdy —ydx = yx* —y* drand y(1) =0 is

(a) y= x log Isinxl  (b) y=uxsin (log IxI)
© yY¥=x@-1? (@ y=22@x-1
Ans. (b)
© Solution: The equation can be written as

ol..looooooo;-...
I I NI NN XX EEERE
00000 OPOGCOINISIOGOSEESES S

xzwzx ]—(y/)()2 dx

g _div/x) _dx = sin”! y/x = log Ix| + Const

1—(y/)c)2 o

Since y(1) = 0 so Const = 0. Hence y = x sin (log x| ).
Note that one can also solve the given equation as a homog-
enous equation also, i.e. by putting y = vx

® Example 31: A solution of the equation
dy ;
X3y =y(logy—-logx+1)is
(a) y=xe” (b) y/x=ex
(c) y2 =cx logx (d) logy=cx
Ans. (a)

900000000000 s s s
Q000000 OCGONISIOEESTS T+«
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Solution: Putting y = vx in the given equation, we have

+ L 1 +1 xﬂ— 1
v xdx =v(logv+1) = dx =vlogo

do dx
=— = logllog vl =log x| + Const
vlogv  «x

= logv=+Ax=cx = y=uxe™.

® Example 32: The solution of x° 9 4 4 tan y=
¢" sec y satisfying y (1) = 0 is dx

(a) tany=(x-2)¢" logx

(b) siny=e"(x—1)x7*

(c) tany=(x-1) &' x>

d) siny=e"(x=1)x

Ans. (b)
Solution: Rewriting the given equation in the form
x*cosy dy +4’siny=x¢* = — (x*siny) =xe'
dx dx
= x*siny= J. xe* dx
=@x-1e"+C

Since y (1) =0, s0 C=0.
Thus siny=x"*(x - 1)e".
® Example 33: If for the differential equation y =

2y ¢(£) the general solution is y = ol then ¢ (x/y)
% y log |Cx|
is given by
(a) —x2/y2 (b) yz/x2
(c) Jc2/y2 (d) —yz/)c2
Ans. (d)
. . xdv dy
© Solution: Putting v =y/x so that — + v =—, we have
dx dx
xdv dv dx
—tv=v+o(lv) = = —
w oM = Sy T
= loglCxl= | ——— (C being constant of integration.)
I ¢(l/ )
X
But y = ————— s the general solution so
" loglen) U TE
i._l—j _EK_ = ¢ (1/v)=
y Ty gy TS
= o (xly) = — y* I,

® Example 34: The solution y(x) of the differential equa-
2
tion % = sin 3x + ¢" + x> when y,(0) = 1 and y(0) = 0 is
x
. 21
+e +—+=x-1
12 3

sin 3x

(a) —
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(b) —S'n3x+e"+x—+lx
12 3
4
(c) —C053x+ex+x—+%x+l
(d) none of these
Ans. (a)

© Solution: Integrating the given differential equation,
we have
dy cos3x , x°

4 =—T+E' +?+C]

buty|(0)=lsol=—%+l+c| = C|=_

Again integrating, we get

sin3x . x* 1
y=- +e' +—+-x+0C,
9 12 3
but ¥0)=0s00=1+C, = C,=-1.Thus

sin3x . x* 1

y=- +e +—+—-x-1.
9 12 3

l—y2

y

® Example 35: The differential equation % =

determines a family of circles with
(a) variable radii and a fixed centre (0, 1)
(b) variable radii and a fixed centre (0, —1)
(c) fixed radius | and a variable centres along the
X-axis
(d) fixed radius 1 and variable centres along the
y-axis
Ans. (¢)

. y
© Solution: dx = mdy
= c+x= ——I‘/l—dJ’-—\/I—

= x+c+y =1
which represents a family of circles of fixed radius 1 and
variable centre on the x-axis.

® Example 36: Let f{x) be a differentiable on the interval
£ fx) - x> f(1)

(0, =) such that f{1) = 1, and lim ; =1 for
t—x - X
each x > 0. Then fix) is
2
@ L2 ® -1,
3x 3 3x 3
© —~+3 @ 1
X x X
Ans. (a)
Pfx) =2 f(0) + 2 f(0) = X f(1)
© Solution: 1 =lim
1—x F—X

IIT-MATHEMATICS
T

2
i P @ = (1)

1—x I—x

+ lim (1 + x) f(1)

=— X7 f(x) + 2x fix)

Thus f(x) is a solution of the differential equation

Y -y 5 2,1
dx

dx x x?
—J %dx _

This is a linear equation with LF. = e Lz
X

Multiplying (1) with (%2) we get
X

d(y 1 y 1
;(7)?7 = F=,3*%C

b 4 X X 3x
SO C=2 y=3x2 1 .

3 3 3x

® Example 37: Suppose y = y(x) satisfies the differential

equation ydx + yidy =xdy. If y(x) >0V xe Rand y(1) = 1

then y(=3) equals

Since fil)=1

(a) 1 (b) 2
(c) 3 (d) 5
Ans. (c)
© Solution: w‘x——zxdy =—dy
y
X
= d(—):—dy = xly=-y+c
y
since vl)=1soc=2 Thus x/ly=—-y+2
3
when x=—3,‘;=—y+2
= —3=—y*+2y = (y-17’=4
= y=1+2=3o0r-1

As y(x) >0 for all x € R so y(-3) =3.

® Example 38: The equation of the curve whose tangent
at any point (x, y) makes an angle tan™' (2x + 3y) with x-axis
and which passes through (1, 2) is:

(a) 6x+9y+2=26¢"""

(b) 6x—9y+2 =261

(c) 6x+9y—2=26e""""

(d) 6x—9y—2=26e""""
Ans. (a)

© Solution: % = tan[tan”' (2x + 3y)] = 2x + 3y

= Q -3y=2
dx

LE =¢™  Multilplying (1) by e, we get

d d
—3x Ey _ 38—3.ry - er—lr = E [ye—3.r] - er—l\'
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= ye = J.er_s" dx=-Zxe™" + %J‘(l)e'h dx

ax 2 -
=—=xe¥*_Ze¥ 4+ C

3
As this curve passes through (1, 2), we get

-3

2 2
2= -3+ +Ce =>c:—6e
9 9

Thus, required curve is

Ix-1) 3x-1)

2 2
y=—§(3x+1)+?6e = 6x+9y+2=26¢

® Example 39: The degree and order respectively of the
differential equation of all parabolas whose axis is x-axis, are:

(a) 2,1 (b) 1,2

(c) 2,2 d) 1,1
Ans. (b)
© Solution: Equation of any parabola whose axis is x-axis
is

y* = 4a(x + b)
dy d*y ( dy ]2
= 2y— =4a = —+|— | =0
i Yo ax

which is a differential equation of order 2 and degree 1.

® Example 40: The solution of the differential equation

dy _xty satisfying the condition y(1) =1 is
dx X
(a) y=logx+x (b) y = xlogx + x°
(c) y=xe" P (d) y=xlogx +x
Ans. (d)
© Solution: xdy = xdx + ydx
xdy — ydx _ dx
T X
=> diylx)=d(logx) = y=x(logx+C)

Putting x =1, we get C=1, so

yv=x(logx+1)
® Example 41: The differential equation which repre-
sents the family of curves y = ¢,¢™", where ¢, and ¢, are
arbitrary constants, is

(a) yy” = %;r (b) yy” = yIZ
(©) y'=y Yy =yy
Ans. (b)
© Solution: y= ;e =y =ccy¢%"
= y'=c cgecz"
= W= e e = (o) =y

® Example 42: Solution of the differential equation
cosx dy = y(sinx — y)dx, 0 < x < 7/2 is

IIT-MATHEMATICS
o

(a) ytanx=secx+c¢ (b) tanx = (secx + ¢)y
(c) secx = (tanx + ¢)y (d) ysecx =tanx + ¢
Ans. (c)

© Solution: The given equation can be written as
dy I dy 1

=5 . — —lanx =_gecx
dx yidx Ty

_ Ysinx—y)
COS X

1
—— =z, we have
y

E (tan x)z = — secx
dx

Put

(1

tan x Jogs
ej ogsecx

ILE.= dx =e¢ = secx

2

(1) reduces to %(z secx) =—secx

=
=

zsecx = —tanx + ¢,
secx = (¢ + tanx)y, ¢ = —¢;.

d
® Example 43: If Ey =y+3>0and y(0) and ¥(0) = 2,

y(log2) is equal to
(a) -2 (b) 7
(c) 5 (d) 13
Ans. (b)
© Solution: % =dx = log(y+3)=x+cwhenx=0,
Yy
y = 2, therefore log 5= C
Thus log(v+3)=x+1log5
When x =log 2, we have
log(y+3)=log2+log5=log 10
= yv+3=10=>y="7.

® Example 44: Let / be the purchase value of an equip-
ment and V(f) be the value after it has been used for 7 years.
The value V(t) depreciates at a rate given by differential

dav() _

equation —k(T—1), where k > 0 is a constant and

T is the total life in years of the equipment. Then the scrap
value V(T) of the equipment is:

(a) e (b) 21
k
kT?*
(c) I_T (d) T-K(T)
Ans. (c)

© Solution:

N KT-1.K>0
i

= dV=—K(T-1)dt

Integrating, we have V(r) =

—n2
KT-17
2
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We have V(0) = I, therefore

2
I:ﬂ_'.C = C:1_£T2
2 2

000000000y
JIIILILLR Iot
0000009 S}

Scrap value V(T) = C = ]-%Tz.

® Example 45: The population p(7) at time ¢ of a certain
. ; : . dplt

mouse species follows the differential equation Z—() =05
t

p(t) —450. If p(0) = 850, then the time at which the popula-
tion becomes zero is

(a) log9 (b) %log 18

(c) log 18 (d) 2log 18
Ans. (d)

© Solution: The given differential equation in a linear

e O34 _ =2 Multiplying with LE.

C00000PO0CODPRIRIONIBSOESEDS S
I I I N N I X NN
00000 0COCOGOROSIPSEEESE S -

equation with LE. =
we have

di(e"’ 2 p) =-450e" = ™ p(1)=900e™ + C
t
When 7 =0, p = 850,
850=900+C = C=-50
Thus p(1) =900 — 50 ™
When  p(1) =0, we get 900 — 50¢"* =0
= e™=18 = /2 =logl8 ie. r=2log 18
® Example 46: If the differential equation representing
the family of all circles touching y-axis at the origin is x* — y*

dx
= flx)y ™ then f{x) is equal to
34

a..o.ooooooo;-...
Q0000 ORPOROINIRIOIOESEES S
Q000000 OCIRGOISISISLS S

(a) 2x (b) x
(c) ¥ (d) 3x
Ans. (a)

© Solution: Equation of circles touching y-axis at origin is
P+ (y-ai=d @)

Differentiating, we get

dy
2x+2(y—-a) — =0
(y-a) /

= a= —iﬂia- +xé£
y & TeT

dx

Substituting this value in (i), we have

2 2
X [ﬁ) =(y+x£)
dy dy

2 2
=>x2(1+[£]J=y2+12(£) +2:cyE
dy dy dy

= xz—y2=2xy;£.80f(x)=2x
y

000000000000 s
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® Example 47: The general solution of the differential
dy [l+tanx
dx I —tanx

(a) y,ftan(x-f-%) =x+C

equation cos 2x ( J —y=01is given by

=
+
e
~—
1l

(b) y,/cot 1 x+C
(c) y,!tan[x+§)=tanx+€
(d) y,fcot(x+§)=cotx+€

Ans. (b)

Solution: The given equation can be written as

d f
L4 —sec2xy= tan(x+£)
dx 4

This is a linear equation whose L.F. = g lec2eds

3 og s+
——logtan|x + —
—e 2 4

~(um{esZ) "

Multiplying with LLE., we have

= y,’cot(x+%) =x+C

® Example 48: The curve y = fix) (fix) = 0, f0) = 0)
bounding a curvilinear trapezoid with the base [0, x], whose
area is proportional to the (n + 1)th power of fix) fil)=11is
given by

(a) x=)" (b) y=x"
©y+l=@x+1) (d) x=y""!
Ans. (a)

© Solution: According to the given condition
j'o F(x)dx =k(fix))"* ", K being

the constant of proportionality. Differentiating we have

Sx)=k(n + 1) (fix))" f'(x)
n dy
=k 1 S
v=k(n+1)y

dx=k(n+ 1)y" " 'dy

n
= x+c¥:£££iiDL
n
since y(0)=0so C=0. Also y(1)=1,s0 k= 11 . Thus
n

x=y"
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® Example 49: Consider the differential equation

&y__ ¥y

dx 2ylogy+y—x '
Statement-1: xy = y° log y + C is a solution of the given
differential equation
Statement-2: The differential equation is a linear equation
in y and x.
Ans. (a)

© Solution: =& = ZY8Y Y7 _slpey+1-2
Sol dx  2ylogy+y—x 2log y +1 X
dy y y

P00000O0COGOROENSEESS
P000000O0RMRNNISISETDS s -
D000 0000R00CSTSITPEG

= ;‘ﬁ . log y + 1 which is linear in x and y.
A

1
—~dy
LE = e'[-" =y.
d
So  —(xy) =2ylogy+y
dy
2

= xy=2jy10gydy+y7+C

2

2 2
y Yy Yy
=2[ L 1ogy-L-|+L-+cC
[2 = 4] 2

=y210gy+C.

