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THE NEWTON-LEIBNITZ FORMULA

If F(x) is one of the antiderivatives of a continuous function
f(x) on [a, b] i.e., F'(x) = f(x) (a < x < b), then we have the
following formula due to Newton and Leibnitz: (FUNDA-

MENTAL THEOREM OF CALCULUS)
b

= F(b) - F(a)

a
a

DEFINITE INTEGRAL AS THE LIMIT
OF A SUM

Let f(x) be a continuous function defined on the closed in-

b
J‘ f(x)dx = F(x)

b
terval [a, b]. Then j f(x) dx=lim hz f(a+rh). In

n=yeo, 1=0
nh=b-a

particular,

r=n

lim z 7/l ( ) L: f(x)dx

n—yeo r=1 n

| Illustration | 1 :

n 1 2
- 1imzli=jxdx=x— 1
noeignn Y 20 2
Illustration | 2 :
2 42
1
lllI'l|:—3-|'—3 (n ) :|
n—ee| p n n
2 1 3!
1 1
- lim—Z(iJ =[xtdx=" ==
n—en o\ n 0 3l 3
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| PROPERTIES OF DEFINITE
' INTEGRALS

1. j:f(x)dxzo

s

L roac=-[ fas

2

b b

jﬂ f(u)duzj'a f(ryd
If £(x) 2 0 on the interval [a, b], then | f(x) dx
> 0. If f(x) > 0 for all points of [a, b]. Then
[" f(x)dx >o.

=

n

. 575 < gl o [, B, then jf F(x) dx sj: Fix) dn

)}

b b b
. G+ pe) ax =7 i) e+ podr
and

jb afx) dx = @ jb ) ds

~

A e < [l @

o

[[roac= [ feax+ [ pood

b

[i f@ =7 fa-va
10. [0 = [\ ra+b-xdr

i [ = [ re+ [ F @-ndr
0 0 0
particular,

0 if f(a—x)=-f(x)

a de = )
Jo f 2! "ty dx if fla-x)= f(x)
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12. If f(=x) = f(x) (i.e., fis an even function), then
[\ reac=2[f oa

13. If f(—x) = — f(x) (i.e., f is an odd function), then
[* f@dx = 0.

14. If f is continuous on [a, b], then the integral
function g defined by g(x) = _[: f(r)dt for x € [a,

b] is derivable on [a, b], and g'(x) = f(x) for all x
€ [a, b].

15. If m and M are the smallest and greatest values of
a function f(x) on an interval [a, b], then

m(b —a) < j:f(x)aixs M(b - a).

16. If f(x) is continuous on [a, b], then there ex-

b
ists a point ¢ € (a, b) such that ‘[ fx)dx =

f(¢) (b — a). The number f(c) = b_ia-[: f(x)dx is

called the mean value of the function f(x) on the

interval [a, b]. The above result is called the first
mean value theorem for integrals.

b
17. If fix) is periodic with period T then J- fix)dx =
a

b+nT
L-m? fix) dx, where n is an integer. In particular,

jO"T F(x)dx = nJOT Fx)dx.

18. If the function @(x) and w(x) are defined on
[a, b] and differentiable at every point x € (a, b),
and f(¢) is continuous for @(a) <t < @(b), then

y(x)
S rwar| =y SE - fom 2
X i) dx d

19. Change of variables If the function f(x) is con-
tinuous on [a, b] and the function x = @(¢) is con-
tinuously differentiable on the interval [¢;, #,] and
a=@(t), b= ¢(t), then

b ty
[[Fodx= [ F00) g

20. Let a function f(x, &) be continuous for a < x
<band ¢ £ ¢ £d For any o € [c, d], if (@)

= jb f(x, o)dx, then I'(¢) = j” £’ (x, ci)dx, where

I’ (@) is the derivative of I(¢) w.r.t. &, and f'(x, ) is
the derivative of f(x, &) w.r.t. &, keeping x constant.
21. If fZ(x) and gz(x) are integrable on [a, b], then
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< (J‘:’fz(x) dx)”2 U:gz(x) dx)m.

22. Let f be continuous and non-negative at all points
of [a, b] and f(x,) > 0 at least at one point

[} g an

b
X within this interval then _[ Stx) dx > 0.

| Illustration | 3 E

2 x2

Evaluate J ——Tx+5 |dx
0\ 4

The given integral is equal to

%Iﬂzxzdx—?'jozxa[x+5j;dx

fall
3o

0
_l[§_o}——[4 01450201
a3

=2 _14410=-1
3 3

| Illustration I 4 ﬁ

Find the average value of f(x) =4 — x” on [0, 3].

1 b
average (f) = EL Fx)dx

jj;(4—x2)ﬂ

33
=14 X =1[12—2—7}=1
o 3L 3

3 3

| Illustration | 5 ;

1
The value of .[0 sinx’dx cannot be 2
For x € [0, 1],OSsinxzsl,so

0< j{:sinxzdx < J'ﬂ'l.dx =1

j INTEGRALS WITH INFINITE LIMITS ‘

If a function f(x) is continuous for @ < x < oo, then by
definition,
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i o
J, f@de=lim [°@dx (1)

If there exists a finite limit on the right-hand side of (1),
then the improper integral is said to be convergent; other-
wise it is divergent.

Geometrically, the improper integral (1) for f(x) > 0, is
the area of the figure bounded by the graph of the function
y = f(x), the straight line x = @ and the x-axis. Similarly, we
can define

[oreies g, [ e

and [~ flde= J_,, £ (x)dx + j“’ £ (0)dx

REDUCTION FORMULAE FOR

nl2 it n/2 5 ;
ju sin” xdx and L) sin” x cos?xd x

nl2 " 2, L
jo Cos xdx=j0 sin” x dx

I TMATHEMATICS
DEFINITE-INTEGRATION

n—-1 n-3 |l
X X--+ X —-—if n is even

n n—2 2 2

= la=1_m~ 2
Bl S s iy s
n n— 3

/2
I, ,= J.O” sin”x cos? xdx

Pl e B sl i it
p+q p+q-2 3+g
q—lx p=3 X oo 1 I, , if piseven
p+q p+tq-2  2+q !

1
where I, ,= —— and
q+1

g—-1g-3
q 9-2

N s -
‘1_1.‘1_3...1.§ifqiseven

2
-« —if g is odd
3 q

Note that if p is odd then it does not matter whether g is
even or odd.

@® Example 1: The value of J.;dx is
(% +1)
|
= b) 1
(a) > (b)
1 1
= d) =
() 3 (d) 2
Ans. (d)

Solution: Substituting x> + 1 =¢. When x=0, 7= 1 and
whenx=1,1=2
j xdv 1 }dt 11

SO +1? 2 2i

@® Example 2: The value of Izm L 1/xdx is equal
(@ 1 ® +
2
(© -1 @ +
4
Ans. (a)

T TMaTHEMATICS

SOLVED EXAMPLES
Concept-based

Straight Objective Type Questions

Solution: Substitute l:,:>_L2 dx = d

X &
1 2
When x = —, t= wand when x = — :— . Thus
V3 T’ 2
n/2

2/x sin 1/ x /2
Lm x—zdx —j sintdt =cost| =—(-1)=1

T
4

‘/_ L
\le +e \/_

@® Example 3: If I then A is

equal to
(@) e+ 1 (b) Ve +1
(c) & (d) &#-1
Ans. (b)

1 \/_\ _1
J‘\le +e dx_'([ e +1

the last integral is equal to

e dt
J" 2 +1

© Solution: dx. Putting ¢* =1

e

= log‘t+\/t2 +1
|
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= log(e +Ve? +l)—log(l+\/§)
e+Ve? +1

= log

1542
So A=+e? +1
@® Example 4: Value of x satisfyin J-x & _E is
ple 4: i W R
(a) log2 (b) 3log?2
(c) 2log2 d) 2
Ans. (c)
Solution: Substituting E— 1 = #*, ¢* dx = 2¢ dr
2t dt
= = ,
0]
o J-.\‘ J- e —1 2tdt
6 ‘OgZJe (t + 1)t
N gl
= ZJ ‘ 7dt =2tan"'t
I |

= 2tan"'Ve* —1—%
27
= 2tan'Ve' -1 = —

3
= Ve' - =tan§=\/§

= e—-1=3 ie e =4=x=log4.

V3

® Example 5: The value of jgﬂ B
T8

sin’ x dx is equal to

(@) 0 ) 1
T T 10
© 2 @ (g]
Ans. (a)

Solution: Let f(x) = x'* sin’ x, f(=x) = (=x)'? sin’(—x)
=—x""sin’ x= -f(x)
Hence f'is an odd function. Now using Prop. 13 Page 13.2,

we have j f(x)dx=0. Thus

-a

jms x'%sin® xdx =0
-m/8
/2
® Example 6: Jo max (sin x, cos x) dx is equal to
(a) 1 (b) 2
(©) 2-2 d 2
Ans. (d)

I IMATHEMATICS
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CcOS X OSxSE
Solution: max (sin x, cos x) = 4
x e [0, m2] sin x ESXS%
/2 n/4 m/2
j max (sin x, cos x) dx = j cosxdx + j sin xdx
n/4
nl4 w/2
= sinx —COSX
0 w/4
1 1
V2 2
e cos xdx .
@® Example 7: If j —————— =log Kthen K is
equal to 6 — 5sinx +sin> x
2 4
a) — b) —
(a) 3 (b) 3
1 S
c) — d) —
(© 3 (d) 3
Ans. (b)

Solution: Putting sin x = ¢, cos x dx = dz. When x = 0,
sin x = 0 and when x = 71/2, sin x = 1. So the given integral
reduces to

j‘ dt =j dt
06-5t+1 0([_5_)2_(1)2
2 2
5 1
1. 7272
= Tlog—5—
2= |[t—=o+
2 2 2lp
4
lo log—
g g3

I
@® Example 8: Jlxl dx is equal to
=i

(a) 1 (b) 0

(c) 2

Ans. (a)
Solution: The integrand f(x) =

1
(d) 2

Ixl is an even function so

1
=1

jlxldx 2f|x|dx 2jxdx 272

0 0
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@® Example 9: Thevalue of lim

!
+
"-’“[\/4;12 ~1 Ndn?-22

1

—] is equal to
Van* —n?

+
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T
(a) w (b) &
/1 /2
() - (d) 1
Ans. (b)
© Solution:
= 1 + 1 +-
Van? -1 Nan? 22

1

+ 4 e

2
: J4—12 \/ 2
n n’

® Example 11: The value / = J.Mz l dx is
0 1+cotx
(a) (b) w2
(c) m/4 (d) w3
Ans. (c)
Solution: Let f(x) = =— i , SO
I+cotx sinx+cosx
Rl By sin (/2 — x)
sin (/2 — x) + cos (7/2 — x)
COS X
COS X + sin x
Considering 2/= J f(x) dx + I f(n/2 - x) dx

sin x

J”/Z
“Jo

CoS X +sin x

nl/2
+ |
0

I IMATHEMATICS

cos x
cos x + sin x

(usingj: fodx = fa-x) dx)

dx

TN TMATHEMATICS
DEFINITE-INTEGRATION

g
n—)oonl_=l\/ (r)Z 0\/4_x2
4-|=
n
._|x| T
=Ssm —| =—.
20 6

0z [ 2.
® Example 10: |, "V1-sin® x dx i equal to

(a) 0 (b) 10
(c) 107 (d) 20
Ans. (d)

Solution:

LI)O" 1—sin®x dx = Lionlcosx|dx
=10 Jg|cosx|dx (Prop. 16)
=20 J:/2|cosx|dx (Prop. 10)

=20 [ cosx dx =20 sinxf" = 20.

LEVEL 1
Straight Objective Type Questions

12
'J Slnx+cosxdx=In/2 l-dx=z
COS X +sin X 0 2
So I=n/4
© Example 12: The value of /= [ — 9%
0 4cos” x+9sin” x
(a) w12 (b) m/4
(c) m/6 ) 73
Ans. (a)
© Solution: Using Property 9, we have
(r—x)dx

I= J'(”

) 4cos® (- x) +9sin® (m — x)
n dx T

| —

- IO 4cos’ x +9sin’ x j"

dx
2 . 2
4cos” x+9sin” x

xdx

4cos’ x +9sin’ x
JERIN
/2

e j” dx

4cos® x +9sin’ x
(using Property 9)

l_\ = 1P e
STUDY C]RCLE

ACCENTS EDUCATIONAL PROMOTERS
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712 sec® xdx
o [ s
4 +9tan” x
o dr
=2r (t=tan x)
JO 4+9¢
2w g dr 23 37 n?
== = =—-=tan  —f| =—
979 ¢ +4/9 9 2 21y 6

Hence [= 7%/12.

! 2
® Example 13: If J'\ tf(f) dt = sin x — x cos x — % for

all x e R ~ {0} then the value of f(7/6) is

(@ 0 (b) 1
() —12 (d) 372
Ans. (¢)

Solution: Differentiating both the sides and using
Property 17, we have
Xf(x) =cos x —cos x + x sin x — x, so f(x) =sin x — 1.

Hence f(7/6) = sin /6 — 1 =— 1/2.

5 w3
@® Example 14: The value of -[o A+ dx, where [x] is

the greatest integer less than or equal to x is

(a) 2 (b) 8/3
(c) 4 (d) none of these
Ans. (d)

© Solution: Forx e [0, 2], x>+ 1 € [1, 5], we must break

10.21=10, 110 [1.V2] U [V2.¥5] U [5.2].

2 )
Hence I(; Pl N P

) V2 2
= [ e +||dx+J'I 21 g,

2 2
2 +1]
Jl\/i X dx

V3 2
[x=+ 1]
+_|.J5 X dx +

= J; xd)c+_[|J2~ xzdx+'fj§3 x3dx+J-j§ xtdx

11 1 I
= §+§[2m_]]+Z[9_4]+§[32_3S/2]

=460 132 _lasiz
60 3 5

® Example 15: Let f(x) = f J2 =2 dr. Then the real
1

roots of the equation X —f(x) =0 are

(@) £1 (b) *1/V2
(c) £1/2 (d) Oand 1
Ans. (a)

I IMATHEMATICS .
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© Solution: Using Property 18, we have f/(x) = /2 — x*

and thus the given equation reduces to x* — y2—x* =0
= (x2 +2) (x2 — 1) = 0. Thus the real roots are given by x
=% 1.

172
@® Example 16: The integral J. ([x]+2]og H—_x) dx
equals -1/2 I-x

(@ -172 (b) 0

(c) 1 (d) 2log (1/2)

Ans. (a)
172
Solution: j
~1/2

([x]+2log :“_‘—i) di= ”jz [x] dx

-1/2

(since log bR is an odd function)

1-x
0 1/2 0 |
= | W+ [ Wa= | na=-1.
-1/2 0 -1/2 2

@® Example 17: The value

1 7 5 3
I=J. (cos'lx+x 2 -12-7x x] dx is

' Ccos” X
(a) /2 (b) 0
(c) 2@ d m

Ans. (d)

. 7 S, 3
© Solution: Let fix) = X ~3% +7X =X thepy f— x) =
COSZX

1
Sx)so [ fir)dx=0 (Property 12)
-1
1
Let g(x) =cos™! x then I = J' cos™' xdx
-1
1
= J. cos™ (= x) dx
=1

(Property 8)

1
= j (m-cos' x)dx = 2r-1,
-1

ThusI=1,=m.
w2
@® Example 18: The value of / = J cos x —cos® x dx
is P
(@ 0 (b) 2/3
(c) 4/3 d 173
Ans. (¢)

I—\ = 1P e
STUDY CIRCLE
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m/2
© Solution: [ = J
—ri?2

Jeos x Isin x| dx

ml2
=2 J veosx |sinx| dx

-m/2

(the integand is an even function)

/2
=2 j ~cosx sinx dx
0

nil2

0 3

4 3/2
——(cos x
3( )

® Example 19: If n € N, the value of J [x] dx (where
[x] is the greatest integer functton) is

() n(n+1) (b) n(n-—1)
(c) n(n—-1) (d) none of these
Ans. (b)

© Solution: |’ [x]dx=ij:7| (i—1)dx
i=1

x]d.x:ZjL]
i=1
_N 1) = n(n—l).
Zl (i-1) 5

X

® Example 20: If F(x) = j (2+icos t} dr then
NEAW 3 dr
F 5 is equal to

(a) 172 (b) 2
(c) 3/4 (d) 3/2
Ans. (d)
© Solution: F(x) :J (2 —sin ndr so F’(x) =2 —sin x.
3
Thus F'(m/6) =2 - 1/2 =3/2.
2n
E le 21: i als
® Example ,,fl, " \/_ equals
() 1+ 5 ) -1+ +5
© —1++2 ) 1+2
Ans. (b)
© Solution: Required limit= lim — %r/—n
n—e N r=1 \“ +r2/n2

5 -1,

-[u m m‘

I IMATHEMATICS
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® Example 22: The value of the integral _[ (Icos xl
+ Isin xI) dx is
(a) n (b) 2n+sint+cost
(c) cost (d) sint—cost+4n+1
Ans. (d)

© Solution: Since the period of Isin x| + Icos xl is 7/2 so

nw+t . nl2 .
-[0 (Isin x| + Icos xl) dx = 2n IU (Isin x| + | cos xD)dx +

J[ (Isin x| + Icos x1) dx
0

w2
=2n J.
0

=(2n) (2)+sint—-cost+1
=(4n+1)+sint—cost.

{9
(sin x + cos x) dx + -[0 (sin x + cos x) dx

® Example 23: If g(x) = J; cos* r dr then g(x + 7) equals

(b) g(x) - g(m)
(d) g(x)g(m)

(a) g(x)+g(m
(c) glx) g(m)
Ans. (a)

. X+ 4
© Solution: g(x+n)=J.n cos” t dt

n 4 X+ 4
=-[u cos rdr+j cos” tdt
n

0 +tan®x

=g (m) +1
In [}, put t =7+ u, so that
_ X 4 _ X 4 _
I, = -[0 cos (T +u) dufJ‘O cos” udu=g(x).
T2 dx .
® Example 24: The value of j ———— s
0 1+tan’ x
(a) 0 (b) 1
(c) m/4 (d) m/2
Ans. (c)
_ 12 2
© Solution: = JE e JE 3—x
0 I+tan’ (/2 -x)

Jn:.'2 dx
0 l+4+cot’x

/2 tanS x 2 | bia
= — dx= l-—— |dx = —-1.
'[0 1+ tan’ x ‘[0 [ 1+tan3xJ 2

Thus I = m/4.

