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Approximations Increasing Funct
Let y = f(x) be a function such that x is an independent variable and y is the » Incredsing unclion
dependent variable. Let Ax be a small change in x and A y be the e Decreasing Function

corresponding change in y and given by Ay = f(x + A x) - f(x). Then,

* The differential of x, denoted by dx, is defined by dx = Ax. * Monotonic Function

o The differential of y, denoted by dy, is defined by dy = f’(x)dx or » Mean Value Theorem
d
dy = (d_i)Ax * Maxima and Minima

o If dx= Axis relatively small, when compared with x,dy is a good
approximation of Ay and we denote it by dy = Ay.

Errors
¢ Absolute Error Axis called an absolute error in x.

¢ Relative Error Ax_ 1s called the relative error.
X

* Percentage Error (ﬁ X 100) is called the percentage error.
x

Example 1. If f(x) = 3x* + 15x + 5, then the approximate value of f(302) is

(a) 47.66 (b) 57.66 (c) 67.66 (d) 77.66
Sol. (d) Consider f(x) =3x*> +15x+ 5= f'(x) =6x+ 15
Let x=3 and Ax=002

Also,  f(x+ AX) =f(x + Ax f'(X.

B fix+ AX) =(3x* + 15x + 5) + (6x + 15)Ax

= f302) =3x3%+15x3+5+(6x3+15 (002 [as x=3, Ax=002]
=27+45+5+(18+15)(002)

=77 +33(002) =77 + 066 = f(3.02) =7766
Hence, the approximate value of f(3.02) is 77.66.

lIT-MATHEMATICS, | N

ACCENTS EDUCATIONAL PROMOTERS




A

ACCENTS EDUCATIONAL PROMOTERS

Since 2001...

— |
I: ID
STUDY CIRCLE

Example 2. The approximate change in the volume of a
cube of side x m caused by increasing the side by 3 %.

@006xm’ (06X m®  (©009¢m? ()09’ m?

Sol. (c) We know that the volume V of a cube of side xis given

by V=y
= d—v=3x2
dx

Let Ax be change in side = 3% of x=0.03x

Now, change in volume, AV = [(;—V]Ax: 3x)Ax= (3x3(0.03%
X

[as Ax=
=0.09¢ m?

Hence, the approximate change in the volume of the cube is
0.09% m’.

3% of x is 0.03x]

Derivative as The Rate of Change

If a variable quantity y is some function of time ¢

Le. y = f(¢), then small change in time Af have a
corresponding change Ay in y.

A
Thus, average rate of change = A_Dt} .

When limit At — 01is applied, the rate of change becomes
instantaneous and we get the rate of change with respect to
t at the instant £.
A
im W
A0 At di

Hence, it is clear that the rate of change of any variable
with respect to some other variable is derivative of first
variable with respect to other variable.

Noteg—{ is positive if y increases ast increase and it is negative if y

1Le.

decreases ast increase.

Derivative as the Rate of Change

of Two Variables

Let two variables are varying with respect to another
variable t, 1.e. ¥ = f(f) and x = g(¢). Then, rate of change
dy _dyldt

dx dx/dt

of vy with respect to x is given by —

Example 3. A balloon which always remains spherical on
inflation, is being inflated by pumping in 900 cu cm of gas
per second. The rate at which the radius of the balloon
increases when the radius is 15 cm, is

)] 3 cm/s  (b) N cm/s () % cm/s  (d) A cm/s
T T T 2n

Sol. (b) At any instant of time t let the radius of the balloon be r

and its volume be V, then

Volume of balloon V ={4/3)

The balloon is being inflated at 900 cu cm/s i.e., the rate of
change of volume with respect to time is 900 cii'/s.
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On differentiating w.r.t.t, we get
Rate of change of volume

dav _(4 2dr
dt _[391)[& dt)

Given,r=15cm

4 2 dr}
= 1
= 900 [3 ] {3( 5) dt

dr 900 3
I — X —
dt 3x(15) 47
Rate of change of radiusr,

=

dr 900
dt  4m x(15)%
225 1
= =—cm/s
mx225 T

Hence, the rate at which the radius of the balloon increases

when the radius is 15 cm, is L cm/s.
b

Example 4. If the surface area of a cube is increasing at a
rate of 3.6 cm’/sec, retaining its shape; then the rate of
change of its volume (in cm®/sec), when the length of a side of

the cube is 10 cm, is (JEE Main 2020)
(@) 18 (b) 10 (€9 (d) 20
Sol. () Since, surface area of cube, A =6a” cm?,
It is given, i) =36cm? fsec
dt
= 12ad—a:3.6 em?sec D)
dt
Now, as volume of cube, v = & cm?
dv 2 da 2 3.6 i
—=3a"—=3a""—"— from Eq. (i)
dt dt 12a [ a. 1

So, ata=10cm,%=0.9x10=9cm3/sec

Example 5. A ladder 5 m long is leaning against a wall.
The bottom of the fadder is pulled along the ground away
from the wall at the rate of 2 m/s. How fast is its height on the
wall decreasing when the foot of the ladder is 4 m away from
the wall?

8
~Zm/
(a) 3m5

8 4 2
b) = m/ —m/: d) —=m/
()3ms (c)3ms (d) 3ms
Sol. (a) Let AB =5 mbe the ladder and y be the height of the wall

at which the ladder touches.

Also, let the foot of the ladder be at B whose distance from

the wall is x.

Sy wal
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Given that the bottom of ladder is pulled along the ground at

2 cm/s, sod—)t( =2 m/s.

As we know that AABC is right angled, so by Pythagoras
theorem,
we have X +yt=5? 0]

when x = 4,then

y?=52-4* = y=_[25-16

= y=3m
On differentiating Eq. (i) w.r.t. time t on both sides, we get
ZX% + ZVQ =0
dt dt

dx dy
= X— y—=

dt dt
= 4><2+3><d—y=0 ['.'x=4and%=2]

dt dt

= The rate of fall of height on the wall % =- g m/s

[negative sign shows that height of ladder on the wall is

decreasing at the rate ofg m/s]

Motion in a Straight Line

If x and v denotes the displacement and velocity of a
particle at any instant ¢, then velocity is given by

dt

dv d(dx} d%
and a=—=—|2Z =22

dt dt\dt) di®

where, a is acceleration of particle. If the sign of
acceleration is opposite to that of velocity, then the
acceleration is called retardation which means decrease
in magnitude of the velocity.

1 i ;
Example 6. If s = 3 t* = 61, then acceleration at the time

when the velocity vanishes, is
(a) 3 units/s?
(©) 2 units/s?

(b) 6 units/s*
(d) None of these

Sol. (b) Given, s= %t“" -6t

ds (3¢°
=—=|""-6
YT (2 } 0
dv  d% .
d =—=—-=3t
an a a - di (ii)
when v=0

3¢’
——6=0 =>t'=4 = (=2

- Acceleration when velocity vanishes = 3 x 2 = 6 units/s”
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Tangents and Normals

A tangent is a straight line, which touches the curve

¥y = f(x)at a point.

A normal is a striaght line perpendicular to a tangent to
the curve y = f(x) intersecting at the point of contact.

Slope of Tangent
Let y = f(x) be a continuous curve and let P(x,, y;) be the
point on it. Then, (@J is the slope of tangent to the
e, )
curve y = f(x) at a point P.
Y
Tangent
Px1,y1)
X 9
o) X
y Normal

ie. [dy] = tan 0 = Slope of tangent at P
dx)p

where, § is the angle which the tangent at P(x;, y,) makes

with the positive direction of X-axis as shown in the

figure.

Note If tangent is parallel to X-axis, then 8= 0°

= tan 0= (ﬂj =0
ax (%.y1)
If tangent is perpendicular to X-axis (or parallel to Y-axis), then

8=90°=>tan9=ooorcot9=0=~(d—x] =0
(x4, 1)

Equation of Tangent
The equation of the tangent to the curve y = f(x) at point

o d
P(x;, y)isgiven by y -y = (_y (x - x,).

dx]P(xl )
Slope of Normal

We know that normal to the curve at P(x;, ¥;)is a line
perpendicular to tangent at P(x;, ;) and passing

through P.
.. Slope of the normal at P = - 1
Slope of the tangent at P

= Slope of normal at P(x;, y,;) = - d;

.

(dx (xy, 31)

dx
= Slope of normal at P(x,, y,)=-| —

dy (xy, )
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Note If normal is parallel to X-axis.
= (dx} =0 or (d_x] =0
e (3,11} dy (. ¥1)
If normal is perpendicular to X-axis (or parallel to Y-axis).
TR
ax (x4, ¥1)

Equation of Normal

The equation of the normal to the curve y = f(x) at point

in e -1
P(xls yl)ls given by y — n= (dy (x_xl)
JP(II )

dx
Or
dx
-y = xX—x
o (dy] )
Example 7. The equation of the normal to the curve
y={1+0% + cos’(sin "X at x=0 is (JEE Main 2020)
@y+4x=2 by=4x+2 (Ox+4y=8 (d)2y+x=4

Sol. (c) Equation of the given curve is
y =0+ %% + cos¥sin™" ¥
= y=01+%% +1-sin’(sin"" %)
= y=1+xY +1-x
So, atx=0, y=2.
Now, let a point P (0, 2) on the curve.
On differentiating the Eq.(i) both sides w.r.t. x, we get

& - 291+ 0¥+ 20+ 0% (log 1+ ) dy _ 2x
dx dx

[as sin(sin™" ¥ = x]....(J)

dy
X

=4
P

So, at pointP (0, 2)

" Equation of normal to the curve at point ‘P’ is

y—2=i4(x—0) = x+4y=8

Example 8. Ii the tangent to the curve y = x + siny at a
point (a, b) is parallel to the line joining (O, ;’} and (;, 2}
then

@|b-4=1

(JEE Main 2020)

b)la+b|=1 ()b=a (d)b=g+a

Sol. (a) Given curveisy =x+ siny

On differentiating both sides w.r.t. x, we get

d—y—1+cosydy ﬁz !
1- cosy

dx dx . dx

- Tangent at point (a, b) at given curve is parallel to line

3 1
joining| 0, = |and| =, 2 |.
] g[ 2) (2 ]

dy|  2-G/)

= =1
dx

So,
(1/2)-0

(a, b
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1
1-cosh

= 1=1-cosb=cosb=0

= sinb=+1

Now, as point(a, b) on the given curve.
So, b=a+sinb = b-a=sinb
= |b-a|=|sinb] = |b-a|=1

Example 9. Which of the following points lies on the

tangent to the curve x*e¥ + 2.y + 1= 3 at the point (1, 0)?
(JEE Main 2020)

(@ (2,2 (b) (2, 6)
© (-2, 6) d) 2,4

Sol. (c) Equation of the given curve is x*e +2.Jy +1=3
On differentiating w.r.t. ‘¥, we get

dy 1 dy _
y 4x3 4
e’(4x) + x'e JyT e
~ At point P(1, Q),
d 1 d
edx)+1. eo—y+ .
Jo+1dx
= @ =-2
dx|p

-~ Equation of tangent at point P(1,0) is
y==2x=-1)=2x+y=2 ()
From the option point (-2 6) contain by the tangent (i).

Example 10. If the tangent to the curve, y = X’ + ax — b at
the point (1, - 5) is perpendicular to the line, -x +y + 4=0,
then which one of the following points lies on the curve ?

(JEE Main 2019)
(@ (-2,2) (b 2,-2) (¢} (=2,1) d) 2,-1)
Sol. (b) Givencurveisy=x +ax—b ... (i)
passes through point P(1, - 5).
-5=1+a-b=b-a=6 ()]
and slope of tangent at point P(1, - 5) to the curve (i), is
my LT [3x’ + a]y, 5 =a+3

iy, s,

*» The tangent having slope m; = a+ 3 at point P(1, - 5) is
perpendicular to line —x+y + 4 =0 , whose slope ism, =1
at+3=-1=a=-4 [ mmy =-1]
Now on substituting a = —4 in Eq. (i), we get b =2
On putting a= -4 and b=2in Eq. (i), we get
y = X —4x-2
Now, from option (2, —2) is the required point which lie on it.

Parametric Form

If the equation(s) of the curve y = f(x) are represented in
the form of the parameter ¢, such that

x=f()and y = f,(t)
(i) Slope of Tangent

m=[@) = m=
dx
STU DY CIRCLE
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(ii) Slope of Normal
1 .’

m fy’

(iii) Equation of Tangent

y-H®= ;i [x - ()]

(iv) Equation of Normal

’

y= L) == [x - £(0)]
fy

Angle of Intersection of Two Curves

The angle of intersection of two curves is the angle
subtended between the tangents at their point of
intersection.

Let G, and C, be two curves having equations y = f(x) and
y = g(x), respectively.

Y
Cy
p Tangent
AN
) 82’
T'l O T2\

Let PT), and PT, be tangents to the curves C; and C, at
their point of intersection.

Let 6 be the angle between the two tangents PT} and PT,
and 0, and 0, are the angles made by tangents with the
positive direction of X-axis in anti-clockwise sense.

Then, m; =tan0, = (ﬂ)
dx e,

and mq = tanf, = [dy)
dx)c,

From the figure it follows,
0=0,-0,
tanf, — tan 0,
1+tan@, tan®;

dx C dx Cy
dx (o dx Cy

Angle of intersection of these curves is defined as acute
angle between the tangents.

= tan® =tan (0, - 0,)=

tan® = _|m1—m2‘

_|l+ mlmg‘

Example T11. The acute angle between the curves
y=|x*=1|andy =| x* - 3| at their points of intersections is

@ g} d tan™ (;)

HA

b) tan™ L
()an( (c)6
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Sol. (b) The points of intersection are (+ \/Z 1.

Since, the curves are symmetrical about Y-axis, the angle of
intersection at (—/2,1) = The angle of intersection at (v2,1)

y = |x*-3|

x— . ' X
B (1,0 (3,0

\
~

S
- ’

- -

~. a

Yl
At(V2,1), m, =2x=242,m,==-2x==-2:2.
tan 6= 42 =ﬂ=> 6=tan‘1£
1-8| 7 7

Orthogonal Curves

If the angle of intersection of two curves is right angle,
then two curves are said to be orthogonal curves.

If the curves are orthogonal, then 6 = %
ST
dx ¢ dx Cy
- (ﬂ] [@J -1
dx Cl dx Cy
mymg =—1

If two curves touches each other, then m; = m,.

Example 12. The curves x = y* and xy = k cut at right angle
(orthogonally), if 8k is equal to
(@ 1

1
(c) 5

(b) 3
(d) None of these

Sol. (a) When the curve cut at right angle, their tangents at the
point of intersection are also perpendicular i.e., the product
of their slopes is equal to -1.
The equation of the given curves are
x=y? (i)
and xy =k

k
The two curves meet where — =y

[eliminating x between Egs. (i) and (ii)]
= v =k =y =k"
On substituting this value of y in Eq. (i), we get
x= (k1f3)2 - kl"3
- Eq. (i) and Eq. (ii) intersect at the point(kz"s,km).
On differentiating Eq. (i), w.r.t. x, we get
dy _ dy 1

1=2y - = = -
dx dx 2y
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~. Slope of the tangent to the first curve Eq. (i) at (k**, k%)

1 eee
- ?.I<_”3 (1]
From Eq. (ii), y:I—( = d_y=_£2
X dx X
. Slope of the tangent to the second curve Eq. (ii) at (k**, k")
k 1 ,
=_W=—k1—ﬂ .(iv)

We know that two curves intersect at right angles, if the
tangents to the curves at the point of intersection i.e., at

(k** k") are perpendicular to each other.
This implies that we should have the product of the slope of the

tangents
=-1

)

= 1=2k" =7 = 2k¥*) =1=8k

Hence, the given two curves cut at right angles, if 8k* =1

Length of Tangent, Normal,
Subtangent, Subnormal

Let y = f(x) be the equation of the given curve and P(x, y) be
any general point on it. Through P, draw a tangent so that it
intersects the X-axis at point T. Also, PN is the normal line to
the same curve at the same point P (see figure).

Now, PT and PN be the length of tangent and normal
respectively and the projections of PT and PN, i.e. ST and
SN are the lengths of sub-tangent and sub-normal,
respectively.

Length of Tangent (PT)

In right angled APT'S, right angled at S, we have
| PS|
| PT'|

sin =

= | PT'|=| PS| cosec®

= | PT'| =| PS| 41+ cot®8

= |PTI=y 14—
y

i+ y?

’

Length of tangent =

IIT-MATHEMATICS, |
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Length of Normal (PN)
In right angled APSN right angled at S, we have

| PS|
PN |=|PS|secH
iy | EVI=IPS]

= | PN |=| PS| 1+ tan®0
Length of normal = yy/1+ y*

Length of Subtangent (ST)
In right angled APST, right angled at S, we have

tan0 = P81 g2 2

| ST|

Length of subtangent = l,
y

cos0 =

Length of Subnormal (SN)
In right angled APSN,right angled at S, we have

PS ’
IISNll | SN| = yy

Length of subnormal =

cot® = = |SN|=ytanf =

Condition for a Given Line to Touch
the Given Curve

Let the line ax + by + ¢ = 0 be a tangent to the given curve
at (x;, y,), then write the equation of the tangent as

y—y1=[g](x—x1)

On comparing the equation with the given equation, we get
ax; + by, +¢=0
And also, slope of line = slope of tangent to the curve at

(%, y;)- Eliminating, x,, y,, we will get desired values for
which the line touches the curve.

Example 13. In the curve x™" = a™ "y>" the mth power of

the subtangent varies as the kth power of subnorma.r thenk is
(@m (b)n (©1h (d) 1/m

Sol. (h) Given, x™"=ga" "y¥
= (m+n)logx=(m-n)loga+2nlogy
On differentiating w.r.t. x, we get

(m+n)=0+27nﬂ=>ﬂ=(m+n)(zJ
X y dx« dx 2n \x

dx\"
(subtangent)” _(YE) oy
(subnormal)” [ dy\" (dy\™"
ba) (@)
X _( 2n

+ m+n

m+n n

5

= Constant (independent of xand y)
o< (Subnormal)”

m+n
J xa" "

m+n

= (Subtangent)™

_ l-\ = 1P
STUDY C [ RCLE
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Example 14. The equation of family of curves for which the
length of normal at any point P is equal to the distance of P
from origin, is
@ ¥=-y+C
(0 x=ty+C

b) y’=+x*+C
d 2¢=+y*+C

Sol. (b), LetP(x,y) be the point on the curve.

OP = Radius vector = X’ + y’

PN = Length of normal

Y Tangent
P y)
N A
(2 |
N1 : X
“N 0
Now tan ¢ =— —
’ = ﬂ)
X
PN=—Y_
sin ¢

Itis given OP =PN

2 2
= W:ydn(%) = x2+y2=y2|:1+(%)}

2
= x2=y2(3—y) :ﬂ=i1
x

= y dy = £ xdxintegrating both sides,
y? =+ x* + C s the required family of curves.

Increasing and Decreasing Functions

Increasing Function
These functions are of two types

Strictly Increasing Function
A function f(x)is known as strictly increasing function in
its domain, if

% < %y = f(2) < f(x)
Therefore, for the smaller input, we have smaller output
and for higher value of input we have higher output.
Graphically it can be expressed as, shown in the figure.

¥ f
) o
fxy) f=r v
Ol x X2 h
Here, % < Xy = fly) < f(x,)

Thus, f(x)is strictly increasing function.

IIT-MATHEMATICS, ,
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peah)= [
h

In the graph,f’ (x) = '}imo

As x; < x9 = f(x;) < f(2xg)
Thus, f(x)< f(x+ h) -
()= lim 25198 50 £(x)>0

h -0 positive

Thus, f(x) will be strictly increasing, if f’(x) > 0,
V x € domain.
Classification of Strictly Increasing Function

f(x)

o) X
Concave up Neither concave up
whenf'(x) > 0 nor concave down
andf"(x) > 0,vx e domain ~ whenf'(x) >0
ry and f"(x) = 0, ¥x € domain
f(x
Fg)--emope” T
fo)l—-f i
0] )21 X2 >X
Concave down

whenf’(x) > 0andf"(x) < 0,¥x e domain

Non-decreasing Function
A function f(x)is said to be non-decreasing, if x, < x,

= f(x) < flxp)
As shown in figure.

A

(0] X4 X2

For ABand CD portion,
X <xy = fla)< flxg)
and for BC, x,<x, = f(x)=f(x,)

Hence, as a whole we can say that for non-decreasing
function (or increasing function),

if x <X = f(x)< flxy)

Obviously, for this f’(x) > 0, where equality holds for
horizontal path of the graph i.e. in the interval of BC.

T AERP s
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Decreasing Function
These functions are also of two types

Strictly Decreasing Function
A function f(x)is known as strictly decreasing function in
its domain, if

% < Xy = f(xg) > flxy).
Therefore, for the smaller input we have higher output
and for higher value of input we have smaller output.

Graphically it can be expressed as shown in the figure.

'y

()

fx1)

fixo) ]
0 Xq X2

Here, X < Xy

= f(x;) > f(x;) thus, f(x)1is strictly decreasing.

In graph, f (= lim w
As X < Xy
= f(x)) > f(x5)

Thus, f(x+ h)< f(x)
= f'(x)=lim % ie f(x)<0
k-0 +ve

Thus, f(x) will be strictly decreasing, if f'(x)< 0V x€
domain.

Classification of Strictly Decreasing Function

Y Y
& \@
X X
0 0]
Concave up Neither concave up
whenf'(x) <0 nor concave down
andf"(x) > 0, whenf'(x) <0
¥x e domain and f"(x) = 0,¥x e domain
Y
&
o) X
Concave down
whenf'(x) <0

and f"(x) < 0,¥x e domain
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Non-Increasing Function
A function f(x) is said to be non-increasing, if for x, < x,

= ) 2 f(xy)

As shown in figure.
Y

0] X1 Xa

For ABand CD portion, x; < x,

= f(x) > f(xp)
and for BC, % < Xy
= f(x) = flxz)

Hence, as a whole we can say that for non-increasing
function (or decreasing function), if x; < x5 = f(%,) = f(x).

Obviously, for this f’(x) < 0, where equality holds for
horizontal path of the graph i.e. in the interval of BC.

Example 15. The function f(x) = cot™" x + x increases in the
interval

@ (1,9

Sol. (¢) Since, f(x = cot™ x+ x
On differentiating w.r.t. x, we get

1 X
ff=-—+1=—=20
W 1+ ¥ 1+ ¥

Hence, f(X) is increasing function for all x € (— e, o0,

(b) (=1, () (=o0,09) (d) (0, )

Example 16. The function, f(x) =(3x - 7) x**, xe R, is
increasing for all x lying in (JEE Main 2020)

14 3
— o0 — , 0 b) (= e -, 00
(a) ( ,0)U(15, ) (b) ,O)U(7, ]

o=t
15

Sol. (a) Since, the given function f(x) = (3x - 7)x*? is increasing
forxeR.

(d)(- w,-E)u(o,m}
15

= f'()=0
= %x"ﬂ Bx-7) + x"(3) 20, x#0
- 2(3><—Q+9x20’w0 =’15xu—31420
X X
= xe(—w,O)u(E,wJ
15
14 14
—o0, Q) U| —,0| C(—e0,0)U| —,e0
( )(15)( ;(15]
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Example 17. Let f(x) = xcos (- sin|x|), x& [— g, g} then forxe(-1,e9 - {0} = W
which of the following is true? (JEE Main 2020) Let another function
- L n . o - g =x=(+xlog.1+x
(a) " is decreasing in (— -Z-,OJ and increasing in (0, -2-) v g’ =1-1-log 1+ ¥ = ~log 1+ %
i i Since, for xe (-1,0), g’(¥ > 0.
(b) fis increasing in [— 7 ;0) and decreasing in (0, E) So, g(x is increasing function for x € (-1,0) but as
: . bl g(¥ <gl0),¥ xe(-1,0)
(c) f is not dljtferenllab eatx=0 g% <0, ¥ xe(-1,0)
A for=-5 o =£3 <0
Sol. (a) Given function = f(¥) is decreasing function for x € (—1,0).
_ P nT N Similarly, forx € (0, =), g"(x <0, so g(X is decreasing
f(” = XCOos (_ sin | xl )f XE I:_E ’ E:l fl.lnCtlon for XE (0’ oo),

So, g0 <gl0)=g(¥ <0,V xe(0,c)

= x(n - cos”'(sin| x|)) [-cos (X =m - cos " x]
T T f’()d gx(;)
= x[n - (— —sin”'sin| x|)] [ cos ' x== —sin™’ x]
2 2 = f(x) is decreasing function for x € (0, o).
n . .. The given function f(x is decreasing function
[ +|x|:| [ sin'sinx=x for (=1, 9).
X(E - ) xe (-E, ) Monotonic Function
_| \2 2 . L. . "
= (n n A function f is said to be monotonic or monotone in an
X [— + X), X€ (0, E) interval I. If it is either increasing or decreasing in the
interval I. f(x) = Inx, f(x)= 2%, f(x)=- 2x + 3 are
T _2x xe (_ T ro) monotonic functions. f(x) = x* is monotonic in (—e, 0) or
So, f'(x) = 2 i (0, =) but is not monotonic in R.
— +2x, XE€ (0, —) . P .
2 2 Properties of Monotonic Functions
5 xe[-F o (i) If f(x) is continuous on [a,b] such that
£ () = ! ! f(e)<0{f (e)< 0} for each ce(a,b), then f(x) is
e n monotonically (or strictly) decreasing function on
2, xe|0,— [a,b]
. (= ) o n () If f(x) is continuous on [a,b] such that
<. f"is decreasing in [—5,0] and increasing '0(03]- f'(©)20[f'(c)> 0] for each ce(a,b), then f(x) is
monotonically (strictly) increasing function on
Example 18. Let f :(~ 1, ) — R be defined by f(0) =1 [a, b].