I I N R RN NN N NN N BRI
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® Example 50: Statement-1: The differential equation of
all circles in a plane must be of order 3.

Statement-2: There is only one circle passing through three
non-collinear points.
Ans. (a)

Solution: The equation of a circle contains three inde-
pendent constants if it passes through three non-collinear
points.

® Example 51: Statement-1: Curve satisfying the differ-
ential equation y” = y/2x passing through (2, 1) is a parabola
with focus (1/4, 0)

Statement-2: The differential equation y” = y/2x is of vari-
able separable.

Ans. (d)

2dy dx
Solution: @_¥ = e S
f dx  2x y x

= log y2 =logx+const = y2 = Cx, this passes through

Q00000 OCOGIQGIRIPRLESEESESLE TS -
P00000POOGORIOSISISGSEDSY s o
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(2, 1) if C = 1/2. Thus y* = 1/2x which represents a parabola
with focus (1/8, 0).

B IT-MATHEMATICS

o

Assertion-Reason Type Questions

+y . X=Yy

® Example 52: Lety’ + sin o = sin

2

Statement-1: A solution satisfying y(0) = 7 is a periodic
function with period 4.

Statement-1: y can be explicitly represented in terms of x.
Ans. (b)

X—y . x+y

Solution: y" = sin —sin® Y — _2sin? cosX .
Y 2 2%

= cosecy/2dy=—2cos (x/2) dx

= 2 log Itan (y/4)| = — 4 sin (x/2) + Const

= log Itan (y/4) | = — 2 sin (x/2) + Const

= Itan (y/4)| = Const ¢~ 25" 2

Since y(0) = 77 so Const = 1. Thus Itan (y/4) = ¢~ 2" ¥?

soy =4 tan~! (+ e~ 2*"*2) which is periodic with period
4.

® Example 53: Let (xy” + x)dx + (v — X’y)dy = 0 satisfy
¥(0)=0.

Statement-1: The curve represented by the solution of the
given differential equation is a circle.

Statement-2: It is circle with radius 1 and centre (0, 0).
Ans. (c)

Solution: x(1 + yz)dx +y(1 =xP)dx=0

= dx+—2 5 dy=0

1-x* 1+ y?
= —log (1 —x7) +log (1 + %) = Const
= 1+y*=C(1-x?%

Since y(0)=0soC=1
= x* + y? = 0 which is a point circle.

® Example 54: Let a solution y = y(x) of the differential

equation x| X -1 dy— yy y2 —1 dx=0satisfy y(2) = 243

Statement 1: y(x) = sec(sec”' x — 7/6)

1 2 1
Statement 2: y(x) is given by —= £ - 1= —5
y X x
Ans. (c)
Solution: The given equation can be written as

dy 3 dx
Wyt -1 xfx? -1

Integrating sec 'y — sec”'x = Const

=0
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=~ Puttingx=2, Const = sec N3 —sec2=—-= =2 tion.Put — =Z=- —
6 3 6
I 1 11
G080 50 y=sec(sec'x - m6).
dZ 1 _,  logx az 1 7 log x
® Example 55: Statement 1: The differential equation of = e PR i
all circles passing through one fixed point is of order 2. ,
Statement 2: General equation of a circle involves three . —fea 1 . .
<+ arbitrary constants. Thel.Fise "* = - Multiplying with LLF.
: : : ' Ans. (a) d { L
IR Solution: General equation of a circle is —(Z . —) =— i,x
s 4 s of Py +2ex+ 2+ C=0 dx\  x x
s ee. where g, f. care arbitrary constant. Since the circle passes Integrating, we have
‘oo througha ﬁxed point s0 the arb.itra‘ry constants are two. log x C
1@ e e« Hence required differential equation is of order 2. J dx +
o900t
225!  © Example 56: Statement 1: The solution of xy’ +y = y* {1 i ;
'@ee¢  logxis given by y(1 +log x+ Cx) = 1. s [——logx+j—2dx] +C
. Statement 2: The given differential equation is a linear y X X x
equation whose LF. is x. 1 |
Ans. (¢) =— [——logx——] O
X X
1
© Solution: xy’ +y=y"logx = < & 11 Jogx 1
y X X = — =[1+logx]+Cx
3 Y y
i This is reducible to linear equation but not a linear equa- = p—— +Cx)
e =y ogx+ Cx
coes
. e e
e ® 8
r*® e
ree e
e e LEVEL 2
X X N N
X R R N
108 Straight Objective Type Questions
TIIL
L L 1 1
1333
® Example 57: The degree of the differential equation 6-0 _1
satisfying cot 5 = A = 60-¢=2cot” A
\/l+x2 +4/1+y? =A(x\/l~l-y2 —y\/1+x2) is R L T y=200t_lA
(a) 2 (b) 3 Differentiating this, we get - ) b4 =0
R (c) 4 (d) none of these : i 1+ U+ )dx
238 Ans..(d) \/—2 which is a differential equation of degree 1.
9888 O SaoneE Putx =0 8l y =t Thay y1-+% ® Example 58: The solution of differential equation
22t =sech \1+y* =secy, and the equation becomes dy ¥ .5 o(y/x) s
213 dx = x T T ¢'(y/x)
sl sec 0+ sec ¢ =A (tan 6 sec ¢ — tan ¢ sec 6) 5 5
Tl L 0 i 0—si (@) x” o(y/x)= (b) ¥y o (yx)=
1333 sy el (S‘“ ‘S““”] © 0=k (d) (y)=
IIIY cos 6 cos ¢ cos 6 cos ¢ Ans. (¢)
2 1 1 1
000! e Bt i d
Sl bl Sl Solution: Putting Y — 4 we have ﬁ =uU+x g_u . The
X x

. O

= 2cos GT cos

= 2A sin u cosm
2 2

IIT-MATHEMATICS
L1

: ; : 2 5 du
given differential equation can be written as u + x = =u

X
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Integrating, we get log ¢(u) = log ol log k, so ¢(u) = kx?
ie. p(v/x) = kx’, k being an arbitrary constant.
® Example 59: The orthogonal trajectories of the family
of curves a" ' y = X" are given by

(a) X"+ n’y=const (b) ny*+ x> = const

(¢c) n®x+y"=const (d) n*x—y"=const

Ans. (b)
© Solution: Differentiating, we have (see theory)
an—l d_y = nAﬂ—l SN an—l = nxn—l d_x
dx dy
Putting this value in the given equation, we have
nxn—l _d_x y= X"
dy
d
Replacing dy by — de , we have ny =—-x 21
dx dy dy
= nydy+xdxr=0 = ny2+x2=const.

which is the required family of orthogonal trajectories.

® Example 60: The solution of the differential equation
2
X L x=0:2(0)=1,¥(0)=0
dr’
(a) approaches infinity as t — e
(b) 1is a periodic function
(c) is always greater than or equal to unity
(d) does not exist
Ans. (b)

© Solution: Consider the equation m* + 1 =0, m = + i.
Hence x = C, cos t + C, sin ¢ (see theory)

Nowx(0)=1= C,=1landx"=-C, sint+ C, cos f s0
C, = 0. Hence x = cos 1 is the required solution which is a
periodic function.

Alternate Solution

2 2
We have 2EH =—2)cE = (ﬁ) =—xX+C
dr dr? dr dt
Sincex’(0)=0andx(0)=1soC=1.Hence %:i [
s
= L =t
V=2
= sin'x=t+C, or cos'x=1+C,
= x=sin(t+ C)) or x=cos (1 + C,)
When t=0,x=1s0C,=m/2and C,=0
Hence x=cosil,

"iIT-MATHEMATICS
(TR

® Example 61: The solution of the equation dy =
cos (x —y) is dx

(@) y+cot (%) =c (b) x+cot (_x;y) =c

(c) x+tan (x;y) =c¢ (d) none of these

Ans. (b)
: : du dy
© Solution: Putting u=x-y, we have — =1— — . The
dx dx
: : ; du
given equation can be written as 1 — e =cos u
X
= j du i
l—cosu
= lj cosec” “ du= J dx + Const
2 2
= ot WP e

u i
X + cot 5 = Const, i.e. x + cot

® Example 62: A solution of the differential equation
dy ! :
dx = xy[x2 sin y2 +1] B
( C is an arbitrary constant)
(a) x% (cos y2 —sin y2 -2C e"-"z) =2
(b) ¥ (cos X2 — (sin y* —2C e =2
(¢) x*(cos y* —sin y* — e )=4

(d) none of these
Ans. (a)

© Solution: The given differential equation can be written
d

as — =Xy [x’ siny2 + 1]
dy

y = y sin y”. This equation is reducible to

2

linear equation, so putting — 1/x* = u, the last equation can
be written as

i + 2uy = 2y sin y2
dy

The integrating factor of this equation is ¢” . So required
solution is

y : 2 v2
ue’ = J 2ysiny“e’ dy+C
= I (sinn.e'dt+C  (1=y%
2
= (1/2) ¢” (sin y2 —Cos yz) +C
2
2u = (sin y* — cos y*) + Ce™

2
2= x*[cos y* —siny? —2 Ce™].
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® Example 63: The solution of (y (1 + x7") + sin y) dx +
(x+logx+xcosy)dy=0is

000000000y
JIIILILLR Iot
0000009 S}

(a) (1 +y‘1 sin y) +x! logx=C
(b) (y+siny)+axylogx=C
(c) xy+ylogx+xsiny=C
(d) none of these
Ans. (c)
Solution: The given equation can be written as
vl +x Dde+ (x + log x)dy + sin y dx + x cos ydy =0
= d(y(x + log x)) + d(x sin y) =0
= y(x+logx)+xsiny=C
® Example 64: If ¢(x) is a differentiable function then the
solution of dy + (y ¢'(x) — ¢(x) ¢'(x)) dx =0 is
@ y=(9()-1)+Ce?*®
(b) yo(x) = ($)* +C
() ye®V =o(x)e® Y+ C
@ (y=9(0)) = (9(x)) e*.
Ans. (a)

Solution: The given equation can be written in the lin-
ear form as follows:

9 0 = 0(0) #0)
dx

The integrating factor of this equation is e

C00000PO0CODPRIRIONIBSOESEDS S
P0000OCOOORISISISLIETS S -
00000 0COCOGOROSISEETPS S

I¢f(x)dx — e"(‘).
d e ) O

Hence ax (ve™)=¢(x) ¢'(x) e
x

Integrating, we have ye"m = I te' dt + C, (where t = ¢(x))

a..o.ooooooo;-...
Q0000 ORPOROINIRIOIOESEES S
Q000000 OCIRGOISISISLS S

=te'—¢'+ C Hence y= (¢ (x)— 1)+ C e,
® Example 65: The solution of y, -2y, +y=01is
(a) y=x> €'+ ¢, x¢" + ¢,
(b) y=(c;+c,x) ¢
©) y=¢ P &+ +c,
(d) none of these
Ans. (b)

Solution: The given equation can be written as

d dy .
— 1| —=- 0
(dx ][dx y) »
dy

If — —y_uthen(l)reducestod—u —u=0 = u=
dx X

d
¢, €. Therefore, we have d—y — vy =c,¢" which is a linear
x

000000000000 s
Q000000 O0COGSISISISIEL W
I I I NI XX EEE

d
equation whose LF. is ¢™". So i (ye)=c, = ye'=c¢x
x

+¢, = y=(cx+c,)e'. (For ashort cut see theory).