® Example 25: The value of j: 3V dyis

6
© i)

(c) L[13—i) (d) none of these

log 3 log 3
A\ I- ID - sn.:-znu.
STUDY C]RCLE
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Ans. (d) ® Example 29: If f{x) = (1 + tan x) (1 + tan (/4 — x)) and
© Solution: Putting 2x + 1 = tz, we have dx = r dr, so 2(x) is a function with domain R, then L; X gof(x)dxis

L P
4 N2x+1 = ? F = t-3 - I } d 1 |
= _[03 2 L adi log3|, log3 .[o 3 di (a) > g (m/4) (b) 2 8(2)
_ 3)3-3 1 (3 -3 = % iz (c) = g(1) (d) none of these
log3  (log3) log3  (log3) 4
Ans. (b)
1
E le 26: The value of I —x)% dxi i -
® Example e value o jn x(1—x) is © Solution: f(x) = (1 + tan x) (1 N 1 — tan x}
| . |+ tan x
—_— b) ———
@ To100 ® To100 =(l+[anx)[ 2 ]:z
1 l+tanx '
(c) 10010 (d) none of these 1 ]
Ans. (a) So fo X gof(x)dx= fo X g(2) dx
© Solution: j' x(1-x"dx= j' (1=x) (1= (1-x)” dx @) 1
. 0 - 0 = = — g(2)
(Property 9) 4 4
1
) jn (% — 1) gy = LR Sl . ® Example 30: The lim S, if
0 100 101 |, 10100 S
1 1 1 1 .
1000 S,=—+ — + +.o s
© Example 27: The value of Y, [" e dxis (] is 2 ant -1 an® -4 \3n® +2n -1
n=1 """ o 2
the greatest integer function) Ei; f/ Eg% /6
L1000 4 1000 Ans. (d)
(a) 1000 b —,
© Solution: lim §,
e — 1 h—poo
(c) 1000 (e—-1) (d) 1_
Ans. () X o 1 L
© Solution: Since the period of the function x — [x] is 1 so noen| \[4-0 \/4 = 1/n? \/4 —4/n?
1000 1
Z n & [x] dy = 1000 ot x] dx . —
2
n=1 J.”_] I + 4_[1’1—1)
I I #
=1000 [ ¢ " dx=1000 [ ¢ dx=1000 (e~ 1). . .
0 0 1 " 1 I i ‘ T
= lim — =sin" —| =—.
@ Example 28: If f: R — R, g: R — R are continuous n—eon 0\/4 (rin)t " NV 0 6
functions then the value of the integral jmjz [(f(x) + f(=x)) i )
(g(x) - g(=x))] dx is - ® Example 31: The value of Jl_x log (sec 6—tan 6) d@is
(a) 1 (b) 0 (a) 1 (b) O
(c) -1 (d 7 (c) 2 (d) none of these
Az, () Ans. (b)
© Solution: Let F(x) = (f(x) + f(—x)) (g(x) — g(—x)) so -
. l@ i : — ) -
F=x) = (F (= ) + f()) (g (= x) — () = — F(x). O Solution: [/ j_x log (sec 8—tan 6) dO
2 ;
Hence jnﬂz f(x)dx=0. (using Property 11) = ‘[” log (sec (2m— 6) — tan (27— 0)) dO
- =T

3
= J " log (sec 8 + tan 0) d6.
-

I I¥aruemaTics | AEP =&
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Thus 2= J._” [log (sec O —tan 6) + log (sec O+

n
tan 6)] d@

J~3fr
- -

log (sec” 6 — tan® 8)d@

in
= |7 togi do=0.
® Example 32: If rd—x = km then the
) 0 (12 +4) (xz +9)
value of k is
(a) 1/60 (b) 1/80
(c) 1/40 (d) 1/20
Ans. (a)

© Solution:

I
|
| —
t | —

-

b | =

I

I

-

I
W |
S 3

_l[ﬁ_ﬁ}_i
514 6] 60

312
® Example 33: If j_] lx sin 7zx| dx = k/7, then the value

of kis
(a) 3w+ 1 (b) 27+ 1
(© 1 (d) 4
Ans. (a)

© Solution:

1 . 3/2 .
I= j : Ix sin 7 xdxl + ‘[ lx sin 7 xldx
- 1

1 ) 312 )
:2_[{J xsmﬂ:xdx—_[l xsin wxdx

—xcosmx sinmx]
=2 5

T T 0

. 3/2
[—x cosTXx sin ﬂ:x}

2

T ¥ 1

- H_[_L_L} _3mtl
T ntoom P
® Example 34: If f(0) =2, f"(x) =f(x), ¢(x) = x + f(x) then
I
[, F o0 dris

,s0k=3mr+ 1.

(a) ¢ (b) 2¢2
(c) 2e (d) 2¢77
Ans. (b)

I JMATHEMATICS ]

Il TMaTHEMATICS

DEFINITE-INTEGRATION

Solution: Since f'(x) = f(x) and f(0) = 2 so f(x) = 2¢',
thus ¢(x) = x + 2¢*. Hence

[} o de=2 [ (xe+ 2¢¥ax
0 “ o

=2 [xe" - €'ly + *1']
=2[([e-el+ 1)+’ —1]=2¢%

" cos 12dt
® Example 35: The value of lim ~>—— is
x=0 X
(a) 1 (b) 0
© -1 d 2
Ans. (a)

© Solution: Let f(x) = L; cos £ dt and g(x) = x. Then
f(0)=g(0)=0.

LW S
x—=0 g()c) x—=0 g'(x)
% 2
. j cos rdt . cosx*-1—cos0-0
= lim ~— = lim
x—=0 o x—0 1
2
= lim &% =cos0=1.
x—0 l

® Example 36: If f(x) = L; cos vt dr, then (1) is equal

to
(a) cos 1 (b) 2cos 1
(c) 4cosl (d) none of these
Ans. (¢)
© Solution: f'(x) = COS'\/; L3 () = cosy/1/x* LS
dx x x°

(Using Property 18)
2
=2xcos x+ — cos (1/x). Hence f’(1) = 4 cos 1.
X

Example 37: The least value of the function
F(x)= jo
on the interval (57/4, 47/3] is

(3 sinu + 4 cos u) du

(a) 3/2-+/3/2 (b) 5_;'\5
7-443 9-443
(c) > (d) >
Ans. (d)

© Solution: We have F'(x) = 3 sin x + 4 cos x. Since sin x
and cos x assume negative values in the third quadrant, we
have F'(x) < 0 for all x € (5m/4, 47/3) so F(x) assumes the
least value at the point x = 471/3. Thus the least value is

4r/3 .
F(4n/3) = jﬂ (3 sin u + 4 cos w)du

A
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=(-3cosu+4sin M)IS”"3

= —Fioms X 3 dsin TE 9
3 3

_9 43 _9-443
2 2 2
log(l + ax)
® Example 38: The integral I ————— dx(@a>0)is
equal to 2
b4 1 T
(a) a(log2)— (b) —(log2)—
8 a 4
1 T 1
(¢) —(log2)— (d) —(log2)
a 8 a
Ans. (¢)

© Solution: Put ax =1, the given integral reduces to

¢ udu (t - tanu)

log(l+t) lEMlog(lthanu)
jlaen, L e,
a a

1+ 12 1+ tan’ u

0 0
/4

L j- log(1+tanu) du

a

lfr.f4 P

- J. log(l+tan(——u)) du
a g 4

=g 1—tanu

— j log(1+ )du

ay | +tanu
nl4

! j [log2— log(1+ tanu)] du
a

/4

= z j log(l+tanu)du——(10g2)—
1 /4

= — J- log(l+tanu)du——(log2)—

1
® Example 39: Form>0,n>0,let/],, = Jx’" (log x)"

dx, then J5 5 is given by 0

5! 5!
(a) v (b) —5—5

5! !
(©) 3 (d) 6_6

Ans. (¢)

© Solution: Integrating by parts, we obtain

|
jxm(logx)n—ldx
m+1 oA

m+l

; (logx)" |
m, Jt m + 1 |0

SQince lim x™

x—=0+

][]['][ﬁATHEMATICS

(logx)" = llm (x ™' "ogx)"=0

II MaTHEMATICS
DEFINITE-INTEGRATION

n

SO’ Im n= — m,n -1
' m+1
5
Hence Is5=—=1Is,
Iy 6 )y
5( 4
--3{-)
1543 L5432

= (-1) 63 15') =D 4 15_]

: xlo xl 1l |

I, = stlogxdxz € ——_[xb—

’ 6 6 b
0 0 9%

I

6

55‘ 5!
6°

So Iss= (1)

® Example 40: If /, = J‘(cos’l x)"dx then I, — 360 [, is
given by

(a) 6(%]S—24[§j (b) 6@)5—120(%)1
off] e

Ans. (b)
© Solution: Integrating by parts, we obtain

: n— l
x (cos™' x)
In = |(cos ]x)"dx=xcoq 7(1,(
J e
1
= j COS x)n l
0
Lo
= H[—\‘l_xz (COS_I x)”'_l —'[(f'i— l)(COS_l x)n—de]
0
T -1
- 5] v
T
Ig= 6'(Ej -6.51,

(5] <l
=360, (3] 0[5
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T2
j x" cos x dx then Iy + 56/ is

o (2]
@ (5]-

® Example 41: Let [, =

equal to

w )
© (5)-

I = J x" cos x dx
0

/2 /2
no: n—1 _-
= x"sinx —-n j x" U sinxdx
“ 0
] 2 rl2
[z n—1 . n-=2
= |= | =n|=x""cosx|] +(n-1)| x""“cosxdx
2 0 d

zY
=Z] —ntn-11
(2J nin =D 1, 2

I+871 = g]&

® Exampled2: Ifafunctionf: [0,27] — Ris differentiable
27

then for some 0 < < 3< 3, _[ f(x)dx is equal to
0
(a) 3[c? f(er) + B2 F(B)]
(b) 3 fle) + B2f(B)]
1
(¢) 32 f(e) + Eﬁzf(ﬁ-’)]

(d) 32 f(0) + %ﬁzf(ﬁ)l

Ans. (c)

3

© Solution: Let g(x) = [ f(1)dt so g(0) =
0

= g'(x) =32 f(x')
zj?f(t)dt —e3)= 8D =)  1g)—g(0)
0 3-1 2 1-0
, 1,
=g'()+8'(B)

for some oce (1,3), Be (0,1)<(0,3). but g’(ar) =30 f(cr)
and g'(B) = 3 f(B’

Therefore, Jf(t)dr =3’ fo)+— B 2F(B

][]['][ﬁATHEMATICS

T TMATHEMATICS
DEFINITE-INTEGRATION

® Example 43: The difference between the greatest and

the least value of the function F(x) = J‘; (t + 1) df on

[2, 3] is
(a) 3 (b) 2
(c) 7/2 (d) 3/2
Ans. (¢)

© Solution: Differentiating the given function, we get

d do
F)=t+1],_, — —[t+1],_g — =x+1.
dx dx

This is positive for all x € [2, 3], so F is an increasing
function in this interval. Therefore its greatest value is
3 2
F(3) :jn (t + 1) dr and its least value is F(2) :jo (t+ 1) dt,
so that the required difference between these values is
3 2 3 7
Jo @+ dr= [ @+ nar= [+ Ddr= 5.

® Example 44: The value of the integral

J-RM sin x + cos x deis
0 3+sin2x

(a) log 2 (b) log 3

(c) (1/4)log3 (d) (1/8)log3
Ans. ()

© Solution: The integral can be written

T4 §in X + COS X
—IU dx

(sin x — cos x)* — 4

Now put 7 = sin x — cos x. Then dr = (cos x + sin x)dx, and
the integra] becomes
0
t—2
t+2 L

11y

1 I
=— — (log1-log3)=—
g Uog1-log3)=~

log 3.

® Example 45: The inflection points on the graph of
function y = jﬂ (t—1) (1= 2)* dr are

(a) x=-1 (b) x=3/2
(c) x=4/3 (d) x=1
Ans. (¢)

2

. dy d?y
© Solution: —— =(x—1) (x-2)*so d—
X

P =(x-2)(Bx-

2
4). The points of inflection are given by d—); =0sox=2,
X

x = 4/3 are points of inflection.

2 d
® Example 46: The value of the integral J(;U ol
2

is 1+-—sin” x

\ ﬂ a Z2001...
e
STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS



Since 2001

) = I°
=
STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS

T |6
@ —y7 ® 7|2
2\7 3\3
% n
25 o=
© 3 @
Ans. (a)
2 /2 g 2
Solution I_I o - J’” sec” xdx
l . 2 0 2 1 )
1+ —sin” x sec x+6tan X
= 6 *_ S = (t=tanx)
7 0 6/7+
O |L tan™'t = \/E .
6, V72
21
@®@ Example 47: The value of J OB s
(a) 372 (b) 5/2
(c) 3 @ 5
Ans. (b)
¢ |log x

© Solution: J "
e

de= f PE s [T B

(since logx <0 forx € ¢!, 1] and logx>0forxe (l,ez))

20 2 2 |
0 2
=—I rdr+—f tdt=—7 to| == 2=§
-1 0 2 " W 2
L()\\ <
® Example 48: If f{x) = St fo i then
2 otherwise,
3
j_7 Sfix) dx =
(@) 0 (b) 1
(c) 2 (d 3
Ans. (¢)

© Solution: j fix) dx = j fix) dx + f fix) dx
= J_z € sin x dx + L 2 dx

=0+2= 2(smcej g(x)dx=0if g(—x)= g(x))

@® Example 49: fvm ax is equal to
7/4 1+cosx
(a) 2 (b) -2
(c) 172 (d) -1/2
Ans. (a)

3n/4  dx _ J3”/4 dx

© Solution: I=J. /4 m

/4 1+cosx

I IMATHEMATICS

I TMATHEMATICS
DEFINITE-INTEGRATION

(Property 10)
3n/4  dx

m/4 1—cosx

3m/4 1 l
2I= + dx
m/4 \1+cosx l—cosx

3r/4 2

=), T dx
m/4 1—cos” x

==2 cot x|i’/fi4 =4.Hence I =2

2/'4
® Example 50: The value of I: sin Vx dx s
(@ 0 (b) 1
(c) 2 (d) none of these
Ans. (¢)

© Solution: Putting vx =1 so that dx = 2t dr

2/4 2
[ sinVxde= 2" tsinedi
0 0
xi2 , [*/?
= 2 | —tcost], +I cos ¢ dt
0
= 2[0 + sin A™%)) =2

\/1 —Ccos2x

® Example 51: The value of the integral I

dxis
(a) 1002 (b) 2002
) 0 (d) 100
Ans. (b)

Solution: We have \/]—cos2x = V2 Isin xl. Since

100
the period of Isin x| is 7, so Io l—cos2x dx=

V2 [ fsin o de= 100V2 |7 sinx de=200V2.

@® Example 52: Whenever a < b, the value of J. dx is
a X
(@) b-a (b) a->b
(c) 16l -lal (d) 161 + lal
Ans. (¢)

© Solution: If 0 < a < b, then fix) = M = 1, therefore,
X

b
j fx)dx=b—-a. If a<b <0 then fix) = -1 and so

b b
| fx) dx = a - b. Finally if a < 0 < b then [ fix) dx =

0 b
J Jx) dx + jo flx) dx
=—0-a)+(b-0)=b-(-a)
The above three cases can be represented by

J [x | dx = bl - lal.
a b

I_\ | =
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@ Example 53: Let fbe an odd function then

1
J_I (Ixl + fix) cos x) dx is equal to

(@ 0 (b) 1
(c) 2 (d) none of these
Ans. (b)

Solution: The function g(x) = Ixl is an even function and
1
h(x) =f(x) cos x is an odd function so .[_I (IxI + fix) cos x) dx
1 1
=2 [ Wde=2 [ xde=1.
® Example 54: Let f be a periodic continuous function
T

with period 7> 0. If = I f(x)dx Then the value of I, =
4441 )

J’4 £(3x)dx is

(a) 1 (b) 21
(c) 31 (d) 41
Ans. (d)

© Solution: Put3x=yin/
J|2+|27

12T

1| 7 U (k+)T
- gljlzf(y)dy+él -[KT

But J‘]((K; l)Tf(y)dy =JZf(u)du ;

V) y+JI2+I2T y]

(Put KT + u =y or use Property 17)
12+12T 12
and ler f(y)dy = Io f(u)du
L[ T 12
Hence  f= |7 )y +11r [ f )|
LT 1
5“0 f(y)dy+111] = Jx120=41.

® Example 55: Let fix) = ‘[0‘ 6 —u” du . Then the real

roots of the equation P f/(x)=0are
@) x=1.6 (b) x=1.3
© x=%42 d) x==+1
Ans. (¢)
Solution: Sincef’(x)= v/ 6 — x* ,the equation & £ (x)
=0 becomes

6-x* =0 = xF*+x2-6=0
= (P-2)(*+3)=0 = x¥*-2=00*+3#0)

x=i\/5.

][]['][ﬁATHEMATICS

I MaTHEMATICS
DEFINITE-INTEGRATION

244 o
® Example 56: If f(x) = I e " dt, then the function

Sf(x) increases in

(@) (=o,0) (b) (0, )
(© -1,2) (d) (=2, )
Ans. (a)

Solution: f'(x) = 2xe_('\'. i 2xe
s | [1 B :|

16 +8x2

Since 1—e < 0 for all x so fincreases for x < 0.

® Example 57: Ifj

sinx

f(t)dt =1-sinx, then f(l/\/g)

is equal to
(a) 1/3 ) 143
© 3 @ 3
Ans. (d)

Solution: Differentiating both the sides, we obtain
— sin’ X f(sin x) cos x = —COS X

= f(sinx)= ,if cosx #0

sin’ x

If sinx=1/A/3 then cosx#0so f(l/\/E) =
® Example 58: The integral / =

3
J/ ([x]+x +log, (x+\/x +1))dx is equal

(@ 0 (b) -3/2
() 1 (d) 32
Ans. (b)

© Solution: Letf(x) = x’ +log, (x+ v+ l)

fiex)= =x* +log, (—x+\/ 2+ l)

-x* +log,

1
x+4 22 +1
=-x +log, (x+\/ ¥ +1) =—fx)
372
[ f(x)dx =0
Thus /= f;jz[x]dx

) -[—_31/2(—2)dX+£)1—1dx+J(:0dx s jl3/21dx

=-=2)[-1+32]+ (-1 [0+1]+0+1[3/2-1]
=-1-1+4+12=-3/2.
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/
® Example 59: _[: 4log(l +tan” 6 + 2tan B)de =

(a) mwlog?2 (b) (mlog?2)/2
(c) (mwlog?2)/4 (d) log2
Ans. (¢)

_ /4
Solution: Let /= I: log(1+ tan0)dO

= _[:/4log(l +tan (/4 - 0))do
_ J-m [ tanejde
an@

/4
= J: [log2—log(1+tan®)|d6

= 21=m/4log?2.
Required integral = 2] = %logZ

® Example 60: J.h (x=a)(b—x) dx(b>a) is equal to

(@) m(b-a)*/8 (b) b + a)*/8

©) 7(b-a) d) n(b+a)’
Ans (a)
© Solution: Lett= E-a+3—b =x- l(a+h)
2 2
and o= b;a, so that

J‘b\/x a)(b-x)dx = j (t+ o) (o —t)dt
=2'[:\/a2—t2dt
= o2 =1 o Sin_l(éﬂ

_no? _m(b—a)

3 B

o

0

® Example 61: lim (l+ L +_”+l)=
n—e\n n+2 3n

(a) log2 (b) log 3
(c) log5 d o0
Ans. (b)

~ ; | 1 |
Solution: lim (—+ +...+—)
n—e\n n+2 3n

: (1 1 1 )
lim | —+ +...+
n—e\n n+l n+2n
2n 1 2n 1

lim Y = lim =)

::—>°°k=0n+k n—e M, -0 l+k/n

I TMATHEMATICS

II TMaTHEMATICS
DEFINITE-INTEGRATION

2

=log3.