(ii1) If f(x) and g(x) are monotonically (or strictly)
increasing (or decreasing) functions on [a, b, then
gof(x) is a monotonically (or strictly) increasing
function on [a, b].

and f(x) = —Iogeﬂ +x), x# 0. Then, the function f
(JEE Main 2020)
(a) decreases in (—1,0) and increases in (0, <)

(b) increases in (-1, o (iv) If one of the two functions f(x) and g(x) is strictly

() increases in (~1,0) and decreases in (0, =) (or monotonically) increasing and other a strictly

(d) decreases in (-1, =) (monotonically) decreasing, then gof(x) is strictly
Sol. (d) Given function (monotonically) decreasing on [a, b].
(v) If f(x) is strictly increasing function on an interval
flx) = |oge(1+7d, X#0 frxe(=1, o9 [a,b] such that it is continuous, then f
1, x=0 continuous on [f(a), f(b)].
1 log 1+ X
Now, /(¥ =—— - —5——,
MR IR
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= NT-JEE | NEETl CBSE
STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS

IIT-MATHEMATICS, ,




= |
KII: I:
STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS

Operations of Monotonic Functions

I : Increasing, D : Decreasing, A : Neither increasing nor decreasing

f(x) / D / D
g(x) / / D D
~f(x) D / D !
-g(x) D D / /
f(x)+ g(x) / lorDorA | lorDorA D
f(x)=g(x) | lorDorA D / lorDorA
f(x)- g(x) / lorDorA | lorDorA D
fx) lorDor\ D | lorDor\
g(x)
1 D ! D !
f(x)
A D D / /
g(x)
(fog)x / D D /

Use of Monotonicity for Proving Inequalities

Comparision of two functions f(x) and g(x) can be done by
analysing the monotonic behaviour of A(x) = f(x) - g(x),

If fla)=g(a)and f'(x)2 g (x)Vx2a
= f(x) 2 gla)V x2 a.

Example 19. Which of the following statements is/are true?

() log(1+x)>x—§v x€(0,)
2
(b) Iog(1+x)<x—7\7'xe(0,oo)

() sin x<x<tanxVxe( -E,E)
2:" 2

(d) sinx>x>tanxVxe(0,§)

Sol. (a) Consider the function f(X =In (1+ % = x+ §,xe (0, )
Then, f'(x):L-1+x=i>o Vxe(0,)
1+ x 1+ x

— f(x) increases in (0, =)
= fx) >f(0*) =0

i.e. In(1+x)>x—£
2
which is the desired result.

Concavity and Point of Inflexion

A function f(x)is concave up in (a, b), if tangent drawn at
every point (x;, f(x,)), for x, € (a, b) lie below the curve,
f(x) is concave down in (a, b) if tangent drawn at each
point (x5, f(x,)), X, € (a, b) lie above the curve.
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A point {c, f(c)} of the graph y = f(x)is said to be a point
of inflection of the graph. If f(x)is concave up in (¢ - 9, ¢)
and concave down in (¢, ¢ + 8) (or vice versa), for some

de R

Results
@) If f/"(x)>0,V x€(a,b), then the curve y= f(x) is

concave up in (a, b).

@) If f/"(x)< 0,V x€(a,b), then the curve y = f(x) is
concave down in (a, b).

(iii) If f is continuous at x=c¢ and f’’(x) has opposite
signs on either sides of ¢, then the point {c, f(c)} is a
point of inflexion of the curve.

@v) If f"(¢)=0and f""’(c) # 0, then the point {c, f(c)} is
a point of inflexion.

Example 20. If the graph of the function
f(x) =3x* +2x° + ax* = x + 2 is concave up for all real value x,

then values of a is

(a)a>% b) 250 () a<-2 (d)a<%
Sol. (a) Given, f(x =3x* + 2 + ax* = x+ 2

= /() =12% + 6x% + 2ax -1

and 70 =36x> +12x+ 2a

Since, graph of concave upward for all real x.
70 >0 =36x* + 12x+2a>0 V x e x

122 436) 2 <0=1—-2a<0=a>%

Example 21. The points of inflection of the curve
f(x) = e™ are

(@ (£ 42, Vo)
© [i ke JE) d (JE, i
3
Sol. (b) Given, f(x = e™
= f(0=—2xe™
=5 10 = = 2(e™ 1+ x-™ (= 2%)
=2e (2 -1)

For points of inflection f(x) =0

- 26 (22 -1)=0

= 2 -1=0

1

= x=%—
2

When x =+ L,theny:e'”z:

\2

- Points of inflection are (i L,
V2

[ e #0]

-
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Mean Value Theorem

Rolle’s Theorem

If a function f(x)

(i) continuous in the closed interval [a, b], i.e.
continuous at each point in the interval [a, b]

(ii) differentiable in an open interval (a,b)i.e.
differentiable at each point in the open interval (a,b)

(iti) f(a)= f(b)
Then, there will be atleast one point ¢ in the interval
(a,b) such that f'(¢)=0.

Geometrical Meaning of Rolle’s Theorem

In the graph of a function y = f(x) be continuous at each
point from the point A{a, f(a)} to the point B{b, f(b)} and
tangent at each point between point A and Bis unique, i.e.
tangent at each point between A and B exists and
ordinates, i.e. y-coordinates of points A and B are equal,
then, there will be atleast one point P on the curve between A
and B at which tangent will be parallel to X-axis.

Y 4

o)

In fig. (i) there is only one such point P, where tangent is
parallel to X-axis, but in Fig. (ii) there are more than one
such point, where tangents are parallel to X-axis.

Note Converse of Rolle’s theorem is not true.

Lagrange’s Mean Value Theorem

If a function f(x)is
(i) continuous in the closed interval [a,b],
i.e. continuous at each point in the interval [a, b].
(ii) differentiable in an open interval (a,b),
i.e. differentiable at each point in the interval (a, b).
Then, there will be atleast one point ¢, where a < ¢ < b

such that
f’(C)= f(b)_ f(a)
b-a

Another Form of Lagrange’s
Mean Value Theorem

If a function f(x)1s
(1) continuous in the closed interval [a,a + h]
(i) differentiable in the open interval (a,a + h)
Then, there exists atleast one value6,0<0 <1
such that

f(a+ h)= f(a)+ hf' (a +06h)

IIT-MATHEMATICS, |
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Geometrical Meaning of
Lagrange’s Mean Value Theorem

Let A{a, f(a)} and B{b, f(b)} be two points on the curve
¥ = f(x).

Then, OL = a, OM = b,
Al= f(a), BM = f(b)
Now, slope of chord AB
tan@ = =
» [10)=1(6) (”z: Z (@) (D)

By Lagrange’s mean value theorem

f(b) - f(a) f(a) =

b (c) = Slope of tangent at point P{c, f(c)}

From Eq. (i),

tan 6 = Slope of tangent at P
Slope of chord AB = Slope of tangent at P
Hence, chord AB|| tangent PT'

Thus, geometrical meaning of mean value theorem
is as follows

In the graph of a curve y = f(x) be continuous at each
point from the point A{a, f(a)} to the point B{b, f(b)}
and tangent at each point between A and B exists,

i.e. tangent is unique, then there will be atleast one
point P on the curve between A and B, where tangent
will be parallel to chord AB.

In Fig. (i) there is only one such point P where tangent
is parallel to chord AB but in Fig. (ii) there are more
than one such points where tangents are parallel to
cord AB.

Y Yt

7 E
P B Cc \.-"iB
T | AT D
fA E : i
Ef(a) Ef(b) o sf(a) if(b) X
Y L M Y L M
a b a b
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Example 20. A value of C for which the conclusion of

mean value theorem holds for the function f(x) = log, x on the
interval [1, 3] is
(@ 2log; e (b) %Ioge 3
(c) log; e (d) log, 3
Sol. (a) Using mean value theorem,
f(3) - f( f(b) - f(a)
(9= (0=
(@ 31 [ (© b2 }
- 1 _log,3 -log,1
C 2
2
= =2]
c log, 3 og; e

Example 21. The value of ¢ in the Lagrange’s mean value
theorem for the function f(x) = x* — 4x* + 8x + 11 when

xel0,Tis (JEE Main 2020)

@ —‘/_ SCE © 4‘3‘/5 o 4'3‘/?

Sol. (d) Given function f(X =x* — 4x* + 8x+ 11, when x€[0, 1]
is a continuous function in interval x € [0, 1] and differentiable
in interval x € (0, 1), so according to Lagrange’s mean value
theorem forx=c€ (0,1

f() - f(O
frig =10 =10
1-0
:(3x2_3x+5)x:c=w
1-0
= 3¢?-8c+8=5 = 3c*-8c+3=0
8- ./64-36
= -
6
447
=T‘F L ce0,]

Example 22. If the tangent to the curve, y = f(x)=xlog, x,

(x >0) at a point (c, f(c)) is parallel to the line segment joining

the point (1, 0) and (e, e) then c is equal to (JEE Main 2020)
e-1

1 1
@e!  w e["“] © 6[1_9) 0 —
e e-1
Sol. (b) Equation of given curve,
y =f(x) = xlog, x (x>0)
dy
dx

"+ The tangent to the given curve y = f(x) at point x = c is
parallel to line segment joining points (1, 0) and (e, €).

=f(¢)=1+log,c

X=C

So, 1+Iogec=i1

e 1
= log,c=——-1=—+
e-1 e-1

= c= e[e']] is positive.
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Maxima and Minima/Extremum

Concept of Local Maxima

and Local Minima

Let ¥ = f(x) be a function defined at x = @ and also in the
vicinity of the point x = a.

Then, f(x)is said to have a local maximum at x = q, if the

value of the function at x = a is greater than the value of
the function at the neighbouring points of x = a.

Mathematically, f(a)> f (a — h)and f(a)> f (a + h),
where A > 0. (very small quantity).

a-h a

|

|

1

1

1

|

1

i i
a

a-h a+h a+h

Similarly, f (x)is said to have a local minimum at x = a, if
the value of the function at x = a is less than the value of
the function at the neighbouring points of x = a.

Mathematically, f(a) < fla — h)and f (a) < f(a + h),
where h > 0.

A local maximum or a local minimum is also called a
local extremum.

Critical Points
It is a collection of points for which,
(i) f(x) does not exists
(i1) f’(x) does not exists or
(i) f(x)=0
All the values of x obtained from above conditions are
said to be critical points.

It should be noted that eritical points are the interior
points of an interval.

Example 23. The number of the critical points for
f(X =(x=2)"32x+1) s

(@) 0 (b) 1 (€) 2 (d)3
Sol. (c) Given, () =(x-2%*Q2x+1)
(% =§(x—2)“”(2x+1}+ (x-223.2
2x+1)  (x-2*
f(x=2
N (x {3(x—2)”3+ 1 }

Clearly, f'(¥ is not defined at x =2, so x =2 is a critical point.
Another critical point is given by,

(=0

- (2x+1)+3(x 2) _
3(X 2}11’3

= 5x=5=0=x=1

Hence, x=1and x =2 are two critical points of f(x.
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Test for Local Maximum/Minimum
We have two cases to consider

(a) Test for Local Maximum/Minimum at
x =a, if f (x)is Differentiable atx =a
Test for local maximum/minimum is the most important

topic of this chapter generally question seen from this
topic. The level of question is from moderate to typical.

If f(x)1s differentiable at x = ¢ and if it is a critical point
of the function (i.e., ' (a) = 0) , then we have the following
three tests to decide whether f(x) has a local maximum or
local minimum or neither at x = a.

(i) First Derivative Test
If f'(a) = 0and f' (x) changes its sign while passing
through the peint x = @, then

(a) f(x}) would have a local maximum at x=agq, if
f(a-0)>0and f'(a+0)<0. It means that f"(x)
should change its sign from positive to negative.

(b) f(x) would have local minimum at x=a, if
fla-0)<0and f'(a+0)>0. It means that f"(x)
should change its sign from negative to positive.

(c) If f'(x) does not change its sign while passing
through x=¢, then f(x) would have neither a
maximum nor minimum at x = g

s Atx=-1, we have local maximum = f(x)=- 2and
at x=1, we have local minimum = f; (x)=2

Example 24. Let f{x) = x + l, x#0, then at which f(x)
X

assumes maximum and minimum are respectively
@-1,1 b)1,-1

(©0,1 (d) None of these

Sol. (a) Here, " (¥ =1- 12
X

=1 (x=1)(x+1)
LA L LA

= = —
(% . 2
Sign scheme for '(x)

+ -+
-1 1

Using number line rule, we have maximum at x = -1and

minimum atx=1.

-~ Atx=-1, we have local maximum = f__ (¥ = -2 and at

x =1, we have local minimum = f_;, (¥ =2.

(ii) Second Derivative Test

First we find the roots of f"(x)= 0. Suppose x = a is one of
the roots of ' (x)= 0.

Now, find f""(x)atx=a.
(a) If f’ (a) = negative, then f(x)is maximum atx=a.

(b If /"’ (a) = positive, then f(x)is minimum atx=q.

IIT-MATHEMATICS, ,
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(c) If f*"(a) = zero, then we find f**"(x) at x = a.

If f""(a)# 0, then f(x) has neither maximum nor
minimum (inflexion point) at x = a.

But, if f*** (a) = 0, then find f*(q).
If f(a) = positive, then f(x) is minimum at x = .
If /(@) = negative, then f(x)is maximum at x = a.

and so on, process is repeated till pointis discussed.

Example 25, Locate the position and nature of any turning
points of the functiony =x* —3x+2 is

(a) Maxima at (1, Q)

(b) Minima at (1, 0)

(c) Maxima at (—1,0)

{d) None of the above

Sol, (b) We need to find where the turning points are and
whether we have maximum or minimum points.
First of all, we carry out the differentiation and set j_y equal
x

to zero. This will enable us to look for any stationary points.
Including any turning points.

y=x3—3x+2
dy

< =372-3
dx

At stationary points, % =0 and so
x

3% -3=0
A -1=0

3x-7(x+1=0
[factorising the difference of two squares]

[factorising]

It follows that either x—1=0orx+1=0
and so eitherx=1orx= -1
We have found the x-coordinates of the points on the graph,

where ? =0, that is the stationary points. We need the
x

y-coordinates which are found by substituting the x values in
the original functiony = x> —3x + 2.
When x=1, y=13—3(])+2=0
When x=-1, y=(—1)3—3(—1)+2=4
To summarise, we have located two stationary points and
these occur at (1,0) and (-1, 4).
Next, we need to determine whether, we have maximum or
minimum points, or possibly points such as C in which are
neither maxima nor minima.
We have seen that the first derivative % =3x*-3.

x
Differentiating this we can find the second derivative.

ﬂ = 6x
i
We now take each point in turn and use our test.

B A = PP
STUDY CIRCLE
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dy
2 =6x=6() =6.

We are not really interested in this value. What is important
is its sign. Because it is positive. We know, we are dealing
with a minimum point.

dzy

When x =1,

When x= -1, =6x=6(-)=-6

Again, what is important its sign. Because it is negative we
have a maximum point.

nth Derivative Test

It is nothing but the general version of the

second derivative test, it says that if,
f'(@)=f"(a)=f"(a)=..."(a)=0and f"*' (a)# 0 (all
derivatives of the function up to order n vanishes and

(n +1)th order derivative does not vanish at x= a, then
f(x) would have a local maximum or local minimum at

x = a, if n is odd natural number and that x = @ would be
a point of local maxima, if f"** (a) < 0 and would be a

point of local minima, if f/*** (a)> 0.

However if n is even, then f has neither a maxima nor a
minima at x = a. It is clear that the last two tests are
basically the Mathematical representation of the first
derivative test. But that should not diminish the
importance of these tests. Because at that times it
becomes very difficult to decide whether f’(x) changes it’s
sign or not while passing through point x = @ and the
remaining tests may come handy in these kind of
situations.

Note It must be remembered that this method is not applicable to
those critical points, where f”(x) remains undefined.

~ atx =-1, we have local maximum =f ., (x)=—2and at x=1,
we have local minimum = £, (x)=2

(b) Test for Local Maximum/Minimum at
x =a, if f (x)is not Differentiable at x = a.

Casel When f(x) is continuous at x=a and f’(a - h)
and f’(a + h) exists and are non-zero, then f (x)
has a local maximum or minimum at x = q, if
f’(a—-h) and f’ (a + h) are of opposite signs.

If f/(a-h)>0and f'(a+ h)<0, then x=a will
be a point of local maximum.

Iff'(a-=h)<0 and f'(a + h)> 0, then x = @ will
be a point of local minimum.

Case Il When f(x) is continuous and f’(a-h) and
f’ (a + h)exist but one of them is zero, we should
infer the following about the existence of local
maxima/minima from the basic definition of
local maxima/ minima.

Caselll If f(x)is not continuous at x=a and f'(a - h)
and/or f’(a + h)are not finite, then compare the

values of f(x)at the neighbouring points of x = a.

IIT-MATHEMATICS, ,
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Remark It is advisable to draw the graph of the function
in the vicinity of the point x = a, because the
graph would give us the clear picture about the
existence of local maxima/minima at x = a.

Example 26. Let
X+ +10x, x<0
-3 sinx,

f(x= ,thenatx=0f(¥ is

x20
(a) local minimum (b) local maximum

(c) Neither maximum nor minimum
(d) None of the above

Sol. (b) Clearly, f(x is continuous at x =0 but not differentiable
atx=0asf(0)=f0-0)=f0+0) =
-h* + h*=10h-0

—(0) = lim f-h-0) = lim =10
h— 0 - h—)O -h

f(h) - f0) _ lim =3 sinh -3

-h -h—a 0 h -
Since, f” (0) >0 and f; (0) <0, x=0 is the point of local
maximum.

But

£0)= lim
h-0

Example 27. If p(x) be a polynomial of degree three that has
a local maximum value 8 at x =1and a local minimum value

4 at x = 2; then p(0) is equal to (JEE Main 2020)
() -24 (b) 6 (©12 (d)-12

Sol. (d) Since, p’(¥ =0 at x=1and x=2 and p(x) is cubic polynomial.
So, p'M=alx-)(x-2) =a(x’ -3x+2)

p = (i——xz+2x)+b

According to the question,

1 3
=8 —-=+2|+b=8
p() =>a(3 2+ )+
= a( )+b 8 = 5a+6b=48 ()}

and p(2)=4=>a(§—6+4)+b=4
= 2a+3b=12 ... (i)
From Egs. (i) and (ii), we get
a=24,b=-
p0)=b=-12

Example 28. If x =1is a critical point of the function

f() = 3x* + ax - 2 — a)e”, then (JEE Main 2020)

(@ x=tland x= —% are local minima of f
(b) x=1and x= —% are local maxima of f
(c) x=1is a local maxima and x = —% is a local minima of f

Since Z0O01...

. - 2. .
(d) x=1is a local minima and x = 3 is a local maxima of f
|
I [ ] I | nr-see | nee | cose |
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Sol. (d) It is given that x=1is a critical point of the function
(0 =0 +ax-2-ae
So, f'() =e'bx+a)+eBx+ax-2-a)|,, =0
= 6+at+3+a-2-a=0 = a=-7

f'(0=eBx’ -x-2]=0 = x=10f(_§J

and /(¥ = e*(6x-1+ 3" —x—=2) = e*3x* + 5x=3)

f’’(h =5e>0
= x=1is the point of local minima.

and f” (— ZJ = e‘m(i _10 —3J =-5¢2" <0
3 3 3
= X= —% is the point of local maxima.

Example 29. If the function f(x) =2x* —9ax’ +12a’x+1,

where a > 0, attains its maximum and minimum at p and g
respectively, such that p? = g, then a is equal to

(@) 3 (b) 1 (c) 2 (d) 1/2
Sol @ f(¥=2X-9a’ +12a% +1
(X = 6x* —18ax + 12a’
For maxima or minima, put /(Y =0
6(xX* -3ax+2a) =0
X' —3ax+2a’=0

=

= X} —2ax—ax+2a’=0
= x-2a—-alx—2a =

= (x—akx-2a =0
= x=a, x=2a
Now, f'(=12x-18a
Atx=a, f'’(¥=12a-18a=-6a

So, f(x) will be maximum atx=a. i.e.p=a

Again, atx=2a, f"’(¥=24a-18a==6a

So, f(x) will be minimum atx=2a. i.e.qg=2a

Given, p2=q = a’=2a
a=2

Concept of Global (Absolute)
Maximum and Minimum

Let y = f(x) be a given function with domain D. Let
[a,b]c D. Global maximum/minimum of f(x)in [a, b]is
basically the greatest/least value of f(x)in [a, b].

Global maximum and minimum in [a, b] would occur at
critical point of f(x) within [a, b] or at the end points of
the interval.

Global (Absolute) Maxima or Minima in[a, b]

Step 1 Find out all the critical points of f(x)in(a, b). Let

€, Cg,-.., ¢, be the different critical points.

Step 11 Find the value of the function at these critical
points and also at the end points of the domain.

Let the values are f(¢,), f(cy), ..., f(c,)-

Step III Find M, = max{f(a), f(c)), f(cy),..., f(c, ), f(b)}
and M, = min{f(a), f(¢), f(¢y), .., f(c, ), f(b)}

IIT-MATHEMATICS, ,
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Now, M, is the maximum value of f(x)in [a, b], so M, is
absolute maximum and M, is the minimum value of f(x)
in [a, b], so M, is absolute minimum.

Let y = f(x) be the function defined on [a, b] in the graph,
then

Absolute
maximum

Y Local maximum

Absolute !
minimum — b
P
[ !
1 ! i
1 I !
1 ! :
R

X 3X

i
i
1
i
b

ya a ég a;a
(1) f(x) has local maximum values at x = a;, a3, a5, a;
(1) f(x)has local minimum values at
X =0y, Gy, 05, Og
(iii) The absolute maximum value of the function is f(a;)
and absolute minimum value is f(a).

Note « Between two local maximum values, there is a local
minimum value and vice-versa.
* A local minimum value may be greater than a local
maximum value. In the above graph, local minimum at a5
is greater than local maximum at g, .

Abhsolute Maxima or Minima in (a, b)

To find the absolute maxima and minima in (a, b) step
I and step II are same. Now,

Step 1Nl Find M, = max{f(c,), f(¢,), ..., f(c, )}
and M, = min{f(¢,), f(¢,),... , (¢, )}
Now, if lim . f(x)> M, or lim+ f(x) < M, , then
orx = b orx = b

f(x) would not have absolute maximum or absolute
minimum in (a, b)

and if lim flx) < M,
x—at andx 5 b
and lim flx)> M,,

x—a andx — b~

then M, and M, would respectively be the absolute
maximum and absolute minimum of f(x)in (a, b).

Example 30. Let f(x) = 2x* — 9x* +12x + 6, then absolute
maxima of f(x) in [0, 2] and (1, 3) are respectively

@o,?2 by 1,2
(€ 2,2 (d) None of these
Sol. (b) f(} =2 —9*+12x+6
f'()=6x-18x+12=6(x-1 (x-2)
In [0, 2], Critical point of f(x in[0,2]is x=1.
f0) =6, f( =11, f(2) =10
Thus, x=0 is the point of absolute minimum and x =1is the
point of absolute maximum of f(x) in [0, 2].

. I-\ 1= 1P e
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f2 =10, lim f(a=11 Discontinuous Functions
and lim f(¥ =15 Y4
x—3"

Thus, x=2 is the point of absolute minimum in (1, 3) and
absolute maximum in (1, 3) does not exist.

Points of Inflection
Consider function f(x) = 2°. At x = 0. f’(x)= 0. Also,
f"(x)=0atx=0. X'e

Such point is called point of inflection, where 2nd
derivatives is zero.

QO

syplissusiadaaad
7] [————

=a+h

>
Il

Y
|

>

=<

Consider another function f(x) = sinx, f”(x)= - sinx. Clearly, x = a is point of maxima as f(a) > f(a - h) and

Now, f”(x) = 0 when x = nm, then these points are called Hay= Ha+ 1)
points of inflection. 1Y
At point of inflection
(1) It is not necessary that Ist derivative is zero.
(i) 2nd derivative must be zero or 2nd derivative b
changes sign in the neighbourhood of point of P
inflection. o |
(iii) Graph of curve changes its concavity. Ye b : X
@v) If f”(x)>0 graph is concave towards negative x=a-hx=ax=a+h

Y-axis and if f”(x)< 0, graph is concave towards bt 4

positive Y-axis, Clearly, x = a is not a point of extremum as f(a)> f(a + h)

Note« For a continous function maximum and minimum value  and f(a) < f(a - h)
occurs alternately.
« |f a function is discontinuous at a point x = g, it may have
maximum value although it decreases on the left and
increases on the right side of x = a.

N

Y1 Global Y v
maxima P .
Local i Global Loe
maxima ! E maxima ioa
: i 5 1
| i P x=a-hx=ax=a+h
i Local 1 i ! : v
! minima | P b . : s
| | & b Clearly, x = a is a point of minima as f(a) < f(a — h) and
i, i i v P P fla)< f(a+ h).
X 5 < X X'¢ = 55 g X
y y
[Range = -, f(b)] Range [(f (b),f (c)]
1 & Y4
L
Local Local E d
: maxima ! i
| | | | i1
i ! Local minima | i Locdl -
P i i P i ' | x=a-hx=ax=a+h
X ' | H L X X'e | ! ! 1 SX
a b c d a b c d 5 3
Y v %, Clearly, x = a is not a point of extremum as f(a) < f(a - h)
Function has no global maxima and minima. and f(a)> f(a + h).
Range (f (a), f (d)) Range [f (), f (d)]
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Application of Maxima and Minima to
Problems (Mensuration and Geometry)

For solving this type of problem, we follows these steps.