IIT-MATHEMATICS
A -

® Example 66: The solution of y, — 7 y, + 12y = 0 is
(@) y=C, e+ Ce™ (b) y=C xe¥+C,e™
(c) y= C1e3‘+ sze (d) none of these.

Ans. (a)

Solution: The given equation can be written as
d dy .
—=3||—-4 0 i
(d x ] ( dx y] ®

d d
If = — 4y = u then (i) reduces to — —3u =0
dx dx

d dy
L o3dr = u= C,e*. Therefore, we have dx
u

— 4y = C,¢™ which is a linear equation whose LF. is

—4x d —4x —X —4x —X
e .Soa(ye )=Cie = ye ' ==-Cie +C,

= y = C,e™ + Cye™ (For a short cut see theory).

4
® Example 67: A solution of y = 2x [jy] X [dy] is

X dx

(a) y:2c“2x”4+c (b) y:Z\/E 2+

© y=2vc (x+1) (d) y=2ex +
Ans. (d)
Solution: Writing p = g—y and differentiating w.r.t. x,
we have o

dp 4 ; , dp
p=2p+2x dx +2xp +4p X dx

- O=p(1+21p3)+2x3—p (1+2p° %)
X

d d
= p+2x—p:0 = 2_P=_d_x
dx p x
= 2logp+logx=const = p’x=corp= \/E
X

Substituting this value in the given equation, we get
v=24cx + e

® Example 68: The equation of the curve not passing
through origin and having the portion of the tangent in-
cluded between the coordinate axes is bisected at the point
of contact is

(a) a parabola

(b) an ellipse or a straight line

(c) acircle or an ellipse

(d) ahyperbola
Ans. (d)
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© Solution: The equation of tangent at any point P(x, y)

000000000y
T
T

T YT Y Yy

is Y-y= L (X-x)
dx
. . dx
This intersects cut the X-axis at A | x—y d—,O and the
Y

Y-axis at B (0, y—x ?) . According to the given condition
X

mid point of AB = (x, y)
dx dy
= x—-y—=2x and y—-x—=2y
dy dx
x+y£=0 and y+xﬂ=0
dy dx
EE+EX=0
x oy
= log(xy) =logc
=  xy =c, which is a hyperbola.

=

0000000000008 s s ni
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® Example 69: An equation of the curve for which the
portion of y-axis cut off between the origin and the tangent
varies as the cube of the abscissa of the point of contact is
(@) y=KxX3+Cx (b) y=-Kx*12+C
() y=—KxX’2+Cx (d) y=Kx/3+Cx¥*12
(K is constant of proportionality)
Ans. (¢)

© Solution: The portion of y-axis cut off between the

origin and the tangent is y — x g—y . According to the given
X

condition y — x :_y = Kx* (K is constant of proportionality)
X

) 0000000000000 0 s s
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d 1 Gl v s ;
A y =— Kx*. This is a linear equation whose

dx «x
LE. is 1/x.

d
Hence ix Ox)=—Kx = y=—Kx¥2+Cx
52

® Example 70: Through any point (x, y) of a curve which
passes through the origin, lines are drawn parallel to the co-
ordiante axes. The curve, given that it divides the rectangle
formed by the two lines and the axes into two areas, one of
which is twice the other, represents a family of

(a) circles (b) parabolas

(c) hyperbolas (d) straight lines
Ans. (d)

© Solution: Let P(x, y) be the point on the curve passing
through the origin O(0, 0), and let PN and PM be the lines
parallel to the x- and y-axes, respectively (Fig. 15.1). If the
equation of the curve is y = y(x), the area

}DI.........;;o-..
T I I IR e

PODOOOROROIRNRZTOE s
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X
POM = I(: y dx and the area PON = xy — fy dx Assuming
that 2 (POM) = PON, we therefore have
2on dx =xy - ondx = 3‘[0 y dx = xy.

Differentiating both sides of this gives
dy dV dy X
3y= Xa+y = 2y—xa = 7:27
= loglyl=2logIxl +C
= y=Cx, withC being a constant.
This solution represents a parabola. We will get a similar
result if we had started instead with 2(PON) = POM

v
2 P(x,y)

Fig. 15.1

® Example 71: The solution of (y + x + 5)dy = (y — x +
1) dxis

(@) log (v +3)*+ (x+2)") +tan”" F53
x+2
(b) log ((y +3)* + (x=2)) + tan™' y__; =C
x—
() log (y+3)*+ (x+2)%) + 2 tan” BES
x+2
(@) log (v + 37+ (x + 2% —2tan™ 212 -
x+2

Ans. (¢)

© Solution: The intersection of y—x+1=0and y+x+5
=0is (—2,-3). Putx=X-2,y=Y-3. The given equation

reduces to oy = Lt . This is a homogeneous equation,
dX Y+X
so putting Y = vX, we get
2
+1 % 1
y M. = [—2 - )dv:d_x
dX v+1 v"+1 v +1 X
1
= ~3 log (v* + 1) — tan”" v = log | X1 + Const
¥
= log (Y2 - Xz) +2tan”! } = Const
= log (7 + 3%+ x+ 29+ 2tan~ 2F3 = ¢
X+2
® Example 72: General solution of the differential equa-
. dy dx
tiony =x — + — represent
dx dy
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(a) a straight line or a hyperbola
(b) a straight line or a parabola
(c) a parabola or a hyperbola
(d) circles

Ans. (b)

200000000
200000000

. , d . .
© Solution: Putting p = ay the given equation can be

written as y = px + 1/p. Differentiating w.r.t. x, we have

dy dp 1 dp
=—=p4+xX————
P= s BT ¥ s p* dx

d
- (x=(1/p*)) —_o:,p I g )
X dx

If % =0 then p = constant = ¢ putting this value in given

2000000000000 s s s
2000000000000 0 s
PDOGOOOOOROIROIOESIEESE s s

equation, we get y = cx + l/c which represents a straight

line. If p> = l/x then y* = (px + 1p)Y’ = p* > + 1p* + 2x =

1 x° + x + 2x = 4x, which represents a parabola.
X

® Example 73: The curves satisfying the differential
equation (1 —x%) ¥ + xy = ax are
(a) ellipses and hyperbolas
(b) ellipses and parabola
(c) ellipses and straight lines
(d) circles and ellipses
Ans. (a)
© Solution: The given equation is linear in y and can be
written as
- S
dr  1-x% d 1-x°

) 000000000 OOEI LI s "
P0000000000GCGESITSGS -
T I I X X R R

X
-2 dx _ e—(llZ)log(l—xl)

Its integrating factor is e

= if—1<x<landifx*>1thenLF =

o
L

1. The general solution of ¥" + xy = 4x is given by

)O000000CGSIOISISILI S+ -
D000 RPOOBIROERNEGSEDN T+
Q000000000 02000

(-1/2)x*

(a) y=¢ +Cx (b) y= &P oy

(© y=CP¥ 4 @) y= " 4 Cx+4

IIT-MATHEMATICS
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Concept-based
Straight Objective Type Questions

= p i - 8 iCosy—a+Cfl-2
\/l -x° \/l — g

= (y-af=C(-2)

= @y-a+CP2=C

Thus if -1 < x < 1 the given equation represents an ellipse.

If x* > 1 then the solution is of the form — (y —a)* + C* x* =

C? which represents a hyperbola.

® Example 74: Consider the differential equation y2 dx +
(x—lJ dy=0.If y (1) =1, then x is given by:
y

17y Iy
(@) 4-2-¢ b 3-L14¢
y e y e
1y 17y
) 14+—— @ 1-148
y e y e
Ans. (¢)

© Solution: The given differential equation can be written
as E + l xX=—
dy f f

ej(lf_\'l)d‘.‘ _ e_],'_‘.

d ; 1 '
—(xe“”’):—Je_”-‘
y

which is a linear equation with LLF. =

. Multiplying with the integrating factor

= xe V= jiﬁ e"’-"dy+C
¥

=j—ue“du+C (u=-1/y)
=-ue'+ j e'du+C

=™ (1+1/y) +C

x=ledisceh

y
x=1y=1
1=1+1+Ce==C= -l/e.
Iy

Thus,

When

1 e
x=14+—- .
y e

2. The solution of x” + x tan ¢ = sec r, x(0) = 1 is
(a) x=cotr+sint (b) x=cost+2sint
() x=cost+sin’t (d) x=cos’r+sint

3. A particular solution of the initial value differential
equation
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+44+ log = =T7x+ 8y, y(0) =0 is 7. The solution of (x—ycosz)dju—xcos Z dy =0,
IIIY dx X b 4
444+ (a) 15y=8e+7¢7" y(1) = 0 is given by
(b) 15x = 76_8‘\' + 887"- .y y
©) 8¢¥ +7e*=15 (a) sm; +loglxl=0 (b) y cos; + loglxl =0
(d) 7¢™ +8e™ =15 .
4. If x(1) is a solunoq of (¢ +‘ Ddx = 2x + (t + 1)) (©) tanz +logld=0 (d) y SinX + loglxl =0
4+ 4 dt, x(0) = 2 then lmr x(1) is X X
-
EERE (a) 8 (b) 10 8. The solution y"' (ay’ + y) = x is
oo (c) 14 @ 12 _m
s 4 5. The degree of the differential equation D yx= (@ (n=1)y""'=Ce ¢ +nx+a
5333 oY “ =
Ses! (reela) s (®) ny'= Ce @ +nx
P98I nx
Irry (a) 2 (b) 3 o =
++44 () 4 @ 5 K¢ 6 =i S Svsa
111X nx
6. The solution y’ = —]l 2 24x is given by (d) ny"" = Ce_7 +nx+a
+y+2x
9. A curve passing through origin, all the normals to
(@) (v+2x)+ 1 (+2x)?=2x+C which pass through (1, 2) is
2 (a) a circle with centre origin
: 1 2 (b) a straight line
(b) (y+5(y+2x))—x+C (c¢) a parabola
+s el | (d) acircle with centre (1, 2)
TRy ) x+ = (2x+y’=y+C 10. The solution of y" = (x + y)% y(0) = 0 is given by
PR 2 (a) tanx=x+y (b) sin’y=x+y
N ] 1 .
. ‘ c) tany=x+ d) siny=x+
leee m)h+J%h+yf=y+C (c) tany 4 (d) siny 4
T 2
o899
L XX X
L XL X 3
' 299
1000
1333 r.1 LEVEL 1
LJ Straight Objective Type Questions
11. y = ae”'™ + b is a solution of %y:iz when © V¥ +y* +y=C
b
ExS d P+y)?*+x’=C
S Ea; ai :Zi? 8; = f ngg 14. Let f(x), g(x) be twice differentiable function on
18-2-8-81 A Fmipis _ [0, 2] satisfying f”'(x) = g"(x), f(1) = 2¢’(1) = 4 and
Leea. 12. The solution of y — 5/ = 2(x + yy), y(1) = 1 is f(2) = 3, g(2) = 9, then the value of f(4) — g(4) is
N N NI aE —
e (a) tan_I (v/x) + log (x7 +y2) =log 2 @ 0 (b) 2
-:::' (b) tan™ (y/x) +log (x“+ y°) = n/4 + log 2 © 8 d) -2
* 44 (c) tan”! (v/x) + log (xZ + y2) =log3 ) ) _ ) o
$-4-4-4 (d) none of these 15. Which of the following differential equation is not
TIIL S+ wld degree 1
::::: 13. The solution of 2% = ydx — xdy is @) Xy, + (x+x) y 2+ €y =sinx

V2 +y?
(a) \/x2 +y2 =0y
(b) \/Jr2 +y2 +y/Ix=C

HI.IT-MATHEMATICS
1L JUlHL.’