2 dx
= =log(l+ x
i)

|
® Example 62: Leu_j ST o il f [ ==

Then which one of the followmg is true

(a) l>§ andJ/>2 (b) 1<§ and J <2

(c) 1<§ andJ>2 (d) 1>§ and J<2

Ans. (b)
© Solution: Since sin x < x for x > 0, we get

sin x
—\/; <vx for 0O<x<l1
I
Jsmxd <J.\/_dx——

1cosx 1]
J_jo = dx<J.0ﬁdx—2

n
® Example 63: | = j[cotx]dx, where [-] denotes the

greatest integer function, is equal to

(a) -1 (b) — 72
(c) m2 (@ 1
Ans. (b)
n /2
© Solution: /= J[cotx]dx= j ([cot x] + [cot (7 — x)])dx
0 0

/2
= j([cotx]+[—cotx])dx
0
Put cot x = ¢, so that

- llmz f [1]+[-

n=yes 1421

But [f] + [-f] == 1 for k — 1 <t < k, therefore

J @+~

B =|:tan_' k—tan™! (k - l):l
it

I= —limi‘(tan_l k-

n—oo p—|

tan™" (k — l))

\I'_ | i
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= :ET[tan_' n—tan”' 0:|=—§ .

@® Example 64: Let p(x) be a function defined on R such
that p’(x) =p’(1 —x), forall x € [0, 1], p(0) =1 and p(1) =41.

Then J‘(;p(x)dx equals
(a) 41
(©) a1

Ans. (d)

© Solution:

Jop()de = 11 px)de=[ap () - 1= p ()~

where

(b) 42
(d) 21

Il—jxp j (1=x)p’"(1=x)dx
= J.[:(l -x)p’(x)dx = J(:p'(x)dx—ll

=5 21, = [p(x)], = p(1)- p(0)
Thus,

—
<
—_
=
~
&
I

p()==(p(1)-p(0)

0 2

S(p(1)+ p(0)) =

1
—(41+1)=21
S@1+)

8log(1+ x)
14 x2
(b) mlog®

@ Example 65: The value of _[
(a) log?2

(c) %logZ
Ans. (b)

n
d) —log2
()2og

llog(l+x)
0 1442

(I1+tan@)
———8
6

© Solution: Let/=§

ec’0do (x =

_ nl4
= 8J.0 log tan )

sec
/3
So I= 8J.0 log(1 +tan6)d6O
n/4 T
= 8_[0 log(1+ tan(z - OJdB

(J: f(x)dx = J.(;' fla- x)dx)

/4 -
=8f" log(1+1 ta“e)afe
0 l1+tan@
nl4 2 T
=8[""Io do = (810g2) = -1
jO gl+tant9 ( g)4

I IMATHEMATICS

I MaATHEMATICS
DEFINITE-INTEGRATION

- 21=(810g2)% = I=rlog2
@® Example 66: For x € (0, 571/2), define fix) = J Vi sintdt
Then f has

(a) local maximum at 7 and local minimum at 27.

(b) local maximum at 7 and 27

(c) local minimum at 7 and 27

(d) local minimum at 7 and local maximum at 27
Ans. (a)

© Solution: f'(x) = Vx sin x, sof/(x) =

|
Jx cos x——= sin X, so f”(m) =

2Vx
—Jr <0 and f”’(2m) = N2m > 0. Hence f has local maxi-
mum at x = 7 and local minimum at x = 27.

= x=m 2nbut f”(x) =

® Example 67: Let [.] denote the greatest integer function

15 ) .
then the value of -[() x[x ]dx is
(a) 0 (b) 372
(c) 3/4 (d) 5/4
Ans. (¢)

,\ 1
Solution: Put x*> =1, so that xdx = Edt

1 p225

Jss ~ [;]dt:%J.(j[t]dwjlz[t]dt+LZA25[t]a’t

1 2 225
= 5[0+L dr+2f2 dr]
= hsaxos)=3

2 4

@® Example 68: If g(x) = J. cos 4t dt,, then g(x + m) equals

(b) g(x)-g(m)
(d) gx) g(m)

(a) g(x)+g(m)
(c) g(x) g(m)
Ans. (a), (b)

= "+
Solution: g(x + 7) = J'(; " cosat dt

T X+
= -[0 cos4t dt + J cos4t dt
V1

=g(m +1
where I= J,':M cosdt dt, Put t = m+ 0, so that
X X
I= '[0 cos(4m +40)do = jo cos460d0 = g(x)
So g(x+ m = g(nm) + g(x) but

V4

g(m) = Jcos4tdt —(sin4t =0.

0

g(x + m) = g(x) — g(m) also.
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® Example 69: Let f: -1, 2] — [0, <] be a continuous

function such that fix) = f{(1 —x) forall x € [-1, 2]. Let R, =
2

J:I x f(x)dx,, and R, be the area of the region bounded by

y=f(x), x=—1 and x = 2 and the x-axis. Then

(a) R, =2R, (b) R, =3R,
(c) 2R, =R, (d) 3R, =R,
Ans. (¢)
© Solution:

2 2
R, = J’_]xf(x)dx=j_l(2+(—1)—x) Q2 +(=1) - x)dx
2 2
= J_l(l—x)f(l—x)dx=-|._](l—x)f(x)dx

2
= 2R, = J_]f(x)dx =R,

@® Example 70: The value of
Jlog3
VIog2 gin x* + sin (log 6—x" )

xsin x>

dx 18

1.3 1, 3
~log = b) —log>
(a) 485 (b) 5o

1 3
d) —log—
()60.-‘;2

3
1 -
(c) ng

= 1 log3 sint )
2 Jlog2 sin ¢ +sin(log 6 — 1)

1 (tog3  sin(log2 +log3—1)

2 Jlog2 sin(log2 +log3 —1t) +sint

_ 1 plg3  sin(log6—1)

~ 21022 gint +sin (log6—1)
21=1+1
1 flog3sint +sin (log6—1)

~ 21082 sint + sin (log6b-1)

= %[log?) —log2]

1 3
= I=—log—.
4 g2

LI MaTrEMATICS |

T TMATHEMATICS
DEFINITE-INTEGRATION

® Example 71: Let f be a continuous function satisfying

2

J' (f(x)+xP)dx =+ % # for all #, then f(m%/4) is equal to

-

4 4
@& m- ®) f—[ﬂj
8 2 4
2 4
orf] et
Ans. (d)

© Solution: Differentiating both sides, we have
(f() + 1Y) 2t =47
f@) + 1 =2t

= fity=2t-+¢
o AZ)-AE 0
‘ 4) "\\)/) 72

3,':4

=T——.

16

® Example 72: For a continuous function f, the value

[ran+ L S,
r X 1+ x?
(a) g ) 0
(¢c) —m (d) 27
Ans. (a)

; 1 1
© Solution: Putting — =1= dx=——dt, so
X t

I= If(x” +x'”)]0gxE
; X

0
= —jf(f" +t")[logl}d—;

o

= —jf(:‘” +t")logtﬂ=—l
g t

= 2[1=0 = I=0

The given integral is equal to
J l dx = tan”' x
pl+x

oo

0
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Assertion-Reason Type Questions

® Example 73: If J: = de= g then

Statement-1: I:ET dx=r
X

lim e =0

X — o0

Statement-2:

Ans. (b)
Solution: Put x =

R AR

© Example 74: If [~ ﬂ dx = 5 then
Statement-1: j:w dx =m/2(a>b>0)
X
Statement-2: lim M =a
x—0 X
Ans. (b)

Solution: sin axcos bx= é [sin (a + b) x + sin (a — b)x]

= gin ax cos bx
[[sinaxcosbr

|
e

=n/2

X

jmsin(a+b)xdx+Jmsin(a—b)xdx:|

0 x x

/3
® Example 75: Statement-1: .[” ”xm sin xdx=0
=TIt/>

Statement-2: f(x) = x”"

= sin? 2m+1

Ans. (a)

is an even function and g(x)
x is an odd function, m and n are integers.

Solution: x' sin x is an odd function so

= 10 .9
J. x sin”xdx=0.
-a

® Example 76: Suppose that fis an odd function and F(x)
= _[: f(r)dr.

Statement-1: F is an even function

Statement-2: Ja f(H)dr=0

I MaTHEMATICS |

Ans. (a)
Solution: F(x)= [ f(1)dt==["f(u)du (u=-1)

- J__:f(u) du= faf(“) du + L_‘ £(u) du
= [ fw)du=F(-x)

18
® Example 77: Let/= [ —=

dx

Statement-1: | /| < 0.1

COsx

J1+ x*
Ans. (b)

Solution: Since cos x < 1, the condition x > 10 yields

Statement-2: <0.1

COsx

\fl+):4

<107%2<107!

111<8.10°%2< 107",

2r
@® Example 78: Statement-1: I cos”™ M x dx=0(m>0)

Statement-2:

2a a
[ fFedr =2f f(x)dxif f2a - x) = f(x)
0 0

Ans. (a)
2z T

Solution: Icosz’"ﬂ xdx =2_[cosz”'+] xdx
0 0

=0 (since cos (T —x) =—¢cos x)
® Example 79:
/4 P
Statement-1: J log(l+tan@)d6= n log2
0

ml2
Statement-2: J log sin@df=-mlog2

Ans. (c)
Solution:
/4 /4

I= .([ log (1+tanB)d6= ‘[[ log[l+tan(%—8]]d9
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n/4

= _[ log(l+

0

n/4 2
= J log( ]dﬂ
0 | +tan®

n/4 nl4
= [ log2df- [ log(1+tan6)as
0 0

l—tanBJde
1+tan®

T b4
2= —log2 = [I=—log2
1 2 8 g

mi2 mi2

Ii= [ logsingdo= | logsin(5—9]49
0 0 2

w2
J logcos@ d@

0

® Example 80: Let f: (0, ) — R and F(x) = I S(r) dr.
0

If F(x*) = x*(1 + x) then f(4) equals

(a) 5/4 (b) 7
(c) 4 (d) 2
Ans. (¢)

2

Solution: F(x%) = J fir) dt, therefore, x*(1 + x) =

0

_[ (1) dt. Differentiating both sides w.r.t. x using Property
0
17, we have

24+ 37 =f(x*)- 2x = f(x*) = 1 + (3/2)x
Putting x = 2, we have f(4) =1 +3 =4.

tan x cot x

® Example81: If7,= | - drandfy= [ —4
e 1+t° 17e H(L+17)
then the value of I, + 1, is
(a) 172 (b) 1
(c) el2 (d) (1/2) (e + 1/e)
Ans. (b)

Solution: Putting ¢ = 1/u in I, we have

udu _‘j udu j[ u du

1+ 1’ 1+u’

1e

][][’][ﬁATHEMATICS

1/e

II TMATHEMATICS
DEFINITE-INTEGRATION

ni2 mi2

21 = J. log(sinfcos@) db = _[ Iog(log sin 26 )d@
0
nl2 P P
= [ logsin26 d6 - log2=1, -~ log2
0 2 ° 2
w2
but L= J]ogsm29 dG——J]ogsmtdr
0
| L
=52 [ togsintar =1,
0
Hence, I, = —%]og2.

LEVEL 2
Straight Objective Type Questions

log(u® + )¢,

-1 [mg (¢ +1)—log ("1: ! ”

=1X2=|.
2

1
SO ]]"‘]2:5

S

sin® x
® Example 82: If fix) = J sin”' /7 dr and g(x) =
0

2
COs™ X

J cos™' /7 dr then the value of flx) + g(x) is
0

(a) m (b) w4
(c) 2 (d) sin®x + sin x + x
Ans. (b)

Solution: f’(x) + g’(x) = sin”' (sin x) 2 sin x cos x
—cos™! (cos x) 2 sin x cos x (Property 17)
=xsin 2x—xsin 2x=0
for all x € R. Hence f(x) + g(x) = constant =
1/2
Putting x = /4, C = J sin”™ Vr dr + _[ cos™ Vi dr
0

C (say)

E[:

Hence f(x) + g(x) = m /4.

M|:4
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X

d
® Example 83: Solution of the equation _[ al

are
(a) x=1log6 (b) x=2log2
(c) x=3 (d) x=1/2
Ans. (b)

© Solution: Putting ¢'— 1 = /*, we have ¢* dx =21 dt
o J j 2rdr > 3
t(r* +1) 2+l

log2 1

=2 (tan_' Vet —1- %)
Thus the given equation reduces to

tan”! w‘ex—l—§=%:> e"—l=tan%=\/§

et -1

) e=4=x=2log?2
jmz sin?™ x dx
® Example 84: The value of lim :u
m—eo ID Sin2m+l xdx
(a) 0 (b) 1/2
() 2 @ 1
Ans. (d)
~ . ni2 n
© Solution: We know that [, = Io sin™ x dx
_2n-1 x2n—3x xlxﬁ
2n 2n=2 "2 2’
ni2 2 1
by = Ju sin” "' x dx
2n 2n-2
= X X...xX— and
2n+1 2n-1 3
2m
Also, I, .= Tl
For all x € (0, @2), sin™ ' x>sin™ x>sin 2" * ' x

Integrating from O to /2, we get Iy, _ = 15, = 15, 1

I I

hence 2m—1 > 2m >
12m+l 12m+l

12 -1 2m+1
Also 7 = .
2m+1 2m
. I2m—l . 2m+1
Hence lim = lim —/—— =1.
m=elypel m—=e 2Im

From (i) and using sandwitch theorem we have

I
. 2
lim —— =1.
MESES 12m+1

TI THaTrEMATICS

g2 ve —1

r
6

(i)

Il TMaTHEMATICS

DEFINITE-INTEGRATION

® Example 85: Let fbe a positive function and

P k
L= xfa-0)ydoh= | fx(

where 2k — 1 > 0 then 1,/], is
(a) 2
(c) 172

Ans. (¢)

—x))dx

(b) k
(d) 1

© Solution: Since _[ fx) dx = I fla + b — x) dx, we

have
Iy = Ilk—k k+1—k-x)f((k+1—k—x)
(1= (k+1-k-x)dr.

_ ]"_k (1=x) F((1 = %)) dx

- -‘-]k—k A —xx)dx = v[lk—k

=L -1,.
So 2I,=Land[l/l,=1/2.

x f((1 —x)x) dx

® Example 86: If the equality

asin 4x

x bt cos 4t — a sin 4¢
J dr =
0 I2 X
holds for all x such that 0 < x < /4 then a and b are given by

(a) a=1/4,b=1 (b) a=2,b=2
(c) a=-1,b=4 d) a=2,b=4
Ans. (a)
© Solution: betcos41—asm4t dr
0 2
xcos 4t xsin 4¢
= b.[ dt—ajo 2 t
" 4 X x
_ brcoséh‘ 0 — {_511141‘ "'4_[ cos4fd{|
U t ot
— (b—4a) jrcos4r dr + asin4x 4y
X
Thus b - 4a )J cos4r asin 4x _da
X
_ asin 4x 1
X
. xcos 4t
ie. (b- 4)j dt=4da-1.

Since R.H.S.is mdcpendent of x, so we must have b —4a=0

and da—1=0ie.,a=1/4,b=1.
2 o

® Example 87: The value of j i LCO”‘O

(2 + cos x)°

(a) —-172
(c) 172

(b) 2

(d) none of these

\ STUDY cmc

ACCENTS EDUCATIONAL PROMOTERS



Since 2001._..

STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS

Ans. (c)
O Solution: IMZ 1+2c:os;c2 dx=JH/22(cosx+2);3 dx
(2+cos x) 0 (2+cosx)
ni2 dx ni2 dx
= 2 — 3 —_—
I '[“ (2 + cos x)

0 (2+cosx)

1 dt 1+ 12
=4 03472 —6“- 3.,.; )2 dt (t =tan x/2)
Lodr 1__dt
=—2j0m+l2 '[0(3-}-12)2
|
1dr 1 t 1 ¢t dt
__2'[03”2 12 2.3(t2+3)0+2.3-[03+12

=g
3
@® Example 88: The value of Jl] {lx =21+ [x]} dx, where

[x] denotes the greatest integer less than or equal to x is

(@ 5 (b) 7
(c) 4 (d 3
Ans. (b)

3 0
© Solution: [ (Ix—21+[x]}dr= [ {Ix—21+[x]}dr+

j; {lx — 20 +[x])dx + jf {lx = 21 + [x])dx

3
+j2 {lx = 21 + [x]}dx
= [* @e-x-nav+ [ @-x+0dx+
=J),C-x-1) 0( x+0)

2 3
[f@-x+nar+ [ -2+ d

0 2

2 2
+2x-
2

+
2

1 2
+3x—-—
2

2
Xx—
2

-1 0 1

—(—]—%)+(2—%)+(6—2)—(3—%)+% -2=17.

® Example 89: If f(x) =

2

sin x +sin 2x +sin 3x sin2x  sin 3x
3+4sinx 3 48in x
1 +sin x sin x 1
ml2
then the value of Jo f(x)dxis
(a) 3 (b) O
(c) 2/3 (d) 1/3

I TMaTEEMATICS

Il TMaTHEMATICS

DEFINITE-INTEGRATION

Ans. (d)

© Solution: By applying the operation C; —
Ci-G-

C,, f(x) can be written as
sinx sin2x sin3x
fx)=10 3 4sinx
0 sin x 1
= sin x (3 — 4 sin® x) = sin3 x
72 cos3x " 1
7 rwac= - ARt

® Example 90: If a is a positive integer, then the number
of values of a satisfying

/2 s3 3 .
J': {az [COZ i +ZCOS xJ+a sin x — 20 cos x} dx

2

< B are
3
(a) one (b) two
(c) three (d) four
Ans. (d)

© Solution: The L.H.S. of the above inequality is equal

to a’ (Sm3x+3sinx)—acosx—ZOSinx 722
2 4 0

, ( 13
a|-—+=

12 4
Thus the given inequality is (2a*3) +a—-20 < - a’/3

ie., @+a-20<0 & —5<a<4

Since a is a positive integer soa = 1, 2, 3, 4.