Step I First, we read the given problem very carefully
for an objective function.

Step II If objective function is of two parameter, then we
converts it in terms of one parameter with the
help of other given condition in the problem.

Step II1 Now, we proceed the second derivative test for
maxima/minima and get the desired result.

Example 31. The height of the cylinder of maximum volume

that can be inscribed in a sphere of radius R and the volume

of the largest cylinder inscribed in a sphere of radius R are
L 4R 2R 4nR® 2R 4mR’

535 933 935

Sol. (a) Letr be the radius and h the height of the inscribed
cylinder ABCD. Let V be its volume.

(d) None of these

Then, V=nrh ..()
Clearly, AC=2R
Aslo, AC?= AB? + BC?
= QRZ=020*+ h*=r? =%(4R2 -h) i)
Using Eqgs. (i) and (ii), we get
o (4R2 )

= v ( R? - 2 hZJ

dh 4
and ﬂ= o nth

dh? 2

IIT-MATHEMATICS, ,
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For a maxima or minima we have (dV /dh) =
dv 9 9

Now, — =0=mnR" - nh =0=>h=

™ ah 4

[dzv ——inx£=nR~/§<0

= -
dh :|h=(2R/~/5) 2 3

; , 2R
So, V is maximum whenh = —
V3

Hence, the height of the cylinder of maximum volume is %

1| 02 4R*| 2R 4n:R3
Largest volume of the cylinder= 1t x —| 4R“ - X—=

Example 32. An open box is to be made out of a piece of
paper of cardboard measuring (24 cm x 24 cm) by cutting off
equal squares from the corners and turning up the sides, then
the height of the box when it has maximum volume is

(b) 4 cm (d) 8 cm

Sol. (b) Let the length of the side of each square cut off from the
corners be x cm. Then, height of the box =xcm.

=24 -20%x(X) = 4%’ —96x° + 576X

(@) 2cm () 6cm

= Z—\;=12(x2—16x+48)and%=24(x—8)
Now, d—v=o=>x2—16x+48=0
dx
i.e. x=12(x-4)=0=>x=4 [-x#12]
Cild =-96<0
& _,

-~ Vis maximum at x = 4.
Hence, the volume of the box is maximum when its height
is 4 cm.
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'Practice Exercise

Topically Divided Problems

Derivatives at the Rate of change

1. The position of a moving car at time ¢ is given by
f(t) =at® + bt + ¢, t >0, where a, b and c are real
numbers greater than 1. Then, average speed of the
car over the time interval [#, ¢, ]is attained at the
point (JEE Main 2020)
(@) (ty—1,)/2 ®) alt,—t,)+b
() (¢ +1x)/2 (d) 2a(t, +t)+ b

2. A water tank has the shape of an inverted right
circular cone, whose semi-vertical angle is

tan ’l[%). Water is poured into it at a constant rate

of 5 cu m/min. Then, the rate (in m/min) at which
the level of water is rising at the instant when the
depth of water in the tank is 10 m is (JEE Main 2019)

2 1 1 1
el — — d) —
@) T ®) 5n © 157 @ 10n
3. A spherical iron ball of 10 em radius is coated with
a layer of ice of uniform thickness that melts at a
rate of 50 em®/min. When the thickness of ice is 5 cm,

then the rate (in cm/ min.) at which of the thickness

of ice decreases, is (JEE Main 2020)
5 1 1 1
—_— — . d) ——

® 61 ®) bdn © 36m @ 187

4. The radius of the base of a cone is increasing at the
rate of 3 cm/min and the altitude is decreasing at
the rate of 4 cm/min. The rate of change of lateral
surface when the radius is 7 cm and altitude is 24
cm is
(a) 50 cm¥min
() 62 ©cm?¥min

(b) 54 m em?¥min

(d) 66 ©em¥min

5. A spherical balloon is filled with 45007 cu m of
helium gas. If a leak in the balloon causes the gas
to escape at the rate of 72 = cu m / min, then the
rate (in m/min) at which the radius of the balloon
decreases 49 min after the leakage began is

9 7 2 9
(a) ? (b) 5 (c) 5 (d) 5

IIT-MATHEMATICS, |

6.

10

11.

12.

x and y are the sides of two squares such that

y =x —x2. The rate of the change of the area of
second square with respect to the first square is

(a) 2¢* —3x+1 (b) x* -4
(© ¥*-x+1 (d) 32>+ 2x+3

. Alizard, at an initial distance of 21 cm behind an

insect, moves from rest with an acceleration of

2 cm/s? and pursues the insect which is crawling
uniformly along a straight line at a speed of

20 em/s. Then, the lizard will catch the insect after
(a) 24 s (b) 21s (¢) 1s (d) 20s

. A point on the parabola y* = 18x at which the

ordinate increases at twice the rate of the abscissa,
is

@29 G e-9 © (_gg] @ [g g)

. The sides of an equilateral triangle are increasing

at the rate of 2 em/s. The rate at which the area
increases, when the side is 10 e¢m, is

(a) V3 em¥s (b) 10 em¥s
(©) 103 em?s (d) I—chmzfs

If the volume of a sphere is increasing at a constant
rate, then the rate at which its radius is increasing,
is

(a) a constant

(b) proportional to the radius

(c) inversely proportional to the radius

(d) inversely proportional to the surface area

Moving along the X-axis there are two points with
x=10 + 61, x =3 + t2. The speed with which they
are reaching from each other at the time of

encounter is (x is in centimetre and ¢ is in seconds)
(a) 16 cm/s (b) 20em/s (c) 8em/s  (d) 12 em/s

Gas is being pumped into a spherical balloon at the
rate of 30 ft3 / min. Then, the rate at which the
radius increases when it reaches the value 15 ft, is

\ I: I: Since 2001...
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(8) —— ft/min (®) —— f/min
30m 151

© % ft/min ) 1—15 ft/min

13. An object is moving in the clockwise direction
around the unit circle x? + y? =1. As it passes

through the point [%, ?} its y-coordinate is

decreasing at the rate of 3 units per second. The

is (in unit per second)

(@) 2 ®3v3  (© 3 @ 243
14. The position of a point in time ‘¢’ is given by

‘vis

(a) b-c (b) b+c¢

15. Water is dripping out from a conical funnel of

in the surface area, through a tiny hole at the

water, is
(a) 2 cm/s (b) L s
4n 4n
1
¢) —=cm/s d) None of these
(c) - (d)

Errors and Its Approximations

calculating its volume is

(@) 3.12 7 m? (b) 3.92 nm®

(¢) 3.56 tm® (d) 4.01 m?
17. The approximate value of £(5.001), where

fx)=x3-7x% + 15, is

(a) —34.995 (b) —33.995

(c) —33.335 (d) —35.993

calculating the area is

(a) 0.05% (b) 0.0025% (c) 0.25% (d) 0.1%
19. If 1° = a radius, then the approximate value of

cos(60°1') is

1 3 3 4
® 2120 ® -1
(c)l_ﬂ (d)é_ﬂ

3 100 3 121

IIT-MATHEMATICS, ,

rate at which the x-coordinate changes at this point

x=a+ bt —ct?, y =at + bt>. Its acceleration at time

(© 2b-2¢ (d) 2Vb%+ ¢

semi-vertical angle g at the uniform rate of 2 cm?/s

vertex of the bottom. When the slant height of cone
is 4 cm, the rate of decrease of the slant height of

16. If the radius of a sphere is measured as 7 m with
an error of 0.02 m, then the approximate error in

18. If the error committed in measuring the radius of
the circle is 0.05%, then the corresponding error in

20.

21.

IIT-MATHEMATICS
Tpplicefion of D eriwsiires

If there is 2% error in measuring the radius of
sphere, then the percentage error in the surface
area is

(@) 3% (b) 1%

The approximate volume of metal in a hollow
spherical shell whose internal and external radii

are 3 cm and 3.0005 c¢m, is

(a) 0.0180 & cm® (®) 0.023 t cm®
(¢) 0.0540 & cm® (d) 0.0432 n cm®

(c) 4% d) 2%

Tangent and Normals

22,

23,

24.

25.

26.

27,

28.

29,

30.

31,

For the curve y = 4x® — 2x®, the points at which the

tangent passes through the origin are

(a) (0, 0)1 (11 2) and (_17 _2)(b) (01 O)y (27 4) and (_1’ _3)
(¢) 0,0), 2,3)and (-3,-1)(d) None of these

The point at which the tangent to the curve
y=2x2 —x + 1is parallel to y =3x + 9, will be

(@ 21D ® 0,2 © 69 @ -2,1)
The length of subtangent to the curve x%y* =a* at
the point (-a, a) is

(a) 3a (b) 2a (c) a

For the curve xy = ¢2, the subnormal at any point

(d) 4a

varies

(a) x? (b) « © »* @ »*

The abscissa of the points, where the tangent to the
=x% —3x? - 9x + 5 is parallel to X-axis, are

curve y
(@) x=0and 0 (b) x=1and -1
(¢) x=1and -3 (d) x=—1and 3

The slope of the tangent to the curve
x=38 + Ly =¢3 -l atx=1is

1
(@) 0 (b) 2 (©) » @ -2
If tangent to the curve x =at?, y =2 at is
perpendicular to X-axis, then its point of contact is

(@ (@,a) (b) 0,a) © 0,0 (@ (a,0
The equation of the tangent to the curve

1+x2) y =2 —x, where it crosses the X-axis, is

(a) x+5y=2 (b) x-5y=2

(c) bx—y=2 (d) 5x+y-2=0

The point on the curve Vx + \/y =+a at which the
normal is parallel to the X-axis, is

(@ 0,00 () 0,a) () @, 0 (@ (@a,0)
Coordinates of a point on the curve y =xlog x at
which the normal is parallel to the line 2x -2y =3,
are

(@) (0,0)
() (3,267

(b) (ee)
@ (3~
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32. The length of the normal at point ‘¢’ of the curve
x=a(t+sint),y=a(l-cost)is
(a) asint (b) 2asin® (t2)sec (12)
(¢) 2asin (#2) tan (t2)  (d) 2asin (t2)

33. The tangent drawn at the point (0, 1) on the curve
y =e>*, meets X-axis at the point

@Gﬂﬂﬂ%@@@m(MM)

34. The tangent to the curve y =2x% —x + 1 at a point
P is parallel to y =3x + 4, then the coordinates of P
are

(@ 21D 02 © L2 @ e,-1)

35. The product of the lengths of subtangent and
subnormal at any point of a curve is
(a) square of the abscissa (b) square of the ordinate
(¢) constant (d) None of these

36. If the normal to the curve y = f(x) at the point (3, 4)

makes an angle %n with the positive X-axis, then

f’(3) is equal to

3 4
(a) -1 (b) “2 (© 3 @1

37. Tangent of the angle at which the curves y =a* and
y =b" (a # b >0) intersect, is given by

log a

log ab b

(a) —2D _ b — b
1+logab 1+ (log a)(log b)

(c) __ logab (d) None of these
1+ (log a)(log b)

38. The equation of tangent to the curve y =be '® at
the point where it crosses Y-axis, is

(a) ax+by=1 (b) ax-by=1
x_y_ .
(c)a b 1 (d)a+b 1

39. At what point on the curve x® —~8a’y =0, the slope

of the normal is —% ?

(a) (@,a) (b) 2a,-a)
() Ca,a) (d) None of these
40. The curve y —e™ + x =0 has a vertical tangent at
the point
(a) (1,0) (b) at no point
) (0, 1) (@) (0,0)

41. The point (s) on the curve y® + 3x* =12y, where the

tangent is vertical (parallel to Y-axis), is (are)

(m(ﬁ-ﬂw(g_]©mmmﬂ

IIT-MATHEMATICS, |
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42

43.

45.

46.

47.

48.

49.

50.

. If the tangent at (x;, ¥,) to the curve 2 +y’=a

IIT-MATHEMATICS
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If y = 4x -5 is tangent to the curve y* = px® + g at
(2,3, then (p, q) is
(a) (2,7)

© (2,-7

The triangle formed by the tangent to the curve
f(x) =x2 + bx — b at the point (1, 1) and the
coordinate axes, lies in the first quadrant. If its
area is 2, then the value of b is

(a) -1 (b) 3 () -3

(b) 2,7
@ @,-7

d 1
3

meets the curve again at (x,, y,), then

@) X2, 22__ b 2.0
N 7 h Y
© 3+h- @ X242
X2 Ja noNn

The angle between the curves y =sinx and y =cosx
is

(a) tan™'(2+2)
(c) tan'(343)

() tan™' (3+2)
(d) tan”'(+2)
2 2
The condition for the curves x_2 -5 =Lay= ¢? to

a

intersect orthogonally, is
@ a®*+b*=0

() a=b

y=log(l+x) - 2x ;
2+x

() a*-b%*=0
(d) None of these

x >—1, is an increasing
function of x throughout in,
(a) x>-1 (b) x>1 (c) x<0

If the tangent to the curve y = 2x 3 xeR,
x p—

(d) x>0

(x # +/3), at a point (a, B) # (0, 0) on it is parallel to
the line 2x + 6y —11=0, then (JEE Main 2019)
(a) |60 +2B|=19 (b) 160 +2B|=9

© 120 +68|=19 (d) 120 +68]=11

Let S be the set of all values of x for which the
tangent to the curve y = f(x) =x® —x* — 2x at (x, y)
is parallel to the line segment joining the points

(1, (1)) and (-1, f(-1)), then S is equal to

(JEE Main 2019)
ao{l,—l} an{l,1}

oft)  apiy

If 6 denotes the acute angle between the curves,
y =10 -x% and y =2 + x? at a point of their
intersection, then |tan 0|is equal to  (JEE Main 2019)

7 8 4 8
(a) ﬁ (b) E () 5 (d) ﬁ
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51. The two curves x® —3xy? + 2 =0 and
3xly—y3-2=0
(a) cut at right angle (b) touch each other

(c) cut at an angle % (d) cut at an angle E

52. The equation of the tangent to the curve y =x + i2 ,
x

i.e. parallel to X-axis, is

(@) ¥y=0 (b) y=1 () y=2 (d) y=3
53. The normal to the curve x =a (1+ cos 0), y =a sin 0

at 0 always passes through the fixed point

(@ @,0) () ©,a) () 0,0) (d) (a,a)

54. The normal to the curve
x=a(cos 0+ 0sin 0), y =a(sin 0 - 0 cos 0) at any
point 0 is such that
(a) it is at a constant distance from the origin

(b) it passes through (% , = aJ

() it makes angle g- 0 with the X-axis
(d) it passes through the origin

55. Angle between the tangents to the curve
y =x* —5x + 6 at the points (2, 0) and (3, 0) is

T Y ' T
n T r T
() 3 (b) 5 (c) 1 (d) 3
56. The normal to the curve x? + 2xy -3y =0
at(L, 1)

(a) does not meet the curve again

(b) meets the curve again in the second quadrant
(c) meets the curve again in the third quadrant
(d) meets the curve again in the fourth quadrant

(JEE Main 2015)

57. The intercepts on X-axis made by tangents to the
curve, y = j; | ¢|dt, x € R, which are parallel to the

line y = 2x, are equal to
(a) £1 (b) £2
58. For which of the following curves, the line

{JEE Main 2013)

(c) £3 (d) +4

x + 3y = 2+/3 is the tangent at the point [3J_ ;J
(JEE Main 2021)

(a)x2+9y— (b) 2x* -185*=9

© ¥'= 6\/— (d) «*+ y2=17

59. The normal to the curve y(x-2) (x -3) =x + 6 at the

point, where the curve intersects the Y-axis passes
through the point (JEE Main 2017)

W[50l ) el

IIT-MATHEMATICS, ,

60. If the curves y? =6x, 9x> + by? =16 intersect each

other at right angles, then the value of b is
(JEE Main 2018)

7 9
(a) 6 (b) 2 () 4 (d) 2

61. The equation of a tangent to the parabola, x? =8y,
which makes an angle 0 with the positive direction
of X-axis, is (JEE Main 2019)

(a) y=xtanB-2cotO (b) x=ycotO+2tan0
(c) y=xtan®+ 2cot 0 (d) x=ycot0-2tan0

62. The tangent to the curve y =x> —5x + 5, parallel to

the line 2y = 4x + 1, also passes through the point
(JEE Main 2019)

o) o) (39 0

63. The tangent to the curve, y = xe* passing through

the point (1, e) also passes through the point
(JEE Main 2019)

(a)( 2e) 5660  ©E30 @ (g,ze]

64. Consider f(x) = tan'l[ /m} xe (0, E}
1-sinx 2

Anormal toy=f(x) atx = g also passes through

the point (JEE Main 2016)
@0,0 O (0%"] © [go) @ (go]

Increasing and Decreasing Function
65. The function x* is increasing, when
(b) x< 2
e
(d) for all real x

(a) Jc>l
e
(¢) x<0

66. If g(x) = min (x, x%), where x is real number, then

(a) g(x)is an increasing function

(b) g(x)is a decreasing function

(c) f(x)is a constant function

(d) g(x)is a continuous function except at x=0

67. The function f(x) =

x
is
1+]x|
(a) strictly increasing
(b) strictly decreasing
(c) neither increasing nor decreasing
(d) not differential at x=0

68. The function f(x) =x + cosx is

(a) always increasing
(b) always decreasing
(c) increasing for certain range of x

(d) None of the above
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69.

70.

71.

72.

73.

74.

75.

76.

2x® —6x + 5 is an increasing function, if
(a) O0<x<1 (b) -1<x<1
() x<-1lorx>1 (d) —1<x<—%

The length of the longest interval, in which the

function 3sin x — 4sin® x is increasing, is

T T 3n

= = = d
(a) 3 (b) 2 (c) 2 d =
If £ (x) =xe* =%, then f(x) is

(a) increasing on [—% ,1} (b) decreasing on R

(c) increasing on R (d) decreasing on l:—% i 1]

Let f be a real valued function, defined on
R —{-1, 1} and given by
x-1 2
(x) =3log, |—— - ——
Far=ilog, x+1‘ x-1

Then in which of the following intervals, function
f(x) is increasing? (JEE Main 2021)

(8) (oo, = 1)u[[%,ooj —mj (®) o, 0) —{-1,1}

1 1
() [_1’5) (d) [—wyéJ—{—l}

T, .
f(x) = cos — increases in
x

1 1
®) (2n+ 1 '%]

(¢) 0,2n)

1
()[2n+2 2n+1]
(d) R

The function f(x) =sin* x + cos* x increases, if

3n

(a)0<x<g (b)—< <§

3n 5 3n
—<X<— d —< %
() g (d) o

The function g’ defined by

g(x)= f(x2 —2x +8) + f(14 + 2x — x%), where f(x) is
twice differentiable function, /'’ (x) >0 for all real
numbers x. The function g(x) is increasing in the
interval

(a) [-1,1]U[2,»)
(© [FL,1]U[3,x)

The function f(x)

and strictly increasing in

T n

(a) ( 4) and(Z 5)
n n

(c) (0, 5) and (Enj

(b) (@,-1]U[1,3]
(d) (©,-2]U[1,»)

=log (cosx) is strictly decreasing

T T 3n
E
4

T 3n
@ [0 “"(2'?)
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77.

78.

79.

80.

82.
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The function which is neither decreasing nor

T 3n}.
,— b is
2

increasing in ( 5

(a) cosecx (b) tanx () x* (d) [x-1]

The value of x for which the polynomial
2x% -9x% +12x + 4 is a decreasing function of x, is
(a) -1<x<1(b) 0<x<2 (c) x>3 d) 1<x<2

If f(x) =—L— —log (1 + x), >0, then f is
x+1

(a) an increasing function

(b) a decreasing function

(c) both increasing and decreasing function
(d) None of the above

If f(x) =sin x — cos x, the interval in which function

is decreasing in 0 <x <2, is

5t 3n
(@) [—,7] ®) [4 2}

5n
(¢ [ 93 } (d) None of these

. The function f(x) =x"* is

(a) increasing in (1,)
(b) decreasing in (1,%)
(c) increasing in (1,e) and decreasing in (e, »)
(d) decreasing in (1,e) and increasing in (e, )

The range of a € R for which of the function

f(x)=(4a -3) (x + log, 5) + 2(a —-T) cot(zjsm2 (;)

83.

85.

. Function f(x) =

x + 2nm, n € N, has critical points, is (JEE Main 2021)

@ 3,1) (b) (-- z]
(c) [1,0) (d) (-»,-1]
2
g(x)=2f = +f(6—x2)forallxeR.Itisgiven

that f'' (x) >0 for all x € R, then g(x) decreases for

@ (=,¥3)u0,43) () R

© (B3,0UWB,®) (@ (-»,-2)U0,2)

Asinx + 6 cosx . :

————— is monotonic
2sinx + 3cosx

increasing, if

(a) A>1 (b) L<1 (c) L<4 (d) >4

Let f(x) =e* —x and g(x) =x% —x, V x € R. Then,

the set of all x € R, where the function

h(x) = (fog) (x) is increasing, is (JEE Main 2019)

1,_—1:| u[l,wJ
2 2

(d)[—?l,()]u[l,ac)
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86. Let f:[0, 2] - R be a twice differentiable
function such that f'' (x) >0, for all x € (0, 2).
If (x) =f(x) + f(2 —x) , then $is (JEE Main 2019)
(a) increasing on (0, 1) and decreasing on (1, 2)
(b) decreasing on (0, 2)
(c) decreasing on (0, 1) and increasing on (1, 2)
(d) increasing on (0, 2)

87. Let f(x) = ad - d—x ,x € R, where
Ja? +2* b+ (d-2°
a, b and d are non-zero real constants. Then,

(JEE Main 2019)
(a) fis an increasing function of x
(b) f'is not a continuous function of x
(c) fis a decreasing function of x
(d) f1is neither increasing nor decreasing
function of x

88. Let f : R — R be a positive increasing function

with lim f32) =1 Then, lim f(22) is equal to
xowo f(x xoo f(x)
@ 1 ®) % © g @ 3

89. The function f(x) = tan™" (sin x + cos x) is an

increasing function in
m T T T L
@(f3) o (59 el]) of53

Mean Value Theorem
90. If the function f(x) =x® - 6x? + ax + b satisfies

Rolle’s theorem in the interval [1, 3] and

f{z Jj{ 1]=0, then

(a) a=-11 (b) a=-6 (c) a=6 (d) a=11
91. f(x) satisfies the conditions of Rolle’s theorem in

[%, 2] and f(x) is continuous in [1, 2], then
_[1 f' (x)dx is equal to

(a) 3 () 0 (01 d) 2

92. If f(x) satisfies the conditions for Rolle’s theorem in

94.

95.

96.

97.

98.

99.

IIT-MATHEMATICS
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If Rolle’s theorem holds for the function
f() =2 —ax® + bx - 4, x e[1, 2] with /" (%J -0,

then ordered pair (a, b) is equal to (JEE Main 2021)
(a) (-5,8) (b) (5,8) () 6,-8) (d) (-5,-8)
Rolle’s theorem holds for the function x® + bx? + cx,

1<x <2 at the point %, the values of b and ¢ are

(a) b=8,c=-5 (b) b=-5,c=8
(c) b=5,c=-8 (d) b=-5,c=-8
Suppose the cubic equation x® — px + ¢ =0 has three

distinct real roots, where p >0 and g >0. Then,
which one of the following holds?

(a) The cubic has minima at both Jg and - \g
(b) The cubic has maxima at both ‘/g and — \g
(¢) The cubic has minima at \/g and maxima at — \/g
(d) The cubic has minima at — E and maxima at Jg

If 2a + 3b + 6¢ =0, then the equation

ax® + bx + ¢ =0 has atleast one real root in
11

@ 0,1 [0%] © (Z’E) @ 1,1)

For all twice differentiable functions

f:R— R, with f(0)=f(1)=f(0) =0 (JEE Main 2020)
(a) f'' (x) #0 at every point x (0, 1)

(b) f'"(x) =0 at every point x € (0, 1)

(© f'0)=0

(d) /" (x) =0 at some point x € (0, 1)

If ¢ is a point at which Rolle’s theorem holds for the
2

function, f(x) = loge[x A

@ ] in the interval [3, 4],

where o € R, then '’ (¢) is equal to  (JEE Main 2020)
1 1 1 N3
_4 4 £ 4y Y2
(a) 2 (b) 12 (c) 12 (d) 7

5 .
3, 5], then I 5 [(®)dxis equal to Critical Points and Test for Local

4 . .
@) 2 ®) -1 © 0 @ - Maximum/Minimum
5 100. The critical points of the function
93. In the mean value theorem f®-fla)_ f' (o), if x) (x
b-a f(x)=2sin® +sin 3|3
1
=0,b== =x(x - 1) (x - 2), then value of
a=0,b 2 ancl £ () =x(z 1) (x - 2), then value of e whose coordinates satisfy the inequality
is x?-10< -19.5%, is
9
(a) 1-? ) 1+J15 (o) 1-? (d) 1++21 (a) -6n  (b) 6= (© ?“ (d) —4n
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x sint

—dt in the

101. The points of extrema of f(x) = I

domain x >0 are

(a) (2n+1)g,n=1,2,... ) (4n+1)g,n=1,2,...

(c) (2n+1)£,n=1,2,... (d) nn, n=1,2,...

102. The number of critical points of
f@)=lx|(x-1) (x-2) (x-3)is
(@) 1 (b) 2 (©) 3 (d) 4

103. At what points in the interval [0, 27], does the

function sin 2x attain its maximum value?
b 5n n 3n

a) x=—and x=— x=—and x="—
(a) 3 1 (b) . "

-3n

(c) x :—Tn and sz (d) None of these

104. 1t is given that at x =1, the function

x* —62x2 + ax + 9 attains its maximum value, on
the interval [0, 2]. Find the value of a.