(b) yz”z+sinxyl +xy=x
(c) ,/yl+y =x+1
(d) y=2y;+ Jy +y
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The general solution of

V= Yo x ¢(y2/x2)

Xy ¢r(y2/x2)
@ Yy’ =Ko (/)
(© x=K ¢/

is

(b) x> =K ¢(y*/xH)
() y=Kx o(’/x%)

The solution of log % =3x+ 4y, ¥(0) =0 is

(@ e+ ¥=4 (b) 4 - ¥=3

(©) 3™ +4e"=7  (d) 4+ 3e V=7

The solution of the equation (x + y) dy — (x = y)
dx =0 is

(@) Y +2xy+x*=K (b) y+2xy-x*=K

(©) X +2xy-y'=K (d) y¥-2xy+x" =K

The solution of (1 + v + x2y) dr + (x + X°) dy=0
is

(b) xy+tan' x=C

(d) X +tan yix=C

The equation of curves which intersect the hyper-
bola xy = 4 at an angle 7/2 is

(a) y+ tan”' x=C
(c) y2 +tan ' x=C

2 3

@) y=% +C B Y= sC
() y¥-X*=C d) xy=x*+C

The differential equation of a curve such that the
initial ordinate of any tangent at the point of contact
is equal to the corresponding subnormal is

(a) alinear equation

(b) not a homogeneous equation

(c) an equation with separable variables
(d) none of these

The curve satisfying y dx — x dy + logx dx = 0
(x > 0) passing through (1, —1) is

(a) y+logx+1=0 (b)—y2+logx+l=0

(c) y3 + (log Jc)2 +1=0 (d) none of these

A differential equation associated with the primitive
y=a+be™ +ce ™ is

(@) y3+2y;-y;=0

(b) 4y;+5y,-20y,=0

() y3+2y,-35y,=0

(d) none of these

The differential equation of the family of circles pass-

ing through the fixed points (a, 0) and (- a, 0) is

(a) ¥, (V=) +2xy+a* =0

(b) y|y2 +xy + ax*=0

© »(OP-F+a)+2y=0

(d) none of these

IIT-MATHEMATICS
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26.

27.

28.

29.

30.

31

2 dy

Solution of the differential equation (x — y) =
a* is dx

a X—y—a
a) y=—log|—— | +¢
@ y 2 & x—y+a
(b) x= Elog X-y+ta +c

2 xX—y—a
(¢) y* =alog royta +c

x—y—a

(d) none of these
Solution of the differential equation

g—y =sin (x + y) + cos (x + y) is

X
1+tan(x;y)’ =y+c

+
3 -

(c) logll+tan (x+y)l=y+c
(d) none of these

(a) log

(b) log

2+sec(x

Equation of the curve through the origin satisfying
dy = (sec x + y tan x) dx is

(a) ysinx=x
(c) ytanx=x
The solution of (x dx + y dy) o2 + y2) + (xdy — ydx)
=0is

(b) ycosx=x
(d) none of these

(a) J«:2+yz+Z =C
X

(b) x* +y2 +2tan”! (%) =C

2 X
(c) rry +tan”’ (—] =C
2 ¥
2, .2 x
@ X5 4! (—] -C
2 y
General solutions of y" = & + y/x is
(a) Cx=e" (b) log ICxl = -
(c) log ICxl = ™ (d) log ICxl = ™™
x—y
P

is

= sin

. , . X+
The general solution of y* + sin L4

(a) logltan (y/2)1=C + sin x/2

(b) logltan (y/2)I=C-2sinx

(c) logltan (y/4)1=C -2 sin x/2

(d) none of these

The order and the degree (respectively) of the dif-

ferential equation representing the family of curves
y? = 2¢(x + Ve), ¢ > 0 is a parameter are
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(a) 3,1 (b) 1,3
(c) 2,4 (d) 4,1
32. Let f be a real-valued on R such that f(1) =
If the y-intercept of the tangent at any point
{(x, y) on the curve y = f(x) is equal to cube of the
abscissa of P, then the value of f(— 3) is equal to
(a) 3 (b) 8
(c) 12 (d) 9
33. The curves given by 2xyy’ = W -3 represent
(a) family of circles with centre on y-axis
(b) family of parabolas passing through origin
(c) family of circles with centre on x-axis
(d) family of hyperbola

o
oL

36. Let y* = cos (x — y) such that y(0) = — 7 then
Statement-1: y can be expressed explicitly in terms
of x
Statement-2: x + sec (x —y) = -1

37. Let y = f(x) be a curve having the following prop-
erty: The segment of the tangent between the point
of tangency and the x-axis is bisected at the point
of intersection with the y-axis.
Statement-1: Such curves represent hyperbola
Statement-2: Curves have latus rectum parallel to
y-axis.

38. Lety"=3x -2y + 5

o
L

41. A curve such that the area of the trapezoid formed
by coordinate axes, ordinate at an arbitrary point
and the tangent at this point equals half the square
of its abscissa is

(a) y=Cx’ (b) y=(1/2)x + Cx*
(c) 3y=x+Cx (d) y=x+Cx

42. A curve passing through origin, all the normals to
which pass through (x,, yy) is
(@) yyo=x"+y (b) 2%+ y* = 20xx, + yyp)
(c) 2+ y2 = x% + y% (d) none of these

43. The trajectories orthogonal to (2a — x)y* = x° is
(@) X* +y* = C(* +2x%)
(b) (& +y")* = Cxy

B IIT-MATHEMATICS

MILIE

34.

32

Assertion-Reason Type Questions

39,

40.

LEVEL 2
Straight Objective Type Questions

44.

45.

Solution to 9yy” + 4x = 0 represent
(a) family of circles

(b) family of ellipses

(c) family of straight lines

(d) family of hyperbolas

The solution of initial value problem y" = — 2xy,
¥(0) = 1 represents

(a) a circle with centre on x-axis

(b) an ellipse

(c) bell-shaped curve

(d) acircle with centre on y-axis

Statement-1: The solution of the above equation is
4y - 6x -7 = Ce ™

Statement-2: The given equation is linear in y and
x with LE. ™

Let a solution y = y(x) of the differential equation
y sin x + y” cos x = 1 satisfy y(0) = 1
Statement-1: y(x) = sin (x + 7/4)

Statement-2: The integrating factor of the given
differentiable equation is sec x.

Letxy" +y—e' =0, y(a) =

Statement-1: The solution is given by yx = ¢' +
ab — e

Statement-2: The given equation is a linear func-
tion with LF. x.

© (& +y) =C0%+ 20

@) & +y)=x+x7

The general solution of xys = y, is given by
(a) y=C|x5+C2x3+C3x2+C4x+C5

b) y=C, X’ +Cyx* + C; 2 + Cx + Cs

©) y=C,+Cx+ C3 2 +Cyx* + Cy x*

(d) none of these

(C), Cy, G5, Cy4, Cs being arbitrary constants)

The general solution of yy” = (y')* is
(@) y=C,x+C, (b) y=C, e
(€) y=C,+ e (d) y=e2" 417
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::::: 46. The curve such that the ratio of the subnormal at () X —2xy+y —2x+4y=C
e any point to the sum of its abscissa and ordinate d) ¥*-2xy+y"—4x+8y=C
::;g: is equal to the ratio of the ordinate of this point to 54. A solution of y = xy’ — 3y is
1 0¢ its abscissa is - b) i
a — —_ = -
(a) y=IloglCxl (b) y=x>+Cx ()y_ ( y_ "
2, .2 () y=x-3 d) y=2x-6
(¢c) y=xlog C(x"+y°) (d) y=xlogICxl . . 2 2 .
55. The trajectories orthogonal to x~ + y~ = 2ax is
47. The curve y = f(x) (fix) =2 0, f(0), = 0, f{il) = 1) =2 I .
444 bounding a curvilinear trapezoid with the base @) y i ’ 0 7 2 0" +y)
o+ + 4 [0, x], whose area is proportional to the (n + 1)th © y=Cx"+2y) (@ y'=Cx
i e power of flx) is 56. The solution of y” — 4y" + 3y = 0, y(0) = 6 and
e 8 ’ _ .
s 4 & 4 (@) y'=x ®) y"*'=x y'(0) =10 is N N
>+ ) ¥'=y d X"*l=y (@) y=de'+2¢™ () y=e'+6e”
::::: 48. The curve satisfying the equation () =10t e () =2 %de
:: : : - " g 57. The order of the differential equation whose general
YT v = Yy —2xy-3 solution is given by y = (C, + C,) cos (x + C3) —
1088 Y +2xy-x° C,e"*S, where C,, C,, Cy, C,, Cs are arbitrary
++4+ passing through (1, —1) is a constant 1s
(a) straight line (b) circle (@) g (3) ;
(c) ellipse (d) none of these © (@ &
49. The curve whose subtangent is n times the abscissa 58. The solution of the equation o = (x +y)is
of the point of contact and passes through (2, 3) given by
aias represent (a) y—tan (x+y) =
& & 4 (a) a straight line for n =2 1
v e (b) a parabola with vertex (2, 3) for n = 1 (b) y- g (x+y)=
o024 (¢) acircle with centre (2, 3) forn=2 |
ieee (d) a parabola with vertex origin and axes coincide (c) y—tan — (x+y)=
9928 with x-axis for n =2 l 2
IXXY _
+4-4-4 50.Solut10nofy(dy) +Zx%=yis (d)y+5tan(x+y)—C
:::: - - 59. The differential equation corresponding to y =
1000 (a) y=2Cx+C* (b) X*=2Cy+C* C,e"* + Ce"" + C3e™¥, where C; are arbitrary
Iy (c) y2 =2Cx+ C? (d) xy= Cx* 4> constants and my, My, my are roots of the equation
' 51. If the area of the figure bounded by a curve, the m’ —Tm +6=0is
x-axis, and two ordinates, one of which is constant, (@) y;— 7y, +6y=0
the other variable is equal to the ratio of the cube () DTt Gty 9=0
of the variable ordinate to the variable abscissa, I3 PN EI T Y=
then the curve is (©) y3=6y,+7y,+y=0
2 3 2 2 .23 2
@ 2*-H=Cc® () (*-x)’=Cx (d) y3+7y,—6y=0
2,2 3 2\2 3
R © 2y-x)'=C" (d Qy+x) =Cx 60. The solution of the differential equation
e e 52. The curve such that the initial ordinate of any & i
rree tangent is less than the abscissa of the point of —i = x + ¢ when y,(0) = — and y(0) = 0 is
=8 tangency by two unit is dx 3
) ' 3 3x 1 |
loee (a) y=Cx+loglxl-2 ) = T e
08 o e B 8 &
T (b) y=Cx— — loglxl— 1 , .
1008 L2 (b) y= — (3x’ +2e°-2)
::::, (c) y=Cx"+loglxl— 18
:;;8: (d)y=Cx—xloglxI— (C) _£+£+2_x+l
44 53. The solutlonofy(y x—4)=x+y-2is given by Y 6 9 9 3
(a) 2+ 2xy + y —4x+16y=C (d) none of these

(b) x>+ 2xy—y? —4x+8y=

IIT-MATHEMATICS
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dy
JIfx == = y(log y —
¥ o y(log y

2

d
. The solution of the differential equation —;) =¢

dx
sin x when y, (%J =0, y[g) =0is

(a) y=¢"sin (x —

4+ x + g
(b) y=(1/2) €' sin (x + w2)
(©) y= (1/V2) € sin (x - w/2)
(d) y=(1/2) & sin (x — 2)

Previous Years' AIEEE/JEE Main Questions

. The solution of the differential equations

1 d .
(L% + (x=e™ ) =% =0is
X

-1

-1
(a) 2x e Y = MY 4k

(b) x ™'Y =tan"' y+k

~1
noY ik

1

(d x=2)=ke™

=l
(C) x eZtan Y — et

[2003]

. The differential equation for the family of curves

x>+ y2 — 2ay = 0, where a is an arbitrary constant
is

(@) (*—y")y’ =2xy
(© 20 =Yy = xy

(b) 20 + Yy =xy

(d) (& +y)y = 2xy
[2004]

. The solution of the differential equation y dx +

(x + x%y) dy = 0 is

1 1
(a) — +logy=C (b) —— +logy=C
Xy xy

(c) — L =C (d) logy=Cx [2004]
Xy

log x + 1), then the solution

of the equation is

(a) log ( J Cx (b) log (E) =Cy
X y

(c) vlog (f] =Cx (d) xlog (XJ = Cy [2005]
X

. The differential equation whose solution is Ax* +

By2 = 1, where A and B are arbitrary constants is of
(a) second order and first degree

(b) second order and second degree

(c) first order and second degree

(d) first order and first degree [2006]

ool
IIT-MATHEMATICS

A

6.