2
J—a(O—])—ZOzzTa +a-20.

® Example 91: The area bounded by the curve y = f{x)
=x* -2 x> + x* + 3, x-axis and ordinates corresponding to
minimum of the function f{x) is

(a) 1 (b) 91/30

(c) 30/9 (d) 4
Ans. (b)
© Solution: f’(x) =4x’ —6x" + 2x = 2x(2x" — 3x + 1) = 2x
(2x=1) (x=1).

Since f is a differentiable function, so extremum points of
£(x), we must have f(x) =0 so x =0, 1/2, 1. Now f”(x) = 12x°
—12x+2,f"(0)=2,f"(1)=2and f"(1/12) =3 -6+2=—1.
Thus the function has minimum at x = 0 and x = 1. Therefore,
the required area = j; (" = 2% + x* + 3) dx (See Chapter 14
for area as definite integral)

IS x4 x3
=|——-—+—+3x
555
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2
@® Example 92: The value of j: sin” x cos™ * ! x dx is ® Example 94: The value of _[(;T \/sin 260 sin 6d0Ois
I (b) 0
Cm+1)! 2m+ D! (a)
@ ——5— (b) Em+Di ' ) (c) m/2 (d) m/4
(n!) n! Ans. (d)

% 2m -1
(c) Jo cos xdx (d) none of these

. /2
© Solution: = jo Jsin 26 sin 646

Ans. (¢)
2

© Solution: /= J: sin” x cos®™* 'x dx = J-: Jsin (7 —286) sin (/2 - 6)d6
_ T . n _ 2m+ 1 _ 12
= J, sin"(x=x) cos > (m-x) dv = [ \kin26 cos 6 d6

z son 2m + 1

= - sin "x cos xdx=-1L
0 So o= J.:/Z\/sin 20 (sin 8+ cos 6)d6

So 27/=0 which implies that / = 0 Also, j: cos 2 1 xdx=0

e . In 27, put sin 6—cos @=1, so that * = 1-sin 20 = 1 - > =
by a similar reasoning.

sin 26. Also df = (cos 6 + sin 0) d6.
® Example 93: The value of the integral

| I
X 2x 21 = J V1-# dr= [ V1-1* +=sin 't]
j —4cos_' dx is 2 0
R 1+ x° o .
=2—== = I==—.
™ J_+1 472 4
(@ 0 (b) —=+lo
V3 x/g—l ) e ] 1, _»
1 B+1 @® Example 95: Given/ = L (log x)" dx. If 22 4 "=~
(c) +T5 og —— (d) none of these - K L
\/5 B 51 e then values of K and L are
1
Ans. (d) @) 1=m 2 ) ——,m
m l—m
© Solutio f X s 2% g 1 m(m-2) m
D T T © —, @) — m-2
l—m m—1 m—1
o x*
= J x_4 E—sin" zxzjdx Ans. (a)
-3 x4 2 1+x 2
Solution: /, = j (log x)™ dx = x (log x)"
_ ”Jl/ﬁ x4 d
) -1/\/_1_ e mj (log x)"" dx
-
sin” (—x) = — sin so the last integral is zero ~1[€ o
A S bl\/_ © e ) =e_m|:x(logx)'" l’ -(m—l)jle(logx) 2dx]
133 1
= n.[o ( ) =e-me+mm—-1)1, ,=(1-me+m@m-1)1,_,
1
(- 1 So = +mI,,,_2=e.ThusK=l—mandL:i.
0 -2 1+x

® Example 96: The numbers P, Q and R for which
the function f(x) = Y+ Q¢ + Rx satisfies f(0) =

T Jt[l 14x . }
——+—|=log——+tan" x
V322 CTli-x f’(log 2) =31 and Jo (x)—Rx]dx=39/2areg1venby

R AR x/§+1+7z (@ P=2,0=-
- 3 BBl 6

Ans. (d)
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Solution: We have f'(x) = 2P¢™ + Q¢* + R, so that

=f"(log 2) =8P + 20 + R. Also,
— 1 =f(0) = P + Q. Further,
39 log4 Zx X
7_j [f(x) - Rx] dx = j +Qe'] dx
P log4 P P
= T+ =—Xx16+40- — -
g* o 2 ¢-3-¢
15P
=—+3
5 Q
Solving the above equations, we get P =5, Q = — 6 and
R=3.

@® Example 97: For 0 < o < 7. The value of the definite
integral J.OI dx/(x* + 2x cos a +1) is equal to

(b) tan™! (sin )
(d) (a/2) (sin @)

(a) o/ (2sin &)
(c) osin o
Ans. (a)

dx
x> +2xcosa+1

_ JI dx
0 (x+cosa) +1-cos’a

! dx
_jo( 2

o D
xX+cos o) +sin” o

~ . 1
© Solution: -[0

1

1 _| X+coso

= — tan
sin o

smo |,

| _1[ 1+cosa
= = tan - -
sin o sin o¢

1 -1 o 1
= — tan” [ cot — |—tan " cot &
sin o 2

_1cos o
an~ ——
sin o

1 (n o ) o .
= — | === +0o | =— sino.
sime\2 2 2 2
@ Example 98: The value of the integral j ~ Hlog x2
is 0 (l+x2)
(a) 7 (b) 0
(c) Slog 13 (d) 2log5
Ans. (b)
© Solution: ro & log x2
o (1 + xz)
1 xlogx « xlogx
(l + x‘) (1 +x )

Put x = 1/y in the second integral, so that dx = (— 1/y2)dy. If
x = oo theny — 0,and if x =1, theny = 1.

T THaTHEMATICS

TN TAaTHEMATICS

DEFINITE-INTEGRATION

= xlogx s 0 1-log y™! —L)d
Jl (l+x2)2 L ( 1)2 Y d
I+
)2
7 1
-
« xlogx _ x log x dx— I xlogx _
JO (1+x2)2 jo (1+x2)2 jo(l+x2)2

@®@ Example 99: If ] is the greatest of the definite integrals

| IR 1 .2 5
I = e ¥ cos’ x dx, L= e " cos” x dx,
= Jo 27 Jo

1 2 1 2
I} = J‘O e_x dx, [4 = '[0 e_" = d.x
then
@ I=1, b) I=1,
(c) I=L d =1,

Ans. (d)
© Solution: For 0 <x< 1, we have (112) > <x*<xi.e.,

2 _ |
—x*>—x,sothat e* >e¢™ Hence Jo e cos® x dx >

e
J.o e~ cos® x dx. Also cos® x < 1, therefore
| R, 2 1. an? 1 =
J.o e cos xdeIo e dx<JOe dx=1,.

Hence I, is the greatest integral.
-1

@® Example 100: The value of the integral J dx,
c>0is log x

(a) logc (b) 2log(c+1)

(c) 3logc (d) log(c+1)
Ans. (d)

Solution: Note that the integral is not an elementary

function.
.

Let I(c) = J.(:T = dx so
og x
Mo = [y g
- 0 log_x - 0 —C+l.

1
Hence I(c)= Jm dc+C=loglc+ 11+ C.
But I1(0)=0,hence C=0s01(c)=1log(c+1).
@® Example 101: The value of the integral

1
J. i(tan_'l) dxis
-1 dx X

(a) 72 (b) m/4
(c) —m2 (d) none of these
Ans. (¢)
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1 — ] = il =
Solution di(tan"'l) : l (——2) = ; 12 @ V2 y-1=x (b) V3 x-1=y
X X +
et 2 * © B xel=y (&) V20 +1=x
1 —d Ans. (d)
= 1: '[I i(tan_ll)dxz J -X; = [an_',\’l_l _
-ldx X L5 © Solution: Differentiating the given equation, we get

1o ] gevls] 4o

[ 2 I 2
-1 1 T V3 T . . I+1 r=x> i I+1 t=x 4z
Note that / =tan = (1/x)I_, =——| —— |== is incorrect,
. ) iy 4 47 2 (using Property 17 )
since the function tan™" (1/x) is not an antiderivative of
(d/dx) [tan~ " (1/x)] on the interval [ 1, 1]. 34%
i \/l + x5 \/] g
@® Example102: The valueof j " M dx(ne N)
is 0 sin(x/2) Therefore the slope of the required tangent is
(a) @ (b) 27 dy 32 1
(c) 3m (d) none of these \/_ \/_ \/_
Ans. (a) ;
. This tangent passes through the point x = 1 and y(l) =
© Solution: We have,
1 = (), so that its equationis y—0= x-=1)
2sin%(E+cosx+cost+...+cosnx) ‘[ Jl+t \/_

= \/§y+l:x.

= sin ﬁ+25ini cos x + 2 sin s cos 2x + ... + 2 sin i
B 2 2 2 2 @®@ Example 104: The mean value of the function f(x) =

coS nx on the interval [1, 3/2] is
X +x
(a) log (6/5) (b) 2log (6/5)
=sin£ +sin3—x—sin£ +sin5—x—sin3—x+... (c) 4 (d) log3/5
2 2 2 2 2
Ans. (b)

1 1 1 - b
+ sin (n +—) X —sin (n ——) X =sin (n +—)x Solution: Mean value =L J f(x)dx (Property 14)
2 2 2 b—a Ja

1 1 32 1 32[ 1 1
si = = dx= 2 S dx
%lﬂ(l’l‘i‘z)x 3//2_1 jl x2 +x J.l [x x+l]

2 sin (x/2)

% + COS X + COS 2X + ... + COS nx =
2 (log x —log (x + 1)"]'_

. 1
. sm(n + E)x 2[log (3/2) — log (5/2) — (logl —log2)]
= ST T—— e
0 “sin (x/2) 2 log (6/5).

16
® Example 105: The value of L tan”' VVx =1 dxis

=2 J”ldx+‘|.”cosxdx+...+rcos nxdx
02 0 0

@ 9% 25 ) ip-203
n . | sinnx [* 3 3
= 2 5+smx Pt ——— =7 4 16
0 B Y (c) gzr +2V3 (d) ?ﬂ—2\/§
@® Example 103: The equation of the tangent to the curve Ans, @)
y= j'\ L Solution: Integrating by parts, the given integral is equal
X

P 1+ to
16
atx=11is xtan”' \/\/;_1‘:6 J \/)(_4\/_\/_
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16 1 pl6  dx

= —T -

3 41 JJx-1
J’4r1+r

v ar(Nx=148)
-—n—(\/_+x/_)_——2\/—

@® Example 106: Let g(x) = j(: (1) dt, where fis such that

12<fi)<1for0<t<1landO0<fir)<1/2for 1 <+<2.Then
g(2) satisfies the inequality

(a) =3/2<g(2)<1/2 (b) 0<g(2)<2

(c) 32<g(2)<5/2 () 2<g(2)<4
Ans. (b)

Solution: g(2) = J’(: A di = f(: A di + jlz Ao de

Since 1/2 < f(t) < 1 for t € [0, 1] s0 1/2 sj(: A di< 1 by

Property 13. Also 0 < f(f) < 1/2 for t € [1, 2] 500 < jlz )

df<1.Hence 0+ 1/2< j(l £(6) dt + jlz fHdi<1+12ie.

12<g()<32=0<g(2)<2.

@® Example 107: A function f is defined by f(x) = 2% ;
I

1
2_r <xS —,r=1,2,3, ... then the value of J.o Sf(x) dx
is equal
(a) 1/3 (b) 1/4
(c) 2/3 (d) 173
Ans. (¢)
2-(r=1)
© Solution: J. Slx) dx = Z j v g O
=Y o)
r=1 2

=5 9-2r=1) _ S y2r+ 1
LT

=22-2)Y 2= 1
1

1
4 1-1/4

® Example 108: Ify = Lr Uz log z dz and

3 dy .
x= J.f, 2% log 7z dz then ﬁ is

(b) 3217
o 36f5/2

(a) 45"
(c) —8r" (d)
Ans. (d)

and d—x

> d
Solution: As is known, we find d—y 5
1 1

I IMATHEMATICS

I TMATHEMATICS
DEFINITE-INTEGRATION

% =tlog £ x3F =97 log t (Property 17)
and d—x=0—tlog \/;xL— \/_logt
dr N3
d ’1
So £ st agpsh.

a% —%x/;logt

-5 2
® Example 109: Let /, = L 9" dyand

2/3 & 2
I = 3-'.1/3 6723 ¢ then the value of I +1is

(@) 0 (b) 4/3
(c) 714 (d) 5/4
Ans. (a)

© Solution: Putx=-7-41in/, so

=5 papd)2 1 2 1 2
I = I_4 e dx = —Joe(_”l) dr = —J.Oe('_l) dt

Applying the substituting x = §+§ in /,, we have

3 2 1 2
— 2 [° 9(x-2/3) = [ -1 —
L=3 jm dx jOL dr. Thus I, + I, = 0.

@ Example 110: A line tangent to the graph of the function
y = f(x) at the point x = a forms an angle 7/3 with the axis of

b
abscissas and an angle 7/4 at the point x = b then I f7(x) dx
is (f” is assumed to be a continuous function)

(a) 0 ) 1-3
(© V2 -1 @ 3 -1
Ans. (b)

b

© Solution: '[ f7(x) dx = f'(b) — f’(a). According to the
a

given conditions f’(b) = tan /4 = 1 and f’(a) = tan /3 = V3.

Hence the required integral equals to 1 — V3.

@® Example 111: The value of J: [2 sin x] dx, where [,]

represents the greatest integer function is

(a) (b) 27
(¢c) -m (d) 2773
Ans. (d)

= 4
© Solution: '[0 [2sin x] dx
- J”/6[2sinx]dx+J”/2[2sinx]dx+JS”/6[2 irize] d
~Jo 76 72
n
+L”/6[2sinx]dx

/6 /2 5n/6 b4
=j de+j 1dx+j ldx+[ 0dx
0 /6 16

n/2 Sm
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+ = —,
2 6 6 2 3

® Example 112: Forany 7€ Randfa continuous function,

let )
I+cos™ t
L= G2-v)d
1+cos?
and L= J , f(x(2 x)) dx then /,/I, is equal to
Sll‘l' X
(a) 2 (b) 1
(c) 4 (d) none of these
Ans. (b)

[5

TN TMATHEMATICS
DEFINITE-INTEGRATION

© Solution: ;= IH,’ Q2-0)f2-%) @2-@2-x)) dx

= J 'i:?:s—: @2 —x) fix 2 - %)) dx
1+cos” 1
=2 J'sinzt fx@2-x)dx—

1+cos” 1
[ xfe@-x)de=2b-1,
s~

Therefore, 21,=21, and so I,/I,=1.

Ny

J Concept-based
Straight Objective Type Questions

wl2
1. The value of j cot® cosec’ 6 dO is
n/4
| 1
a) —— b) —
(a) 5 (b) 5
1 1
c): = d) —--
(c) 3 (d) 3
oo M ooom o 2 AP
2. The value of lim —| sin—+sin—+---+sin— |is
n—e n n n
n
a) b) ——
(a) (b) 5
| 2
() — (d —
T T
12 xsi
3. The value of [ o gy is equal to
/2 ot 4]
(a) 2m (b) 1
T
c) 2 d —
() (d) )
nl2
4. j (x" sin'! x +sin’ x) dx is equal to
-n/2
(@ 0 (b) m
T
c) — d -«
(c) 5 (d)
/2 )
3 d—lis equal to
A 2cosx+3

I I¥ATHEMATICS

2 1 1 a1
(a) —tan~ — (b) —tan™ —
V5 5 5 5
1
(c) 1 (d) —tan' —
B35
s j xsmxdx=£ + A, then A is equal to
cos’ x
1
a) 0 b) —
(a) (b) >
1
(c) 1 (d -—-
2 P 2
If is equal to k7 then k is equal
'([\/x+l+\/(x+l)3
to
1
- b) 2
(a) 5 (b)
1 1
c) — d) -
(c) 5 (d) 3

. If f is continuously differentiable function then

2.5
j[xz] f'(x) dx is equal to
0

(@ 6f(6.25)+ Y f(i)
ie{i V232,45 }

(b) 6£(625)- Y f()
ie{l,v2.43,2,V5,v6 }

A sruov CIRCL
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© 6/25~ Y fG) © =
ie{l,V2,3,2,45,6 } 13
) 6f25- 310 m =23 1
ief1.v3.5.45 ) SR
| :
9. The value of Jx%l—x)”dx is equal to 10. The value of j|2—x|dxis
0
13 3 1 B 1 ®) 2
(a) TRETRATRETT (c) 4 (d 3
13 3 1
N TR TN EREY!
r:] LEVEL 1
W ones -
Straight Objective Type Questions

(a) f has maximum at x =0
(b) fhas minimum at x = — 1
(c) fhas maximumatx=—1

2
1. The value of | 11 -l dx s

(a) 2 (b) 0 " .
© 4 ) 5 (d) fhas no critical point
B 17. A line tangent to the graph of the function y = f{x)
12. If f(x) = J}) sin® ¢ dr, then f(x + 7) equals at the point x = a forms an /3 with y-axis and at
) x = b an angle n/4 with x-axis then
flx b
P i N b ’” .
(a) () (b) flx) fim) L f7(x) dx is
(©) f()+f(m (& fix) - () W 1L o T
13. Suppose that the graph of y = f(x), contains the 23 12
points (0, 4) and (2, 7). If f’ is continuous then -
. , e L @ V3 -1
-[0 [ (x) dx is equal to 12
i x 1- .
(a) 2 (b) -2 18. The function F(x) = J.“ log k4 dr is
(c) 3 (d) none of these I+1

(a) an even function (b) an odd function

14. A polynomial P is positive for x > 0, and the area o .
(c) aperiodic function (d) none of these

of the region bounded by P (x), the x-axis, and the
vertical lines x = 0 and x = K is KZ(K + 3)/3. The

_ l 1/n
solymomial B (g} s 19. If f(n) = , [(mn+1)(n+2)../m+n]", then

(8) 22 +2x (b) x2+x+1 Jm_ f(n) equals
(© x7+2x+]1 d) x*+1 (a) e (b) 1/e
x (c) 2/e (d) 4/e
Jsin 1 dt
15. The value of lim 2 is 20. The value of the integral J. oz for
x=0  ginx? B>ais aN@=a) (B -x)
(a) 1 (b) 0 (a) sin”! a/f (b) w2
(c) 2 (d) none of these () sin”! B2 ) 7

16. Let fx) = *e 2(1 = %) dr then

][][’][ﬁATHEMA:fICS AEP,
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7/3  xsin x .
dx is

21. The value of the integral j
-7/3 cos® x

k¥4
(a) (— — log tan 7)
2r
(b) 2(? —~log(2+ x/i)]

T
¢) 3| ——logtan —
© (2 5 12)

(d) none of these.

tan x cot x dt
dt I

22. The value of _[ + 5 ﬁ
¢ tl+it

is
Ve 141

(a) 1/2 (b) 1
(c) m/4 (d) none of these

23. The equation of the tangent to the curve

y='[ij atx=11is
X m
(@) V2y+1=x ) Bx+l=y
(c) \/§x+1+ \/5 =y (d) none of these

1
24. The value of [ xlxl dx is

(a) 2 (b) 1
() 0 (d) none of these

25. The difference between the greatest and least values

of the function
F(x) = jo (t + 1) dr on [1, 3] is

(a) 8 (b) 2
(c) 6 d 11/2

( i e dx)
26. The value of lim e is
X0 J'O e2x“ dx

(a) 1 (b) 2
(c) 3 d 0

19 sin x

8dxls

27. The absolute value of I 1
+x

(b) more than 1077
(d) none of these

o dx

Nx+1+45x+1
(b) 14/15
(d) none of these

(a) less than 107
(c) less than 107

28. The value of the integral J.

() 11/15
() 2/5

29. Let f(x) = {x}, the fractional part of x then

1
J_I f(x) dx is equal to

TI THaTHEMATICS

30.