(a) 30 (b) 40 (c) 75 (d) 120
105. The maximum and minimum values of x +sin 2x on
[0, 2x]is
(a)2rand 0 (b) mrand %
(c) gand -1 (d) None of these
106. The maximum value of [x(x —1) + 1]V%,0 <x <1is

(©1 (d) zero

1 1/3 1
@@ o
The function f(x) =4x®-18x% + 27x -7 has

(a) one local maxima

(b) one local minima

(c) one local maxima and two local minima
(d) neither maxima nor minima

107.

108.

All the points of local maxima and local minima of

the function f(x) =_T3x4 —8x% - = x%+105 are

(a) x=0,-5and x=-3
(c) x=0,-3 and x=-2

(b) x=1,3 and x=-2

(d) None of these
109.

The value of ‘a’ for which the function

f(x)=asinx+ %sin 3x has an extremum at x =g is
(a) 1 (b) -1 ()2 (@0

If f(x)=x+1, Vx € R and g(x)=e", Vx €[-2,0], then
the maximum value of f(|x|) - g(x) is

@3+ (b)3+% (c)—3—§

110.

1
(d)3—?

IIT-MATHEMATICS, ,

111.

112

113.

114.

115.

116.

117.

118.

119.

120.
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On the interval [0,1], the function x5 (1-x)"° takes

its maximum value at the point
(@0 (b) 1/4 (c) 1/2

The function f(x) =x~%, (x >0) attains a maximum

(d) 1/3

value at x which is

1
(a) 2 (b) 3 (c) - d) 1
The function y =a (1 - cosx) is maximum when x is
equal to
(an (b) n/2 (c) —-m/2 d) -n/6

The function f(x) =x + sin x has
(a) a minimum but no maximum
(b) a maximum but no minimum
(c) neither maximum nor minimum
(d) both maximum and minimum

If a differential function f(x) has a relative
minimum at x =0, then the function

¢®(x) = f(x) + ax + b has a relative minimum at x =0
for

(a) alla and all b
(c) allb>0

() allb,ifa=0

d) alla>0

The denominator of a fraction is greater than 16 of
the square of numerator, then least value of fraction
is

(a) -14
(c) 1/12

®) -1/8
@ 1/16

The function f(x) =ax + 2, b, x >0 takes the least
X

value at x equal to
(@) b

© Vb

®) Va

o
a
In (- 4,4) the function f(x) = [* (¢* -4)e”* dt has

(b) one extremum
(d) four extrema

(a) no extrema
(c) two extrema

The function f(x) =a cos x + b tan x + x has extreme

values at x =0 and x = g, then

(®) a= -1

2
=—-—,b=-—1
(@) a 3

CJJI[\')CADINJ

(c)az—g,bzl da==,b=1

The absolute maximum and minimum values of the
function f given by f(x) = cos® x + sin x, x [0, 7]

(a) 2.25 and 2 (b) 1.25and 1

(c) 1.75and 1.5 (d) None of these
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121.

122.

123.

124.

125.

126.

127.

128.

The maximum value of f(x) = x gon[-1,1] is
4+x+x

1 1 1 1
(a) _Z (b) —g (© g (d) g

In interval [1, e], the greatest value of x? log x is
(a) e
(©) e*log+e

The function f(x) =| px —q |+ r |xl, x € (- ®, ®),

1 1
S [
(b) e
(d) None of these

where p >0, ¢ >0, r >0 assumes its minimum value
only on one point, if

@ p#rq by r#zq (©r#p (d p=g=r
If S; and S, are respectively the sets of local

minimum and local maximum points of the

function, f(x) =9x* +12x3 —-36x2 + 25, x € R, then
(JEE Main 2019)

(b) S ={-2, 0};S, ={1}
(d) S, ={-1};8,=1{0,2}

The set of all real values of A for which the function

(@) S, ={-2};S;={0,1}
(© 8 ={-2,1};S, ={0}

fx)=(1 —cos? x). (A +sinx), x € [—g, g} has exactly

one maxima and exactly one minima, is

(a)(—— —) (0} (b)(—g g)
11
© (—5 5) @ (—— —) o

Let f(x) be a polynomial of degree 5 such that

(JEE Main 2020)

x =+ 1are its critical points.
If hn}) (2 + = f (x) =4, then which one of the

following is not true? (JEE Main 2020)

(a) f is an odd function.

(b) x=11s a point of minima and x = —1is a point of
maxima of f.

© f)-4f(-1)=4

(d) x=11s a point of maxima and x=—11is a point of
minimum of f.

Suppose f(x) is a polynomial of degree four, having

critical points at -1, 0, 1. If 7" ={x € R} f(x) = f(0),

then the sum of squares of all the elements of 7' is

(JEE Main 2020)

(a) 2 (b) 4 ()8 (d)6
If f(x) is a non-zero polynomial of degree four,
having local extreme points at x =-1, 0, 1, then the

set S={x € R: f(x) = f(0)} contains exactly

(JEE Main 2019)
(a) four rational numbers
(b) two irrational and two rational numbers

IIT-MATHEMATICS,

129.

130.

131.

132.

133.

134.

135.

136.
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(c) four irrational numbers
(d) two irrational and one rational number

If m is the minimum value of % for which the
function f(x) = x,/kx —x? is increasing in the
interval [0, 3] and M is the maximum value of f in
the interval [0, 3] when & = m, then the ordered
pair (m, M) is equal to (JEE Main 2019)
(@) @,3V2) () 4,3V3) (© (,3v3) (@ 6,3V6)
Let f(x) =5 -|x-2]and g(x) =|lx + 1|, x € R. If f(x)
attains maximum value at o and g(x) attalns

minimum value Ost then lim (x - 1) (x -5x +6)

x> - o x% -6x+8
is equal to (JEE Main 2019)
(a) 1/2 (b)-3/2 ©-1/2 (d) 3/2

The maximum value of the function
f(x) =3x% —18x2 + 27x — 40 on the set

S={xeR:x*+30<1lx}is (JEE Main 2019)
(a) 122 (b) -122 () -222  (d) 222

Let f(x) =x* + - and g(x) =x - =, x € R ~{-1,0, 1}

X X
If h(x) = % then the local minimum value of A(x)
gx

is (JEE Main 2018)
(a) 3 (b) -3 (©) -2v2 (d) 22

Let f(x) be a polynomial of degree four having
extreme values at x =1and x = 2. If

lim |1+ =~ f (x) =3, then f(2) is equal to
%0 (JEE Main 2015)
(a) -8 (b) -4 0 (d) 4

If x =-1and x = 2 are extreme points of
f (x)=ologlx|+ px® + x, then

: (JEE Main 2014)
(a) a= _61 B - 5

®) o =-6,p=-1

(C)a=2,B=_% (d)a=2’5=l

For x e( ) define f (x) = I Jt sint dt. Then, f

has

(a) local minimum at = and 2n

(b) local minimum at = and local maximum at 2n
(c) local maximum at n and local minimum at 2x
(d) local maximum at « and 2n

Let f : R —» R be defined by

-2x, if x<-1
f(x)= o= l x . If fhas a local minimum
2x+3, if x>-1
at x =-1, then a possible value of % is
1
(@) 1 (b) 0 (© - 2 @ -1
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Point of Inflection and Application of

Maxima and Minima

137. The point of inflexion for the curve y =x*
(@ (1,1) (b (0,0 (© (1,0 @ (©,1)

The two positive numbers x and y such that their

%is

138.
sum is 35 and the product is x%y® is maximum, are

(a) 15 and 20 (b) 10 and 25
(c) 5 and 30 (d) None of these

139. The two positive numbers whose sum is 16 and the
sum of whose cubes is minimum, are
(a) 4 and 12 (b) 6 and 10

(c)8and 8 (d) None of these
140.

A square piece of tin of side 18 cm is to be made
into a box without top, by cutting off square from
each corner and folding up the flaps of the box.
What should be the side of the square to be cut-off
so that the volume of the box is maximum possible?
(b) 4 cm (¢) 5ecm (d) 9cm

The closed right circular cylinder of given surface
and maximum volume is such that its height is
equal to

(a) the radius of the base

(b) the diameter of the base

(c) the twice of diameter of the base
(d) None of the above

(a) 3cm

141.

142. The right circular cone of least curved surface area
and given volume has an altitude equal to

(a) two times the radius of the base.

(b) v/3 times the radius of the base.

(¢) V2 times the radius of the base.

(d) None of the above

143. The semi-vertical angle of the cone of the maximum
volume and of given slant height is

(a) tan"' 3 (b) tan™' V2
(c) tan™! [%J (d) None of these

The semi-vertical angle of right circular cone of
given surface area and maximum volume is

sin! (l}
3
(a) sin"l(%) (b) sin'l(%)
(¢) sin™' (¥3) (d) None of these

The point on the curve x? = 2y which is nearest to
the point (0, 5) is
@ @vV2,4) () @v2,0)

144.

145.

(©) (0,0 (2 2
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151.

IIT-MATHEMATICS
pplecafon of D erioafives

The maximum area of an isosceles triangle
2 2

inscribed in the ellipse % - —z——z- =1with its vertex
a

at one end of the major axis.

(a) %ab sq unit (b) %w/g ab sq unit
(c) ? ab sq unit (d) None of these

The sum of the perimeter of a circle and square is £,
where % is some constant, then the sum of their
areas is least when the side of square is

(a) equal to the radius of the circle

(b) double the radius of the circle

(c) triple the radius of the circle

(d) None of the above

A window is in the form of a rectangle surmounted
by a semi-circle opening. The perimeter of the
window is 10 m. The dimensions of the window to
admit maximum light through the whole opening is

(a) length = breadth = !

n+4
B Tengthi=e - anihrasife-r
n+4 n+4
) oath=—— il i =
n+4 n+4

(d) None of the above

The altitude of the right circular cone of maximum
volume that can be inscribed in a sphere of radius r
is

r r 3r 4r

I L or d) =%
(a) 2 (b) 3 (c) 5 (@) 3
The height of the cylinder of maximum volume that
can be inscribed in a sphere of radius R and the

maximum volume respectively

2R 4nR? R nR3
S band 2oy L POOT: [l
NG RN ® 555
3
(c) % and % (d) None of these

The height of the cylinder of greatest volume which
can be inscribed in a circular cone of height 2 and
having semi-vertical angle o and the greatest
volume of cylinder are respectively

(a) g that of the cone, 3 nh? tan a
3 27

(b) 2 that of the cone, = nh?tan® o
3 27

(c) 1 that of the cone, 4 nh® tan®a
3 27

(d) b that of the cone, 3 nth tan o
3 27
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152. If the sum of the length of the hypotenuse and a
side of a right angled triangle is given. Then, the
area of the triangle is maximum when the angle
between them is

T T b1 T
(a) 6 (b) Z () g (d 5

163.

(a) an empty set

() (-3+3,-2V3)

© ©@v3,343)

d) (-3v3,-24/3)U@2v3,3V3)

The tangent to the curve y =x® —6x* + 9x + 4,

0 <x <5 has maximum slope at x which is equal to

153. Maximum slope of the curve y = —x%+3x%+ 9x - 27 is @) 2 ®) 3
(@ 0 (b) 12 (c) 16 (d) 32 () 4 (d) None of these
154, If PQ and PR are the two sides of a triangle, then 164. let P (h,k) be a point on the curve y =x2 +Tx + 2,
the angle betyveen th.em which gives maximum nearest to the line y =3x —3. Then, the equation of
area of the triangle, is the normal to the curve at P is (JEE Main 2020)
(@ n (b) n/3 (c) n/4 d) n/2 (a) x-3y-11=0 (b) x-3y+22=0
155, Ifab=2a + 3b,a >0, b >0, then the minimum value () x+3y-62=0 (d) x+3y+26=0
ofabis 165. The height of a right circular cylinder of maximum
(@) 112 (®) 24 volume inscribed in a sphere of radius 3 is
(c) = (d) None of these (JEE Main 2019)
1 (@) V6 (®) 2V3
156. The minimum radius vector of the curve © V3 () 2B
a2 b2 ) 3
—5 + —5 =1is of length
X"y 166. The maximum volume (in cum) of the right circular
(@) a-b (b) a+b cone having slant height 3 m is (JEE Main 2019)
(c) 2a+b (d) None of these @ 4 = (®) 2431 (© 343r @) 6n
157. The perimeter of a sector is p. The area of the 3
sector is maximum, when its radius is 167. A helicopter is flying along the curve given by
(@) p () % (c) g (d) f y —x¥2 =17, (x >0). A soldier positioned at the point
p
1
=,7 ts to shoot d the helicopter when it
158. If xy = ¢?, then minimum value of a x + by is (2 )wan sRgEnaomine et ogpes waea
(@) cvab () 2¢vab  (¢) ~cab  (d) -2cVab is nearest to him. Then, this nearest distance is
159. If a®x* + b%y* =¢®, then maximum value of xy is (FEE Main 2019)
. 1 [7 V5 1 [7 1
¢ c é (CY N e (b) — © =43 @ -
(@ — (b) — () — ()— 3\V3 6 6\V3 2
Jab ab J2ab 2ab
168. If 20 m of wire is available for fencing off a flower-bed
160. A cone of maximum volume is inscribed in the in the form of a circular sector, then the maximum
given sphere, then ratio of the height of the cone to area (in sq m) of the flower-bed is (JEE Main 2017)
diameter of the sphere is (a) 12.5 (b) 10 (c) 25 (d) 30
2 3 1 1
(a) 3 (b) 7 (c) 3 (d) 7 169. The radius of a circle having minimum area, which
touches the curve y =4 —x? and the lines y =[x, is
161. A given right circular cone has 0 (JEE Main 2017)
volume p and the largest right Q (@)2 (2 +1) ®2+2-1)
circular cylinder that can be ©4K2-1) d4W2+1)
inscribed in th h
inscribed in the cone 1as a 170. A wire of length 2 units is cut into two parts which

volume q. Then, p:qis
(a) 9:4
() 7:2

(b) 8:3 A P
(d) None of these

162. The set of all values of the parameter a for which the

points of minimum of the function y =1 + a%x — x®

22 +x+2

satisfy the inequality = g <0,is
X+

IIT-MATHEMATICS, ,

are bent respectively to form a square of side

=x units and a circle of radius =r units. If the sum
of the areas of the square and the circle so formed
is minimum, then (JEE Main 2016)
(a)2x=(n+ 4)r (b) @ - n)x=nr

(c) x=2r (d)2x=r
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Mixed Bag

Only One Correct Option
1. Line joining the points (0, 3) and (5, -2) is a

tangent to the curve y = i, then
1+x

(a)a=1i«/§ (b) a=¢
(c)a=—1i«/§ (d)a=—2i2«/§

2. If f(x) =x® + bx® + ex + d and 0 < b? <¢, then in
(—00, o0)

(a) f(x)1is strictly increasing function
(b) f(x)has a local maxima

(¢) f(x)is a strictly decreasing function
(d) f(x)is unbounded

3 f(x)= j: llog, [logsflog, (cost + a)}l|dt. If f(x) is
increasing for all real values of x, then
(a) ae(-1,1) (b) ae(,5)
(c) ae(l,x) (d) ae®,x)

4. The parabolas y* = 4ax and x* = 4by intersect
orthogonally at point P(x;, y,), where x;, y; # 0, then
(@) b=a® ®) b=d®
() b3 =a? (d) None of these

5. y =f(x)is a parabola, having its axis parallel to
y-axis. If the line y =x touches this parabola at
x =1, then
(@ 'O+ f0)=1 b f"O-f D=1
© f"O)-f0)=1 @ "o+ =1

6. If f' (x) >0 and f'’ (x) >0, Vx € R, then for any two
real numbers x, and x,, (x; # x5)

@) f(xx ;x2)>f(xl);f(x9
®) f(xl +x2)<f(x.);f(xa
© f (xl +x2) f'(xl);f’(xy)
@ f (x] +sz L)+

7. Let f'(sin x) <0 and f"' (sin x) >0, Vx e(O, g) and

g(x) = f(sin x) + f (cos x), then g(x) is decreasing in

Ton ®) (0, E)

® (33
@ (3.3)

4 2
T
0,—
© (03]
8. The slope of tangent to the curve x = ¢> + 3t -8,
y =2t% - 2t -5 at the point (2, — 1) is

IIT-MATHEMATICS, ,

10.

11.

12.

3

14.

15.

16.

22 6
(a) 7 (b) 7
(c) -6 (d) None of these

. The values of a for which the function

(a + 2)x® —3ax? + 9ax —1=0 decreases
monotonically throughout for all real x, are
(a) a<-2 (b) a>-2

(c) -3<a<0 (d) —0o<a<-3

If f(x) =_L and g(x) =L, where 0 <x <1, then
sin x tan x

in this interval

(a) both f(x) and g(x) are increasing functions
(b) both f(x) and g(x) are decreasing

(c) f(x)is an increasing function

(d) g(x)is an increasing function

asin x + b cosx

The function is decreasing, if

csinx +d cosx

(b) ad - bc<0
d) 0<x<-2

(a) ad —be>0
(¢) ab-cd >0

The maximum slope of the curve

—19x occurs at the point
(JEE Main 2021)

@29 @) © (32?1) @ (©,0)

y =%x4 —5x% + 182

The function f(x) = x (x + 3)e”V?* satisfies all the

conditions of Rolle’s theorem in [-3, 0]. The value of ¢
is
(a) 0 (b) -1 (c) 2 (d) -3

Let f(x) satisfy all the conditions of mean value
theorem in [0, 2]. If £(0) =0 and | f' (x) [ < % for all x,

in [0, 2], then

(@) flx)<2

®) I f)l<1

() flx)=2x

(d) f(x) =3 for atleast one x in [0, 2]

The function f(x) =x® —6x* + ax + b satisfy the
conditions of Rolle’s theorem in [1, 3]. The values of
a and b are

(a) 11,-6 (b) -6,11 (c) -11,6 (d) 6,-11

The function f(x) = (x —3)* satisfies all the
conditions of mean value theorem in [3, 4]. A point
on y = (x —3)?, where the tangent is parallel to the
chord joining (3,0) and (4, 1) is

()(7 1) ) [1,1] © 6Ly @ @D

29 2 4
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17. In the mean value theorem,
f®)-fl@)=(b-a)f (c),ifa=4,b=9and
f(x) =+/x, then the value of ¢ is

(a) 8.00 (b) 5.25 (c) 4.00 (d) 6.25

18. Leta + b=4,a <2 and g(x) be a monotonically

increasing function of x. Then,
a b
f@)=[ g@ dx+ [ g da

(a) increases with increase in (b — a)
(b) decreases with increase in (b — a)
(c) increases with decreases in (b — a)
(d) None of the above

19. The sum of intercepts on coordinate axes made by
tangent to the curve Vx + [y =Ja is
(a) a (b) 2a
© 2JVa (d) None of these

20. Let f'(x)=¢* and £(0)=10.If A < f(1) <B can be

concluded from the mean value theorem, then the
largest value of (A — B) is equals

(@) e (b)1-e
(€) e-1 d 1+e
21. The function f(x) = cos x — 2 px is monotonically
decreasing for
1 1
(@ p< 2 () p> 2
(¢) p<2 (d) p>2

22. The abscissa of the points of the curve y =x? in the
interval [-2, 2], where the slope of the tangents can
be obtained by mean value theorem for the interval
[-2, 2] are

J3

b) ++3 @+ @0

(@) % f
23. The equation of the tangent to the curve y =1 —¢*'2
at the point of intersection with the Y-axis is
(a) x+2y=0 (b) 2x+ y=0
(c) x—y=2 (d) None of these
24. The chord joining the points, where x =p and x =¢q
on the curve y =ax? + bx + c is parallel to the
tangent at the point on the curve whose abscissa is

ptq p-q
(a) 5 (b) 3
(©) % (d) None of these

25, If f(x)=(ab-b> - 2)x +I; (cos* 0 +sin® 0)d0 is

decreasing function of xforallxe Randbe R, b
being independent of x, then

(a) a <(0,V6) () a <(-6,6)

© ae(-+6,0) (d) None of these

IIT-MATHEMATICS, ,

26.

27.

28.

29,

30.

31.

32,

33.

34.

IIT-MATHEMATICS
Tpplicafion of D erivafives

The values of a in order that
f(x) =+/3sin x — cosx — 2 ax + b decreases for all real
values of x, is given by
(a) a<l1 (b) az=1
() a<+2 @) a<+2
In [0, 1], Lagrange’s mean value theorem is not
applicable to
% - X, x< E
(@) flx)= 12 1
(o
2 2
sin x ©£0
M) flx)= x
1, x=0
(© flx)=x|x|
@ fl)=|xl
The tangent to the curve y =¢* drawn at the point

(e, €°) intersects the line joining the points

(c-Le* Hand(c+1e )

(a) ontheleftofx=c¢ (b) on therightof x=c¢

(¢) at no point (d) at all points

The tangent at (1, 7) to the curve %2 = y —6 touches
the circle x* + y* + 16x + 12y +c =0 at

(@ 6,7 O 67 @ 6,-7 @ 6,-7
If m be the slope of a tangent to the curve

e¥ =1+ x2, then

(@ |ml>1 () m<1

© Iml<1l (@ |Iml<1

If the line joining the points (0, 3) and (5, - 2) is a

tangent to the curve y = Ll , then the value of ¢ is
x+

(@1 (b) -2
(c) 4 (d) None of these
The total number of parallel tangents of

fix)=x* —x +1and fo(x) =x® —x® - 2x + 1 are
(a) 2 () 0 (© 1 (d) infinite
The angle of intersection of curves,
y=[lsin x|+ | cosx |1and x% + y% =5, where ]
denotes greatest integral function is
T -1 1
— ta _
@ = ®) tan” ()

(¢) tan™' (2) (d) None of these

The area of the triangle formed by the coordinate
axes and a tangent to the curve xy = a? at the point
(21, yy) on it is

2 2
(@) “yxl ®) 22
(©) 2a* (d) 4a?
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35. The equation of tangent to the curve

(f)n + (l)n =2 at (a, b)is
a b

Xy 1
Fog LB 2 i
@ a+ b ®) a+ b 2
© Z-2=2 (@) ax+ by=2
b a
36. If the line ax + by + ¢ =0 is a normal to the curve
xy =1, then
(a) a>0,b>0 (b) a>0,b<0
(¢) a<0,b<0 (d) None of these

37. The interval in which
f(x) =3 cos? x + 10 cos® x + 6 cos® x — 3 decreases is

x €[0, n]
@fgu(ze  oFF
(d) None of these

T 2n
©@ﬁ%€ﬂ

38. Function f(x) =
increases in

oy o (39

© (,0)U @ , oo) (d) None of these

2x% —log | x |, x # 0 monotonically

39. Let f(x) and g(x) be two continuous functions
defined from R — R, such that f(x;) > f(x,) and
g(x)) < g(xy), Vx; > x,, then solution set of

flg(a? -2a)} > flg(Bo — 4)}is

(@) R ®) ¢ (© (1,49 (d) R-[1,4]
40. The function f(x) = A8 (i) is
In (e + x)

(a) increasing on (0, )
(b) decreasing in (0, »)
(c) increasing on (0, nt/e), decreasing on (n/e, )
(d) decreasing on (0, n/e), increasing on (nt/e, )

41. Assuming the petrol burnt (per hour) in driving a
motorboat varies as the cube of its velocity, then
the most economical speed when going against a
current of e miles per hour

(a) — mph (b) —mph (c) %cmph (d) 2¢ mph

42. Let x be the length of one of the equal sides of an
isosceles triangle and let 6 be the angle between
them.

A

IIT-MATHEMATICS, ,

43.

45.

46.

47.

48.

. The function f(x) = x2
x

IIT-MATHEMATICS
Tpplecafion of Dervwsifirey

If x is increasing at the rate (%) mph and 0 is

increasing at the rate of % radius/h, then the rate

in m%/h at which the area of the triangle is
increasing when x =12 m and 0 = g

(@) 2”2(14,2?") (b) ?-2“
31/2 n 12 1
@5+t @ 2 (2 5)

fx)=x? —4|x|and
( )_{min {f(H):-6<t<x},xe[-6,0]

| max {f():0 <t <x},x € (0, 6] , then g(x)

has
(a) exactly one point of local minima
(b) exactly one point of local maxima
(c) no point to local maxima but exactly one point of
local minima
(d) neither a point of local maxima nor minima
2

_2has
-4

(a) no point of local minima
(b) no point of local maxima
(c) exactly one point of local minima
(d) exactly one point of local maxima

If f(x)= J.::(t2 —1) cost dt, x € (0, 2n). Then, f(x)

attains local maximum value at

@ ng (b) x=1 (© x =3§ (d) None of these
f(x)={4x—x3+log (a®-3a+3), 0<x<3
x_18) x >3

Complete the set of values of a such that f(x) has a
local maxima at x =3, is

(@) [-1,2] (b) (~»,1) U @2, x)

() [1,2] (d) (»,-1)U @2, )

The function f(x) = ax—+b has a local
(x-1(x-4)

maxima at (2, — 1), then

(a) b=1,a=0 (b) a=1,b=0

(¢ b=-1,a=0 d a=-1,b=0

If = — th
f(x) Tozten xxe( 2), en

(a) f(x) has exactly one point of minima
(b) f(x) has exactly one point of maxima

(c) f(x)is increasing in (O, gj
(d) f(x)is decreasing in (O, g)
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49.

50.

51.

52.

53.

54.

55.

56.

57.