10.

11.

The differential equation of all circles passing
through the origin and having their centres on the
Xx-axis is

d d
@ P=y+xy 2 (b)) 2=y 43y 2
dx dx

dy

3y 2 > 2 dy
C =x"+ 2xy — d =x"-2xy —
(©) y Y d y Y

[2007]

. The differential equation of the family of circles with

fixed radius 5 units and centre on the line y = 2 is
(@ (x-2)y"=25-(y-2)°

(b) (y-2)y*=25-(y-2)

(€) (y=2)"y*=25-(y-2)°

d (x-y’y?=25-(y-2) [2008]

. The differential equation which represents the fam-

ily of curves y = ¢,

trary constants is

(a) yy” = %)l
(C) y.rl =y

, where ¢ and ¢, are arbi-

(b) yy” - y!2

d) y'=yy [2009]

. Solution of the differential equation

cosx dy = y(sinx — y)dx, 0 <x < @2 is

(a) ytanx=secx+ C (b) tanx = (sec x + O)y
(c) secx=(tanx+ C)y (d) ysecx=tanx+ C
[2010]

If % =y + 3 >0 and y(0) = 2, y(log 2) is equal
to:

(a) -2 (b) 7

(c) 5 (d) 13 [2011]

Let I be the purchase value of an equipment and
V(#) be the value after it has been used for 7 years.
The value V(r) depreciates at a rate given by dif-

a¥ii) = k(T -1, where k > 0
13

ferential equation

is a constant and T is the total life in years of the
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equipment. Then the scrap value V(7) of the equip-
ment is:

kT 2 I
(a) e (b) T X
kT? E(T=1)
(c) 1 5 d) 1 >

[2011]

1
Consider the differential equation y* dx + (x —;)

dy = 0. If y(1) = 1, then x is given by:

1y 1y

@ 4-=-"—  (b) 3-—+—
y e y |y
1y 1y

o) 1l @ 1-142
y e y oy

[2011]

The population p(f) dt time ¢ of a certain mouse
species satisfies the differential equation

% p(t) = 0.5 p(r) — 450. If p(0) = 850, then the
time at which the population becomes zero is :
(a) log9 (b) %long

(c) log 18 (d) 2log 18 [2012]
At present, a firm is manufacturing 2000 items. It
is estimated that the change of production P w.r.t.

additional number of workers is given by % =

100 — 12+x . If the firm employs 25 more workers,
then the new level of production of items is

(a) 3000 (b) 3500

(c) 4500 (d) 2500 [2013]
Consider the differential equation

dy Y’

dx  2(xy* —x%)

Statement 1: The substitution z = y’ transforms
the above equation into first order homogeneous
differential equation

Statement 2: The solution of this differential equa-
tion is y* ¢ = C. [2013, online]
Let the population of rabbits surviving at a time ¢ be

governed by the differential equation % = %p(t)
— 200. If p(0) = 100, then p(f) equals

(a) 400 - 300 " (b) 300 —200 ¢

(c) 600 - 500 ¢” (d) 400-300¢" [2014)

If the differential equation representing the fam-
ily of all circles touching x-axis at the origin is

IIT-MATHEMATICS
i ALI“H.\.P

20.

211..

22,

23,

o’ - )’2)% = g(x)y, then g(x) equals
(a) %x (b) 2x?
(c) 2x (d) %xz [2014, online]

. If the general solution of the differential equation

y = X+¢(£), for some function ¢ is given by
X Yy

y log lexl = x, where C is an arbitrary constant,
then ¢(2) is equal to

1
(a) 4 (b) P

(c) -4 (d) - % [2014, online]

. The general solution of the differential equation

sin 2x (%—Vtanx) —-y=0is

X

(a) yvtanx =x+C
(b) yveotx =tanx+ C
(c) yvtanx =cotx+ C

(d) yveotx =x+C [2014, online]

If % + y tan x = sin 2x and y(0) = 1, then y(7m)

is equal to
(a) 1 (b) -1
(c) -5 d) 5 [2014, online]

Let y(x) be the solution of the differential equation
(x log x) % +y=2xlogx (x 21).

Then y(e) is equal to

(a) e (b) 0
(c) 2 (d) 2e [2015]

The solution of the differential equation y dx —
(x + 2y)dy = 0 is x = Ay). If fi-1) = 1, then A1)
is equal to

(a) 4 (b) 3
(c) 2 (d) 1 [2015, online|

If y(x) is the solution of the differential equation

(x+2)% =x* +4x — 9, x # -2 and »(0) = 0,

then y(—4) is equal to
(a) 0 (b) 1
(© -1 (d 2

[2015, online]|
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equation

dy
log — =3x+ 4y, y(0) =0
g - y, ¥(0)

(a) 16y =3 (4x -3 + 3¢™)
(b) 3¢ —4e¥=1
(c) 4> +3e =7

(d) 16y =-3(4x + 3 — 3¢*) [2006]
. The equation of motion of a particle are given by

L =t + 1), Q=L

dt d t+1

where the particle is at (x(7)), y(¢) at time ¢. If the
particle is at the origin at ¢t = 0 then

(@) 6x=("+1) (' - 1)?

(b) 6x=2e" 1) (¢ + 1)

(c) 6x=(—1) (& + 1)

(d) 6x=2e +1)(-1) [2007]
. The degree of the differential equation which has
a solution y2 = 4a (x + a°) where a is arbitrary
constant

(a) 2 (b) 3
(c) 4 d 1 [2009]
. Let u(r) and v (7) be two solutions of the differential
dy

equation = &’ y(t) + sin ¢ with u(2) < v(2)
!

Statement 1: u(r) < v(¢) for all ¢

L IIT-MATHEMATICS

CCENTS EDUCATIONAL PROMOTERS
: o
L A N
o9
o 24. For x € R, x # 0 if y(x) is a differentiable function
oo such that (b) y=1+
secx + tan x
x[yydt = (x+D[ty@)dt | then y(x) B p=l—=
1 1 secx + tan x
equals: (where C is a constant) X
3 15 C v @ = 1_secx+tanx
+4 (@ Cxe™ (b) —e ™
oo X [2016, online]
e G  ijx C _ux < 26. If a curve y = flx) passes through the point (1, —1)
e © ;e (d) x ¢ 2016, online] and differential equation, y(1 + xy)dx = x dy, then
LA N
‘ 1) .
oo 25. The solution of the differential equation S [—5) is equal to
: : : dh tan x T 2 4
- y. . ¥ - _
‘ — +=secx = , where 0 < x< =, and y(0) = el et
o a2 2y X<y andy0) @ -3 ®) =5
0 is given by © % ) g [2016]
P
@ ¥ secx +tanx
Previous Years' B-Architecture Entrance
Examination Questions
1. A particular solution of the initial value differential Statement 2: u — v is proportional to a positive

function of ¢ [2010]

. . . . . d
. If y(x) is a solution of the differential equation d_y
/x

+ 3y = 2, then lim y(x) is equal to

X—oo
(a) 1 (b 0
3 2
c) — d — 2011
(c) > (d) 3 [ 1
. The differential equation %= 1-* determines
)?

a family of circles with

(a) variable radius and fixed centre

(b) variable radius and variable centre

(c) fixed radius and variable centre on x-axis
(d) fixed radius and variable centre on y-axis

[2012]
. The general solution of the differential equation &
. X+Yy . X=Yy . dx
+ sin = sin is:
2
y N
(a) log tan 5 +2sinx=C
y .X
b) logtan = +2sin — =C
(b) log 1 >
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(c) logcot = +2sinx=C

0 =

(d) log cot [2013]

&=

+2sin X =c
2

. Consider the differential equation, ydx — (x + y2) dy

= 0. If for y = 1, x takes value 1, then the value of
x when y =4 is
(a) 9

(c) 36

(b) 16

(d) 64 [2014]

. The general solution of the differential equation

ydy+ /l+y2 dx = 0 represent a family of

(a) circles
(b) ellipses other than circles
(c) hyperbolas

(d) parabolas [2015]

. The solution of differential equation

2 xy

x‘e
Ro+Eay 7, satisfying »(0) = 1, is
X

vdx — xdy

(@ ¥=3(1-e?) (b) ¥*=3’(-1+¢?)
© ¥©=3’(1-¢% @ P©=3’1+e™)

[2016]

% Answers
Concept-based

1. (¢) 2. (a) 3. (d) 4. (¢)

5. (d) 6. (b) 7. (a) 8. (¢)

9. (d) 10. (a)
Level 1

11. (a) 12. (b) 13. (b) 14. (d)
15. (¢) 16. (b) 17. (¢) 18. (¢)
19. (b) 20. (¢) 21. (a) 22. (a)
23. (¢) 24. (¢) 25. (a) 26. (d)
27. (b) 28. (d) 29. (b) 30. (c)
31. (b) 32. (d) 33. (¢) 34. (b)
35. (¢) 36. (¢) 37. (d) 38. (a)
39. (d) 40. (a)
Level 2

41. (b) 42. (b) 43. (c) 44. (a)
45. (b) 46. (d) 47. (a) 48. (a)
49. (d) 50. (¢) 51. (a) 52. (d)
53. (b) 54. (¢) 55. (b) 56. (a)
57. (¢) 58. (¢) 59. (a) 60. (b)
61. (d)
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Previous Years' AIEEE/JEE Main Questions

1. (a) 2. (a) 3. (b) 4. (a)
5. (a) 6. (c) 7. (c) 8. (b)
9. (c) 10. (b) 11. (c) 12. (c)
13. (d) 14. (b) 15. (b) 16. (a)
17. (c) 18. (d) 19. (d) 20. (c)
21. (¢) 22. (b) 23. (a) 24. (d)
25. (d) 26. (d)

Previous Years' B-Architecture Entrance
Examination Questions

1. (c) 2. (d) 3. (b) 4. (a)
5. (d) 6. (c) 7. (a) 8. (b)
9. (c) 10. (a)

?” Hints and Solutions

Concept-based

1. The given equation is a linear equation with L.F. =

15
: o
= g2 5o

1. L2
d (ve 2 ) dxe 2
dx

11 1 l

:>ye_E —4jxe5 dx + C = —4e2 + C
Lo
soy=—4+ Ce 2

Jtan ¢ dr olog sec 1

2.1F. =,

I. F. we have gt. (x sec 1) = sec’ t

= xsect=tant+ C
Since x(0) = 1 so C = 1. Thus x sec  # tan”' 7 + 1
= x=sin1+ cos t

Tx 8y

d ,
3 ay — plx+8y & = e

] e Y =e Y dy = €™ dx
Y y
-8y Tx
g+ e
so —=—+ C. Since y(0) =
s - 7 v(0)