31.

32.

33.

34.

35.

36.

37

38.

Il MATHEMATICS
DEFINITE-INTEGRATION

(a) 1 (b) 2
(© 0 (d) 172

. (72 ” N
The value of j - cos t sin (2t — m/4) dt is
—x/2

(a) —1/3 (b) 1/3
) V213 (d) 2173
The value of Jm log% dx is
0 (1+ )
(a) O (b) 1
© V3 @ 512
L: Isin 27 xldx is equal to
(a) 0 (b) = 1/m
(c) Urn d) 2/m
J:(tan" x)2 dx
The value of lim ————— is
X— oo [x2 +1
(a) w4 (b) %2
(c) m*4 d) &
If A (t) = J'i] e M dx, then Ili_)n; A () is equal to
(@ 2-¢! (b) 3-¢!
(c) 4 (d 0

If the value of J-_zz | xcosmx| dx = k/m then the
value of k is
(a) 4 (b) 8
(c) 12 (d) none of these
dx

The value of | ———
0 1—coso cosx

O<a<m/2)is

T T
(a) — (b)
sina 2cosa
T T
(©) d —
cos o 2sino

The value of

n n n .
lim [ —+ = i > | 18
"—>°°[’7 (n+1)° (n+2) (2n-1) ]
(a) 1 (b) 173
(c) 12 (d) 372

The value of

lim ] 7+ 2" vy is
l e l‘
noe P 4nd 22 4+43 n+n’

|
b) — log2
()3og

(a)

() ~ log3 (d) % log 3

I—\ = 1P e
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39.

40.

41.

42.

43.

44.

45.

46.

sin2n x .
dx is

The value of j
smx

(b) 1
(d) /3

(a) 0
© 12
If f(x) = A sin % +B, f(112) = V2 and

1 2A
jo f(x) dx =— then the constants A and B are
T

respectively

(a) 72, m/2 (b) 2/m, 3

(c) 0,-4/n (d) 4/m, 0

If f/(x) = g(x) for a < x < b then j f() g(x) dx
is equal to

(a) g(b)-g(a) (b) f(b)-fla)

(OY -(G@) ) O -6
2 2

Let I, = j"(j f(t)dr)dx and = [ (b - x) £
dx then

(@ I, =1,

b) L=b-a)+1,

() L=b-a)l,

(d) none of these

(c)

The least value of the function F(x) =
2
[ log,s 1 dt, x € [1/10, 4] is at x =

(a) 1/10 (b) 4
(c) 1 (d) none of these

The greatest value of the function F(x) =
L (* - 8t + 16) dr on [0, 5] is

(a) 5 (b) 1/3
(c) 4 (d) 2/3

If for a continuous function f,
_[_u f)dx=K .[00 (f (x) + fi— x)) dx then the value
of K is

(a) 1
(c) 2

(b) 172
d) a

IfJ,; = JT log"” x dx then Jg + 8/ is equal to

) &
(d) e

(a) 2
(c) 2e

TI THaTeEMATICS

47.

48.

49.

50.

51.

52.

53;

II MATHEMATICS
DEFINITE-INTEGRATION

Let f1() = J'O‘ f@) dt, f(x) = _[0\ fi (t) dt and f;(x)
= J(: fH(t) dt if f(x) = A J’O‘ £(t) (x - 1) dt then

the value of A is

(a) 1 (b) 172
©) 2 (d) none of these
If the variables x and y are related by the equation

y o dx d*y
b and — is proportional to y then
! Jiso A’

the constant of proportionality is

(a) 4 (b) 6
(c) 5 d 9
If y = f{x) be an invertible function with inverse g

f(b)

and h(x) = x f(x), then jf( g(x)dx+ j" £(x)dx is

equal to
(a) h(a) - h(b)
(c) h(a) + h(b)

(b) h(b) - h(a)
(d) bh(b)-a h(a)

The value of I[ i 2[/]
]
(@) [x]log2 (b) log2
1 1]
©) 2 log2 @ 4 log?2

n/2sin” nx
If a, = I ——dx then a, — a;, a; — a,,
0 sinx

a, — ay are in

(a) A.P

(b) G.P

(c) H.P.

(d) Arith — Geo progression

j;l[x]4dx is equal

(a) 44100 (b) 2100

(c) 48400 (d) 42400

If X fix) + flix) = 0 for all x € R ~ {0} then
sec O

J x)dx =
096

(a) sin20 (b) 1

(c) secO—cos6 (d 0

AEP o
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Assertion-Reason Type Questions
Lt e

e dx Statement-1: / = 7
54. Let [ = _[_ 2 . g
=1+x Statement-2: The integrand can be expressed as
Statement-1: / = 7 XIO, 2] X(m2, np Xa being the characteristic func-
tion of A.

Statement-2: The integrand is even and blim F(b) . .
—3 o0 .
57. Let I = L} x* cos x dx and J = _[0 x sin x dx

b dx
= F(b) = jﬂ :
1+ Statement-1: / = — 27
55 Let [ = J"”Z dx Statement-2: [ = 2 J
0 5+3cos’x
58. Let 1 2—102 dx and J =
Statement-1: </ <~ Letl= | e J P
16 10 (" + )
1 ; 1 35
Statement-2: g S t3colx 5 Statement-1: [ = p=s
™ COSX Statement-2: 37 = 10/
56. Let [ = | ——=dx
'[0 V1= sin? x
r.L—L] LEVEL 2
PJJ Straight Objective Type Questions
/3 dx . (a) ma, (b) ma,
59. The value of 7/ m 18 (C) n'bn (d) R'bk
V3
d
(a) 3/4 (®) 172 63. The value of j (— (tan_] l]+)c3)dx is
© 23-212 (d) none of these _5\dx x
60. If f is integrable on [a, b] then j [F(x) = £l dx (a) 72 (b) w4
is equal to (c) 1 (d) none of these
.l 1
@ f(b)—f(a) )+ (FB) -1 (@) 64. The value of | (2xsmcos ] dx is
2 12 B -
(c) fla)—-fib) (d) 0 (a) sin 1 (b) cos 1
61. If m # n, m, n € N then the value of J- COS mx (c) 2smn1l (d) none of these
cos nx dx is 65. Let f be a continuous function [a, b] such that
(a) 0 (b) 27 f(x) >0 forall x € [a, b]. If F(x) = J-x f(1) dt then
(c) (d) dependent on m and n “
i (a) Fis differentiable but not increasing on [a, b]
62. If Q(x) = 5 4 + a, cos x + b, sin x + a, cos 2x (b) Fis differentiable and increasing on [a, b]
+ ... + a, cos nx + b, sin nx, then the value of (©) F.is co‘ntinuo.us and.decreasir‘lg — [fz’ b]
r2 (d) F is neither differentiable nor increasing on [a, b]

Qx) sin kx dx (k =1, 2, ... n)

][][']WATHEMATICS AEP g

ACCENTS EDUCATIONAL PROMOTERS




y A

Slm:a 2001...

I I
IIT-JEE | NEET | CBSE

STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS

1N Tt

66. Let f be a continuous function on R satisfying

fx +y) = f(x) + f(y) for all x, y € R with f(1)
=2 and g be a function satisfying f(x) + g(x) =

! 1
¢" then the value of the integral Jo fx) g(x) dx is

1 1
(a) — -4 (b) — (e-2)
e 4
(c) 2/3 (d) % (e-3)
67. If f(x) = cosec (x + 7m/3) cosec (x + /6), then the
value of j:/z f(x) dx is
(a) 2log3 (b) -2 1log3
(c) log3 (d) 1/4

68. The equal to integral L: log (\/l —x+4/1+ x) dx is
—11 2——+ b) —|log2-1+
@ 3(oe2-3+%] o 3(10g2-14%)

1 /4 1 V4
(c) 5(10g4—1+§) (d) Z(log3—l+5).

JI/Z dx
69. If I = \/7 for n > 1, the value of I is

(a) less than 1 (b) more than 1/2
(c) more than 1 (d) less than 1/2

70. The numbers A, B and C such that a function of the
form f (x)
1
(1) =8, f(2) + f”(2) = 33 and J f(x) dx = 7/3,
are 4
(a) A=1,B=-4,C=2
(by A=7,B=-6,C=3
(c) A=8,B=-6,C=3
(d) none of these.

= Ax* + Bx + C satisfies the conditions

71. The equation of the tangent to the curve
Xl .
yzj logtdr atx=2is
X

(a) y—6log2="7log2(x-2)
(b) y~log2e'”
(c) y—8log2e " =5log2x
(d) y+8log2+2=(7log2)x

’ (Z—Sinﬂ)de_
2 08 2 +sin 6 >

(b) 1
(d) none of these

HEMATICS

log 2¢” = (log 2)x

1/3

nl2
72. The value of -[—m

(@ 0
() 2

73.

74.

75.

76.

17

78.

79.

80.

I MATHEMATICS
DEFINITE-INTEGRATION

/4
The value of the integral j” Slnx+¢dx is
3 +sin 2x
(a) log2 (b) log 3
(c) (1/4) log 3 (d) (1/8) log 3
1 1/x
Ifl, =) ——= =
l ‘[" I+ '[' 1+1
then
(a) 11>12 (b) 1|=12
() L>1, (d) L =(m2)—tan™" x
The solution of the equation
J"" dx % i civen b
—F—— = — is given
V2 xVx? -1 12 . .
(a) 1 (b) 2
(©) 3 @ 3

The mean value of the function f{x) =
the interval [0, 2] is

A on
e’ +1

2 2
(a) lo (b) 1+1o
ge2+1 gez+l

2
() 2+log — (d) 2+log (e +1)
e”+1

The value of J: x log (sin x) dx is (given that
" log sin x dr = —Z log 2
-[0 og sin x dx = i og 2)

) 2

T T
a) —— log2 b) —— log 2
(a) 5 g (b) A g

2

(¢) —% log 2 (d) none of these

J” (cos px — sin gx)* dx, where p and ¢ are in-
-

tegers is equal to

(@) -7 (b) 0

(©m d) 2z

Let f, g and h be continuous functions on [0, a]
such that fix) = fla — x), g(x) = — g(a — x) and

3h(x) — 4h(a — x) = 5. Then jo fx) g(x) h(x) dx
is equal to

(a) 5/4 (b) 3/4

(c) 1 (d) none of these

If j",2\/3—2sin2z dz + jo cos t df = 0 then
n/

dy ;

— at (n/2, n) is

dx
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(a) 1 (b) 2

(© V3 (@ =0

If P(x) is a polynomial of least degree that has a
maximum equal to 6 at x = 1, and a minimum equal

I
to 2 at x = 3, then -[0 P(x) dx equals

(a) 17/4 (b) 13/4
(c) 19/4 (d) 5/4

Let P(x) be a polynomial of least degree whose
graph has three points of inflextion (-1, —1), (1,1)
and a point with abscissa 0 at which the curve is
inclined to the axis of abscissas at an angle of 60°.

|
Then J'O P(x) dx equals to
(@ 1 (b) v2-1
(c) 242 -1 (d) none of these 91
I/n
f 2 1
If 5, = S+ St +%e3’"+---+—e then
nn n n
lim §, is
n—soo
(a) 1 (b) O
(c) e (d) none of these
{ no k+2 Ak
The value of -[0 lim zx dx is 922.
n—re k:(]
(a) e -1 (b) 2
2 2
e —1 e”—1
C d
() (d) 2
200 _
The value of [~ L dn = 22 5
0 logx 2
93,
(a) logn (b) 2logn
(c) log2n (d) (1/2) logn
The value of o in (— =, 0) satisfying
sin o + jm cos 2x dx =0 is
o
(a) —m/2 (b) —m
(c) —m/3 (d) —m/4
1, 0<5x<«l
Let g(x) = ¥, 1<x<4 then IDQ g(x) dx is
Jx , 4<x<9
(a) 243/12 (b) 9V3
(c) 929/12 (d) none of these a1
[ raya '
The value of lim 2;" is (where f is a
HOL ft+4)dr

continuous function and f(x) > 0 for all x)

I JMATHEMATICS ]

89.

90.

I TMATHEMATICS
DEFINITE-INTEGRATION

(a) f(0) (b)y 0
(c) fid)fi0) (d) f0)fi4)
If £(x) = {ecm R ]SS e
otherwise
3
[ f@dx =
(@) 0 (b) 1
(c) 2 d 3
2
The value of [* S Ydx, a >0, is
Tl+a
(a) 72 (b) ar
(c) @ (d) 27

Let f: (0, ) — R and let
F@ = [ f (e

If F(x?) = x*(1 + x), then f(4) equals
5
— b) 7
(a) 2 (b)
(c) 4 (d) 2
Let f(x) = J'I 2 — 24t . Then the real roots of the
1

equation x> — f’(x) = 0 are

1

+ 1 b) *—
(a) (b) 5
(c) i% (d) Oand 1

1
If (m, n) = .[o t" (1 + #)" dt, then the expression

for l(m, n) in terms of I(m + 1, n — 1) is

2" n
=l 1, p1
@ m+1l m+1 (m " )
) —— im+1,n-1)
m+1
@ ——+—2 Epal a1
m+1l m+1
@ 2 im+1,n-1)
n+1
The definite integral jl l_—xdx is equal to
E 0N+ x d
(a) 1 (b)y m
b4 T 1
© Z-1 @ Z41
2 22
A = 1P
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95. I, for ¢ > O the definite integral 96. The definite integral

0
J'z o+ 3% +3x + 3+ (x + 1) cos(x + 1))dx

IS 2 5 (4}
x f(x) dx = — t7, then — | is equal to
IO fx) 5 fl q

equals
E 2 (a) —4 (b) 0
(@ ®) =3 ©) 4 ) 6

2
(c) T (d) 5

Previous Years' AIEEE/JEE Main Questions

V2 . N t
L7 L drs 6.1 f3) = &', 80) =y y > 0 and F(1) =[[ fir = )
(@) 2-2 (b) 242 f(i’);fz”) ther e
a H=e —-(l+¢1
© v2-1 (d) v2-2 [2002] () F(t) = 1
LA . — o=t
2.1, = J“tan” xdx, then lim n(I 4+ ) equals (c) Fo)=te
. e (d Fn=1-€(+1 [2003]
| b
@ - (b) 1 7.0 fla + b —x) = f(x), then [ x f(x)dx is equal
t a
(c) oo @ 0 [2002] *
10 d
3. _[ " Isin xf dx is (@) J. FGodx
)
(a) 20 (b) 8 (b
(c) 10 (d) 18 [2002]
4. 1f y = f(x) makes positive intercept of 2 and 1 a+b b
unit on x-axis and y-axis and encloses an area of © 2 L fla+b-x)dx
2 square unit with axes then .[2 x f'(x) dx is . +b b , y —_—
o 0" @ —=], f(b-x)ds [2003]
(@ — (b) 1 I "
2 8. The value of the integral [ = Jox(l —x) dx is
(c) 3 (d) —é [2002]
4 4 (b) 1 _ ]
5. Let f(x) be a function satisfying f’(x) = f(x) with n+2 n+l n+2
f(0) =1 and g(x) be a function that satisfies f(x) + 1 1
g(x) = x. Then the value of the integral (©) ﬁ 12 (d) ] [2003]
1 .
[ £ @ dxis ;o
0 I sec” tdt
2 3 2 3 9. The value of lim =—— is
(a) e+7—5 (b) e_?_a x=0  xsinx
o2 5 (a) 2 (b) 1
() e + S E d) e- % _ % [2003] (c) 0 (@ 3 [2003]
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3
10. The value of j |1 _x2|dx is 18. The value of the integral, a’x is
v/ |
(a) - (b) —
3 3 (a) 1 (b) 5
iy = @ 1 [2004] © 2 @ 2 [2006]
3 3 2
% (sin x + cos x)* 19. [ 7 [ 3 2 .
11. The value of I = == 27 dx - L(x+ ) +cos (x+371-)](1x is equal to
'[0 J1+sin2x I 42
4
(a) 2 ®) 1 AW b E
() 0 (d 3 [2004] @ (4) ®) 32
L4 4
12. I j”xf(sinx)dx = A[ " f(sinx)dx, then A is © |E +(E) @ X [2006]
0 0 32 2 2
T b i
(@) 4 (b) @ 20. Jo x f(sinx)dx is equal to
(c) 0 (d) 2m [2004] ;
"/« n
o f@ (a) nJ.O"f(cos x)dx (b) ”Io f (cos x)dx
13.If f(x) = o sl = x g(x(1=x))dx, and )
+e n T % ;
el f(=a) 1 (C) njo f‘(sin x)dx (d) EJO f(Sln x)d/\
L= J g(x(1-x))dx, then the value of —* is [2006]
fl-a) 1 a
21. The value of "(x)dx, a > 1, where de-
i o value of [[x]f"(x)dx, a> I, where [x]
) 2 @ 1 [2004] notes the greatest integer not exceeding x is
1 51 2 54 1, } (@ af(fa) - {f()+f2) + ... + f(@)]
14. lim | —sec” —+—sec =5 heen—er 1 lequals
"—>°°[n n® n? n’ n’ 4 (b) af(@)-{f()+f(2)+... +f(laD)}
(a) tan 1 (b) tan 1 ©) lal fla)={f()+f(2)+ ...+ f([a])}
| 1 (d) [al f([aD)={A()+f2)+ ...+ f(a)}
(¢) & sec 1 (d) 3 cosec 1 [2005] [2006]
1 xlogt
15. Let f: R — R be a differentiable function having 22. Let F(x) = f(x) +f(_) where f(x) = L % dt.
f(x) 3 X
3 Then F 1
£(2)=6, f'?)= — . Then lim dt equals enl (o) exquals
x—0 p; X — (a) E (b) 0
(a) 12 (b) 18
(c) 24 (d) 36 [2005] ) 1 d) 2 [2007]
i ] 5 . 23. The solution for x of the equation
16. 11, = [ 2%dx, L= [ 2dx, Iy = [ 2" dv and xdt _
0 0 1 —_ = —is
2 3 PN R
I = J' 2% dx then
! 2
(a) ;=1 (b) I;,>1 @ 2 ® -2
a) I3=14 3> 1y
©) L>1, @) I,>1, [2005] () ﬁ ) 22 [2007]
2
17. The value of [~ % 4> 0 s 24. Let [ = j SINX 4x and J = f Co”d*. Then
Tl+a*
- which one of the following is true?
@ — (b) 27 @) 1>2/3,7>2 (b) 1<2/3,J<2
a Lt ] ’
T (c) I<2/3,7>2 (d) 1>2/3,7J<2 [2008]
) ar (d) 2 [2005]
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25.