A straight line is drawn through the point P (3, 4)
meeting the positive direction of coordinate axes at
the points A and B. If O is the origin, then
minimum area of AOAB is equal to

(a) 12 sq units (b) 6 sq units

(c) 24 sq units (d) 48 sq units

Let A (xy, ,), B (x4, y5) and C (x4, y3) be the
vertices of a AABC. A parallelogram AFDE is
drawn with D, E and F on the line segment BC, CA
and AB, respectively. Then, maximum area of such
a parallelogram is

(a) % (area of AABC) (b) i(area of AABC)

© é @area of AABC)  (d) % (area of AABC)

Let y = f(x) be a parametrically defined expression
such that x =3¢? -18¢ + 7 and

y=2t>-15¢ + 24t +10, V, x €[0, 6]. Then, the
minimum and maximum values of y = f(x) are

(a) 36,3 (b) 46,6 (c) 40,-6 (d) 46, -6
2
12" =21, _1<x<3
Let f(x) = %, V3 <x <243, then the
3_x, 2V8<x<4

points, where f(x) takes maximum and minimum
values, are

(a) 1,4 (b) 0,4
(c) 2,4 (d) None of these
The value of a so that the sum of the squares of the

roots of the equation x2 — (@ - 2)x —a +1=0
assume the least value is

(a) 2 (b) 1 (c) 3 (d o

A minimum value of j: te™t dtis

(@) 1 (b) 2 () 3 @ o

If y =a log x + bx”® + x has its extremum value at

x =1and x =2, then (a, d) is equal to

o3 oGy o3 oFF

IfP=(1,1),Q =(3, 2) and R is a point on x-axis,
then the value of PR + RQ will be minimm at
@@ﬂ @Gﬂ © 6,0 @ 0,0

If the function f(x) = 2x° —9ax? + 12a%x + 1, where
a >0 attains its maximum and minimum at p and q
respectively such that p? = g, then a is equal to

IIT-MATHEMATICS, |

58.

59.

60.

61.

62.

63.

65.

IIT-MATHEMATICS
Tlpplicafion of D ervwsifives

(a) 3 Mb) 1 () 2

1
(d) 3

Let f(x) =1+ 2x? + 22x* +...+ 21, then f(x) has

(a) more than one minimum
(b) exactly one minimum

(c) atleast one maximum

(d) None of the above

The point in the interval [0, 27] , where
f(x) =€ sin x has maximum slope is

n T
(a) Z (b) 5

© = (d) None of these
3 2 . .
Let f(x)= [x° +x +3x+smx|(3+sm; x¢0,
0, x=0

then number of points [where, f(x) attains its
minimum value] is

(@) 1 (b) 2
() 3 (d) infinite many
If f(x) =a log, | x|+ bx* + x has extremum at x =1

and x =3, then
(a) a=-3/4,b=-1/8
() a=-3/4,b=1/8

(b) a=3/4,b=-1/8
(d) None of these

The total number of local maxima and local minima
of the function f(x) = (2+2)°-8<x<-1 is
23 —1<x<2
(@) 0 (M) 1
(c) 2 d) 3
If f(x) =x% + 2bx + 2¢? and g(x) =—x% - 2cx + b?

such that minimum f(x) > g(x), then the relation
between b and ¢ is

(a) 0<c<bV2

®) lel<lblV2

© lel>1b1v2

(d) no real values of b and ¢

. The curved surface of the cone inscribed in a given

sphere is maximum, if

4R R
h=— h==
(a) 3 (b) 3
(¢) h= 2;2 (d) None of these
The minimum intercepts made by the axes on the

2 2

tangent to the ellipse AR A Y
16 9
(a) 25 (b) 7
() 1 (d) None of these
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66. Maximum value of (lJ is
x

@ ©° ® @
© ©° (d) ( J
n2
67. The largest term in the sequence a, =———— is
n”+ 200

given by

529 8
(@) — (b) m

29 N f th
(C) 543 (d) None of these

68. IfA>0,B>0and A+B =g, then the maximum

value of tan A - tan B is
1

(a) ﬁ
(c) 3

1

(b) 3

@ 3

69. All possible values of the parameter a so that the
function f(x)=x® -3(7 —a)x® -3(9 -a?)x+2 hasa
negative point of local minimum are

(a) all real values
(b) no real values

(¢) 0,»)
(d) (~=)0)
nx
70. f(x)= x>0
x+a x<0

then x =0 will be a point of local maxima for f(x), if
(a) ae(-1,1) (b) a €(0,1)
(c) a<0 (d a=1

71. Let (h, k) be a fixed point, where A >0,k >0. A
straight line passing through this point cuts the
positive direction of the coordinate axes at the
points P and @. Which of the following is the
minimum area of the AOP@Q, O being the origin?
(a) hk (b) 2hk

© %hk (d) None of these

IIT-MATHEMATICS,

IIT-MATHEMATICS
Tpplecafon of Derivafives

72. The coordinates of a point of the parabola
y=x% +7x + 2 which is closest to the straight line

y=3x-3is
(a) (-2,8) (b) (-2,-8)
(c) (2,-8) (d) None of these

Numerical Value Type Questions

73. If the tangent to the curve, y =e* at a point (c, e°)
and the normal to the parabola, y? = 4x at the point
(1, 2) intersect at the same point the X-axis, then
the value of cis .......... . (JEE Main 2020)

74. Let f(x) be a polynomial of degree 3 such that
f(=1)=10, f(1) =-6, f(x) has a critical point at
x =—1and f’ (x) has a critical point at x =1. The

f(x) has a local minima at x =.............
(JEE Main 2020)

The x-coordinate of the point on the curve 9 y2 =x8

where the normal to the curve makes equal
intercepts with the axes is ......... .

75

76. The curve y = ax® + bx® + cx + 5 touches the X-axis

at P(-2,0) and cuts the Y-axis at a point @, where
its gradient is 3. Then, the value of ¢ — 4a —12bis

77. A rectangular sheet of tin 45 cm by 24 c¢m is to be
made into a box without top, by cutting off square
from each corner and folding up the flaps. Then,
the length of the side of the square to be cut-off so
that the volume of the box is maximum is ......... .

78. The minimum value of f(x) =|3 —x|+|2 + x|+15 — x|

|- S .
79. IfS =4t + % is the equation of motion of a particle,

then its acceleration when velocity vanishes is
80. Let f(x) =x> + ax® + bx + 5sin” x be an increasing

function on the set R and if a® —3b + 1. <0 , then the
value of Lis ......... .
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Round I

I (c¢) 2. (b) 3. (d) 4. (b) 5. (c) 6. (a) 7. (b) 8. (d) 9. (c) 10. (d)
11. (c) 12. (@) 13. (b) 14. (d) 15. (@) 16. (b) 17. (a) 18. (d) 19. (@) 20. (c)
21. (a) 22. (a) 23. (b) 24. (c) 25. (d) 26. (d) 27. (a) 28. (c) 29. (a) 30. (b)
31. (d) 32, (c) 33. (b) 34. (b) 35. (b) 36. (d) 37. (b) 38. (d) 39. (¢c) 40. (a)
41. (d) 42, (d) 43. (c) 44. (a) 45. (a) 46. (b) 47. (a) 48. (a) 49. (c) 50. (b)
51. (a) 52. (d) 53. (a) 54. (a) 55. (a) 56. (d) 57. (a) 58. (a) 59. (b) 60. (d)
61. (b) 62. (d) 63. (a) 64. (b) 65. (a) 66. (a) 67. (a) 68. (a) 69. (c) 70. (a)
71. (a) 72. (a) 73. (a) 74. (b) 75. (c) 76. (c) 77. (a) 78. (d) 79. (b) 80. (d)
81. (c) 82. (b) 83. (d) 84. (d) 85. (a) 86. (c) 87. (a) 88. (a) 89. (b) 90. (d)
91. (b) 92. (d) 93. (c) 94. (b) 95. (b) 96. (c) 97. (a) 98. (b) 99. (c) 100. (b)
101. (d) 102. (d) 103. (a) 104. (d) 105. (a) 106. (c) 107. (d) 108. (a) 109. (c) 110. (d)
111. (b)) 112 (¢)  113. (@)  114. (@)  115. (b)  116. (b)  117.(d) 118 (c)  119. (@)  120. (b)
121. (¢) 122, (a) 123. (c) 124. (c) 125. (d) 126. (d) 127. (b) 128. (d) 129. (b) 130. (a)
131. (a) 132. (d) 133. (c) 134. (c) 135. (c) 136. (c) 137. (b) 138. (b) 139. (c) 140. (a)
141. (b))  142. ()  143. (b))  144. (@)  145. (a) 146. (b)  147. (b)) 148 (b)  149. (d)  150. (a)
151. (¢) 152. (c) 153. (b) 154. (d) 155. (b) 156. (b) 157. (d) 158. (b) 159. (¢) 160. (a)
161. (a) 162. (d) 163. (d) 164. (d) 165. (b) 166. (b) 167. (c) 168. (c) 169. (c) 170. (c)

Round II

1. (b) 2. (a) 3. (d) 4. (d) 5. (a) 6. (b) 7. (b) 8. (b) 9. (d) 10. (c)
11. (b) 12. (b) 13. (¢) 14. (b) 15. (a) 16. (b) 17. (d) 18. (a) 19. (a) 20. (b)
21. (b) 22, (a) 23. (a) 24. (a) 25. (b) 26. (b) 27, (a) 28. (a) 29. (d) 30. (d)
31. (c) 32. (d) 33. (c) 34. (c) 35. (a) 36. (b) 37. (a) 38. (b) 39. (c) 40. (b)
41. (c) 42, (d) 43. (d) 44, (d) 45. (a) 46. (c) 47. (b) 48. (b) 49. (c) 50. (a)
51. (d) 52. (b) 53. (b) 54. (d) 55. (d) 56. (a) 57. (c) 58. (b) 59. (b) 60. (a)
61. (a) 62. (c) 63. (c) 64. (a) 65. (b) 66. (b) 67. (c) 68. (b) 69. (b) 70. (d)
71. (b) 72. (b) 73. (4) 74. (3) 75. (4) 76. (14) 77. (5) 78. (7) 79. (16) 80. (15)
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Round I
1. The average speed of the car, for time interval [¢,, ¢,] is
[t =) _a@-t)+blt-t) _ d(®)
to— & ty— 1 dt
2at+b=a(;+ )+ b
N _hiti
2
..The average speed of the car over the time interval

[¢,, to] is attained at the point L —2 b 3 EQ

2, Given, semi-vertical angle of right circular cone

= tan'l(lJ
2

Let o =tan”! [EJ
2
= tang = l
1
= r_z [from figure tan o =]
h 2 h
= r=tn (i)
5

*+ Volume of cone is (V) = % nrlh

y-1 ( j ®)= L
3 12
On differentiating both sides w.r.t. ¥, we get

[from Eq. ()]

i‘i = 1 n(3h% E‘Fi

dt 12 dt
- Gh__4 4V

dt rmh? dt
= % = % x5 [+ given i—‘: =5 m®/min]
Now, at 2 =10 m, the rate at which height of water
level is rising = dh = LQ x5= 1 m/min

dt =10 T[(}.O) bn

3. It is given that, a spherical iron ball of 10 em radius is
coated with a layer of ice of uniform thickness, let the
thickness is ‘¢ ¢m, then volume of the ball is

1% :gnao + 2P

IIT-MATHEMATICS, ,

|1 T-MATHEMATICS
Tpplecafion of Dertosfives

On differentiating w.r.t. 7, we get

dVv o dx .
— =4n(10 —
dr (10 + x) ar @)

where t is time in min,

It is given, the % =—50 cm® / min,

Now when xis 5 ¢m, then

~ 50 =4n(10 + 5)2 dx [from Eg. (i)]
dx 50 .
= —=- =——— cm/min
dt 4n(225) 187

Negative sign indicates the thickness of ice layer
decreases with time, Hence, option (d) is correct.

. Let r,!and Ak be the radius, slant height and height of

cone respectively at any time ¢, Then,

B=r+hn?
= 919 g, 9 oy 3R
d dt dt
dl dr dh
= =r s =73+ 24(-4
= g g 1@y
=-75
[+ 9 gama & o
dt dt
Now, 2 =7 + 242
= [=625=1=25
dl
=22--3
dt
ds dl

es_ae S
dt d:(ﬂ) [dt+rdt]

=m 25 x3+ T x(-3)]
= (64)
=54 1 cm*min
Given
(i) Volume (V = 4500 = m®/min) of the helium gas filled
in a spherical balloon.
(i1) Due to a leak, the gas escapes the balloon at the rate
of 72 = m*/min.
- Rate of decrease of volume of the balloon is
dav
dr
To find The rate of decrease of the radius of the

balloon 49 min after the leakage started.

ie. ﬂ at £ =49 min

dt
[assuming that the leakage started at time ¢ =0]

=-72 n m®*/min

Now, the balloon is spherical in shape, hence the

= I°
A B P e
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volume of the balloonis V = g -

On differentiating both sides w.r.t. t, we get
dV 4 (3 2 dr J

a3 “at
N dr _dvidt 0
dt 4n’®

Now, to find % at ¢t =49 min, we require Cfi_‘t/ and the

radius (r) at that stage,
dVv

dt
. Amount of volume lost in 49 min = 72 1t x49 m®

=-172 n m®/min

*. Final volume at the end of 49 min
= (4500 1 — 3528 1) m® =972 n m?®

If r is the radius at the end of 49 min, then

gnr3=9721::> P =729 = r=9

. Radius of the balloon at the end of 49 min=9 m
Hence, from Eq. (i), we get

dr _dVIdt
dt 4’
- [ﬂ) _ (dV/cit), =49
dt) 49 4n(r%);_ 49
2r 2 .
=— = m/min
4n©%) 9

6. Since, x and y are the sides of two squares.
Thus, the area of two squares is x* and y2.

d
a0)_ Mgy vy
d (% 2x  xdx
F y=1x-x°
y
= 5 =1-2x
332; Y (1 -29)
_ (-2 (1-29
x
=@2x*-3x+1)
Thus, the rate of change of the area of second square
with respect to first square is 2x* - 3x + 1).
7. Let lizard catch the insect C.

And distance covered by insect =S

Given,

[using Eq. (1)]

Time taken by insect, ¢ = —28—0 ...(1)

Distance covered by lizard =21 + S
21+S=%(2)-¢2 14D

['.'S=ut+%at2;hereu=0,a=2cm/s2andS=20t]

IIT-MATHEMATICS, ,
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21+20¢t=1¢2
t2-20¢-21=0
t2-21t+t-21=0
t¢-21)+1(t-21)=0
(t+1)(¢-21)=0
t=-1, 21
t=21s [. neglecting t=-1]

[from Eq. (i)]

L R

8. Equation of parabola is y* = 18x.

On differentiating w.r.t. ¢, we get

g O
dt dt
dy dx .
2.2y-18 i B g O
- Y [ i g“'en]
= al
Y7y

From equation of parabola,
2
(g) =18x = Bl =18x
2 4
9
— Xx=—
8
; o, : (9 9
Hence, required point is | —, = |.
8 2
9. Ifxis the side of an equilateral triangle and Ais its area,

then

dt 4 dt
dx
Here, x=10cm and n =2cm/s
A= ?2 (10)2 =104/3 cm%s
10. Given that, % =k (say)

=St
3

L dV_, mdR_dR_ kb
dt dt dt 4nR* S
Rate of increasing radius is inversely proportional to its
surface area.

11. They will encounter, if
10+6¢ =3+t
= t?-6t-7=0 = t=17
At t =T7s, moving in a first point

d
=—(10+61)=6cm/!
Y dt( )=6cm/s

At t =7s, moving in a second point

v2=%(3+t2)=2t =2xT7=14cm/s
.. Resultant velocity =v,— v, =14-6 =8 cm/s
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dv

12. Given that, Y =30{t®/min and r =15 ft

Volume of spherical balloon
4 4 dv 2 dr

V=-m’=> —=dnar
3 dt dit
= 30=4J‘cr2£
dt
= dr L—iftlmm

dt 4xnx15x15 307
13. The equation of given circle is
Zryi=1
On differentiating w.r.t. ¢, we get

2x@+2y@—0
d dt
Butwehawe,alcf1 y:ﬁa dﬂff&th n
2 2 dt
1dx 3 dx
— 2 (-3)=0=>"—-=33
2 di 2( ) dt

14. Given point is x = a + bt — ct*
2

.. . . dx
Acceleration in x direction = F =-2¢
A

and acceleration in y direction = % =2b

2.2 2.2
*. Resultant acceleration = ch + d_g!
di dt

=J(20%+ @ b)? =2b%+

15. If S represents the surface area, then
ds
di

=2 cm%s

.S':m"l:nlfisin%l=—TE-l2

Ji
ds 21:
Therefore, z
ererore dt \/E I
dl l 1 J§

when /=4 cm, — cmfs

‘2=
dt J_n4 2J_n

16. Use the relation between volume V and radius r

. 4 . . .
ie. V= 3 7r?, then differentiate it w.r.t. r and use

AV = (Q‘;V) Ar, to find the approximate change in
r

volume V.

IIT-MATHEMATICS, |

17.

18.

19.

20.
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Let r be the radius of the sphere and Ar be the error in
measuring radius.

Then, r=7m and Ar=002m

.. 4
Now, volume of a sphere 1s given by V = 3 nr’

On differentiate w.r.t. r, we get iTV = (g nj @r?) = 4nr?
r

LAV = (ZV] Ar = (dnr?)Ar =4n x 7% x002 =392 &t m®

r
Hence, the approximate error in calculating the volume
8 3.92 rm®.

Firstly, break the number 5.001 as x =5 and Ax =0.001
and use the relation f(x + Ax) = f(x) + Ax f' (x).

Consider FO =2 -T2+ 15

= Ff () =3x% — 14x

Let x=5

and Ax=0001

Also, flx+ Ax) = fx) + Ax ' (x)

Therefore, f(x+ Ax) =G — 7a? + 15) + Ax (3x° — 14x)
= fBEO01)=(° - 7 x5% + 15)

+ (3 x5% - 14 x5)(0001)

[as x =5, Ax=0001]

=125 175+ 15 + (75 — 70)0.001)
=-35+ (5)(0001)

=-35+ 0005 =-234995

We know that, area of circle, A = nr®

Taking log on both sides, we get
logA=logn+2logr

%xmo 2 x A7 100 =2 x005 =01%
r

Let y=cosx

A dy =-sinx
dx
Ay=cos(x+ Ax) —cosx
= cos (60°1') — cos 60°

Since, dy is approximately equal to Ay and it is given

by
dy]
A Ax
- (d" x=60°

-¥3 ., -3 1
—_— %]l =—x—
2 60
. cos(60°1') = 1_ £
2 120
Given, & x100 = 2= &r = -
r 100
Surface area, § = 4nr®
2
= 58 = dn-2r-5r = 8ur. - = 167
100 100
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Now, percentage error in surface area

_388 162 1
x100 =
s 100 x41rr2

21. Volume of hollow, spherical shell,
V= % 7 [(30005)° - 3)*]

x100=4%

Now, (3 0005)3 = y+ Ay, x=3 and Ax = 00005

Let y= x3:> —3x2

L Ay= dy xAx:3x2 x 00005
dx

=3 x3%x00005
=00135
=~ (30005 = y+ Ay=3> + 00135
=270135

V= % 7 [27.0135 — 27.000]

_4 n [0.0135]
3

=4n x (00045)
=00180 7 cm®
22, Find the slope of the tangent to the curve and write the
general equation for tangent. Since, tangent passes
through the origin, so (0,0) will satisfy it.
The equation of the given curve is y =42 — 22°
D192 104
dx
Therefore, the slope of the tangent at point (x, y) is
124 - 104",
The equation of the tangent at (x, ¥) is given by
Y - y=(122%-10x") (X - %) (i)
When the tangent passes through the origin (0, 0), then
X=Y=0
Therefore, Eq.(i) reduced to
—y=(12¢"-10x*) () = y=12+ - 104
Also, we have y =42 — 24
: 1228 —10#° =42 - 24°

= 82 -8+ =0

= P -2 =0

= £r-1)=0

= x=0,+1

When x=0, y=4(0)° —-2(0° =0. When x=1,
y=4(@1) -2(17° =2

Whenx=-1, y=4 (-1 -2(-1)° =—

Hence, the required points are (0, 0), (1, 2) and (-1, -2).
23. Given curveis y=2x"-x+1
On differentiating w.r.t. x, we get

—=4x-1
dx

IIT-MATHEMATICS, |

24.

25.

26. -

27.
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Since, this is parallel to the given curve y =3x+9.
. These slopes are equal.

= 4x-1=3 = x=1

Atx=1, y=2(01)0°-1+1 = y=2

Thus, the point is (1, 2).

Equation of the curve is x%y* = a*.

On differentiating w.r.t. x, we get

x22yﬁ + y?ﬂx:O
dx

dy _-vy
dx «x

- @l
dx(_avu) -a

Therefore, length of subtangent at the point (-a ,a)

B
dx

Givencurveis xy=c ...(1)
On differentiating w.r.t. x, we get
dy - I
dx 2%
dy _yx(-o® _ -yc
d

{from Eq. (1),x= é]
Y

Length of subnormal = y

_oyy Y
¢t &

-, Subnormal varies as y°.

y=2-38"-9x+5

On differentiating w.r.t. x, we get

D _32_6x-9
dx

Since, tangent is parallel to X-axis.

dy
o0 = 3x%-6x-9=0
dx *

= (@+1)x-3)=0 = x=-1,3

Given curveis x=3t*+1,y=¢" -1

Forx=1, 3t’+1=1 = ¢=0
dx dy 2
=6t —= =3¢
dt dt
. I
NOW, ﬂ: i :3_t:£

de |dx| 6t 2
dt

(QJ L
dx)i-g) 2
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28. We have, x=gai’= % =2at

and y=2at = ﬂ:Za
dt

Slope of tangent = 2 = 2_a = 1
dx 2at ¢
1
= — =0

t

= t=0= Point of contact is (0, 0).
29. Thegivencurveis (1+x%)y=2—-x

It meets X-axis, where y=0=0=2-x= x=2

So, Eq. (i) meets x-axis at the point (2, 0).
2-x
1+ 22
On differentiating w.r.t. x, we get

dy _(1+2)D)-@-9Qy

Also, from Eq. i), »=

dx (1+2%)?
dy x*-dx-1
= & _2 7R
dx  (1+5%)°
. Slope of tangent at (2 0)—%
~. Slop g , Tran
:4—8—1:_75:_3
1+4® 25 5

. . 1.
Equation of tangent at {2, 0) with slope 5 is

1
y=0=-(x-2)
= Dy=—x+2
= x+5y=2
30. The equation of given curve is vVx + /¥ = Ja.
11 ody_ dy_ Ay

—_ = =0 — ¥
oz o)y dx . dx x

The normal is parallel to X-axis, if

dy (x1,31)

From equation of curve, y, = a
. Required point is 0, a).
31. Given curveis y=xlogx
On differentiating w.r.t. x, we get
% =1+logx

1 -1
(dydx) 1+logx

The slope of the normal = -

The slope of the given line 2x-2y=31is 1.

Since, these lines are parallel.
-1 _
1+logx

IIT-MATHEMATICS, |

(D)

32.

33,
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2

= logx=-2= x=¢
and y=—2¢"2
Coordinates of the point are (¢ 2,-2¢ 2.

Given curve is

x=a(t+sint),y=a (1-cost)
dx
dt
dy dyldt  a(sint)
dx dxldt a(l+cost)

dy .
=a(l 1),—= ¢
a(l+cost) 2t a(sin t)

2sin£u::osE
t
=——= & —{an—
2 cos” = 2
2

X,

=a(l-cost). |1+ tanz[éJ

=a (1-cost)sec i]
2
i

=2a sinz(ij se )
2 2

=2a sin(iJ tan E]
2 2

Given curve is y = %

2
Length of the normal = y,(1+ [?)

On differentiating w.r.t. x, we get
D _gpx [@) =2¢"=2
dx %) 0.1

Equation of tangent at (0, 1) with slope 2 is
y-1=2(x-0) = y=2x+1

This tangent meets X-axis.

E y= 0

= 0=2x+1 = x= —%
) . . 1
Coordinates of the point on X-axis is [— 2 ,OJ.

Given curveis y=22"—x+1.
Let the coordinate of P are (A, k).
On differentiating w.r.t. x, we get

dy
dx

=4x-1

At the point (A, k), the slope = [ﬂj =4h-1
X/ (h k)

Since, the tangents is parallel to the given line
y=3x+4.

= dh-1=3 = h=1%k=2

.. Coordinates of point P are (1, 2).
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35. Length of subtangent =y ?
Yy

and length of subnormal = y %
x

Product = y?
= Required product is the square of the ordinate.

36. Slope of the curve at an angle 6 = ?% is

Q 3n

=tan—=-1
dx 4
Slope of the normal = —
dyldx
(™
dx 3,4)
o~ f@=1
37. The equations of given curves are
§=ia" ...(0)
and y=>b" ...(11)
From Eq. (i), m, = 9y =a*loga
dx
and from Eq. (i), my= Zy b* log b

From Eqgs. (i) and (i1), we get

ax = bx
= x=0
Let a be the angle at which the two curves intersect.
tano =172
1+mym,
_ a*loga—-b*logh
1+ a*b*(log a)(log b)
a
log—
.
1+ (log a)(log b)

38. Given equation of curveis y = be ¢ ...(d)
Since, the curve crosses Y-axis i.e., x=0.
= y=1be?
= y=>
On differentiating Eq. (i) w.r.t. x, we get

Q — __b e_xja
dx a
At point ©, b) [QJ _—byoa_=b
.. Required equation of tangent is
y-b= =0 (x-0)
a
= L i
b a
X .Y
= —+==1
a b

IIT-MATHEMATICS, |

IIT-MATHEMATICS
Tpplicafon of D ertoafives

39. Given curve is 2° —8a?y =0.
On differentiating w.r.t. x, we get
3:2-8a2 % _g
dx

dy 3x%

= ===
dx 8a

I 1 8a’

*. Slope of the normal = e T SR
P (dy) 32 3a°
2

8a?