Oso—l=l +C
8 7

-8y Tx
s B i g S D
8 7 56 8 7 56

= Te =8 -15=T7e ¥ + 8 = 15.
dx 2 2J dt

4, ———= _x=(@¢+1>.TheLFise '*'=
dt t+1

o
(t+1)

The equation redues to i(x (;2) =(+1)

dt t+1)

= sec t. Multiplying with
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X X X N
1900t
1 X A 2
::::: = _ 2=(t+1) + C. Since x(0)=h 2,
TIIX (t+1) 2
T
So, C=§.Thus L 2=(t+1) +2
2 (t+1) 2 2
(”21) e lim x()= 8 + 6 = 14.
44+ 4
R S: (y+xﬂ) (ﬂ+x)=l
ree el d‘x d‘x
e e = the degree is 5.
44+ dy  du
100 ®( 6. Putu=y+2x= —y=——2,sothegivenequa-
100 ® dx
4444 tion reduces to
44+ du , 1-2u du 1-2u+2+2u
444 ax  1+u = dx l+u
l+udu=dx
w2
=>(u+—) =3x+C
2
Ripiee i.e.(y+2x+¥)=3x+€
oo 1
5924 L G+2)P=x+C
N N N
Lo 7. Dividing by x, we get
X X X N y y y
1000 (l———cos—)dx+cos =dy =0
TIXL % 5
L X I X
L 1 1 1)
44+ Puty=Vx = ﬂ—V+xd—v
dx dx
cos V (V+xd—v)= (VcosV-1)
dx
=:oxcosVﬂ =-1
dx
R :>cosVdV+£=O
L L x
o 4%+ = sin V + log Ixl =
eee ; .y .
e e e i. e. sin= + log Ixl = C. Since y(1) =0so C=0
o0 et X
N R N
100l .y
1008 Thus sin= + log Ixl =
1009 X
1000 n-1_7 n n
I 8.ay vV +y'=x, Puty' =u
+4-4+ dy du
,';;g: =ny ! E=$.The given equation reduces to
a du du n n
——tUu=x= —+— u=—x
n dx dx a a

r'I—IT-MATHEMATICS
AARE 00—

LE =ed . Multiplying with e;x, we have

& (ue:‘lx ) =z I:xesx]
dx

e + C

. Let the curve be y = flx) so f(0) =

Equation of normal at any point (x, y) is

¥ey=- - X)

¥ ( )
This passes through (1, 2) if
|

2-y=-—
J(x)
dx
2-y=-— (1-x
¥ dy( )
= Q-ydy=-dx(1-x
2 2
2y—y—=—x+x—+C
2 2
Since y(0) = 0, so C = 0. Hence
2 /)
Xy
—t+— —(x+y =
T (x+y)

x2+y2—2x—4y=0
which is a circle with centre (1, 2).

10. Putx+y=u=1+y = %.The equation reduces
X
toﬂ—l-uz: du2 =
dx I+u
=tn'(x+y)=x+C
But y(0) =0so C=0
= x +y =tan x.
Level 1
dy 1 -1/x 1
1. — =—ae "' =— —b),sob=0and a =1
i 2 O -b)
12. B o y—2 . Putting y = vx, we get
dx 2y x
v+xﬂ _ v—2 = 2v+1 dv=—2£
dx 2v+1 1+v? X
=>10g(1+v2)+tan"v=—logx2+C
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l..:|
L XX B
100® ¢«
19991
::::: =>10g(x2+yz)+tan‘l X:C
I 111 X .
o Putting y(1) = 1, we obtain C = e log 2.
13. The given equation can be written as
xdx+yd
2—,—yy - (xdy-ydx)
. s 0w X +y2
+ 4+ 4 1d(x2+y2) (xdy—ydx) y
'8 0 e E \/ ) = = — 3 =—d 2t
20! Xy x x
N N N
e aa Integrating we have, x> +y* = - % +C
L X X B
el M 7 (x) -¢"(x) =0 = f'(x) - g’(x) = C. Putting x
TIIL = 1, we obtain ¢ = 2. Thus flx) — g(x) = 2x + C,.
4444 Putting x = 2, we get C, = — 10. Hence f(4) — g(4)
1009 =8-10=-2.
15. The degree of the equation in (a), (b), (c) is clearly
1. The equatlon in (a) can be written as (y — 2y,)
=9(1 - y,) which is of degree 2.
16. Putting = = u, we have & =u+x ﬂ The
X dx dx
“ e given differential equation can be written as u + x
L 2
LI Q =u + 1¢L2)
eee: & u )
:...: ’(uz) dx
|:::l = u¢ 2 du = —
IXXY o(u”) X
X R R N
TIXIXL 2 2 2 y2
TIIY = log¢(u)=logx"+const=>x"=k¢|—|.
T T 2
+4-4+ dy 3x + 4y 3 4y 4 3
::::: 17.E=e‘x+~‘=e‘x.e-‘=>eydy=e‘xdx
e—4y 3%
Thus — = Const. But y(0) = 0, so
~1_1 _C Hence 3¢ + 4e* = 7.
4 3
R 18. The given equation can be written as
R xdy+ydx+ydy—-xdx=0
sews = dxy + y2 - x*12) =
e e e =>2xy+y2—x2=const.
e e e. 19, Write the give121 equation as
::::: dx+ (1 +x°) (yvdx+xdy) =
190 @®I _1
100 e 5 +dxy)=0=tan" x+xy=c.
1000’ 1+ x
'eee! dx
1000 20.y+xﬂ=0=> ﬂ__l Replaced—by
11t dx dx  x dx &'
we have — = 2 =>y2—x2 = Const.
dy %

IIT-MATHEMATICS
(PO

21. Equation of tangent at (x, y) to curve y = flx) is ¥ —
y = f’(x) (X — x). Putting X = 0, the initial ordinate
of the tangent is y — x f’(x). The subnormal at this
point is given by y % , so we have
N N S

dx dx dx Xty
dx «x L . .
= — —— =1 which is a linear equation.
dy 'y
22. Multiplying the given equation by 1/x%, we get
ycfx_ xczly Ingdx -0
x X x?
=Y d(l)—(l)dy—logxd(l) =0
X b X
= d( )+d(l°g") Z -0
X X %
= X+k%x+l+c=0.
x x X
The curve passes through (1, — 1), so C =0
Thus the required curve is y + log x + 1 = 0.
23.yy=5be>-Tce™ (i)
y,=25be> +49c* (ii)
andy; = 125b e 343 ce™™* (iii)
Multiplying (i) by 7 and the result to (ii) gives
Y, + 7y, =60b e (iv)
Multiplying (i) by 5 and substracting the result from
(ii), we get
y-5y,=84Ce™ (v)
use (iv) and (v) to replace to ¢ and C ¢ ™ in (iii)
¥y =125 (—y2 palh. )-343(—y2 ‘Syl)
’ 60 84
= y;+ 2y, — 35y, =0.

24. Let the equation of the circle be 2+ y +2gx + 2fy
+ C = 0, it passes through (a, 0) and (- a, 0) of a*
+2ga+ C=0and a® — 2ga + C 0. Substracting
we obtain g = 0 and so C = — a*. Hence the equa-
tion of circle reduces to x* + y + 2fy — a =0.
Differentiating, we have x + yy, + fy; = 0

+
=f=- FT Thus, we have
b
2x(x +
x2+y2_a2_ M =0
N
2
=% 2 -t — X -0
N
= ¥ -x+a)+2xy =0.
25. Put x — y = u. Then ﬂ_l—ﬂ, and the given
dx dx

equation becomes y (1_2) = d
dx
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30. y” = sin

26.

27.

29.

2 2
u a
= dx = du = |1+ du
(ul_aZJ ( u2_a2J

Integrating, we obtain
xX=u+ i log
2a

—=a
+C
u+a

xX—y-—a
x—y+a

+C

=x-y+2lo
3 > g

= y= 2 log
2
Putting x + y = u, the given equation becomes
du
1 +sinu+cosu

du
= [———
1 +sinu+cosu

it S P

x—y+a

=x+C

Substituting tan (#/2) = t, to calculate the integral
on the L.H.S, we obtain its value as log | 1 + 7|
so that the required solution is

+y

Iogl+tanx =x+C.

The given equation can be written as

dy

— —ytan x = sec x

dx

which is linear equation with integrating factor

— | tan x dx N Y
e I = e lo8%Cr = oog x.

Multiplying with the integrating factor and inte-
grating we obtain y cos x = x + C. Since it passes
through (0, 0) so we have C = 0.

The given equation can be written as
1 xdy—ydx
d(i(xz + yz))+—% =0

x“+y
d(%(x2 “+ yz))+

diy/x) _
1+ y2 /22
Integrating, we obtain

% 2+ yz) +tan”! ylx=C

Put y/x = u, so that dl:xﬂ+u,
dx dx
From the given equation, we have
xﬂ tu=e"+u=e"du= i
dx X
= —-e’=
= loglCxl=-e¢

x_y—sinm = -2 cos isin—y-
2 2 2

log x + Const
—y/x

IIT-MATHEMATICS
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31.

32.

33

34.

dy
sin y/2

= -2 cos x/2 dx.

Integrating, we have

Y

2 log |tan 1 = const — 4 sin x/2

= log tan = C -2 sin x/2.

Differentiating the given equation y* = 2¢ (x++/¢ )
()

dy =2c = c¢= yﬂ

dx dx

Putting this value in (1)

P dy dy
=2y—=| x+,/y—
R £

d dy \*
1)

2
> (r-asg) - (3]
X X

Thus the order of the differential equation is 1 and
the degree is 3.

2y—

Equation of tangent a P(x, y) to the curve y = f(x)
is
Y-y=f'(x) X-x)
Intercept on Y-axis is y — xf”’(x)
We are given, y — xf’(x) = x°

=@ _ 1 .

dx x I
This is a linear equation whose LF. is —.

X

Multiplying with LE, the above equation reduces to
d(1 1 4
—|=y|=-x = f)=y=-—=x"+Cx
dx(xy) &=y 2x
As f(1) = 1 so C = 3/2. Thus fix) = —%x3 +%x,
so f(3) =9
Putting y = Vx, the given equation reduces
dx _ y?4g 2vdv - dx
dx T oy 1+V?2 %

= (1 + V2)x = Const

S5x2+yYP=C = (x-CR*+y'=C4
which represents circle with centre (C/2, 0) i.e., on
X-axis.

9ydy = — 4xdx = %yz = — 2x% + const

2 2

= 5 + y? = Const, so represents a family of

ellipses.
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35, ¥ = gugr = logy=-2*+C

Y
= y= C&*
For x=0,y=1 soC=1

)0000000e
200000000
TIIXTIIRNN

Thus y = ¢ which is bell shaped.

dy du
36. Putx —y= = . The given equa-
y=u I dx g q

; du
tion reduces to I—E = CoS u

du
1 —cosu

=dt = %J-cosec2 (u/2)du =x+ C

-

u . X
=>—cot5=x+C1.e.—cot =x+C

Putting y(0) = — &, we have C = 0
y=x-2 cot”! (- x).

) 0000000000008 s s 0
PO000OOCOOOONRNIGIPOEELESY S«
PDOOOOOOOOROIROOESIESES & s

37. Let (x, y) be the point of tangency. Equation
of tangent is ¥ — y = f'(x) (X — x). This inter-

sects x-axis at (x—+ Y 0). The mid point is
f(x)

xX—- ;y, 2 is on Y-axis so
2f'(x)"" 2
! Y
2f"(x)

L2 = i = y2 =Cx

y X
which represents parabola with latus ractum parallel
to Y-axis.

38. % +2y=3x+5 =>ye2x=J(3x+5)e2x+C

e2x 3 2x

:'0...........;ll¢-
200000000000 00800 s -
POOOOODOOOBGOROEIRLEESES s

2
= 4y-6x-7=Ce ™

39. It is linear equation with LE. e
Required solution is y = sin x + cos x.

I_

d
40. IE = ¢* =xs0 —(xy) =€
e X (xy)

Ilanx dx
= SecC x,

= xy=¢+ CPutya) =b
ab —e“ =C,s0xy=¢e"+ab - e

Level 2
41. The tangent at any point (x, y) meets the Y-axis at

0000000000000 s s -
D2000000O0OCGROGIRIGIGIOEESESL T«
fOtO.onuoo-oa-....