26.

27.

28.

29.

30.

32.

n
Jo [cotx]dx , where [ ] denotes the greatest integer

function, is equal to
(a) =1 (b) — 2
(c) m2 (d) 1 [2009]

Let p(x) be a function defined on R such that p’(x)
=p’(1 = x), for all x € [0, 1], p(0) = 1 and p(1)

I
= 41. Then Jop(x) dx equals

(a) 41 (b) 42
() Va1 (d) 21 [2010]
The value of I M)Ll-;x) is
1+ x
(a) log2 (b) mlog2
© %log2 (d) glogZ [2011]

For x € (0, 571/2), define F(x) = J.(':\/;sint dt then

f has

(a) local maximum at 7 and local minimum at 2.

(b) local maximum at 7 and 27

(c) local minimum at 7 and 27

(d) local minimum at 7 and local maximum at 27
[2011]

Let [.] denote the greatest integer function then the

15, .
value of jo x[x"]dx is

(a) 0 (b)

Al DWW

© 3 @ [2011]

If g(x) j cos4t dt, then g(x + m) equals

(a) g(x)+ g(m) (b) g(x)—g(m
© 2 g(m) @ &2 [2012]
g(m)

. The intercepts on x-axis by the tangents to the

curve, y =_[|t|dt, x € R, which are parallel to the

0
line y = 2x, are equal to

(a) 2 (b) +3

(c) £4 (d =1 [2013]
Statement-1: The value of the integral

nj3 di ::ZE

61T Vtanx

I IMATHEMATICS

33.

34.

35,

36.

37:

38.

39.

TN TMATHEMATICS
DEFINITE-INTEGRATION

b b
Statement-2: [ f(x)dx=[f(a+b-x)dx [2013]

a a

72 sin? x
The value of I - -
b &
T
a) m b) —
(a) (b) )
T .
(¢c) 4r (d) Z [2013, online]
d2
If x = J , then —y1§ equal to
\/1+t
(@) (b) V1+y’
(©) ——— d [2013, online]
Vi+y*
/3
The integral J Vtan® xdx is equal to
Tn/4
(a) log 22 (b) log 2
(c) 2log2 (d) log v/2 [2013, online]

n
The integral J.\/l +4sin’ %— 4sin§ dx equals
0

(a) m—4 (b) 2—”—4
3
© 434 @ 43-4-7  [2014]
1/2

The integral J de equals
@ Zlog2 ®) Zlog2

1 g 3 g

V(4 T 5
(c) —6log2 (d) —210g2 [2014, online]

If forn> 1, P, j (logx)"dx , then Py, — 90P; is
equal to

(a) -9 (b) 10e
(c) —9e (d) 10 [2014, online]
If [,] denotes the greatest integer function, then the
n
integral f[cosx]dx is equal to
0

T
(a) 3 (b) O

© -1 (d) —g [2014, online]
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40.

4].

42,

43,

44.

r
If for a continuous function f(x), J(f(x)+):)dx

-

.
=7 — ¢, forall t > — 7, then f(—g)ls equal to:

(a) m (b)

oA N

©) % (d) [2014, online]

X g
Let function F be defined as F(x) =_[g—dtx > (0 then
1

1
ei’
t+a

the value of the integral J dr where a > 0 is
1

(a) e [F(x) - F(1 + a)]

(b) e [F(x+a)-F(a)]

(c) e [F(x+a)-F(1 +a)]

(d) e “[F(x+a)-F(1 +a)] [2014, online]

logx~ is

The integral 5 —dx
2 logx~ +log(36—12x+x°)

equal to
(a) 2 (b) 4
(c) 1 (d) 6 [2015]

Let f: R — R be a function such that fi2 — x)
=fi2+x)and f[4 —x)=f(4 +x) forall x € R and

j{: f(x)dx = 5. Then the value of J’IS(? f(x)dx is:

(a) 80 (b) 100
(c) 125 (d) 200 [2015, online]

Let f: (-1, 1) — R be a continuous function. If

I{jin.(-](.(!) dt =\£§L then f{?) is equal to

I MATHEMATICS
DEFINITE-INTEGRATION

@ V3 (b) V3
2

(c) \F @ 1 [2015, online]
2 2

45. For x > 0, let fix) = '["—lo—g{dr. Then f{x) + f(l)
Y x

is equal to

(a) %(logx)2 (b) é(logxf

(c) logx (d) i log_wr2 [2015 online]

46. If ZL;tan_' x dx=j‘;c0t_l (1 — x + x%)dx, then

jltan" (1 — x + x%)dx is equal to
0

(a) % +log 2 (b) log 2
n :
(c) 5~ log 4 (d) log4 [2016, online]
I/n
47. lim [(n+l)(n-|;2)---(3n)) is equal to:
H—yoo n'”
18 27
(a) = (b) 2
9
() — (d) 3log3-2 [2016]
€
48. The value of the integral
2
10 [x7]
- ——dx where [; tes th
L [ —28x+196]+ '] where [x] denotes the
greatest integer less than or equal to x, is
1
a) — b) 6
(a) 3 (b)
(c) 7 (d) 3 2016, online]|

Previous Years' B-Architecture Entrance

Examination Questions

-5 2/3 g(",_g):
. J-e””’ dx+3 I e 3dx is

24 1/3

(a) 0 (b) -2

(c) 1 (d) 2 [2006]

. If f is continuously differentiable function then

1.5
Jr? 1/ dy is

T IMATHEMATICS )

(@) f(1.5) - f(2) —f(1)

(b) f(1.5)+ f(N2) +£(1)

() 2f(1.5)+ f(N2) +£(1)

() 2f(1.5) - f(~2) —f(1) [2006]

3. [log(x+Vx* +1) dx

—a

I-\ = 1P =
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JIf f(x) = — when
2"

(a) 2log (a2+ 1) (b) 210g(\afa2 +1—a)

(©) 0 @ 2logla+va?+1)
[2007]
<xst.n=0,1,2.

2|?+l = on

1
then It _[f(x)dx equals
RRVEY

1 2
@ 3 ® 5
© 0 ) % [2007]

1
. The value of sz(l—x)g dx is

0

(a) — (b) —

() — (d) — [2008]

. The value of Imax(e-‘, ¢'™) dx equals

0

(@) 2(e—1) (b) 2(e—~e)
(©) 2e+e) (d) 2(e+1) [2010]
ml2

J min (sin x, cos x) dx equals to
0

(a) 242 (b) V2
€ 2-2 (d) 2++2 [2011]

L2+
-Let f: R — R be defined by f(x) = | dt.
t

7
Then the curve y = f(x) is b

(a) an ellipse (b) a straight line
(c) a parabola (d) ahyperbola [2011]

. The equation of a curve is given by y = f(x), where

f'(x) is a continuous function. The tangent at points

(1, (1)), (2, f(2)) and (3, f(3)) make angles gg

T . . - .
and 1 respectively with positive x-axis. Then

3 3
[Feof ode+ [ f7dr is:
2 1

1
(a) 1 (b) A

©) —= (d 0 [2011]

][]['][ﬁATHEMATICS

10.

11.

12.

13.

14.

I TMATHEMATICS
DEFINITE-INTEGRATION

Using the fact that 0 < f(x) < g(x), c <x <d

d d
= Jf(x)dxs jg(x)dx, we can conclude that

9
_[\‘3+x3 lies in the interval
1

I
(a) (5.3J (b) (2,4/30)
() Gs] d) (4,24/30) [2012]
liml{l+i+i+---+L}
noen|  pt41? n?42? n* +(n—-1)>
is equal to
T T
(a) E (b) ;
T T
(c) 1 (d) 3 [2012]

If f(x) = xlxl, then for any real number a and b

with a < b, the value of _[f(x)d.x equals

a

1. 3 3 1
— (b = laf by —Ip*-d’l
(a) 3( al’) (b) 3 a
(©) %(a3+b3) (d) %(a3—b3) [2013]
iog7 xcosx’
The integral _[ 3 > dx s
Jiogs cos(log35-x")+cosx
equal to
1 5 1 5
—log— b) —log—
(a) 1108 (b) 5108
1 7 1 7
—log— d) —log— 2013
(c)4og5 ()20g5 [ )
x fla)
If fx) = 5, 1, = J' xg{x(1-x)}dx and
1+e* f(=a)
fla)
I, = I g{x(1—x)}dx where g is not an identity
f(=a)
. I .
function. Then the value of —= is
I
1
a) — b) 2
(a) > (b)
(c) 1 (dy -1 [2014]
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. 2 € (2-x%) .
15. The integral IO mdx is equal to
® e ® -1

[2015]

(© \E (d)

16. The integral 7 = J'g [xz]dx ([7] denotes the greatest

integer less than or equal to 7) is equal to:

@@ 5-23 (b) 5-2-43
© 6-2-43 ) 3-2

?)@ Answers
Concept-based

1. (b) 2. (d) 3. (b) 4. (c)

5. (a) 6. (d) 7. (¢) 8. (¢)

9. (d) 10. (b)
Level 1

11. (d) 12. (¢) 13. (¢) 14. (a)
15. (b) 16. (b) 17. (a) 18. (a)
19. (d) 20. (d) 21. (b) 22. (b)
23. (d) 24. (¢) 25. (o) 26. (d)
27. (a) 28. (d) 29. (a) 30. (d)
31. (a) 32. (d) 33. (¢) 34. (a)
35. (b) 36. (a) 37. () 39. (b)
39. (a) 40. (d) 41. (c) 42. (a)
43. (¢ 44. (b) 45. (a) 46. (d)
47. (b) 48. (d) 49. (b) 50. (b)
51. (c) 52. (a) 53. (d) 54. (c)
55. (a) 56. (d) 57. (c) 58. (a)
Level 2

59. (d) 60. (d) 61. (a) 62. (d)
63. (d) 64. (d) 65. (b) 66. ()
67. (b) 68. (b) 69. (a) 70. (b)
71. (d) 72. (a) 73. (¢) 74. (a)
75. (b) 76. (c) 77. (a) 78. (d)
79. (d) 80. (a) 81. (c) 82. (d)
83. (a) 84. (d) 85. (c) 86. (¢)
87. (¢) 88. (d) 89. (¢) 90. (a)

LI MatuemaTics |

TN IMATHEMATICS
DEFINITE-INTEGRATION

91. (¢) 92. (a) 93. (a) 9. (c)
95. (a) 96. (c)
Previous Years' AIEEE/JEE Main Questions

1. (¢) 2. (b) 3. (d) 4. (d)

5. (b) 6. (a) 7. (a) 8. (b)

9. (b) 10. (c) 11. (a) 12. (b)
13. (¢) 14. (b) 15. (b) 16. (d)
17. (d) 18. (¢) 19. (d) 20. (a)
21. (c) 22. (a) 23. (b) 24. (b)
25. (b) 26. (d) 27. (b) 28. (a)
29. (c) 30. (a)(b) 31. (d) 32. (o)
33. (b) 34. (a) 35. (a) 36. (d)
37. (¢) 38. (¢) 39. (d) 40. (a)
41. (d) 42. (a) 43. (b) 44. (b)
45. (b) 46. (b) 47. (b) 48. (d)

Previous Years' B-Architecture Entrance
Examination Questions

1. (a) 2. (d) 3. (¢) 4. (b)
5. (d) 6. (b) 7. (c) 8. (c)
9. (b) 10. (d) 11. (c) 12. (b)
13. (c) 14. (b) 15. (b) 16. (b)

%P Hints and Solutions

Concept-based

nl2 0
1. jcotﬂcosec26d9=—judu (u=cot8)
nl4 1

21

1 u 1
= Judu=— ==
2l 2
2. Reqd. limit = 1 ="
€q i nLr)?onzS]n n
1
= Jsinn:xdx=—cosnx
T o
=_—l[—l—l]=3
T T
i 2 (—x)sin(—
3. [= n/jzxsmxdx: T de (Prop. 11)
- ex+1 -n/2 e_x-{—]
_ (2 (xsinx)e”

-n/2

dx
e* +1

A\ I-_ I: - m:-Z[IL,
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21_J» m/2 Xsinx J-zr/Z e (xsmx) i

n/2 r +1 n/2

e* +1

- 2 € tDGsing

%2 e’ +1

= ff:izxsin xdx = 2J'(;r/2xsin x dx
(Prop. 12)

n/2 /2
=2[—xcosx|0 +.f0 cosxdx]

i n/2
=2 Smx|0 =2

= I=1.

4. The function f(x) = x'* sin''x is an odd function,

w2
N J x"* sin''x dx = 0. Thus the given integral is
-n/2
w2 w2 ln =«
equal to J sin® xdx =2 J sin® xdx=2.—.===
L 2.2 2

5. Put tan x/2 = t. The given integral reduces to
j 2dt ' di

=2j

2 _ 542 2

0(1+12)(2(i 17)+3) 02-217 +3+3
+1t

1

d
=2jtz-lt-S

1
i £

\/_ V5l

i 1

2
—=tan —
5T

”/4xsinx /4
6. j : —dx = j xtan xsec’ xdx
0 0

COS™ X

n/4 7r/4

2
tan” x
—-— I tan® xdx

2

0

7. The given integral in equal to

2[ dx =Jf 2tdt

ovx=1Q2+x) |+

I IMATHEMATICS

,t2=x+l

TN TMATHEMATICS
DEFINITE-INTEGRATION

V3 NE)
=2J ,dt =2tan ¢
i ol 1
:2[2_5}_5
3 41 6

2.5

8. [ 11 (x)dx
0

1 V2 3
11 £ (e + j (1 f/(x)+ j[lef’(x)dx
0

2 NG
+j X ]f(x)dx+j[x 1£7(x) dx

& br—

2.5
+ [ 1217700 de+ [ P17 (x)dx
J6

&

2 V3 2
0+ [ f(xydx+2 [ f/(x)de+3 [ f/(x)dx
1 2 V3
J5 J6 2.5
+4 ] fode+5 [ f/(x) de+6 [ £(x) dx
2 J5 J6

(f2)- ) +2(f3)- f(V2))
+3(f@) - F(3)+4(F5) - £(2)
+5[f(6) - f(5)]+6[£(2.5) - f(6)]
= 6 f(2.5) - (F(1) + f(N2) + f(N3) + f(2)
+ (f(N5) + f(N6 )

9. Given integral is equal to

1 1
j(l—x)3(1—(1—x))“dx = fx"(l—x)3dx
0 0

P 3x+3x% - )dx

(' =312 43213 — x4y dx

i
:

2—-x, 0<x<2
10. 2—xl=
x—2, 2<x<3

le—xldx = }(2—x)dx+'2[(x—2)dx
0 0 2
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Level 1

l-x , x<1
1111 = xl = )
x-1, x>1

Jo=aldx = [ 1= xldx+ 1 afax

= J:lz(l —x)dx + le(x —1)dx
=35

12 f@+m= [ sintra

T g PR X
=_[ sin rdrrj sin®  dt
0 T

= f(x)+j;8in8 (r—u)du=f(m)+ f(x).

13.£(0) =4, f(2) = 7 and Jozf’(x)a’x = f(2) - f(0) =

7 -4 =3
K*(K +3
14. We have J.KP(x)dt = # Differentiating
0
K* 2K
w.r.t K, we get P(K) :T+7(K+3): K?+2K.
_‘-xsintzdr 2
5. lim 20— = lim —
x=0 ginx x=0cosx”.2x
1 .2
= — lim sm2x .x.cosx=0
2 x=0 x

16. f'(x) = e (1 = *) > 0 for =1 < x < 0 and is

negative for x < —1. f(x) has minimum at x = —I.
, T m i1 1 ,
17.f(a)=tan [ = = | =tan — = —= and
F@y=un (2 %) <an % = = and g

b
tan — =1, so
4

b ” - ’ _ y — l_i
[, =&y -f@w=1- 7.

18. F(-x) = J'_xlog:—:dt:—-[o'rlog:i—ﬁdu(Lt:—t)

0

x l—u
= jo log — du = F(x)

I IMATHEMATICS )

Il TMaTHEMATICS

DEFINITE-INTEGRATION

19. A=1lim f(n)

n—-0
. Kn+1j(n+z)___(n+nﬂ%
n—eo n n n
.
= lim [(HLJ(HE)--(HEHH
n—co n n n
. 1 = r 1
log A = ”lgllonrz“_]log(l+;)=Llog(l+x)a!x
= logi
e
= A=i
e

20. The integrand can be written as
1

(59 -<32)

So the value of the required integral is

B
L otB
sin”! ﬁ = sin’](l) - sin’l(—l) =1
2 o

21. The integrand is an even function, so the given
integral is equal to

%X sinx

0 cos® x

2 dx

7/ A
2[xsecx]y — .[0‘ sec x dx]

2.%.2 —2[log(sec x + tan x) g’;

%—210g(2+\/§)

1 1
22, ——= = —— . So the required integral is

t1+2) 1 147
equal to
Itﬂnr Idx cot x d{ cot x tdf
==

vt 142

i 1+

tan x

+log tlj,?” ~2log(1+ ¢ )lc,/ou

= ;log(1+r2)}£

= log Isec x| + log Icot x| + 1 — log Icosec x| = 1.