40. Given equation is
y—€2+x=0= € =x+y
On taking log both sides, we get
log (x+ y) = xy
On differentiating w.r.t. x, we get
1 (1 " QJ dy
x+y dx

dy[ 1 J 1
= — =g =iy ——
dx\ y+x y+x

dy _y(y+x)-1

=
dx 1-x(y+x)

Since, the curve has a vertical tangent.
ﬂ:co = 1-x(x+y)=0
dx
which is satisfied by the point (1, 0).
41. Given curve is y* + 3x% =12y
On differentiating w.r.t. y, we get

3529 6x-12%
dx dx
= Q(3y2—12)+6x=0
dx
- dy _ 6x .
dx 12-3y
i dx _12- 3y?
dy 6x
Since, tangent is parallel to Y-axis.
L R 12-3y*=0
dy
=5 Y=4 = y=£2

Then, at y=2,:c=ii

NE]

At y=-2,xcannot be real.

. .. 4
. The required point is | + —,2|.
i [ 73 J
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42. Curveis Y’ =px® + ¢

2yﬁ=3‘wc2
dx

N (ﬂ} _3p4

dx)p s 2-3
= 4=2p
= p=2
Also, curve is passing through (2, 3).
: 9=8p+gq
= q=-17

e (px Q) iS (2 T 7)'
43. Given curve is y = f(x) = x*+ bx—b.

On differentiating, we get % =2x+b
x

The equation of the tangent at (1, 1) is

dy
y-1= (—J (x-1)
dx wn

= y=1=(b+2)(x-1)
= @+bx-y=1+b
L x Yy
(1+b) 1+b
2+b)
1+b

So, OA=—— and OB=-(1+b)
2+b

Now, area ofAAOBfl-;‘Lb-[ 1+b)]=2 (given)

4@2+b)+(1+b)>=0
8+4b+1+b%+2b=0
b*+6b+9=0
(b+3)*=
b=-3

ISRV U VR

K
¥

The tangents cuts the curve again at (x;, ¥5)

. Slope of tangent = 27N

) _xl _Y2mn

y1 X2—h
Also, # +3 =a®and® + ) =a’
= RrR =B+

IIT-MATHEMATICS, |
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= Y- 3 1
5 -2
. -n_ x§+x§+x1xz
N X M tYet N
N Ntttk
= XN RNy = 0+ B+ Yiax
= ) - =0 (6~ Ty)
= X + Yol =40
= By
noon
45. Equation of given curves are
y=sinx ...(1)
and y=cosX ...(i1)

On solving Egs. (i) and (ii), we get

x=—
4

. . . . 1
*. Point of intersection of curves is (E ,—].
4’2

For y=sinx, @=c03x
dx
dy} 1
= 2 —=-m (say)
[dx x=n/4 "/§
For y=cosx, Q——sinx
dx
dy] 1
= = =——=m (say)
(dx x=n4 ‘E :
.1 2
_m-my 2 22
tan 0= = Na
T+mmy 111
V2 V2 2
= tan0=2v2 = O=tan"' 2+2)
46. Let the curves intersect at (x;, y;).
2
Therefore, ﬁz - y_2 =1 = 2: 22' dy
a” b a® brdx
2
- dy_bx
dx a%
= Slope of tangent at the point of intersection
b2
(my) = 2Aa
a’y,
Again, xy=¢* = xﬂ+y=0 = dy _y
dx dx x
= my= ~h
N
For orthogonality, m; xmy=-1
2
= — =1 or a’-b*=0
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47. y is an increasing function throughout its domain, if

48.

49,

¥' >0 throughout the domain.

Given, y=log(l+ x)—

x

@+x)

On differentiating, we get dy = 4 log(1 + x) - 2
dx dx 2+x

d d
@+ x)a(Zx) —2xa @+x

1

T 1+x @ + x)?

1 4+2x 2 1 4
l+x @+9° l+x @+2°

_ (2+x)2—4(1+x)=4+x2+4x—4—4x
(1+20€ + x)? 1+ 0 + x)°
2
X

- 1+ 0@+ x)?

When, x € (-1, ©), then ——— * >0and(1+x)>0
@ + x)*

¥y >0 whenx>-1

Hence, yis an increasing function throughout (x> -1)
its domain.

Equation of given curve is

Ji3,xeR, (x %+ 3) ()

y=
x2

On differentiating Eq. (1) w.r.t. x, we get
dy  (*-3)-x@x) (-2°-3)
dx (x* - 3) (x* - 3)

It is given that tangent at a point (a, ) # (0,0) on it is
parallel to the line 2x+ 6y - 11 =0.

*. Slope of this 1ine=—g=@
6 dxl, p
- _ o431
(0® - 3)* 3
= 3a+9=a"-6a%+9
= a'-9a%=0= a=0,-33
= a=3o0r-3, [ o #0]
Now, from Eq. (1), B=
q. @), B 2 3
3 —3 1 1
= fp=——or —or ——
9-3 9-3 2 2
According to the options, |6 a + 2p =19 at
1
B =[+8,+=
w-[51)
Given curveisy = f(x) =4 —x*—2x ()
So, f)=1-1-2=-2
and fE1)=-1-1+2=0

Since, slope of a line passing through (x;, ») and
(x2, yo) 1s given by

IIT-MATHEMATICS, |

50.

51.

IIT-MATHEMATICS
Thpplicetion of D erivsiives

m=tan@=22"21
X=X
..Slope of line joining points (1, f(1)) and (-1, f(-1))is
_f-fE1) _-2-0_
1-(-1) 1+1
Now, d—i =3x* —2x-2

[differentiating Eq. (i), w.r.t. ‘%]
According to the question,
D= 3P 2x-2--1
dx

= 3%*-2x-1=0
= x-1)Bx+1)=0 = x:l,—%

Therefore, set S = {—% s 1}.

Given equation of curves are

y=10-x> (1)
and y=2+x° ..(id)
For point of intersection, consider

10 -2" =2+ &
= 247 =8
= F=d=x=%2

Clearly, when x=2, then y=6 [using Eq. (i)]
and when x=-2, then y=6

Thus, the point of intersection are (2, 6) and (-2, 6).
Let m, be the slope of tangent to the curve (1) and m,
be the slope of tangent to the curve (ii)

For curve (1) 4] = —-2x and for curve (ii) 2] =2x
dx dx

- At (2, 6), slopes m; = -4 and m, =4, and in that case

|tan 6] = [mZ my _|4+4|=£
1+ mmy| [1-16] 15

At (-2, 6), slopes m; =4 and m, = — 4 and in that case

anal= e s
1My

The equations of two curves are

@ -3x%+2=0 (i)
and 3xly -y —-2=0 )
On differentiating Egs. (i) and (ii) w.r.t. x, we get

dy) _¥' -y

(dﬂCJq S 2 xy

and [QJ = —2xy

dx/g, xF -y

2 .2
Now, (@] X {ﬂj B —2 xy2 =-1
dx)g, \dx)g, 2xy NaxP-y

Hence, the two curves cut at right angle.
I— I | wr-see | neer | cose |
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52. We have, y=x+ iz
X
On differentiating w.r.t. x, we get
dy_,_8
dx 2

Since, the tangent is parallel to X-axis, therefore

L

dx
= x=2 and y=3
53. Given that,x=a(1+cos®), y=asin

On differentiating w.r.t. 6, we get

@=a(—sine) and @=acose
do de
dy -cos®
dx  sin@
-1

- Slope of - -t
OPe oL NOTMAL =~ o8 O/sin 0)

Equation of normal at the given points is
y—asin 9:M [x—a(l + cos 0)]
cos 0
It is clear that in the given options, normal passes
through the point (a ,0).
54. Given that, x= a (cos 8+ 9sin 8)

and y=a (sin 8- 0 cos 0)

On differentiating w.r.t. @ respectively, we get
% =a(—sin 0+ sin 0 + 0 cos 0)

dx

= — =qabcos 6 (D)
do

and @:a(cosefcos(-H 0sin 0)
do

= dy =afsin 6 ...(11)
do

On dividing Eq. (ii) by Eq. (i), we get

dy
—=tan
dx

Since, slope of normal = - ? =—cot O

So, equation of normal is

y—asin 0+ abcos 6=— C?SB(x—acose—a Bsin 6)

s1n

= ysin 8- asin® 0+ ab cos Bsin O
=—xcos 0+ acos? B+ afsin 8 cos O
= xcosB+ ysinO=q

So, it 1s always at a constant distance ‘e’ from origin.

55. - y=2"-5x+6

Now,

IIT-MATHEMATICS, ,

56.

57.

IIT-MATHEMATICS
Tpplicefon of Derisifirey

and

Now,

mmg=-1x1=-1

Hence, angle between the tangents is g

Given equation of curve is
Lo 2xy—3y2:0 (1)
On differentiating w.r.t. x, we get
2x+ 2xy'+2y-6yy' =0

,_ Xty
= =277
¥ 3y—x
At x=1 y=1 y'=1
le [—yJ =1
dx 1,1
Equation of normal at (1,1) is
1
-l=—-=(x-1
y 1( )
= y-1l=—(x-1)
= x+y=2 ...(1d)

On solving Eqs. (i} and (ii) simultaneously, we get

P +2x2-2)-32-202=0
Ctdx-20" -3+ -40) =0
%+ 4x-12-3x2+12x=0

-4x" + 16x-12=0

45" -16x+12=0

o -4x+3=0

(x-D(x-3)=0

x=13

L A

Now, when x=1, then y=1
and when x=3,then y=-1
P=(1,1)and@=3,-1)

Hence normal meets the curve again at (3, —1) in
fourth quadrant,

: X
Given, y= ID || dt
d
& xl
dx
Since, tangent to the curve is parallel to line y =2x.
= 9y _y
dx
x=+2
. +2
. Points, y:jo |¢|dt=%£2

.. Equation of tangents are

y-2=2(x-2)
or y+2=2(x+2)
For xintercept, put ¥y =0, we get
0-2=2(x-2)
or 0+2=2(x+2)
= x=*1
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58.

59.

60.

61.

Tangmﬁt0x2+9y2=93tpdnt(§%§’%Jis

(3\2@ +9 {2J ?

3V3x+9y=18
x+8y=2V3
Given curve is
Yx-2)x-3)=
Put x=01n Eq. (i), we get
¥-2)(-3)=6= y=1
So, point of intersection is (0, 1).
x+6

(x-2)(x-3)
@=1(x—2)(x—3)—(x+6)(x—3+x—2)
dx (x-2)%(x-3)*

(@} _6+30_36 _

4x9 36
.. Equation of normal at (0, 1) is given by

x+6 ..(1)

Now, y=

y—lz_Tl(x—O) = x+y-1=0

. . 11
which passes through the point [5 : 5)

We have, y*=6x = 2yﬂ=6:> Q=§
dx dx y
Slope of tangent at (x;, ) is my = 3
N
Also, 9% + by2 =16
= 18x+ 2byﬂ =0
dx
- dy 9%
dx by
Slope of tangent at (x;, »,) is
my = 7_91.1
by,
Since, these are intersection at right angle.
mmy=-1= 27_x1 =1
byl
27x, 2
= —=1 ) =6
6bx, [ 21 =6x]
= b= 9
Given parabola is ¥ =8 y ...(1)

Now, slope of tangent at any point (x, ¥) on the
parabola (i) is
dy «x
—=—=tan0
dx 4
[ tangent is making an angle 8 with the positive
direction of X-axis]

IIT-MATHEMATICS, |

62.

63.

64.

IIT-MATHEMATICS
Tpplecafion of D erionfives

x=4tan® = 8y = (4 tan 0)
[on putting x=4 tan 0in Eq. (i)]

So,

= y=2tan®0
Now, equation of required tangent is
y—-2tan®0 = tan 0 (x—4 tan 6)

= y=xtan0-2tan’0

= x=ycot0+2tan6

The given curve is y = x* —5x+5 (i)

Now, slope of tangent at any point (x, y) on the curve is
dy ..
— =2x-5 ...
I (i1)

[on differentiating Eq. (i) w.r.t. ]
-+ It is given that tangent is parallel to line
2y=4x+1

dx [-- slope of line 2y = 4x+ 1 is 2]

= 2x-5=2=2x=7T> ng
On puttingx:%in Eq. (i), we get
_49 35

4 2 4 2 4
Now, equation of tangent to the curve (i) at point

_69 3 _ 1

7 1 . .
— —— | and having slope 2, is
= g slop

1 7 1
t—=2|x——| = y+—=2x-T
My [ 2) "

= y= 2x—?

...(i11)
On checking all the options, we get the point [% ,— ]

satisfy the line (iii).

Given equation of curve is y = xe”2 ...(1)
Note that (1, €) lie on the curve, so the point of contact
is (1, e).
Now, slope of tangent, at point (1, e), to the curve (i) is

d. 2 2

B _@@x) e +€ )y, 5 =2e+e=3e

dx (1 ,e) !
Now, equation of tangent is given by

(y-n)=m(x-x)

y—e=3e(x—-1) = y=3ex—2e

On checking all the options, the option (g , 29) satisfy

the equation of tangent.

1+sinx ( n}
——,x€|0,=
1-sinx

We have, f(x) = tan ™’

= f(x)=tan™!

2 2

2

X . X
COS — —S81n —
( 2 ZJ
\ S]n-ZDIH
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x . X
cos — + sin =
1 2

=tan! tan(z+f) BT
4 2 4 2

> r@-;= f[§)=%

Now, equation of normal at x = g is given by

which passes through (0, 2?“)

65. Let y=x"
On differentiating w.r.t. x, we get

Q:x"(1+logx)
dx

For increasing function, % >0
L

= X(A+logx)>0 = 1+logx>0

1 1
= log,x>1log,— = x>-
e e

L : 1
Function is increasing when x > —.
e

66. ‘. g(x)=min (x,x%)

x,x<0
g ={x%0<x<1
x,x>1
Y
y=x ,_x
11
X 0 X

Clearly, g(x)is an increasing function.

67. Given, f(x)=1+x|x|
(1+|x|)-1—x-|———|
P
=—(1+|1x|)2>0,VxeR

= f(x)is strictly increasing.

IIT-MATHEMATICS, |

=tan~
X X
COS — — 81In —
2 2
cos£>sin’~cfor 0<’—C<E
2 2
1+tang—c
=tan~! :?c
1 -tan —
2

-Gl —2(-3)

T n n 4n T
'.'f —_—=E—t —=—= —
6 4 12 12 3

]

|

68. -

70.

71.

72.

73.

IIT-MATHEMATICS
Thpplecafon of Deorivafives

f(x)=x+ cos x
On differentiating, we get f'(x) =1 —sin x
f' (x) >0 for all values of x
[ sin xis lying between —1 to +1]
.~ f(x)is always increasing.

. Let f(x)=24" —6x+5

On differentiating w.r.t. x, we get

f'(x)=6x*-6
Since, it is increasing function.
= 62 -6>0
= (x-1)(x+1)>0
= x>1 or x<-1

Let f(x) = 3 sin x — 4 sin® x =sin 3x
Since, sin xis increasing in the interval [— g " g] .

~Dzopsf s . Tey
2 2 6
Thus, length of interval = ‘g - (— g)

IA
oA

w(a

v f@x) = x¢™1 =%
On differentiating w.r.t. x, we get
fre) =12 4+ x.e1"9.(1-2x)
=19 {1+ x(1-24)
=19, (222 + x+1)
It is clear that ¢! ~® > 0 for all x.
Now, by sign rule for -2x% + x + 1

£ 2) >0, ifxel:—%,l].

So, f(x)is increasing on [— % ; 1] .

() =81n (- 1) - 31n (x+ 1) - ——
x—1
o 3 3 2
=21 i (x—1)°
=221 _ nmeo

(x-1)%*x+1)

= xe(—oo,—l)u[%,lju(l,oo)

-l 2]

—isin[zj
x> x
f'(x)>0
%sin(gj >0=sin x>0
X X X
2nn<£<(2n+ n
x

1 1

<x<
2n+1 2n

o A E,P e
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74. f(x) = (sin® x + cos® x) - 2 sin® x cos® x
=1- L sin?2x
2
Now, evaluate f’ (x) and decide monotonicity.
= f' (x) = —sin2xcos 2x (2) = — sin4x

f is increasing when ' (x) >0

= —sindx>0 = sind4x<0

n T
= n<4x<2n=>z<x<§

m 3n
= —<x<—
4 8
75. f""(x)>0

= f'(x)is increasing function and

g @=0x-2)[f (**-2x+8) - f' (14 + 2x — %)
For g'(x) >0

(@) x>land x> -2x+8>14+ 2x- x*=> x e (3, )
or (i) x<landx?-2x+8<14+2x-x*=>xe(-1,3)
s From (i) and (i) xe [-1,1] U [3, ®)

76. Given, f(x) = log (cos x)

= f'()= L (-sinx) = —tan x [differentiate w.r.t. x]
cos X
In interval (O, g), tanx>0 [. tanxisin Ist quadrant]
= —tanx <0 [.tan xisin Ist quadrant]
f'(®) <0in (o, 5)
2
Hence, fis strictly decreasing in (O, g)

Also, in interval (g ; n), tanx<0 = —tanx>0
[~ tan xis in IInd quadrant]
f'(x)>0in (E,n)
2
Hence, fis strictly increasing in [g ,n).

77. The graph of cosec xis opposite in interval (2 3;)

Y
T 2n X
0| m/2 | 3m/2
-1 / \

IIT-MATHEMATICS, ,
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78. Let f(0) =24 -9x*+12x+4
= f'(x)=6x"-18x+12
[ (x) <0 for function to be decreasing

= 6 (x> -3x+2)<0
= (x2—2x—x+2)<0
= x-2)(x-1)<0 = 1<x<2

79. Given curveis f(x) = M log(1 + x)
x+1

On differentiating w.r.t. x, we get

ot 1
fre= (x+1)? l+x

= f'(x)=—[i+ ! }

x+1 (x+1)°

= f'(x) =-ve, when x>0
. f(x)1is a decreasing function.

80. .+ f(x)=sin x—cosx

On differentiating w.r.t. x, we get
f'(x)=cos x+ sin x

_J_(J_ oS X + \/1.2.smxj

=2 (cos 2 cos X + sin g sin x)

<ol

For decreasing, f' (x) <0

E<(x—£)<3—7t [within 0 < x <2 7]

2 4 2
T T ( n n) 3t =
= —+—=<|x-—+—=[<—=+=
2 4 4 4 2 4
3n n
= —<x<—
4 4
81. Let y=x"*
On taking log on both sides, we get
1
log y=~log x
x
=5 lﬂ=l_logx=1—logx
ydx x* x2
5 2=x]”‘ (l—lggx]
dx X
Now, x/* > 0 for all positive values of x
and 1—1;)gx>0in 1, ¢
1-logx ..
and <0in (e, 0
2 (e, »)

. f(x)is increasing in (1, ¢) and decreasing in (e, «).
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82. f(x)=(4a -3) (x+ log,5)+ (@ — T)sinx
f'(x)=@a-3)1)+ (@-T)cosx=0

3-4a
= cosx =
-7
- 3-4a 1
a-17
= 3-—4a+120
a-17
=g 3-4a+a-"17 0
a-17
-3a-4
= 2
a-17
and B
a-17
= A0
a-17
3-4a-a+ 17
= — <0
a-"7
- —5¢z+10<0
a-17
ax 5:1—10>0
a-"17
= M)O
a-17

% o el:—g,2)
3

Check end point [— % ,2)
83 g ()= 2x{f’ [g] -f6- x‘*’)}

Case 1 §>6—x2:x2>4

= xe(-0,-2)U(@2,»)

= f[gj >f6-x)

= f’[%]—f'(G—xzbO

if x>0=2g'®>0=>xe@,x)
if x<0=>g'®<0=>xe(-x,-2)

Case II —;—2<6—x2:>x2<4:>xe(—2,2)

= f[xz) fr6-25)<0
if x>0= g'(x)<0=>x€(0,2)

if x<0=g'®>0=>xe(-2,0)
For g(x) decreasing x € (— 0, —-2) U (0, 2).

IIT-MATHEMATICS, ,

85.

86.
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f(x)zksinx+6cosx )

2sinx+ 3 cos x

On differentiating w.r.t. x, we get
(2sin x+ 3 cos x) (A cos x—6sin x)
@ —(Asin x+ 6 cos x) (2 cos x—3sin x)

(@sin x+ 3 cos x)*
The function is monotonic increasing, if [’ (x) >0
= 3. (sin®x+ cos®x)—12 (sin®x+ cos®x)> 0
= 3L-12>0 [ sin®x+ cos®?x=1]
= A>4
The given functions are
f(@)=¢ —x and gx) =x*>-x,VxeR
Then, h(x) = (fog)(x) = f(g(x))
Now, h'@)=f"(g() g (®)=(-1)-@x-1)
=@ P _1ex-1)
=@V -1)@x-1)
-+ It is given that A(x) is an increasing function, so
h' )20 = (*V-1)@2x-1)>0
CaseI 2x-1)>0and (Y -1)>0

= xzé and x(x-1) >0

=xe[l/2,0)and xe(-x,0] U[1,®), soxe[l,®)
Case Il @2x—1)<0and [¢* "V -1]<0

= xséandx(x—l)so

= xe(-

From the above cases, x e[ ;] U [1, ).

w0, 1] and x € [0, 1], so xe|:0, 1]
2 2

Given, ¢x)=fx)+ f2-x),Vxe(0,2)

= Y@=f®-fQ2-x .. (i)
Also, we have "' (x) >0V x€(0,2)

= f'(x)is a strictly increasing function

Vxe(©,2)
Now, for ¢(x) to be increasing,
@20
= ff@®-f2-220 [using Eq. (i)]

= ff)2fQR-x=> x>2-x
[+ f'1is a strictly increasing function]
= 26>2 = x>1
Thus, ¢(x) is increasing on (1, 2).
Similarly, for ¢(x) to be decreasing,
¢ (x)<0

= f@-f@2-x<0 [using Eq. (i)]

= ff@W<f2-x)=> x<2-x
[+ f'is a strictly increasing function]
= 2x<2 = x<1

Thus, ¢(x) is decreasing on (0, 1).
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x B (d-x)
@+ B+ d-2)"7
Differentiating above w.r.t. x, we get

@+ A2 xl 2x

87. We have, f(x) =

o 2 (a®+ 22
F@= @+
®*+ (d - )"*-D - (d - x)%
- ® + (d - )
[by using quotient rule of derivative]
_@’+d -2 b+ (d-2'-(d-x)
- (a2 + xz)afz (b2+ (d—x)z)m
a? b?

- 0,V xeR
@+ 2P M b2+ - 0" >0 Ve

Hence, f(x)is an increasing function of x.

88. Since, f(x)is a positive increasing function.

= 0<f(x)<f@x)<f@Bx)
= 0<1l< _f(2x) < _f(3x)
f) [

- lim 1 < lim £@9 ¢ Jim £6%)
e Sxhe @) xe )

By Sandwich theorem, lim f@x

xow f(x)

=1

89. Since, f(x)=tan™! (sin x + cos x)

On differentiating w.r.t. x, we get

@)= !

1+ (sin x + cos x)*

(cos x —sin x)

V2 {cos X COS g —sin x-sin g}

1+ (sin x + cos x)*
‘\'[5 Ccos (x + ‘2)

1+ (sin x + cos x)°

For f(x) to be increasing,

m T T 3n b
——<Xt+t—<— = ——<x<—
2 4 2 4 4

Hence, option (b) is correct, which lies in the above
interval.