(0, y—x %) According to the given condition

IIT-MATHEMATICS

AR -

1
2
rer-e2):
= Q a2 — — (which is a linear equation)
dx x
1
i e
LE=e I" e

Multiplying with LE. and integrating, we have
1
= N
P = 5 Ix dx+C

= —l—x_l+C

—_—

=S y=—x+ C
™3

42. Equation of normal at any point (x, y)

Y-y= X —x)
) G ails
This passes through (x,, y,) if

Yo—Y= — (xg — x)
0 () 0
o=y dy+(xg—2x)dx=0
o =9, (o=’
2 2

O = yo)* + (x — xp)* = Const
Since y(0) = 0 so Const = y§ + x7
2 2 2 . 2 D 2
Thus y* — 2yyy + ¥~ + X~ +x5 — 2xx5 = X5 + Yo
2 2
x°+ y" = 2(xxg + yyp)-

43. (2a - x) 2y % —y? = 3% (Differentiating given

equation)
dy 2 2
2Q2a-x)y— =3x"+
(2a — x)y X y

Eliminating a between the last equation and given
equation i.e. (2a — x) y2 = x%, we have

yGF ey =20

Replacing % by — % we have

2 +,32 + WY 2o
A y) i
_ 9.3
Q = % , which is a homogeneous equa-
dc  (Bx"+y7)y
tion.
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X R N
X X N N
::::: Putting y = Vx
TIIT o
)
1008 ver ¥ ___ 2
444 dx G+VHV
dv 2+3V%+V*
R irials -
dx B+V)V
& Gy [ v
O &S+ x A+ VHe+vYH T [14v% 2417
L B 2.2
e ® @
Ieee :>logx2=—lo w+€onst
ree®i
1999 2+V
1t 2 (1+y* /2
I R X A $ﬁ=C0nst
TIIL 2+y /x
L X X 1
5
444+ = (7 +y) = CO° + 2.
10004 d
men: Mxys=y o x Ty, =
dxy4
ﬁﬁzé = y,; = (Const) x
V4 b
So y; = const x> + const
::; =>y2=C],x3+C2’x+C3,
Jeees S =C"F+ G+ G x+ G
L L
5488 Sy=2CPr+Cr+GF+Cix+Cy
TXrY ’ v’ y’ X
1000 45. yy” =y = — = — Integrating, we get
19801 y
L L X 3 5 , _
1800 ¢ log y” = log y + const = y’" = Cy
19991 dy
1000 = = =Cdx=>logy=Cx+C
4444 y
y_CeC,x
46. According to the given condition
@
ydx _y
x+y X
324 o o BEP
oo e dx x
e ® 0
Sl Puttingy:Vx,V+d—V=l+V
Ireee1 dx
19991
::::: =>dV=é
190 ®’ X
'1oe9®
TIIT = V = log x + const
IITT
44+ = y = x log Cx.

2
9
2

)
]
J

47. j(: f(t)dt = K y™!

Differentiating, we have

'ilT-MATHEMATICS

1 PRI ]

48.

49.

50.

n dy
o =K 1 il
y = f(x) (n+1)y !

=dc=K@m+ 1)y dy
=X+ C= K(n+1) "
n

Since f(0) =0, C=0

~ _K((n+)) _n
fy=1,1= = K="
Thus x = y".

Putting y = Vx
v vi-2-1
Vix — = 5>—"—
dx Ve+2V -1

dF VR -1=1P =2 4V
= X— = 3

dx V:+2r -1
& VP+2r-1
x V34V +V +1

DI (N NN
V+1 v2+1

Integrating both sides, we get
logx—1log (V+1)+log (V! +1)+log C=0

C(x(VZ +1)
V+1

If this curve passes through (- 1, 1), we get 2C =
0ie.

j=l=>C(yz+x2)=y+x

C = 0. Hence the required curve is y + x = 0 which
is a straight line.

According to the given condition

Integrating y" = Cx. This passes through

2,3)if3"2=C
3"x

So y" =

= (1) = % For n = 2. This represents a

3
parabola whose axes coincide with x-axis.

1
x= (Z —g)y. Differentiating both sides
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X R R N
T
o991
T
19901 Wty (p:%)
A 1 1 1)
1990
+4++ l R 4 y(— 1 _l)d_l’ This is a linear equation with LF. l
P2 2 2" 2% d 1 1 2 '
v — —_] = ——+ =
2L+§= —y(l;—ZjZ—p dx(y x) % ¥
++ p p y
® & & ] t—l
.. y-—=—]0g|x|—2‘ + C
222 SN L T AN PLF A x
::::: 2p 2p2 dy y=Cx —x log Ixl — 2.
leee. —Q=Q=>py=C 53.y’=x+—y_2.Putx=X+h,y=Y+K
+$++ y p y-—x=
::::: i.e.ydy=cdx=>y2=2Cx+C2. dy . X+Y+(h+K-2)
L X X 1 _—
4444 51. According to the given condition  Y-X+(Ch+K-4)
1000 x y? Select i, K such that h + K-2=0,-h+ K- 4
X I I X J‘Of(t)dt=_ =0
X
Differentiating, we get ol s e
312 d 3 dy _ X+Y
= LEJ’_Y_Z X Y-X
x * Putting Y = v X, we have
see y+y 3y dy av 14V
cee. 2 x dx il
e 8 8 2 3
*4t :J‘;’#=% =>/\,ay_;/=1+V_V=1+2V—V2
tiit b a V-l e
::::: Putting y = Vx dx —_l -2V +2 av
43 % F 3 ar-p
. 4
$33% T = Ve R . o _
>4+ dx ntegrating, we have X~ (1 + 2V — V) = Const
11t L o X* - ¥* + 2XY = Const
~JF = g T
¥ dx x+ 12 =(y-3%+2(x+1) (y-3) = Const
_ a2
=>l3f/V =x%/ x* + 2xy — y* - 4x + 8y = Const.
¥ & 54.y=xp-3p’, p= .. Differentiating w-r-t-x,
.. -2 T b
DEXDO we have p = p+x——9p2—
e Integrating, we have dx dx
et -3 2 dj
et :Tlog(l—2V)=logx+Const =>(x_9p2)zp=0
roe el
000! = x* (1 - 2v»® = Const dp
: ' 2~ =0= p=Constsoy=Cx-3C
N S e D o= p=Comstsoy = Cx
1 X X} - _ . . 0 -
ool 52. The initial ordinate of tangent is equal to y=%-3 dls solution WAt € 1(’/
11t y—xﬂ SO 55,2x+2yzy=2a:a=x+y£y
T 111 ’
d:k Eliminating a, we have
y—xa=x—2 x2+y2=2(x+y%)x

IIT-MATHEMATICS
. AR
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. dy dx
Repl —by—-—
eplacing —- by &

dx
2(x? —xp =
[#-%)

2.2
IS

-2xy dy
- 2w
-2,
2V
1-12
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X +y' =

— 2
dx

5 . Putting y = Vx, we have

V+xd—V =
dx

1—-F*
v(1+v?)
L2V gy o &
V14V X
v
= )
x(1+V?)
:y:C(x2+y2).

“
x

) 0000000000008 s s 0
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= const

56.m —4m+3=0=(m-1)(m-3)=0
som=1,3

Hence y = C, €' + C, ™

6 =y0) = C, + C,, 10 = y'(0) = C, + 3C,
C,=2,C, =4 Thus y = 4¢* + 2¢™.

57. Since C, + C, is one constant C, ¢* *

:'0...........;ll¢-
200000000000 00800 s -
POOOOODOOOBGOROEIRLEESES s

=C| ec5ex 1

Thus there are three arbitrary constants. So the order
of the differential equation is 3.

dv _ du

58. Putx+y=u= 1+— = —. The given equation
de  dx

reduces to

du
——1=secu
dx

du
1+secu

= (1-

S u—-tanu2=x+C

]du: dx
1+cosu

0000000000000 s s -
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= X+ y—tan x;y =x+C

= y — tan

x+y =C
2

IIT-MATHEMATICS
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59,

60.

61.

Previous Years’ AIEEE/JEE Main Questions

Clearly y; — 7y, + 6y = 0 is the required equation

L3 (ﬂ) = x + ¢* Integrating, we have
dx \ dx
2 3x
ili=-£—+£— + C,
dx 2 3
x3 3x
=y=—+—+C,x+C
y 6 9 1 2
_ 11
Smcey(O):OsoCz:—aandE=y| 0
3
3 3x
1 1
Hence y = —+°——— = — (3¢ + 26 - 2).
6 9 9 18
dy J~ % ginx d e’ sin(x—n’f4)+ c
— = |e'sinxdx = —— =
dx V2 '
b _ 2
oy = 1 e“sin(x—m/2) +Cix + G,

V2

T T
O=y|l=] =0+ C - +C
y(Z) 15 2
b4 1 7;/4[ . :|
) = &4 —sin= + 4| +cC
y,(4) 2e sm4 cosm/ !

o
Il

1 . b
Hence y = —¢' sin ( -—).
Y= 75

o\ d
14+13) + (x—em' )Y — o
1+y) (xe )dx

= (l+y2)%+x = ptan’y

1 1

e x = e
dv 1+y° 1+y?
J- s

1+y

tan”' y

— etan'l ¥y

fi(xewmﬂy) = 5
l+y

2tan’ly

etan" ¥y
-1
xe Y = j—zdy+c0nst

1+y

=

2tan”y

1
= —e ¥+ const
2

-1, =
= 2xe™ V¥ = Y 4k
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e e
298
o989l
L X X A
A L X X x2+ 2
108® 2.8+ —2ay=0=2a= b4
TIIY y
000!
1000 Differentiating, we get
@x+2p )y =2+
e
S S
SOt = (" - yW =2y
+es. 3. We can write the given differential equation as
21l ]
oo e (vex + xdy) + — (xp)* dy = 0
XX R X y
o901
1008 d(*y)q. ~dy =0
)
1000 ()"
I 111 1
4444 = ——+logy =C.
Xy
4. The given differential equation can be written as
& _ Ve
= = ~|log=+1 1
- x[ g } (1)
444 Put y/x = v, so that
e e dx dx
e el
8- 483 Putting this in (1), we get
L XX N d
o801 v
::::: V+IE =v(log v+ 1)
1999
1t v _ dx
444 viogv %
J- v _
viogv j
= log log v=logx+logc
- Y| =
:logv—cxorlog(—)—cx
%
. ... 5 Differentiating w.r.t. x, we get
o0 8 dy
ot 24x + 2By — e =0
X N N N
:...I d
25 =SBy (M)
111X
::::. Again differentiating w.r.t. x, we get
L 1 1 1
3333

o) (2]

IIT-MATHEMATICS
AL

. Equation of any circle through origin and having

. Let the centre be at (a, 2). Equation of circle of

2 2
= —Ax = Bx[QJ +Bxy[d—{J
dx dx

d d’
- By% = Bx(ay)+3xy(dx—fJ [from (1)]

which is of second order and first degree.

centre on the x-axis is

x-af+)y'=d (1)

Differentiating w.r.t. x, we get

20 —a) + 2/ =0

Sa=x+y
Vi

> X
N/

Fig. 15.2

Putting this in (1), we get
(x + ')

L
dx

(N2 + ) =
= y2 =x + 2xy
radius 5 is

(x—a)P+ (y—2)7%=25 (1)