23, dy _ 1 4 8- l i( 2)
dx m’;x; dx mz:ﬁ dx*
_ 3x? 2x
_\/l+x6_\/1+x4
1
dxly=1 ~ 2~

\ = 1P
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Also y(1) = 0. So the equation of tangent is y — 0

1
= — -1).
B (x-1)
24. The integrand is an odd function, so the given in-
tegral is zero.
25. F'(x) = x + 1 > 0 for x € [1, 3]. Therefore, the
greatest value is F(3) and the least value is F(1).
The required difference is

j (t+1)dt - j(t+1 dt = J (t+1)d

. 2
(Jﬂ e"‘dx)
26. lim ~2——
X —> o0 I ezxzdx
0

= lim
X —> 00 6"'\

X X —_ %
—])_211 -
2 X o0 2\ -2x
27. For x = 10, we have Isin xI < 1 and 1 + x% > 10®
1

= = <107
1+ x
Therefore,
19 sinx 19 |smx|
1 dx| < Iy <
10 ] 4 58 ’_‘['01+x J.
=9(10%) < 1077

Jx+1-—5x+1

—4x
So the given integral is of the form Il + I,

4r¢;f T

1 2 |
£ _E.[l (l+ Z_IJ(J[

= _l(l_l“m |Og|t__1|)
2 2t-1 t+1

x+1=7)

and I, = %jos L dx
%

28. The integrand can be written as

2u?
= —_[4 - u =5x+1)

=2 3+llog§—llim log|u_1|J
2 2 5 2u-l u+1
Thus I, +1,= 1+llo E
1 T4 4 gS'

29. f(x) =x~[x] so J‘_llf(x)dx = J._Ol(x+l)dx+'[(:xdx

I THaTHEMATICS

TN MATHEMATICS
DEFINITE-INTEGRATION

= 0-(F-1)3-
2 2

30. _[’ cost sin (21 - E)dt
) 1

/2

cost (sin2t — cos2t) dt

- =0
=——I , cos tcos 2t dt

V2 %

= _TJ.O/' (cos 3t + cos 1) dt

S

31. Putting u =1/x
= xl 0 ul
- [T g[8 Bl
0 (1+x?)
Sol=0.

. . 1”2 . Jl .
32. jo Isin 27 xldx = jo Isin 27xldx + ], Isin 27xldx

n . [N
= J sin 27mx dx — J sin 27 x dx
0 Y,

/2

_ cos271’x|l _2
21 o 2r |,!,5
X(tan_l x)2 dx -1 )2 2
33. lim -[()7— = lim (tan x) x°+1
X— 00 x__ +l 06 X

X =00 X
4. AQ) = j e dx+j
lim A(f) = 2—6_1,
1 —> oo
35. Since the integrand is an even function so required
integral is equal to 2]0"|x cos x| dx

) 2
= ZU “xcosmx dx — J'I/fxcosirxdx+_[7xcosﬂxdx}

/2

. 1/ . 3/

sin7wx & sintx cosmx )
=2|x +— - x s

T T ’() T T Y

2

XSINZTX  COSTTX
+ +
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[1 1 ( 3 1) 1 ( 3 ﬂ 8
=2l —-——| - |+ -=|==
2t 2 2w P 2 T

36. Putting tan % = t, the given integral reduces to

2J'1=m% dt
0 2
(1-cosex)+1” (1+cos)

1 Jmﬂ% dt

a0 o
0052 Iz + tanz

37. Required limit = lim

= lim —
Jl%m’tr,(J(] r)2
n
1
_ Jl dx - 1
0(1+x) 1+ x|,
1 1
= ——+1==—
n r2
38. Required limit = lim

|
5.

1 x 1
— dx=—lo 2
‘[Uler3 3 &<

39. For the integrand f (7 — x) = — f (x).

D =AT cos & .4
40.f' W =A— cos = x = \/_-f(] N

S0 A = i.Also
Vi

I
27‘4: J f(x)dxz—Agcos£x+ Bxlo
T 0 T 2

I IMATHEMATICS

I MATHEMATICS
DEFINITE-INTEGRATION

A
=B+— = B=0.

T

b b,
41 [ () g0 dx = [ @00 g dx

42.

43.

44,

45.

46. J

47.

48.

) lo
f'x)=-log 5 x= "=

= 2 (0 - @)
Let F(x) = J;f([)dt then F'(x) = f(x).

1= [ Fodv=x FGl, ~ [ x f d
= bE ()~ [ x fx) d
= J:(b -x)f(x)dx=1,.

loi;. So F’(x) < 0 for %

<x< 1 and F'(x) > 0 for x > 1. Hence f has least
value at x = 1.

F'x)=x>-8x+16=x—-4>>0forxe

[0, 5] ~ {4}
So the greatest value of F is F(5)

_ 2521
—J4(r—4) dr—3

I_aa fx)dx = J‘_Oﬂf(x)dx+j:f(x)dx

= —J-ff(—x)dx+J(;'f(x)dx=j;(f(—x)+f(x))dx

m l

_[ log™x dx = xlog™ xIf _[ mx

=e-mJ, _,
d X d
Note that — f; (x) = f,(x), — f(x) = fix) and
dx dx

% fi(x) = f (x). Integrating by parts

FO =1 fy ol - [t i @war
=x G- [ fiwde=["(x-0) fi ar

(x—1)°

o1
=AW+ [ =0 fwar

—j ) £(1) dt. Thus A = %

= \1+9y°

dx 1

dy 149y -

&|&

\ I- xa a 2001
Ioeirern e
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d?. I ] 8 [y d.\'
= 5 = Thus the constant of
2 V1+9y? dx =%

=

(=]

dx
proportionality is equal to 9.
49. Putglx) =t = x=flt) = dx=f) dt

Jes j'r £ (r)dr + j' F(x)dx
=[FOL - 1 f@)de+ [ f(x)dx

= h(1)]’ = h(b) - h(a)

= JMZ’ -1 g
0

71

(] 2"
50. 1 = jo )

The function g(r) = 2"~
1, Therefore

is periodic with period

1= [x] [\ 2 Ve =[] j(:z’m:%[m](')
-

log2

« =2 « 2
In/Z sin~“nx—sin” (n—1)x

dx

S5l.n>1,a,-a

n-17

0 sinx

7/2sin(2n — 1) xsin x

[Pl i,
sin x

12

2 P
- J: sin(2n —1)xdx =— cos(2n—1)x

2n—1 |,
1
T 2n-1
which is a Harmonic Progression.
2. (Mfar = 3T d
' I() [xI dx = r:OJr [*I" dx
_ 2 (20x2l) = 44100

sec @ sec6 1
53.1=J'msef(x)dx=— - X—f( ) (Put—: )

cos@ sec O

= f(t)dt=-

secB

Hence 2I=0 = [=0
54. The integrand is even, so

[C =2 i

f(t)dt=-

cos@

~= 1+ x> 0 1+ x2
= b
j ax ]imj dx = lim (tan_'b—0)=£
0 14x% 65«0 ]4x? boe 2

TI THaTHEMATICS

Il TMaTHEMATICS

DEFINITE-INTEGRATION

55. Since 0 < cos® x < I, so
| 1 |
8 5+43cos"x 5
T n/2 dx e B

_S 5 < —
16 70 54+3cos"x 10

COS X cos [1 xe[0,m/2]
\/I—sm x -1 ,xe(x/2, )

jn COS X n/2
0.1 _wn2. 90
l—sin” x

57. Integrating by parts,

|cos X

T
dx—J'mdx=o

L) 2 . i r s
j x“cosx = x‘smxl —j 2xsinxdx =-2J
0 o Jo
” . ” . ” .
J=J-O X sin x dx =IO T sin x dx _Io X sin x dx

= 2J=7m(-cosx)jj =27 = J=nm
58.Setx*+1=u

10x> 10 ¢9 du 10[ 1]" 35
j —d_\‘:— —_,=— —_—— = —
= +1) 3724 3L ub 27-

Level 2

59, ] = jfm cosx
) 7/4 sinx(cosx +1)

Irr/B Ccosx sinx

= dx
m/4 (1 — cos” x)(l + cos x)

Put cos x = ¢, so that
jl/ﬁ t dt
2 1442 (1-1)

o, [ 1(¢+¢)_;’m
V2 [4\1+t 1-t) 2(1+1)°

112
1 1+1¢ |
log +
[4 -1 2(l+1)i|,,2
_I (\/—+IJ( ) 11
=2 B 2o 2442 3°

60. J:[f(x) — fave] dx

= I: f(x)dx—( fave)‘[: dx

. | L (P ey _
- Lf(X)d.x [b_ajl"f(.\)dx}(b a)
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- 0. = 2 [ eot (x+ /6) ~ cot (x + 7/3)] dx
61. o g snx d ; /2
_[0 cos mx cosnx dx - 2log STn(x-'-E!é)}
1 27 sin(x+7/3)[],
= _-[u [cos(m + n)x + cos(m — n)x kdx
2 2 ) 2[|og(‘/§/2J—log( 1/2 ﬂ
= l|: 1 sin(m + n)x + sin(m—n)x} 1/2 V3/3
2lm+n - o =2 log 3.

=0. 68. I = J-{;log(\/l—x+\/l+x)dx
62. F k, r, k € N,
SCrEEUAE = x log (m""/m)]:)

2n .
j[) sink xsinr x

1 1 ][ ~1 1 ]
- | x + dx
= %J.Oz”[cos(k+r)x+cos(k—r)x]dx =0 In (\/l—x+\/l+x 21-x 2Jl+x
=log (\2)
d jz”sinkxsink.xdx = ljz”[l—cos(zkx)]dx
and-J 270 . lJ-l X (\fl+x\fli d
_1i o) =T 290 1—x++/1+x J1 =2
2
2z = l10g2
Also, Io sinkx cos(rx)dx =0V r, k eN 2
2 2
Thus, J,"Q (x)sin(k) dx = may i X Irotlox-Nl=x
. 2500 +x)-(1-x) J1-x2
63. Imitate Example 101.
1 1 1
64. _[ [2xsin[—)—cos[—)i| = 110 % — J‘(i_l]dx
1/2 X X 2 g \/—
1-—
2 . | ) 1 2 1 1 P 1 T
= X SIn ; UZ—J‘HZX Ccos ; —x—2 X - 2(10g2+21]
I] 1 69.F0rn21,0£x£l/212"<x2
=J,,,° T dx
1 =0<1-x<1 -5
= sin (1) = Zsin (2) Jl Jl_x
65. F'(x) = fix) > 0 J- dx Jv di - sip! x:|1
0
= F is differentiable and increasing on [a, b]. 0 \/l a0 \/l
66. First show that fix) = 2x, x € R - %< 1.
o
Now. [ 7(x) g(x) dx
1 70. 8 = f(1)=2A + B
= [ )22 —2x) e B =F(2)+f(2)=6A+2B+C
_ L 1 & 4 37! 7 1 1
= 2xe ]0—2foedx—§x]0 Also, = = S A+ B+C
2% -2(-1) 4 _2 = 14 =2A + 3B + 6C
S T Solving we obtain
2
67. 1 = J'{f cosec (x +/3)cosec (x+/6) dx A=T7,B=-6,C=3
X X2
~ w12 sin[(x+7/3) = (x+7/6) ol = L logs dr = (¢ logr ~1)];

- bll’l(J’l’/6)J sin(x + 7 /3)sin(x +7/6)
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= (2¢ - %) logx—Jnr2 +x
=y2)=61log2-2

Also, y' (2) =7 log 2

Thus, equation of tangent at x = 2 is
y—(6log2-2)=(71log?2) (x-2)
ory+8log2+2=(71log2) (x)

%) —si
72. JE log = san d@ =0, as the integrand is an
-mi2 2 +sinf

odd function.

73. Put sin x — cos x = {, so that

jﬁ dt
I=l30-p
0
2(2) 2—-¢t], 4
74. In I,, put t = 1/u to obtain
lfu 1 dt
= - Ji
f, 1+]fu L1+:2 :
X dt T
75, —— = —
J.\E Nt =1
= sec' x —sec! V2 = 7/12
= sec' x = /3
= x =sec (m/3) = 2.
12 2 2 et
76. A = - X = dx
verage 2790 &% 41 JU I+e*
= —log(l +e"")]z
=log 2 - log (1 + ¢?)

=2+ log [2/(1 + €))].
77.1= [ xlog (sinx) d
3 = ox g 1mnx)ax
n
= jo (7 —x) log [sin(z — x)] dx
= 2/ = x| logsinx dv
= |, logsinx
_ n[J’”"zl inx d +j’”’21 in (7 — )d}
= 0 0g SInx ax o 0g sin X)dx
2

/2 . b/
=1= n'jo log (sin) dx = 710g 2.

78. 1 = _[: [cos2 px +sin® gx — 2 cos px sin qx:l dx

I T¥aTHEMATICS

79.

80.

81.

82.

I TMATHEMATICS
DEFINITE-INTEGRATION

= J;[2+<:052px—cos2qx]afx = 2.

[+ third term in the integrand is odd]

I= [ f(x)g()h(x) dx
= [ fta=x)g(a-x)h(a - x) dx

a 3 5
= | r@i- g(x)}[4h(x>—4]dx

7 S pa
21= 5 Fg dx
=] = E I

7

where /| = J-:f(x)g(x)dx
= [ fla-xgla-x ds

= [ f@[-gt)ax =-
=2 =0=1=0
Thus, I = 0.

Differentiating w-r-t- x, we get

\,i3—25in2x+d—ycosy =0
dx

Putting x = 7/2 and y = m, we get

d—}} -1

dx ()2, )

We have

P(x)=akx-1) (x - 3)
= a[(x - 2)* - 1]

= P(x) :a[%(x—z)-"—x] +b
Asé:P(l):—% a+b

2=P(3)=—§a+b

=a=3b=10

Thus

P(x) = (x -=2)° = 3x + 10

= j P(x)dx = =

We have P”(x) =a (x + 1) x (x = 1)

I-\ = 1P
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=a(x3—x)

= PXx)=a (lx“ —lxz} +b
4 2

= P(x) = a(ixs—lx ) + bx + ¢
20 6

As

Also, V3 = b
=5 @ = 60(J§_1)/7

We have

83. 5§, =

n—yco
n _k+2 Ak w0 k
2 2
84. As lim =x° Z () = x* ¥
noe ikl i k!

I
:lezezxdx— (Zx —2x+l) }
9 o
1,
= — (-1
4(8 )
2a
85.Let1=J]x '
0 logx
1
=>i:.[lZ)czo‘logxdx= 2 20+
do. 70 logx 20 +1 o
2
T 20 +1

=/I=log Qo+ 1)+ C
When a=0,1=0=C=0

I IMATHEMATICS

86.

87.

88.

89.

90.

91.

TN IMATHEMATICS
DEFINITE-INTEGRATION

Thus, I = log Ca + 1) = log (2n).

. 20
s1n0t+j cos2xdx=10
o

= sin a % (sin 4o — sin 2@) =

= sin & [1 + cos(3axx)] =0
As — < <0, sin & # 0, therefore
cos B3a)=-1= a=-r/3.

9 _ 1 4 3 9
J() g(x) dx_jodx-FL X dx+L\/;dx
RN R N (- L)
4 3

_92%
12

j‘” 1(20) dt
llmi
#0 j Ft+4)dt

[9 form)
0

_ i (/20 = (f(=20)(=D)
¥0 21 (2x +4)

Q0+ f(=2)
=0 2f(2x+4)

= M [+ fis continuous]
21(4)
pAU]
1(4)
3 ¥ 2 cCosx : 3
J_Zj(x)dx=j_2e 51nxdx+J22dx

=0+2=2.
[integrand of first integral is odd]

T 0052 X

Let{:J’

* oy (1)
T 14+a

Put x = — 6, to obtain

x cos’ r a*cos’x
1= - ndo = | el e

Adding (1) and (2), we get

21= .Ercoszxdx = 2I:coszxdx =
=1 =n/2

F(x) = jo” £t dt

= F'(0) = f ()

s fd) = F'(2)

E a 2001...
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Also, 2xF’(x*) = 2x (1 + x) + x*

= F'(P) =1+ 3x2

L f@=FQ2)=1+3=4
92. £ = 2-x

Now, x> — @& =
= 1 = {2 -x?

=>x==*1
1

1
93. 1 (m, n) = —t'"+l(l+t)"}
m+1 0

-2 tm+1,n-1
m+1

n

=1 (m, n) = ——L_H I(m+1,n-1)

94.1_f L=% I dx
l+x 2

1
= (sin"'x+\/l—x2):l = 5—1.
0
95. Differentiating both the sides of
’2
[ xre =<
we get

Q@) @) f () =2
=f() =1t

- 1(3)- %

0
96. I = _[_z[x3 +3x% +3x+3+ (x+1) cos(x +1)] dx

0
= j_z[(x +1)* 2+ (x +1) cos(x +1) | dx
Put x + 1 = 1, therefore,
1
I= j_][t3 +2+1cost] dt

=4 [ £ + tcos tisan odd function].

Previous Years’ AIEEE/JEE Main Questions
Lo = [l [
B j(lO dx + j]ﬁ
=2 1

TI THaTeEMATICS

2.1_7r/4 n-2

Il TMaTHEMATICS

DEFINITE-INTEGRATION

= tan x(sec x—1)dx

n 0

a4, e
= _[0 tan" % xsec’ xdx — 1,

:>[n+[n—2=

|
= nl, +1, )= ——=—-0
n—1 l—l
n

= lim n(l, +1, ,) = 1.
n—yoo

10. . 9 ) 9 .
3. [ "lsinx|dy = fO”ISln(n+u)|du = fonlsmula’u

= 9[F|sinu|du (jsin u| has period m)

9 _[(;rsinu du =-9 cosu|:)r

=18

o xS dx = x ffg = [ S ()

=2/2) - [} f(x)dx

dy

= . = .
5.7(x) =fx) = e y= v dx

= log y = x + const.
= y = Ce". Since y(0) = 1so0o C =1
Hence f{x) = ¢

o/ Mg@)dx = [ie*(x? —e)dx

= _[(; x%e" dx — _[(; e* dx

=[x2e"l
0

0
= |e-2| x| —[le*d 2 @1
€ er Oe X 5 e

=[e—2e+2e—2]—% @ -1

2% 1

- 2j(;xe“ dx} -

6. F(t) = [ ft-y)g)dy = [ ydy

I-\ = 1P s
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:ef L;yej}‘ dy

— —y|f t —y
=¢ [—ye -‘U+_[Oe -‘dyi|
=e[-te'-[e'-1]

=—ft—l+e=¢€e-(@+1).
7 [Pxfedx = [P(a+b-x)f(a+b-x)dx
= [P(a+b-x)f(x)dx
=(@+b) [*fx)yde—["x f(x)dx
=2 ['xf@)dx = (@ +b) [" f(x)dx

= I{?xf(x)dx _ a+b

21 f @

8.1= [\x(1-x)"dx = j;(l—x)(l—(l—x))"d“
= [ (-x)x"dx
= [x" de—[ x"" dx

1 1
n+l n+2’

f sec’ rdr
9. llm—
x—=0  Xxsinx

2
X
tant|0 L tanx> x

= lim— :
x—0 xsinx =0 x sin x

10. [’ j1-x|dx

-1 1 3
[ =x e+ [ 1= x? e+ [ |1-x*| dx

[ a=xdr+ [ (1= xP)de— [P (1= x?) v

-1 3

3 3!
X 1ox 30X
= =, +— +x\_l == - +=

3 3 3

;) -1 1
7 2 26 28

=1+ —42-2-24
3 3773 3

11. We have 1 + sin 2x = (sin x + cos x)>. Thus,
I= J:Q(sinx+cosx)dx

= (~cosx +sinx)]J"?