90. - f(x)=+" -6x" +ax+ b
On differentiating w.r.t. x, we get
fr=3x"-12x+a
By the definition of Rolle’s theorem

floo=0 = f'[2+L} =0

V3

1) 1

= 3|12+—=| -12|2+—=|+a=0
2o 5) 22+ )
1 4 1

= 3|4+ -+—=|-12|2+—=|+a=0
( 3 Jﬁ) ( J§]

- 1241443 -24-43+a=0=a =11
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91. [*f' Wdx= (£ =@~ f1)=0
[ f(x) satisfies the conditions of Rolle’s theorem]
f@=rfQ
92. Since, f(x) satisfies all the conditions of Rolle’s theorem
in [3, 5].
Let f(x) = (x-3)(x-5)
=2*-8x+15
Now, j; f(x)dx= I:(xQ—Sx+ 15)dx
5
= [1'3 - g + 15x:|
3 2 5

= [%-wm 75]—(9—36+45)

50 g4
3 3
93. From mean value theorem f*(c) = M
-a
Given, a=0 = f(a)=0
1 3
and b = E = f(b) = g

Now, [f'(x)=(x-1)(x-2)+x(x-2)+x(x—1)
f' () =(c-1)(c-2)+ clc-2)+ c(c-1)
=c-3c+2+c-2¢c+-c
= fl(©=3c-6c+2
By definition of mean value theorem
fo=101@
-a

= 302—6c+g=0

This is a quadratic equation in ¢

o B£Y36-15 _6+421 V21
2x3 6 6
Since, clies between [0, %]
c=1 —@ neglectinge=1+ @
6 6
94. f)=1@)
=>l-a+b-4=8-4a+2b-4
3a-b=1
fr(x)=3x>-2ax+ b
= f'(ﬂJ=0:>3x§—§a+b=O
3 9 3
= -8a+3b=-16
a=5b=8
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95. f1)=1@) = @) - (@ +12) _ "
= 1+b+c=8+4b+2c = 3b+c=-17 (¢ +12)ec
fran)=0 = 3.1_6+21,§+c=0 = -12=0 [rce(@3,4)
9 3 = c=v12  [rce(,4)]
On solving both, we get b=-5,c¢=8. e o +12)20 - (3 -12)BE + 12)
96. As f(x) =0 has three real and distinct zero, so . B - (¢ + 12)0)*
{2’ (fﬁ)e’:s ife;rg: 0 has two real and distinct zeroes by _@x12x24)-0x48) _ 1
24)*(12) 12

S

n 033 () () (]33
S ()oon 2o (2) 23]
i (3 o(3)-sn ]

3 6 6
and f'(x)>0ifx>\/§

Put f'(x) =0 < sin (g) =0 = tan (g) =1
Thus, f(x) has a local maximum at x=— \/g and local

= E=k1t,keIorf=mt+E,neI
o . J; 6 6 4
minimum at x = T o2 —10<—105%
97. Let f'(¥)=ax®+ bx+ ¢ o (x+9.75)* < 1050625
202 + 3b2® + 6 cx+ 6d o (®-05)(x+20) <0
= f@= 6 o -20< x <05
= fO)=f)= d So, the critical points satisfying the last inequality will
6 be 0, 6m, — ?22
Thus, f(x) satisfies all the conditions of Rolle’s .
theorem. So, there exists at least one a. € (0, 1) for 101. Given curve is f(x) = J' * sint dt
which f’ () =0, so ax® + bx + ¢=0 has at least one root 0
n ©0,1). On differentiating w.r.t. x, we get
98. Given function f: R— Rwith f(0)=f(1)=f'(0)=0. )= sin x
So, by Rolle’s theorem, for some c€ (0,1) f' (c) =0. x
And as f' (0) =0 and function ‘f is twice differential. For point of extrema, put f'(x) =0
So, again for some x € (0, 1). i sin x -0
f"@)=0 [by Rolle’s theorem] x
Ao = sinx=0
99. The given function f(x) = Ioge(—7——) holds the Rolle’s = = n=12,8,00
x
theorem for the interval [3, 4]. 102. Wehave, f(x)=Izl-1)G-2&-39)
So, 6)= f) ={x(x—1)(x—2)(x—3),:rc20
; 946 g 164 & -x(x-1) (x-2) (x-3),x<0
- oge( 21 )— oge( 28 J Y
9+a 16+ a
= 3 4
X 0 o X
= 36 + 4a =48 + 3a
= a=12 ...(1)
and f’ (¢) =0, for some c e (3,4) vyl
= [ x27x X Tz 0)— ng L a)7:| =0 It is clear from the figure that, there are four critical
e (72) z=c points i.e., 0,a,B,7.
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103. Let f(x)=sin2x = f'(x)=2cos2x

For maxima or minima put f'(x)=0

= 2c0s2x=0 = cos2x=0
n 3n bn Tn

=4 2x=_y_1_1_
2 2 2 2
n 3n bn Tn

= X=—y—y —y —
4 4 4 4

Thus, we evaluate the values of f at critical points
n 3n 5n Tn

x=—, —, —, — and at the end points of the interval
4 4 4 4

[0, 2],

At x=0, f0)=sin @x0)=0

At x=2n, f@nr)=sin 2 x21)=0
Atx=£, f(E]=sin[2 xﬂ]=sin5=1
4 4 4 2
Atx:s—n, ]{B—ﬂ:]=s'1n[2><3—w']=sin3it
4 4 4 2
. n
=sin|nt+—|=-sin—=-1
[++3)

=sin [27r+3—nj =sin3—n=—1
2 2

Hence, we can conclude that absolute maximum value
5n

of fon [0,2n]is 1 occurring atx:%andx:;
Let f(x)=x"-622"+ ax+9
= f'x)=4¥ -124x+a

It is given that function f attains its maximum value on
the interval [0,2] at x=1.

o ffA)=0
= 4x1® —124x1+a=0
= 4-124+a=0=>a=120

Hence, the value of a is 120.
Let f(x)=x+sin2x, f'(x)=1+ 2 cos 2x
For maxima or minima put f’(x) =0

= 1+2cos2x=0 :>cos2x=—%

b 2n
= €08 2X=—C0S — =C0S —

T n
= c052x=cos[n——],cos[n+—],
3 3

cos (31‘6 - EJ , COS (31: - E]
3 3

[~ we know that cos xis negative in second and
third quadrant]
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Then, 2x:2ni2—n,nez:2x=2—ﬂ,4—n,8—n,%
3 3 3 3 3
= x:E,2—n,4—K,5—ﬂE[O,21:]
3 3 3 3
Then, we evaluate the value of f at critical points
n 2n 4n 5m
X=—y—y—Hy—
3 3 3 3

and at the end points of the interval [0, 2x].

At x=0, f0)=0+sin0=0
Atx:E, f(E],E+ 1n—:£+sm—:5+—3
3 3/ 3 3 3 3 3 2
a2 (B) 2 gt 2 n 2
3 3 3 3 3 3 3 2
At :4_n_,[4_}:4_n 8r_dn o 2n_dn 3
3 3 3 3 3 3 3 2
Atx:—n,f(5—nj:5—n+sin&:5—n— 1n2—Tt
3 3 3 3 3
_5n_i8
3 2

Atx=2n f@n)=2n+sind4n=2n+0=2n

Thus, maximum value is 2r at x=2n and minimum
valueis 0 at x=0.

Let f (x)=[x(x-1)+1]", 0<x<1=(2-x+ 1)
On differentiating w.r.t. x, we get
1(2x-1)

1
v =L (- 5 @x—1)= 12x-1)
f(x)fs(xz x+1) @x-1) 52 _ri )P

Now, put ' (x)=0 :>2x—1=0:>x=% e[0,1].
1. s )
So, x=§ is a critical point.

Now, we evaluate the value of f at critical point x = %

and at the end points of the interval [0, 1].

At x=0, fO=0-0+1)" =1
Atx=1, fO=0-1+1)" =1
3 13
weey Q3
2 2) 4 2 4

. Maximum value of f(x) is 1 at x=0, 1. Hence, (c) is
the correct option.

flx)=4x3 —1822+ 27x— 17
fr(x)=12x"—36x+ 27 =3(4x* - 12x + 9) =3(2x - 3)?
[ (x)=0= x:% (critical point)

Since, f'(x)>0for all x < g and for all x> g
Hence, x:% is a point of inflexion i.e. neither a point of

maxima nor a point of minima. x= 2 is the only critical

point and f has neither maxima nor minima.
Since Z001...
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108. f'(x)=—3x" —24x> —45x 114. Given function is f(x)=x+ sin x
=-3x (2% +8x+15)=—3x(x+5) (x+3) On differentiating w.r.t. x, we get
fl(x)=0=x=-5x =-3,x=0 f'(®)=1+cosx

For maxima or minima put f'(x) =0

(%) = - 9x% - 48x - 45 = - 3(3x* + 16x+ 15)
= l+cosx=0 = cosx=-1 = x=n

"(0) =—45 <0. Therefore, x=0 is point of local i .. .
f"(0) 5 <0. Therefore, x=0is point of local maxima Again, differentiating w.r.t. x we get

f"‘(—‘S) =18 > 0. Therefore, x=-3 is point of local f''()=-sinx atx=m, f'' (1) =0

fmnima Again, differentiating w.r.t. x, we get

f"(=5) =—=30 <0. Therefore, x=-5is point of local frrr(x)=—cosx, f'''(n)=1

maxima .

. " At x=m, f(x)is minimum.
109. f'(§J=0:>§—1=0:>a=2 115. ¢'(x)=f'(x)+a
—x+1; x<0 CY0)=0= ff0)+a=0=a=0 [+ f'(0)=0]

110. f(|x|)=|x‘+]_ {x.‘.l s (x) {gt -2<x<0 AlSO, ¢u(0)>0 [... frr(0)>0]

f(]x|)—g(x)={—x+1—e’ —92<x<0 = ¢ (x) has relative minimum at x=0for all b, ifa =0

Say  H(x)=x+1-¢-2<x<0 116. Let the number be 3, then /(x) = — x16
+
H (x)=-1-¢"<0forallxe[-20).
® <Oforallze(=24) On differentiating w.r.t. x, we get
So, H(x)is maximum at x= —2. 2+ 16)-1-x@x)
So, its maximum value at x =-2, f&)= (o + 16)2
H(x)=4(72)+1ue-2=3A% _ P +16-2%°
(* +16)°
111, f'(x)=25x"" (1-x )" - 752" (1 —x)" 16 - 22 _
=25 (1-x)™ [(1-x)-34] T @+ 16y 0
=250 (1-x)™ (1-4x); Put f' (x) =0 for maxima or minima
f'(x) changes sign about — only [@=0 = 16-x"=0 = x=4,-4
4 Again, on differentiating w.r.t. x, we get
112. Given,  f(x)=x" = log f(x)=-xlog x () = (% + 16)® (-2x) - (16 — 29 2 (x* + 16) 2x
On differentiating w.r.t. x, we get (= +16)*
——f'(x)=-logx-1 Atx=4, "' (x)<0
f( ) - f(x)is maximum at x=4.
= f'x)=-f(x)( + log x) and at x=-4, f'"(x) >0, f(x)is minimum.
' _ _ I |
Put f (@) =0=logx=-1 = x‘i . Least value of f(x) = 6 +416 —%
" f"(x)=—f’(x)(1+logx)—f(x); i
f(x) 117. Given, f(x)=ax+ —
= f(x) (1 + log x)* - =~ x
) , On differentiating w.r.t. x, we get
P L — — 1 ’ b
Atx_e,f (x)= ef[e)<0,max1ma f(x)=a—?
1 . .
Hence, at x = - f(x) is maximum., For maxima or minima, put f' (x) =0= x= \/E
a
113. - y=a(l —cos x) Again, differentiating w.r.t. x, we get
On differentiating w.r.t. x, we get £ (x) = 2b
y' =asinx (1) X
Put y' =0 for maxima or minima, At x= JE’ " (x) = positive
sinx=0= x=0,n a

Again, differentiating w.r.t. x of Eq. (i), we get = f(x)is minimum at x = \ﬁ .
a

y'=acosx=>y'(0)=aand y''(n)=-a b
. f(x) has the least value at x= F .

A - I) Slnn2ﬂl1|
D A\ oy B

Hence, yis maximum when x = 7.
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118.

119.

120.

121. -

Given, -4)e* di

f@=[", «

On differentiating w.r.t. x, we get
frx)=(@"-4)e™
For maxima or minima, put f' () =0=> x =+ /2, +/2
Again, on differentiating w.r.t. x, we get
frrx)=-4(x" —4)e™ + dale™
At x=+2 and x=—+2, the given function has two
extreme values.

f'(x)=-asinx+ bsec’x+ 1
Now, f'(0)=0and f'[ﬁj=o

a 4b

= b+1=0and-—+—+1=0=b=-1, a——g
2 3 3

Given, f(x)=cos®’x+sinx, x [0, n1]
Now, f'(x)=2 cos x (-sin x) + cos x= —2sinxcosx + cosx
For maximum or minimum put f'(x)=0

= —2sinxcosx+ cosx =0

. . 1
= cosx(-2sinx+1)=0=> cosx=00rsmx=§

= X =

oA

n
E’
For absolute maximum and absolute minimum, we
have to evaluate

f0), f[g} f [g] f (@)

Atx=0, f(0)=cos’0+sin0=1%+0=1

BY 15
Atx:f,f[Echos2(E]+sinE= Yl ys=2-125
6’6 6 6 | 2) 2 14

Atx:E,f[E):cosz(E]+sinE:02+1=1
2 2 2 2

Atx=m f(n)=cos’n+sinn=(-1)2+0=1
Hence, the absolute maximum value of f is 1.25

occurring at x = % and the absolute minimum value of f

is 1 occurring at x =0, g and 7.

= frer?

On differentiating w.r.t. x, we get

f'(x)=4+ x+x2—x(21);-2x)

“4+x+x
4-x

@+ x+ x%)? N

x=2,-2

Both the values of x are not in the interval [-1

fEeD) = -l

For maximum, put f'(x) =0=>

=
1]

-1+1 4
1 .
= (maximum)

f)= 8

4+1+1
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Given, f(x)= X log x

On differentiating w.r.t. x, we get
ffx)=Qlogx+1)x

For a maximum, put f'(x)=0

@logx+1)x=0 = x=¢"%0

-1/2

=

0<e <1
None of these critical points lies in the interval [1, €] .

So, we only compute the value of f(x) at the end points 1
and e.

We have, f(1)=0, f(e)=¢é
Hence, greatest value of f(x) = é*

We have, f(x)=|px—-ql+r|x|,xe(-w,x)

-px+q-rx , x<0
={-px+q+rx , O0<x<qglp
px—-qg+rx , gqgp<x
vt
y =1 o i
0 x)
H
9 qlp ol qlp
whenr =p whenr <p
(@) (b)

ol

qlp
whenr > p
(©
Thus, f has infinite points of minimum, if r = p.
Incase, p # r, then x = 0is point of minimum, if r > pand

x=2is point of minimum, if r < p.
p

Given function is f(x)=9x* + 122® — 36x% + 25 = y (let)
For maxima or minima put % =0
X

dy

- =364 + 36x% - 72x=0
dx

=8 + x5 -2x=0>xx® + x-2] =

= x[x+ 2 - x-2] =
= x[x(x+2) - 1(x+2)] =0
= x(x-Dx+2)=0=>x=-2,0,1
By sign method, we have following
-+, -+
2 0

. d . . ..
Since, d_y changes it’s sign from negative to positive at
X

x= ‘—Zd’ and ‘1’, so x = -2, 1 are points of local minima.
Also, d—y changes it’s sign from positive to negative at
x

x=0, so x=01s point of local maxima.
S, ={-2,1} and S, ={0}.
I ] I -, JEEl NEET | CBSE
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130. Given functions are f(x)=5—-|x-2|

and g@=|x+1], wherexeR.
Clearly, maximum of f(x) occurred at x =2, so o =2.
and minimum of g(x) occurred at x=-1, sof=- L
= af=-2
(x=1) (x* - 5x + 6)
2 —6x+8

— lim k- x-3)x-2)

% —>2 (x—4) (x-2)
~ Lim (x—1) (x-3)

=2 (x-4)
S 2-1@e-3
To@e-e (2 2

131. We have, f(x) =322 —18x + 27x —40

= £ =9x% - 36x+ 27
=902 —4x+3)=9(x-1) (x-3) )

Now, lim
x——ap

[ of=-2]

1x(-1) 1

Also, we have
S={xeR:x*+30<11x
Clearly, ©L+30<11x
x®-11x+30<0
= x-5)(x-6)<0=>x¢e5,86]
So, §=1[5,6]
Note that f(x) is increasing in [5, 6]
[+ (x)>0for xc[5,6]
- f6) 1s maximum, where
f6) =36y - 18(6)% + 27(6) -40 =122
132. We have,

f@ =+ Sand g =x-2 = h@w =12
¥ x £

2
x2+§ [x—lJ +2
h@)=—r—= x1
x__.

N h(x)=(x—1J+ 21
oc—1 >0, (x—l]+

x x
x—l <0, (x—lJ+

x x

. Local minimum value is 2+2.

E[Q\/E,OO)

e(—oo,Z«/ﬁ]

r— =
X

133. Since, the function have extreme values at x=1 and

x=2.

o ffix)=0atx=1 andx=2
= ff)=0and f'@)=0
Also it is given that

IIT-MATHEMATICS, |
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11m[1 + @} =3

x—0 xz
fx) fx)
= 1+}61_1;n.x2 3:>£_1;%x2 =2
= f(x) will be of the form
axt + b + 247

[ f(x)is of four degree polynomial]
Let  f(x)=ax®+ b2 +2¢7
= f'()=4a +3bx% + 4x

= [[D=4a+3b+4=0 ...(0)
and f'(2)=32a+12b+8=0
= 8a+3b+2=0 L. (i1)
On solving Eqgs. (i} and (ii), we get
a=l, b=-2
flx) = —72x3 + 2%°
= f(2)=8—16+8=0

134. Here, x=-1and x =2 are extreme points of
f &) =aloglxl+px*+x, then

f'(x)=E+2Bx+1
x

A f D) =-a-2B+1=0 o (0)
|at extreme point, f' (x)=0]
and f’(2):%+4[3+1:0 ... (i)
On solving Eqs. (1) and (ii), we get
1
-2 B=—=
a=2,p 2

135, Here, f(x)= J';'\.E sin ¢t dt, where x e [0, 5%)

f' () = {Vx sin x -0} (D)
[using Newton-Leibnitz formula]
fr@)=vxsinx=0 = sinx=0

x=m,2r

f(x) = Jxcosx+
@) =-+m <0

So, f(x) has local maximum at x = .
frén) =vJn>0
So, f(x) has local minimum at x =2mn.
136, - E+2<1
kh<-1

1 .
—=Ssmnx
2x
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137. Given, y=x5?
dy 5 g d’y_15 V2
dx 27 7 da®
dy d? y d? y.
Atx=0, =0, =0and —: is not defined,
de  di® di

when x=0, y=0

~.(0,0) is a point of inflection.

Let the numbers be xand yand P = x* y°, thenx + y =35
= x=35-y

: P=@5-y)"y

On differentiating twice w.r.t. y, we get

ﬁ-@s 9?55 + o 265 - 3) (-1)

138.

=y* (35-3) B35 - y) - 2]
=y (35-y) (175 -5y -2y)
=y* 35—y A75-Ty)=B5y" - ") 175 - Ty)

d’p 4
and = = 35y" - ) (-7) + (175 - 7y)
dy 4 x35 x y* —5y%)
=-Ty* @53+ 7@5 - y) x5y’ 28— y)
=-Ty* 35~ ) +35)" (25 -y) 28 - y)
For maxima pth:O
dy
= Yy @5-»)T5-Ty)=0=>y=0,35-y=0,
175 -Ty=0= y=0, y=25, y=35
When y =0, x =35 - 0 = 35 and the product x%* will be 0.
When y =35 and x=35 — 35 =0. This will make the
product x” y° equal to 0.

.. ¥y=0and y =35 cannot be the possible value of y.
When y =25,

(dzp]
2
dy y=25

=—7x@5)" x (35 - 25) + 35 x 25)°

x (25 — 25) (28 — 25)
=—Tx390625 x10 + 35 x15625 x0 x3
=-27343750+ 0

=-27343750<0

. By second derivative test, P will be the maximum
when y=25and x =35 -25=10.

Hence, the required numbers are 10 and 25.

139. Let one number is x. Then, the other number will be
(16 — x).
Let the sum of the cubes of these numbers be denoted
by S.
Then, S=o"+(16-x)
On differentiating w.r.t. x, we get
a8 g, 3(16 — x)® (1) =3x*> -3 (16 — x)*
dx
)
= d—§=6x+6(16—x)=96
dx
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For minima put E =0
dx

= 32 -3(16-x)*=0

= - (256 + x* —32x) =0

= 32x=256 = x=8
2

At x=8, ﬁ =96>0
dx*)

. By second derivative test, x=8 is the point of local
minima of S.

Thus, the sum of the cubes of the numbers is the
minimum when the numbers are 8 and 16 -8 =8.

Hence, the required numbers are 8 and 8.

First of all, draw the figure of square piece. Establish a

relation between volume V and the side of the box

formed, differentiate it. Put (fi—v =0. Find the critical
X

points and apply the second derivative test to find the

required side of the square.

T x ]
X £1X
. = £
&' G
[ @
o @ -
x:(18-29 cm—ix
[ Ix X

18 cm

Let the side of the square to be cut-off be xem (0 < x < 9).
Then, the length and the breadth of the box will be
(18 — 2x) cm each and the height of the box is x cm.

Let V the volume of the open box formed by folding up
the flaps, then
V=x(18-2x)(18-2x)
=4x (9 -x)*=4x 81 + x* - 18x)
=4 (x’ —182% + 81x)
On differentiating twice w.r.t. x, we get

‘i—v=4(3x2-36x+ 81)=12(x* — 12x + 27)
X
d*v
and =12 @2x-12)=24 (x-6)
dx®
. av 2
For maxima, put dx =0 = 12(x"-12x+27)=0
x
= x*-12x+27=0
= (x-3)(x-9)=0=>x=3,9
But x =9 1is not possible.
2x=2x9=18
which is equal to the side of square piece.
2
At x=3, av =24(3-6)=-72<0
dx*)

.. By second derivative test, x = 31is the point of maxima.
Hence, if we cut-off the side 3 cm from each corner of the
square tin and make a box from the remaining sheet,
then the volume of the box obtained is the largest
possible.
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141.

142.

Hence, we have two independent variable r and A, so we
eliminate one variable. For this, find the value of A in
terms of r and S and put in volume, then use the second
derivative test. Let r and h be the radius and height of
the cylinder respectively.

Then, the surface area S of the cylinder is

S =2nr% + 2nrh (given)
o3
= Smrh=8-2m" = h=2—2% ..0)
2nr
Also, V =nr?h ...(11)

On putting the value of A from Eq. (i) in Eq. (i1), we get

o2
Voo [S e ]:ﬂ-ma ...(iii)
2nr 2
On differentiating Eq. (iii) w.r.t. r, we get
av_S g0
dr 2
For maxima or minima, put ‘fi—v =0
r
= §—3nr2=0 = S=6mrizri==2 .u(iv)
Now, d—Z‘g =—6nr
dr

Atrzzi, ﬂ =-6n i <0
67 dr? . (S 6mn
y

6n

By second derivative test, the volume is maximum

when r? = -§-
6n
when 7‘2=£0rS=6nr2
6n
2
Then, h=6l[l)—r=3r—r=2r
2n \r

Hence, the volume is maximum when the height is twice
the radius i.e. when the height is equal to the diameter.

Let r be the radius of the base, & be the height, V be the
volume and S be the curved surface area of the cone.

Then, %4 =% w’h = 3V=nr’h
- ov2 = ntp2ms 2= OV -G)
n’r
and S=nrl = S=nrr’+h?
[+ 1=vR%+ 7]
2

=5 S?=n%r? (r® + h%) = n’r? [—934 + rzj

nr

[using Eq. ()]
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vz L,

= S*="S5-+n’r ...(i)
r?
when S is least, S%is also least.
2
Now, 2(s%=-28"", 4n2 i)
dr
5 d o2
For minima, put o S =0
r
2
= - 18;/ +4n%r° =0=>18V? = 4n’r®
r
= V2 =2r%° oeu(iv)
Again diﬁ'erentiating Eq. (iii) w.r.t. r, we get
= (SZ) === i127%
2 26
At 9V2=2n%S, d—z $H=23125T" | | 19 7%
dr r 9
IR LT E RV LI

4
Hence, S? and therefore S is minimum when
V2 =275
On putting 9V? =27%r® in Eq. (i), we get

2128 =n%*h? = 2r¥=h’=> h=42r
Hence, altitude of right circular cone is V2 times the
radius of the base.

Let 0 be the semi-vertical angle of the cone.
It is clear that 6 (0, g]

Let r, h and [ be the radius, height and the slant height
of the cone respectively.

The slant height of the cone is given i.e, consider as
constant.

Now, r=1Isin0

and h=1lcos®
Let V be the volume of the cone; V = g r’h

=5 V:%n(lzsinze)(lcose)=%“la sin?@cos 0

On differentiating w.r.t. 6, we get

%zﬁ[sm 6 (—sin 0) + cos 0 (2sin B cos 0)]
l31[ . 3 . 2
=— (—sin” 0+ 2sin O cos”0)
and ‘2—2‘; f;n (—3s1n 0cos 0+ 2 cos® H—4sin? Ocos 0)

ﬂ nce Z0MM...

= % (V] cos® 0 — 7sin?0cos 0)
I ] I nT-, JEEI NEET | CBSE
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For maxima, put 14 =0
o
sin® 6 =2sin fcos? O
tan®9=2
tan 0 =2
0=tan"' V2
Now, when 0 = tan™! /2, then
tan0=2orsin? 0 =2 cos?0

U s

Then, we have

2
%:ﬁ@cos - 14 cos’ 0)
de

=—4nP cos® 6<0f0r6e[0,g]

. By second derivative test, the volume V is maximum
when 0 = tan™" /2.

Hence, for a given slant height, the semi-vertical angle
of the cone of the maximum volume is tan™" 2.

144. With usual notation, given that total surface area

S=nrl+ nr?
= S=nr{r*+ h*+ nr® ['.'l=\/r2+h2]
2
= i—r= r +h2:>%—§=h2
nr nr T

s 28 S§% 28 .
= h= 99 T s O >— aeall
Ee b
2
and volume V=1nr2h=1 ar? /%_§
3 3 nr m
r
3

= V==8%-28nr% r’ < 2§
T

ie. 0<r<\/E
2n

B 0 C
<—r>

Since, V is maximum, then V?is maximum.

2.2 4
Now, V2=S—r—2snr,0<r< S
9 9 2n
d .o 2r§? 8811:"3
V) 9 T
d®> o 28% 24Snr’
and —; =— -
e v 9 9
For maxima, put av =0
dr
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2r§?  8Smr® 9 S S
- =0=>r'=—=r=,—
9 9 4in 4n
2772
Here, d(V2)<0 for r=‘/E
dr 4n
So, V2 and hence V' is maximum, when r = 4§
n

D 2
From Eq. (i),h—J%—ﬁst (24“)_§:\/§
nrtoom s oon T

If 6 is the semi-vertical angle of the cone when the
volume is maximum, then

in right AAOC,

s
sin 0= r = dn__ _ i ie, O=sin™! (l}
TN R 3

it n

Firstly, consider any point (x, ¥) on the curve and use
the formulas of distance between two points and adjust
them in one variable and simplify it.
Let d be the distance of the point (x, y) on x* =2y from
the point (0, 5), then
d=(x=0)? + (y-5)? = |&* + (y-5)* ()
=2y + (y-5) [putting x° = 23]
= \/y2—8y+25 = \/y2—8y+42+9 =\/(.)’—4)2 +9
d is least when (y —4)* =0 i.e. when y =4
When y=4, thenx® =2 x4 = x=+ 8 =+ 2,2
~The points (2+/2, 4) and (-2v2, 4) on the given curve are
nearest to the point (0, 5). So, (a) is the correct option.