Differentiating, we have

2x — a) + 2y — 2) % =0

:>x—a=—(y—2)%

Putting this value in (1), we have

-2y (@T +(y-2y%=25
dx
v-27y'=25-(v-2"
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X R R N
L L 2 A -
328! 8.y=qen
I 11X
252 oy e
. = )’ = ¢cle”
s = clde e
44 ex\2 o,
BB+ = (Clczer) =)
o+ o o 9. We can write the given differential equation as
ree el
e S dy y(sinx—y) 1 dy 1
1001 — ==t oy =~ — = e X
Ty dx cos X yodx y
L R R A
o9t 1
4444 Put —— = z, so that the above equation becomes
1 I I 1
I X X X
1:?"(‘\.1_'“\1 dz
—+(tanx)z = — sec x 1
e (tan x) (1
LF. = ej onxds _ glogsecx — o0 x
5 Multiplying (1) by sec x, we get
v e = di [(secx)z]=—se02x=¢(secx)z=c,—tanx
e 8 8 x
L L
Ty —secx
TXLY =c¢ —tan x = sec x = (c + tan x) y
1 oe 9
L X N N
+$44 Where ¢ = - ¢;.
1 X X 4
3380 109 =13
1 1 1]
33T
133 =>_[d—y=fdx=>ln()1+3)=x+c
y+3
When x = 0, y = 2, therefore, In 5 = ¢
Thus, In (y +3)=x+1In5
... When x = In 2, we get
-¥-8- In(+3)=I2+In5=y+3=100ry=7
L L
444 11.d—V——k(T 0, k>0
TXXX dt
L X R N
TIXX = dV = —k(T — t)dt
1000’
444 = [dV = —k|(T - b)dt
L1 1 1
1 I 1 1 k
11t =>V(t)=E(T—t)2+C

We have V(0) = I, therefore

IIT-MATHEMATICS
. o)

=fpicac=1-Ep
2 2

Also, scrap value = (T) = C

=I—£T2
2

1
12. y*dx + (x—;)dy =0

dx 1 |
AR 2

2
LF. = ej(]/y W gy

Multiplying (1) by ¢ 7, we get

I _
= xe V¥ = er Way = I (say)

To evaluate /, put —1/y = ¢, so that
1= [0 dt = —te' + |e' dt

=l =) =e"1 + 1hy).

Thus,

xeW =1+ 1) + ¢

=>x=1+l + ce'”
¥

When x =1, y = 1.

Hence,

l=1+1+4+ce=c=-1le
oY

1
x=1+ -
y e

13. % p(0) — 0.5p(t) = — 450. LF. = ¢ *¥

= % () ) = =450
= p()e ™ =450 x 2. ¢ + C
Putting 7 = 0, 850 = 900 + C

= C=-50

= p(f) = 900 ¢ > — 50
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X X X N
L XX X
1 X A ]
108® ¢ p)=0= ¢® = — = —0.5=—log I8
1000 18
T
— = 1= 2 logl8.
dpP
14, — =100 -
0 12Vx
cees = dP = (100-12Vx)dx
oo = P = [(100-12Vx)dx
ree el
Ioe e 3
L P(x) = 100 x — 8% + ¢
X X X NI
I XX R
190 @ We have P(0) = 2000,
198t
::::: Therefore, ¢ = 2000.
TIIT
4444 Thus, P(25) = 100 (25) — 8(25)*? + 2000 = 3500
dz dy
15.z=y* = — = 2y—
z=Yy e ydx
dy )’ dy 2y*
- = 2_ 2 2y— = %=
.. dx  2(xy" —x dx 2(xy"—x
Bea: Lk _ 7
(-0 001 dx (xz x)
N N N N
-t which a first order homogeneous differential equa-
Yy . dz du
T tion. Put z =ux = — =u + x—
19001 dx dx
1290t
T2
T du u’x? u’
+4+44 UtX— =735 3\
4444 dx (x u—x) u—1
du  ut —u’ +u u
= x— = =
u-—1 u—1
u_ldu=@
u X
R = u—-logx=logx+ C
:::‘ = u=logux+C
e ® 0 ”
XXX = ux = ce
Ieoe e\
X N N N —z/x
TXXZ = ze =c
X X N N
:::: —1 yze_yz”‘x =c
999!
11t d I
wee 160 = pr)—=p(r) = - 200.
+444 dtp() 2p()

1
-t
I.LF.is e 2 , so

"iIT-MATHEMATICS
(il AR -

17.

dt

1 1

- -t
= ¢ 2 p(t) = 400¢ 2 +C

Putting ¢t = 0
100 = p(0) = 400 + C
= C=-1300

Thus p(f) = 400 — 300 ¢

An equation of circle touching the x-axis at the

origin is
2+ (v - a)2 =d

where a is parameter.

Differentiating (1) w.r.t. x,

we get

2x+2y—ap =0

as

! Nl
i[e_f p(I)J = —200¢ 2

Putting this in (1), we get

2
X
x2+[i] - (y+_,J
Y Y

1
=27 =y + (20) o

@) L -y

dx
glx) =

1
18. " In |ex| + y (;] =1

®

Fig. 15.3

Y
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y X
2
= = z_(z) - z+¢[z]
X X X X

1
= o) = ~—

200000000
9000000000
2000000000

1
- 8@ = -7

19. Given differential equation is

% — cosec (2x)y = +tanx

LF. = e—_[coscc(Zx)dx

100000000 OIRIRSISEESES ois
Q00000 OCOIRIONINISIOEELES S«
Q000000 OOOIRIGISESEES S -
SOt tsasasssaBbids

1

vtanx

= e—(]/Z)Iog(tan xy

1
Multiplying (1) m, we get

i(y le
dx \ \/tan x
= yJeotx =x +c¢

20. LF. = Jtn 9 — gogsecx — go0 &

sec x, we get

;OOIo.ooooo;-...
I I NI
Q00000 OORONIOGIGISILEGS W«

T T T I T T T T T Y YT

d
£ =2 si
((sec x)y) sin x

= (sec x) y=-2cos x + C
Putting x = 0, y = 1, we get
l1=2+C=C=3
When x = m, we get

(-l)y=-2cosmt+3 =y=-5

Y,
dx  xlogx

LF. = e]dr/x log x _ e]og(logx) — log x

Multiplying (1) by log x, we get

D2000000O0OCGROGIRIGIGIOEESESL T«
DO00OPOOROOGRREITPOEORES s

D000 0OOIOGRIOLRESS S

dy 1
log x) —+—y =2 log x
(g)dx oy g

IIT-MATHEMATICS

ARETIE

Multiplying the given differential equation by

21. We can write the given differential equation as

(1

(1

22.

23,

24.

= % [(log x)y] = 2 log x
= (log x)y =2(x log x —x) + C
When x = 1, we get
0=20-DH+C=C=2
When x = e, we get

(log €) y(e) = 2(e log e — e) + 2
= pe) =2

Write the differential equation as

(e -
dy v ¥

LF, = /c1mdy _ ogy _ i

Multiplying (1) by 1/y, we get

= == 2y t+ec
y
=>x=27%+cy
When y = -1, x =1,
Therefore, 1 =2 —¢c = c =1
Thus, fiy) = 20> + y = f(1) = 3.
We can write differential equation as

dx x+2 x+2

=>y=%(x+2)271310g|x+2|+c
As y(0) = 0, we get
0=2-131log2|+CorC=131log2 -2
Also, y(-4)=2—-13log2 + 13 log 2 — 2
= 0.

[ Tywde =+ 1) [Towd

Differentiating both the sides, w.r.t. x, we get
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e 0
l..:i
L XX B
1900
199t
333 [F v+ xy(x) = [ y(@0)+ (e + Day(x)
1 1 1 1
19991 X X
= [[y(dt = [yt +xy(x)

Differentiating both the sides w.r.t. x, we get

y@) = xp(x) + 2x0(x) + 2% (x)
4+ 4 = (1 - 3%) y(x) = ()
e R - &
leee Integrating we get 1 1
L X R N
1800 As it passes through (1, -1), 1 = —=4+C = C= —
X R X A 1 2 2
$$33 = Inp@)| = ~ — 3 In | + 4 ¥ e ,
ITITY X s —X = —x’+— . Whenx = ——
T y 2 2 2’
TITT 3 1
= In [Py(0)| = ——+4

& _1(_1) 11 5
Pyx) =+ e =Ce" W2)78"2 7%
where C is a constant 4
:> = -

== 5 e i
e =B
R o Previous Years’ B-Architecture Entrance
I s Bl = B Examination Questions
PETY dx 2 2y
r*® e
TILE d 1. logﬁ=3x+4y
190 @ 2 % dx
-yt =>E(y)+(secx)y—tanx (1)
T X RN dy _ 3x+4y _ 3x 4
2330 LR = e gt un PETE  oFE
T2
+4-4+ =sec x + tan x =e¥dy=e"dx
1000
444 Multiplying (1) by sec x + tan x, we get s, ed e Py

4 3
L [y2 (sec x +tan x)] = tan x (sec x + tan x)
dx _ I 1 .7
y0)=0= 3= §+const = const = BT
=>yz(secx+tanx)=secx+tanx—x+C
BV =4 -7

When x = 0, y = 1, so that S =
e 4™ + 3¢ =7
1=1+C=C=0 - o
s 20 4 5 x 2.£=t(t+1)=>x=—+—+C]
e} A 32
oo Butatr=0,x=0s0C; =0
TTXX 26. We can write the differential equation as
:...‘1 S
'eee 2dy 1o M Thus x = 5y (1)
eee: ax %
TIIT dy 1
000! P . — =— y=logt+1)+C,

&[S
&%

Butat7=0,y=0s0C, =0

Wi Gt SRRATE (1) 98 Thus y=log G+ D =sr=& — 1.

IIT-MATHEMATICS
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TIIL
o900
o900

L I 1 1
X I I 1)
5333

) 000000000000 s 0k
D00000OOCOROOORNRISIOELESN S+«
DOOOOOROROOIRROIOISEEEST S

Q0000 OGRNOISISELEGS TS«
Q000 BOGROEBSISESES
Aaaaaasasaaaind

S0O00OROBNIBIESNSEGS .

I X I X
1 1 1 1
1333

I I N XN
PO00OGOOGOGOOIOIOIEOEESEGS s
I

I 111
IGDO(

)
)
b,

() = &

Putting in (1), we have
6x =~ (2t + 3)
= (e - 1)* (Z&" + 1).

. Differentiating y* = 4a(x + a°) (1)

’

Yy

We have, Zyd—y =4a = a=
dx
Putting in (1)
2 »’ 1 5 ,2)
= 4—|x+
A ( rEdid
— zxy yr + y3 y’3
So the degree is 3.
u(f) + sin £, V(1) = ¢ v(f) + sin ¢
Subtracting, we have
W(0) ~ V(1) = € ()= v(1)
= log (u—v) = Je‘zdt+c
2
o — Wi = g™

so u — v is proportional to a positive function of 7.
Since u(2) < v(2) so C < 0.

Hence u(f) < v(¢) for all 7.

Q +3y=2= LF. =¢" So

dx

d 3 3x

—[ye’*) = 2e

(™)

= ye* = %eh +C=y= §+Ce_31

2

lim y(x) = —

X—yeo 3

dy _ \1-y’ I 5 dy -
dx y 2 1—_)’2

l—y2 =x+te¢

=1-)"=

=>(x+c)2+y2=l,

(x + 6)2

which represent a circle with radius 1 and centre
on x-axis so fixed radius and variable centre on
X-axis.

IIT-MATHEMATICS
i

sin y/2

= 2log tan y/4 = —4sin§+c

= log tan> +2sin> = C
4 2

8. ydx—(x+y)dy =0

9.

10.

ydx — xdy
- 4)-o
¥

X
= — =y+c
y

Since (1) = 1s0o¢c=0

rg=g

x = 16, when y = 4.
ydy+ J1+y*dx =0

= dx+

Y _dy =0

\/1+y2
= x+yl+y* =

=>(c—x)2=l+y2
= @x-c -y =1,

which represents a hyperbola.

Write the given differential equation as

2
e ()
N 4 4

Integrating, we get

I x ’
3\y
When p(0) = 1, we get

—e°=§(0)+C=>C=—

| — ¥ = 1(5]3
3\y

= 3’1 -e?)=x