=—cos X sinZ —(~cos 0 +sin0)=2
2 2

I TMaTaEMATICS

13.

15.

16.

fla) + fi-a) =

II TMATHEMATICS
DEFINITE-INTEGRATION

Let 1= [Fxf(sinx)dx = [ (7w —x)f{sin(z - x)}dx

=7 [ f(sinx)dx —1

20 = m [T f(sinx)+ f{sin(m - x)} Jdx

I=m [ f(sinx)dx

o —d

+ =1

a

a

l+e l+e
Let fim a) = b, so la) =1 - b
I= [ g (x(1-x))d
N j;_b(lﬁb+bfx) q(l-b+b-x)(1-1+b
~ b+ x)d
= [ -x) g - 2w
=1,-1

S =L= 2 =2

. The given limit can be written as

2
lim lZESGC2 (Ej - _[;xsec2 x* dx

n—ee | n n

= —tanx = l tan 1
o 2
¥l x) 4I
r—>2J. —Zdt
f(x)
= T — z“]
x=2x—2 B
C i O -6°
x—2 X— 2
- ;gg[fi) j (fix) + 6) (AT + 36)

=/2) (R2) + 6) (A2))* + 36)

=4—18 (6 + 6) [36 + 36) =

For0<x<1,x*>x

= 27 52" = [[2¥d>[27dx or ;>

Forl <x<2,x*<x

I—\ = 1P e
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=> J'lzz"zdx<jl2 2 dy or Iy <1,

17. Putting x = — y

2
7= Jir COS™ X

T1+a"
we get
X 2
= _[ n[cos(y)] e Djiiye= J.f a cos(x
T l+a T 1+da

Adding (1) and (2), we get

X 2
2] = jf,,(1+a )cos” x

o dx = J'f” cos” xdx
+a

=2 jgcoszxdx=J(;r(1+c052x)dx

l T
= (x+——sin2xﬂ =r
2 o

= 1= n/2.

_x
Bx iz

6 V3+6—x
= j} dx
J9-B+6-x) +3+6—x

18. Let I = ]

_ -[6 V9 —x
3Vx+V9—x
Adding (1) and (2), we get

dx

A= Py =6-3=3

= /=

N | W

19. Put x + m = 6, so that

_ (m/2 3
I'= J—n/Z[e

= [™ cos?0d6=2[""cos?0d6

(53

20. Let I = j(;’ xf (sin x) dx

+cos* (6 +27)]d6

= Jo (x—x)f{sin(z - x)} dx

= ], f(sinx)dx—1I

I JMATHEMATICS ]

dx

I MATHEMATICS
DEFINITE-INTEGRATION

= 21 =7 [ f(sinx)+ f(sin(r - x))]dx
=27 [ f(sinx)dx
=>I=x j:’z./‘{sin(n/z—x)}dx
=7 [ f(cosx)dx

2 21.Letm<a<m+1,me N, so that [a] = m
[} [x1/ " (x)elx

= [ f7Codx+ 22 (o -+ [ (m=1) ()

[ m [ (x)dx

= (2) - A1) + 2 (fB3) - A2) + ...

+ (m = 1) (fim) = fim — 1)) + m(fla) — fim))
mfla) — (A1) + A2) + ... + fim)]

al fla) - (A1) + ... + fla))).

(1) 22. F(e) = fle) + f (é)

e]Ot
=f 08t

Jm logt
‘ l+t L

In the second mtegral, put 7 = 1/u to obtain

(2) Il/e ]ogt
1

rlog(l/u)( l) :
l+r L1+ 1/u u
_ je logu du

Yu(l+u)

logt  logt
& = J[H—t z(1+t)Jdt

_ pelogt
'[‘ l+t( )

J-L logtdt_ (I ogf) }

e

1
X
5

=
2

x dt _
B el

=i ;%
= sec I:I

_r
VD)
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N - T
=>SGCIX*SE!C] \/EZE

3

! g E_ZE
4

= sec x =
2

= X = S€C (377[)=—\/§

T
+_
4

24. For 0 < x <1, sin x < x, so

I= J'“"xdx j =L:\/;dx=2x
lcosx
I_J‘()\/_ (]\/_dx 2\/_‘
2a a
25. Using jf(x)dx:J'[f(x)+f(2a—x)]dx, we can
0 0
write
n 72

I= f[cotx]a’x= j ([cot x]+[cot (mr — x)])dx
0 0
m/2

= [ ([cotx]+[-cotx])dx
0
Put cot x = ¢, so that

1= [([1]+[ _nmz j ([11+[
0 L St S A
But [¢] + [-#] =— 1 for k — 1 <t < k, therefore
k a dt
J([t]""_ 2=J"1 e
Pl 1+¢4 L 1+t

~[tan' k- tan' (k — 1)]

= _lim Z(tan Yk —tan”' (k- 1))

ﬂ—)wﬂ 1

. ~ ~ /4
= —=lim [tan " p—tan' 0] = -=.
H—ye0 2

26. [} pdx =} Lp(o)de = D@l 1, = p(1) = 1

where
I = [yap’()dx =J(1 - x)p’(1 - x)dx

= [, (0=x)p")dx =] p’(x)dx~ 1,
= 21 = [p(x(x)]; = p(1) - p(0)
Thus,

I IMATHEMATICS

32

27.

28

29.

TN TMATHEMATICS
DEFINITE-INTEGRATION

i pGds =p(h) = 3 (1) = p(0)

= % (p(1) + p(0)) = l (41 + 1) =21

llog(l+x)
0 14x2

Let/= 8

Put x = tan 6, so that

/= Sjma log(l +tan @) sec® 6 do

g sec’ @

= Sj;rm log[l + tan (Z - 9”0’9
[ [¢ £ () =[" f(a- x)dx}

_g j-.n:M [H_l tanB}dB
tan @

5
=8 ™o ( )d@
jo g l+tan@

/4 /4
8 [ jo (logz)dx—jO log(1+tan9)d9}

(9
= —log2 |-
8[4g}

= 2[=2rlog2 = 1=mlog 2.

. F(x) = Jx sinx

For local maximum or local minimum, set /"(x) = 0
= x=mx 2nas x € (0, 51/2)

As Jx >0 for 0 < x < 572

fxy>0for0<x<gxm

<0Oform<x<2m
>0 for2r<x<5n2

By the first derivative test, f has a local maximum
at x = m and a local minimum at x = 2.

.[(]}'5 x?]dx = E x[x Jdx + L‘ﬁ x[x? Jdx + Eg x[x* ]dx

=0+ [P xdcr2f fxdx

J2 5 (15
X
+2—
2

2
=0+x_
2

2

1

A\ I- I: . n 2n|,
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30. glx + m) = j(';+7rcos(4t)dt =1, +1,

Where 1, = _[: cos(4t)dt = g(m) and

L = j,':+”cos(4t)dt

In 7,, put t = w + 6, so that
I, = [jcos(4r +40)d6 = [ cos(460)d6

= g(x).

1 .
However, g(m) = J.g cos4tdt = Z(sm 4t)]
0

1. .
= 5 (sin 4 —sin 0) = 0

Therefore, g(x + m) = g(x) + g(n) and g(x + n) =
g(x) — g(m) both are correct options.

31. . = x|, so x| =2 = x=22. If x = 2, then y
dx
2
= [P|tldt=[}dt== =2.H h i
= J =), tdt = = 2. Hence the equation
0
tangent is ¥ — 2 = 2(X — 2). The intercept on x-axis
isgivenby 0 -2 =2(X-2) = X=1.
27
If x = -2, then y = Jo_zlfldt=—J0_2fd’=—5
0
=-2

Hence the equation of tangent is
Y+2=2X+2)
The x-axis intercept is given by 0 + 2 = 2(X + 2)

= X=-1
55, Fom In:/3 dx a3 dx
" e s Jtanx /6 (77: T )
1+, [tan| —+——x
3 6
_ J~n/3 dx

nl6 e
1+ tan(f—x)
2

_ 3 dx /3 Atanx
B I/ﬁ =I /6 dx
76 1+ Jeotx “*61++/tanx

2l =1 +1

T TMATHEMATICS

I MATHEMATICS
DEFINITE-INTEGRATION

7r/3 tanx
x
’”6 \/tanx l+x/tanx

n/3 T
-[n'/() = %
33 7= [*2 sin®x o sin’x
J'—71/2 1+ 2% -[—7[/2 [

_ J-mz 2%sin® x
-n/2 l+2\‘

21—1+1—J'

sm 2 xdx= 2_[ smzxa’x

/2

J.n/z (- Gos2ayde= T sin 2%
2 2 |

34 = = = =4fl+
dy J]+y2 dx &

35. [ Vtan® xdx = [/ tan x|dx

7::/4 77:/4

= |tanx|dx+j

S |tanx|dx

3 /3
= —J'MM tan x dx + _[2” tan x dx

= —log|secx|]7 - +log|secx||7'r ’

= —[logl—log\/z]+(log2—logl)
= log2\/§

36. j(j‘\]1+4sin292f—4sin-’25dx = j:|2sin32‘-—1|dx
= 2["| 2sint ~1|dr
[I”mlzslnr—lldt+j | 2sint — lldt]

=2 [-["@sint—1)dt + " (2smt—1)dt]

/6
=2 2c0st|’r

=2 \/3—2+%+\/-—§}

T 2 T
+=+-2cost| . —=
6 /6 3
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= 2[2\/3 = 2—5}
6
= 43 —4—5
12 log(1+ 2x) n/4
T J.O ﬁ = —_[ log(1 + tan #)dt
(2x = tan ?)

I= %J:M log(1+tant)dt = %j:m log(l +tan(§—t))dt
1 1-

= _J'n/4log(l+ tant)dt
270 1+ tant

_ % [7* (log 2~ log(1 + tan 1))

|
= ——log2 -1
24 8

T
I= — log 2
T

38. P, = [{(logx)"dx = x(log x)" f—n| (logx)" dx

=e_”Pn—l
SoP,=e—-nle—(n—-1) P,_,]

Putting n = 10, PlO e — 10e + 10.9 Py

39. f(;' [cosx]dx = J: /2[cos x]dx +j::/2[cos x]dx

=0+ [0 (-Dde=-=
40. Differentiating both sides, we have

O +t==-2t= fit)=- 34,

| =
so f (—3) =T

14
41. Let I = [* L
I+a

Put ¢ + a = u, then

u-a

_ (x+a €

-
a

=e¢ “[Fx + a) - F(1 + a)]

I IMATHEMATICS

I TMATHEMATICS
DEFINITE-INTEGRATION

log(x”)
= 1
k log(x?) +log((6 — x)*) @)
- | log((2 +4 —x)%)
2 Jog((2+4-x)*) +log((6— (2 +4-x))%)
2
log((6—x)) @

=k log((6 — x)?) + log(x?)
Adding (1) and (2), we get

4 log(xz) + log((6 — x)z)
= dx
2 Jog(x?) +log((6 — x)*)
2=2=1=1

43. f(4 + x) = fi4 — x)
=f2+ (2 -Xx)
=2 -2 -x)
=fx) Vxe R
Thus, f'is a periodic function with period 4.

Now,
5= 2 fdx=[} f2-x)dx =} f(2+x)dx
= [} fuydu= [} f(x)dx
Ff(x)dx = sz(x)dx - I4f(X)dx =10
0 0 2
As f'is periodic with period 4,

J~10+4(IO)

[ e = Fdr=10[" f(x)dx
10 0

= 10(10) = 100.

44. Differentiating both the sides, we get

(cos x) f(sin x) = 73

[ ~3
To obtain f (%] , put x = %, so that

2

= f(£]=\/§

- f( 1) Ll/\ logt

1+t

;,[ﬁ]: V3

I-\ = 1P
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Put t = 1/u, so that dr = (— 1/u*) du, then

(1) pxlogVu)( 1
j(x]_'[‘ 1+1/u [ . Jd"

~ J.\- logu jr logt
A 1

u(l+ u) 11+ r)
. l _ [~ logf
,,_f(x)+f[x] jt[l+ J]-Hd’
- jl"'lo—gtdr

¢

1 27 _ | V)
5 (log) ] = (log )",

L 2
46. Let [ = L]tan (1-x+x%)dx

Ll(% —cot'(1-x +x2)de

%—2_[[: tan~! xdx

12):

——dx
T+x°

= 2xtan”! x] +),
2

T -1 2.7t
S~ 2tan” () +In(l+x )]O

= E—Z(E] + log 2
2 4

=log 2

(n+)n+2)...(n+ 2n)]"'"

2n

47. Lety = lim[
n

X=)oo

I k
logy = lim — ZIOg(]-FIJ

n—yco nj'. 1
= [2log(l+x)dx
0

=x log (l+)f)]0 Joﬁdx

=2 ]0g3_ J-jx+-:-Ilde'
X

=21log 3 -2+ log(x+1)];
=2log3—-2+1log3

27 27
= log 27 — log ¢* = log -5 =y= .
e

e*

48, Lot 1= [ [x? Jdx
St T RS

I T¥aTHEMATICS

(H

II MATHEMATICS
DEFINITE-INTEGRATION

Im [(10+4—x)%] .
Y14 -(1044-x))]+[10+4+x)%]
_ .[10 [(l4—r) ] dx
]+ (l4+x) ]
Adding (1) and (2), we get

(2)

10
2 = L dx=6 = =73

Previous Years' B-Architecture Entrance
Examination Questions

-5 2 1 2
1.1, = Le‘”-" dxz—J e'dt (t=x+5)

53 are_gjaid
L= e ax= J’m D de (3x -2 = 1)

o e 10 p
= EJ._](’ df-—g‘[l e dt
= %[:e’:df

I, +3L,=0

- S ()

= PP 1 dy + [P 1 de + [ SR ()

=0+ [P prod+ 2] £ode
F(N2) A +2 [f1.5) - f(N2)]
2A1.5) — f(N2) - A1)

Il

A= J log(x+\fx + )dx—J log(— —x+vat + 1dx

-a

(7, £ =7, f(=x)at)

+x%+1
log( —x’ de—— log(x-t-\lx +1)dx
j_" x+VxZ +1 J._"

=_]
=71=0

a [ fods

125 1y2"2 1
= [ fdx+] . fodxe [ f0dx

STREI
o 2rrl n i 2 los 2, 2r1l 2
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1 ili=@@e*e] 2 (1)
2. 2| 1-1/22 3 4

. 1 2
I!l—l;lljl/zn f(-x)dx = g

o 1
- 2211—I +22n—3

5. I(:xz(l—x)gdx=—jlo(l—r)ztgdt {l —% =9

1 3
_[0(1 -2 =20Pdt
1
LA
10 12 11 5
1 1 2 1
s o s o St
10 12 11 660

6. _[l max(e*,e' ™ )dx

_[” max(e*,e'” ‘)dx+j max (e, e’ )dx

172

= [ vax+[ etdx

0 12€
12
=3 /
= w3 [ g 2
0
Ry ot 5 g2
= 2(e — g%,

2.
7. _[: min(sin x, cos x)dx

J&, o g I35 it
= _[(;T mm(smx,cosx)dx+_[;:/4 min(sin x, cos x)dx

/4 . /2
Jo smxabc+.|'”/4 cos x dx

= —cosx[s* +sinx|7
1 1
SR, R (% NI [ T
&
Ldt 1 f
8. fix) = x| =—
M) = = 02—t J02-—¢

t—2+ijdt
2—t

1, gl
=—x* log |2t +_[0[—
, 1
y=x"log 2+ —5—2+4log2
which represent a parabola.

9. [/ @) f ")+ [ " (x)dx

NOAC)N (X))' ’ +f( "
1

][]['][ﬁATHEMATICS

10.

12;

13.

TN TMATHEMATICS
DEFINITE-INTEGRATION

=%[wmf—wmﬁ+fm—fm

1 ( ) ( ) T i1
= —||tan=| —| tan=| |[+tan=—tan—
2|0 3 3 4 6

=—[1—3]+1—

J_ f
Forx e (1, 3),2 < V3+x* <430 so
3 3 3 3
2j dx < j 3+x3dx < \/%j dx
1 1 |

= 4 < Jl3\/3+x3dx < 2430

lim I 1+ " + " +oet n”
“noen|  nP 412 n?+2? n? +(n-1)>
n-1 n-1
L1 1
- _Z 2 =lim — 3
"—>°°" r=0 1 +7?

"%"’:01+(r)2
n

= fl s =tan”! xll =%

01+ x? 0
b b
J f(x)dx=_" xlxldx
b )
[ (=x?ydx b<0
0 b
J.—xzdx+J‘0x2dx, a<0<b

Jhxzdx, O<a

a

—%(If -a’), b<0

= %(b3+a3), a<0<b
1 3 3
E(b -a’), O<a
1 3 3
= 5 (b - la)
Iog )CCOS)C2
_[ a’x

iogs cos(log35—x )+cosx

1 plog7 cost
a EL

t o2 =)
og5 cos(log35—1)+cost

[I

N =
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7 log7  cos(log7 +log5—1)
I= dt — -
.[msf’ cost +cos(log7 +log5—1) d [ J1=x2 g x)[ ]+ ]
_ g7 cos(log35-1) @ AS el 1-x | (1— )
1025 cost + cos(log35 —1)
2 2
. log7 cost + cos(log35—1) _ Xt Al-x !
2Ar=r+r-= dt
Lugs cost +cos(log35—1) A-xPV1=x®  (Q—xW1-
7 1/2
= Tomt ~ 2
85 .-.1&(11 xﬂ
- X
== llogZ ’
4 "5 J
= Ve e
14. Same as Q 13 of AIEEE. 2/2
3 1/2 e.\’(z_xz) 16 .[U [xz]dx
15. Let [ = ‘([(l—x)3”2(l+x)”2 | . . 2
_ 2 2 3.2 2
= jﬂ[x ]a[x+L [x ]d,\c+jJE [x ]dx+jﬁ[x ldx
v [amyen |
o | 1=x)W1+x2 = [odx+[1dx +[ 2 2dx +[% 3ax
0 1 V2 3
172 5
B P R S dy =0+ (V2-D+2(3-2)+32-3)
o |17 a-xpwi- e Bofes

][][’][ﬁATHEMATICS | I-\S'runv i
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