. . ¥y
Let the equation of an ellipse be —; + B
a

=1, then any

point P on the ellipse is (a cos 0, bsin 0).

From P, draw PM 1 OX and produce it to meet the
ellipse at @, then APQ is an isosceles triangle, let S be
its area, then

5=2 x% x AM x MP = (OA - OM) x MP
=(a -acos0)-bsin0
= S =ab (sin 6 —sin O cos 0) = ab (sinﬁ—%sin%}

On differentiating w.r.t. 6, we get

das _ ab (cos 0 - cos20)
do

Again, differentiating w.r.t. 6, we get
Y
Placos 6, b sin )

P
N O] | %@ 0

Q(a cos 0, - b sin 0)
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2
d—i =ab (—sin 0 + 2sin 20)
do
. . . dsS
For maxima or minima, put % =0 = cosO=cos20
= 20=2n-6 = 0= %

2
At6=2—n, as —ab|:—sin2—n+2sin(2 x2_nﬂ
3 de? oo 2 3 3
3
=ab[ n( —J+2sm(n+nﬂ
3
[ nJ T
s sin| t——|=sin—
3 3
( rc} —-sinn
sin| 7+ —_
3 3
V3 243 -33) -343ab
=ab —_—_— =ab — | = <0
2 2 2 2

-~ §is maximum, when 6 = 2?“

=ab (—sinE —2sin E)
3 3

and maximum value of

S= ab(smz—ﬂ—l 231n2—nc032—nj
3 2 3

[~ sin 26 = 2sin B cos 6]
ol ) =) on (-3
=ab|sinjn——|-sin|nt——=|cos|m——
RO G
. T . W T
ab|sin — —sin — x| — cos —
ing - (-3
=ab[sin£+sin£cos£] ab £+£ 1
3 3 3 2 2 2
[2J§+J§J 33
—ab| —/———~—

=—— ab sq unit
1 q

Thus, maximum area of isosceles triangle is U ab sq

unit.

147. Let xbe the side of square and r be the radius of circle.

Perimeter of a circle = 2nr and perimeter of a square = 4x

Given, 2nr +4x=k = x= adan ...(1)

2
A=x%+ rrr2=[k_42nr] + nr?

= (i} (k% - dknr + 47%r%) + nr?
16

On differentiating w.r.t. r, we get

Cc?j (16) (—4km + 8n r) + 2nr
Again, differentiating w.r. t. r, we get
ZA 1 2
d—Q:—[0+87c2]+2n' 2n+ >0
dr* 16 2

For maximum or minimum, put I =0
r

2 2
= 2nr—4—kn+w=0:> r(2n+ i =%

16 16 2

IIT-MATHEMATICS, ,

148.

IIT-MATHEMATICS
Hpplicsiion of Dertwafires

)
= r=nds k (i)
9 + L 8+2mn
2

2
Now, {%] = positive

r k

T8+2n

s Aisleast, whenr = s and put this value in Eq. (i),
8+ 2

we get

k-2nr 1 k 1| 8k + 2rnk - 2nk
=—= k—21:x— =-| —--
4 4 8+2n) 4 8+ 2n

__2k _2( k ]_Zr
8+ 2n 8+2n

Hence, S is least when side of the square is double the
radius of the circle.

[using Eq. (i1)]

Let radius of semi-circle = r
.. One side of rectangle = 2r
Let other side = x
P =Perimeter = 10 (given)

= 2x+2r+%(21cr):10:> 2x=10-r(m+2)  ...(0)
wr
p———"¢
X X
A or B

Let A be area of the figure, then

A = Area of semi-circle + Area of rectangle

:lnr2+2rx
2

=~ A= % () + 110 - r(n + 2)] [using Eq. ()]

2
1 (nr?)+ 10r - rln -2r* =10r - o _9p?
2 2
On differentiating twice w.r.t. r, we get
YA o mr—ar (i)
dr
d?A
and —=-n-4 ... (il
dr? A (a)
For maxima or minima, put I 0=10-nr—-4r=0
r
1
= 10=@d+mn)r=>r= 0
4+

2
. A .

in Eq. (iii), we get % = negative
r

. 1
On putting r = 0
441

Thus A has local maximum when r = i
4+7

(i)
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10
+7

. Radius of semi-circle =

2x10 20
4+ 4+n

and one side of rectangle =2r =

and other side of rectangle i.e. x from Eq. (i) is given by

=% [10—r(n+2)]=%[10—(n1704) (n+2)}

[from Eq. (iv)]
_10m+40-107-20 _ 20 10

2(n + 4) 2(1t+4) n+4

Light is maximum when area is maximum.

So, dimensions of the window are length

=2r= 20 , breadth =x= 10 5
n+4 n+4
149. Let R be the radius and 2 be the height of cone.
g OA=h-r
e ARG,

M

InAOAB, r*=R*+ (h-r)’=>r’=R*+ >+ r’-2rh

= R®=2rh - h?

The volume V of the cone is given by
V=%nR2h=%nh (2rh—h2)=%1t(2rh2—h3)

On differentiating w.r.t. h, we get

aV L lrh-35%
dh 3
. .. dVv
For maximum or minimum, put T 0
= 4rh=3h* = 4r=3h
4r
h=— h#0
3 [~ #0]
Now, d—2‘;=ln(4r—6h)
dh® 3
Ath:ﬂ, d—2‘: =ln(4r—6xﬂ)
3 dh®), ar 3 3
3
T
=— (4r-8
3(r r)
=—4r1t<0
3
4r

= V is maximum when h = a

; ‘ 4r
Hence, volume of the cone is maximum when h = 3

which is the altitude of cone
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150. Draw the diagram of a cylinder of height h and radius r

151.

inscribed in a sphere of radius R. Now, express volume
V in terms of R and A and then apply second derivative
test to prove the required results.

Radius of the sphere = R

Let A be the height and x be the diameter of the base of
the inscribed cylinder. Then,

h*+x*=QR) = h*+2®=4R? )
Volume of the cylinder = r (radius)® x height

- Vs n[2) h-— 2 = V=inh(4R2—h2) e

[from Eq. (i), x* =4R? - h¥
s V =R - % hd

On differentiating w.r.t. h, we get
av' g 8 .3 ( 2 3 2)
—=nR*-—nh*=n|R°-—h
dh s T 4
dv 2 3.2 2R
Put —=0=2R=—h°=>h=—F
u ah = 3 = 5
2
Also, d—‘: =— 2 x2nh
dh 4

2R d*%V 3 R)
B P e i 3nR = -
5 a1 ”(I ~ V3R =~ve

-

I

: : 2R

= V is maximum at h ===

V3

Maximum volume at i = 25 is
NE)

2
Ve i (3’;) AR - 4? ] [using Eq. )]
- ﬁ 8R* 4RR3 sq unit
2V3 e
Thus, volume of the cylinder is maximum when A = 27_;—2

Let VAB be the cone of height A, semi-vertical angle o
and let x be the radius of the base of the cylinder
A' B' DC which is inscribed in the cone VAB. Then, OO’
is the height of the cylinder = VO - VO'=h — xcot a

/é ;

AT\
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Volume of the eylinder, V = nx® (h — xcot a) ...(1)

On differentiating w.r.t. x, we get
AV onxh - 3ncota
dx

. i %
For maxima or minima, put c;— =0
x

= 2nxh — 3nx’ cot o =0
= x:%tana [+ x#0]
Now, av

F =2nh —6nxcot o
x

Atx=%tana, 2—2‘;’=ﬂ(2h—4h)=—2rch <0
X

. . 2h
= V is maximum, when x = Y tan a.

OO'=h—xCOta=h—%=ﬁ
3 3

..The maximum volume of the cylinder is
2
V=TI(% tana] [h —%] =i mh® tan®o
3 27

Now,

3
152. Given, AC + BC =constant=k ...()

Let ZACB=0
and AC = x, then BC = xcos0and AB = xsin 0

A

x
[¢]

B C

Let ybe the area ofAABC.

Then, y=%BC-AB= % xcos 0-xsin O

=%xzsin Ocos® ...(11)
From Eq. (i), x+ xcos0=k = x= L ...(1i1)
1+ cosB
On putting the value of xin Eq. (ii), we get
k% sin@cos O s
=— ...(iv)

T2 (1 + cos )
On differentiating w.r.t. 6, we get
(1 + cos 0)* (cos® 0—sin”0)
—sinBcos -2 (1 + cos 0) (—sin )
(1+ cos 0)*

dy K
dx 2

B .F:a_2 (1 + cos ) [(1 + cos 6) (cos>0 —sin?0) + 2sin” 6 cos 0]

2 (1 + cos 6)*

k_2 cos®0—sin®0 + cos® 6 — cosOsin®0 + 2 cos Bsin?H

2 ( + cos )
kz

- 2(1 + cos 0)°

(2cos®0—1 + cos® 0+ cos Osin’ 0)

[ sin® 0 =1 - cos® 0]
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kz

" 2(1 + cos 0)*
k2

" 2(1 + cos 0

[2cos?0 -1 + cos 0 (cos” 0 + sin® 0)]

(2cos®0+ cos0-1) ...(v)
[ cos?0+sin®0=1]
Since, 0<0<™
2
k2
>0
2(1 + cos 0Y
Therefore, sign scheme for % will be same as that of
x

2c0s0+ cos0—1.

Now, 2c0s’0+ cos0-1=0
= 2cosB-1)(cos0+1)=0
= cos 0 :% [ cosO=—1]
- 0=" [v0<9<5]
3 2
Since, sign scheme for % i.e. for 2cos?0+ cosH—1)is
x

y is increasing max. ¥ is decreasing
L

o
0 +ve -ve

£l
3

wla MRO

Thus, y has maximum value when 0 =

Let f(x)=—2" + 85> + 9x - 27

The slope of this curve f'(x)=—-3x> + 6x+ 9
Let gX)=f"(x)=-3x"+6x+9
On differentiating w.r.t. x, we get
g (x)=—6x+6

For maxima or minima put g'(x)=0 = x=1
Now, g''(x) = -6 <0and hence, at x =1, g(x) (slope) will
have maximum value.

[g(1)]pax =-3%x1+6(1)+9=12

LetPQ:aandPR:b,thenA:%absinB
-1<sin0<1

. . . T
. Area is maximum whensin 6=1=0= ry

Given,
2a
ab=2a+3b = (@-3)b=2a = b=
a-3
2
Now, let z=ab= 2a
a-3

On differentiating w.r.t. x, we get
dz _2[@-3)2a-a” _2[a®-6a]
da (a - 3)? (a - 3)?

- z
For a minimum, put — =0

da

O AEP e
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= a’-6a=0 = a=0,6
d*% o

At a =6, — = positive
da® =

When a=6, b=4
: (@b),;, =6 x4 =24
156. Let radius vector is r.

rP=x+y*
2 2 2 g2
2 a'y 2 a b
= e I - s p 2 o
5 Vb2 Yy [ 25 :I
For minimum value of r,
d(r2)=0
dy
—2yb22
(2 b?)? +2y=0
= y2=b(a + b)
¥’ =a(a + b)
= r’=(a+b)?
= r=a+b

157. -: Perimeter of a sector = p

Let AOB be the sector with radius r.

If angle of the sector be Oradians, then area of sector,

1
A=—r% G
= @
and length of arc, s=r0= 0= L
r
~.Perimeter of the sector
p=r+s+r=2r+s ...(i1)

On substituting 6 = %in Eq. (i), we get
r

)4
2 r] 2
_24
r

=
Now, on substituting the value of sin Eq. (i1), we get
p=2r+ (%j = 2A=pr—2r2
r

On differentiating w.r.t. r, we get
dA

2E—p 4r
For the maximum area, put
d—A=O:> p—-4r=0 = r=2
dr 4
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Given curveis xy=¢> = y=—

%
Let f(x)=ax+by=a:rc+E
x
On differentiating w.r.t. x, we get
b’
X)=a-—
f' @)= 2
For a maxima or minima, put f'(x) =0
= ax’ - bc* =0
= xP= E =>x=*c \/E
a a
Again, on differentiating w.r.t. x ,we get
£ () = 2 be?
2
b
Atx=c,|—, f"(x)>0
a

- f(x)is minimum at x = c,’é.
a
b
The minimum value at x=c¢

(B

_abc+ abc _2abc
= =2c/ab
~Jab  ab

Given, a*x* + b%y* =¢8

& - a%t o
6 2.4\V4
and let f(x)=xy=x[#]
b
6.4 __28\V4
" f)= Fi?;ij

On differentiating w.r.t. x, we get

£ (x) = 1(fx* —a%® 425 _8a”
4 b* b* b*

For maxima or minima, put f’'(x) =0
4x*c®  8xa’®

= L
b* b®
3
=N %(c6—2a2x4)=0
6 A2
4 (4
= d=— = +——
2q? 2" Ja

3/2
Atx= 254—J_ , f(x) will be maximum.
a

32 A2 A2 v4
4 2" Ja ) (2a%% 4a%?
a2\ @

- [WJ "~ J2ab
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160. Let the diameter of the sphere is AE =2, h=QL=0L-0Q=H -xcota
A V =Volume of the cylinder
=nx’(H —xcot o)
Also,  p= % x (H tan o)*H .G
y
ﬂ=n (2 Hx-32% cot )
BS=x—p C dd‘lf
—=0 = x=0,
E x
Let the radius of cone is x and height is y. x= 2 H tan o
3
AD=y
: 2 d*v
Since, BD”*=AD-DE 3 =-2n H <0
. dx =—Htana
= ¥=y@r-y) ()
1 1
Volume of cone, V = 3 naly = 3 wE2r—yy -~V 1s maximum when x = g Htana
- 1 2 2 .
—grc(zry —yg) and g= Vmax—ngH tan? a3H 9p [from Eq. (1)]
On differentiating w.r.t. y, we get Hence, p:q=9:4
—— =-n(@ry-3 162. 2 - q? 32 =0 x=t =
dy 3 m{ry=3y) dx ¢ = V3
. .. dv . dy L a
For maxima and a, put— =0 Since, —= = —6x, so yis minimum for x = - —.
r maxima and minima, pu dy . y 7
1 2 . L+x+2
= —n@ry-3yH=0 Since, #*+ x+ 2 > 0 for all x, so for ——— = <0,
3 x*+5x+6
= y(@r-3y) =0 we must have x* + 5x+ 6 <0.
4
= y=,r0 Ifx=—i,wehave
3 V3
Again, on differentiating w.r.t. y, we get a?
———=+6<0
%:%n(élr-(iy) 3 J_
4 d;:, 3 = a*-5V3a+18<0
Aty=§r, F=§n (4r —8r) = negative = (a-2v3)(@a-3v3) <0
Y . I a>0,ac@/3,33)
. Volume of cone is maximum at y = 3 r. It a<0,a e(-3V3,-2v3)
. . Height of cone = a e(-3V3,-243) U (243,343)
Now, required ratio = —
Diameter of sphere 163. - y=2 —6x°+9x+4
4ar dy
=l=1=g Now, a=3x2—12x+9
2r 2r 3
Let u=ﬂ=3x2—l2x+9
161. Let H be the height of the cone and a be its semi-vertical dx
angle. Suppose that x is the radius of the inscribed Now du —6x—12
cylinder and & be its height. " dx

du . ..
Put . =0 for maximum or minimum

x
6x-12=0 = x=2
Now, at x=0, u=9
Atx=2, u=-3
and at x=5, u=24
Thus, the maximum of u(x), 0 <x <51s u(®).
Hence, x=5

......l‘\l:l T
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164. As the point P(h, k) is the nearest point on the curve
y=x>+ Tx+2, to the line y=3x-3.

So, the tangent to the parabola y = x> + 7x + 7 at point
P(h, k) is parallel to the line y=3x-3
Dl ohy7-3h==2 e (@)

dx|,

and the point p(h, k) on the curve, so
E=h>+Th+2=(-2)"+7(-2)+2

= k=4-14+2=>k=-8

. Point P(-2,-8)

Now, equation of normal to the parabola

y=x"+ Tx+ 7 at point P(- 2,-8)is

-1
dy (x+2)

dx

y+8=

P

= y+8:—%(x+2):>x+3y+26:0

165. Let a sphere of radius 3, which inscribed a right circular
cylinder having radius r and height is A, so

From the figure, g =3cos® = h=6cosH

and r=3sin0 ...(1)
-+ Volume of cylinder V = nr%h

= n(3sin 0)2(6 cos 6)

=54nsin’ B cos 0

. .. dv
For maxima or minima, — =0

= 547n[2sin O cos? O —sin® 6] =0
= sin 0[2 cos® 0 —sin%6] =0

= tanZ0=2

= tan 6 =+/2

[-.-ee[o, E)]
2
= me:E and c089=% .. (i)

From Eqgs. (i) and (ii), we get

1
h=6—1=23
V3
166. Let h = height of the cone, r =radius of circular base

=J@?*-n* [+ P =h%+ 77
=\J9-n? (@)

IIT-MATHEMATICS, ,
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Now, volume (V) of cone = 3 nrh

= Vih) = % 2@ -hHh  [from Eq. ()]
~Lrton - )
3
For maximum volume V' (k) =0 and V"(h) <0.
Here, V'(h)=0= 9 -3h%)=0
= h=43 [~ h £0]
and V(h) = % 7(-6h) <0 for h =3

Thus, volume is maximum when A =3
Now, maximum volume

V(3) = % 7(OV3 — 343)
=2J§n

167. The helicopter is nearest to the soldier, if the tangent to
the path, y= 2247, (x = 0) of helicopter at point (x, ¥y)is
perpendicular to the line joining (x, y) and the position

of soldier [% s 7] .

[from Eq. (i1)]

y:x3’2+7

(172, 7)

-+ Slope of tangent at point (x, y) is

dy 3 "
d—i=§x"2=mlﬂet) (i)
and slope of line joining (x, y¥) and [% , TJ is
-7 ..
m2:y i ...(ii)
x_—
Now, my-mg=-1
= 322227 \__1  [from Egs. () and (ii)]
2 x—(1/2)
/2
= 8 ¥0 [ry=2¥2+17
2 1
x__
2
= §x2=_;x;.|.l
2 2
= 3x%+2x-1=0
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= 3x°+8x-x-1=0
= 3x(x+1)-1(x+1)=0
1

= x==—,-1
3
x20
1
x==
3

and so, [ry=2"+17

1 1
= |—+—
36 27
e [T
108 108
17
6\V3
168. Total length =2r + r6=20
- - 20-2r
r
£\
I r
re
Now, area of flower-bed,
1
==r
2
N Al rz(zo—zr)
2 r
= A=10r-r
dA
=2 -10-2
dr ’

. .. dA
For maxima or minima, put ar =0.
r

= 10-2r=0
= r=>5
1, 20—2(5)]
A =06
ma 2()[ E
=1 o5x2
2
=256sqm
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169. Let the radius of circle with least area be r.
Then, coordinates of centre = (0,4 —r).

¢ y=Ix|

%
>

0 ,Xx2
L

Since, circle touches the line y = xin first quadrant.

—0_%_r)=r = r-4=+ry2
= r= 4 or 4
\/§+1 1—~/§
4 4
But _ 0
W et [
4
=———=4(/2-1
r a1 ( )

170. According to given information, we have
Perimeter of square + Perimeter of circle = 2 units
= dx+2nr=2

(1)

= r=

Now, let A be the sum of the areas of the square and
the circle. Then,

A=2+ ar
(1-2x)2
=x2+ ‘ET

= A@ =22+ —(1 22)
Now, for minimum value of A(x),

dA

iy

dx
= 9x+ 20729 9o

n
2 -4x
= =
T
= nx+4x=2
2 ..
:> - e
* n+4 @)
Now, from Eq. (i), we get
1-2- 2
n+4
r=
n
n+4-4 1

..(1i1)

n(n + 4) T+ 4
From Egs. (i) and (iii), we get

x=2r

- s I_\ = 1P e
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Round IT
1. Equation of line joining the points (0, 3) and (5, -2} is

y=3—-x If this line is tangent to y= then

ax
G+1)
(3 — %) (x + 1) = ax should have equal roots.
Thus, (@ -2)2+12=0
—>novalueofa= a ¢
2. Wehave, f() =2 + b’ + cx+ d
= Fr)=3+2bx+c¢
Let D, be the discriminant of /' (x) = 32+ 2bx+ ¢
Then, D =4b%-12¢c=4 (b* - ) -8¢<0
[ b*<cande>0]
= f'(x) >0for all x e(~o0, o)
f(x) 1s strictly increasing function on (-, ®),

3. /' (x)=1log, [logs{log,(cosx+ a)}]l

Clearly, f(x)is increasing for all values of x, if

log, [log; {log, (cosx+ a)}]
is defined for all values of x.
= logg [log, (cosx+ a)] >0,V xeR

= log, (cosx+a)>1,VxekR
= cosx+ta>4,VxeR
= a>h

4. On solving, y’=4ax and x*=4by, we get x=0 or
% =64 — ab® Slope of the curves at the common points

2 ‘
are =a and % , respectively.

Y
If these parabola intersect orthogonally, then
2a x _
v o2
= ax+ by=0
= ax + g =0
= x=-4a
= - ¥ =644° [ x+#0]
= 64ab?®+644a® =0
= a?+b¥=0

which is not possible.
5. Let y= f(x)=ax® + bx + ¢, we have

f)=1 = a+b+c=1
Also, ax® + bx+ ¢=x should have x—1 as it’s repeated

root.

= al+ (b-Dx+c=a@x-1)>
= 1-b=2a,a=c
We have, f'x)=2ax+ b, f'' (x) =2a
= f')=2a,f ' 0=2>4

= [0+ [ O=1

IIT-MATHEMATICS, |
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Let A ={x, f(x)}and B ={x;, f(x,)} be any two points on

the graph of y= f(x). Chord AB will be lie completely
ahove the graph of y= f(x).

Hence, flo) + fx) > f[xl * x“’]
2 2
Y
y =1
| ! y
0 X4 Xo

. g'(@)=f"(sinx)-cosx— f'(cosx)-sinx

= g"(@)=-f"(cosx)-sinx+ cos’x
F''(sinx) + f'' (cos x)-sinx — f' (cos x)-cos x>0,
s
Vxe[Op—J
2
.. .. e s
= g'(x)1s increasing in (0, 5) Also, g’ (ZJ =0
n

= g’(x)>0,vface[4 g]andg'(x)<0,v,xe(0,£)

4

Thus, g(x) is decreasing in [o, 3

. t =2, for the point 2, - 1)

dy_dydt_4t-2 6 .
2¢+3 7

dx  dx/dt

. Let f(x)=(a + 2) ¥ —3ax” + 9ax — 1 decreases

monotonically for all x e R, then f'(x)<0forallxe R
3(@a+2)x*-6ax+9a<0 forallxeR
(@+2)x*-2ax+3a<0forallxeR
a +2 <0 and discriminant <
a<-2,-8a”-24a<0
a<-2anda(ac+3)=20
a<—-2,a<-3o0raz0
a<-3
—w<a<-3
sinx—xcosx _cosx (tanx—x)

sin’x sin’x

L L R A

Now, f'(x)=

f'@>0for0<x<1

f(x) is an increasing function.

tanx— xsec’x

Now, g'(x)= 5
tan®x
_sinxcosx—x _sin2x-2x

sin’x 2gin® x

Now, 0 <2x <2, for which sin2x < 2x
g (x) <0
- 2(x)is decreasing,

A LR
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11.

12,

13.

14.

_a sinx+ bcosx
Let y= ——M8M8M8M8M8 —

csinx+ dcosx

The function will be decreasing, when % <0.
X

(esin x + d cos x) (a cos x — b sin x)
— (@ sinx + bcos x)(c cos x — dsin x) <0

(csinx + d cos x)
= acsinx cosx— besin® x + ad cos®x
— bd sin x cos x — acsin x cos x + ad sin®x
—becos®x+ bdsinx cos x <0

= ad (sin® x + cos?x) — be (sin®x + cos®x) <0
= (ad - be) <0
dy

=L =924 —15x% + 36x-19
dx

Let f(x) = 2% - 15x* + 36x - 19
f'(x)=6x> —30x+36=0
¥ -Bx+6=0
x=2,3
f"(x) = 12x - 30
f"(x)<0forx=2
x=2
y=8-40+ 72 -38
=72-70=2
(2,2

To determine cin Rolle’s theorem, f'(c) =0.

Lt uz=0 00014

Here, f'(x)= (x*+ 3x) e’(m"(— %] +@x+8)e WA

=e_(12Jx{—% (% + 32) + 2x + 3}

=-% ~( (% — x - 6)

f'(©=0
= -c-6=0
= c=3,-2
But c=3¢[-3,0]
Since, /&) =10) f(2) f ©) —f )
= _f@)_O:f'(x):, @:@
2 dx 2
= f(x)=@x+c
f0)=0=¢=0
)= %x G
Also, If'(x)ls%
- ‘@‘51 .. (i)

IIT-MATHEMATICS, |
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From Eq. (1),

2 2 1

1= {2 x|~ 1< L
In interval [0, 2], for maximum x (x =2)
1

If(x)|55-2
= [fl)l<1
Since, f)=£3)
= a+b-5=3a+b-27
= a=11,
Since, f(1) = f(3) is independent of b, we have

a=1land bek

which given in option (a) only.
Let the point be (x;, ).
= (o -3)° )

Now, slope at the tangent at (x;, ,)is 2 (x; —3) and it is
equal to 1.

Therefore, 2(x;, —3) =

Therefore,

1
7
= xl:E
a9 -3

Hence, the point is [ J
24

f() =+x
o f@) =4 =2
fb)= V9 = 3, f' (x)_—\/;
o fB)-fl@ 3-2 1
Also, f1(0)= b-a 9-4 5
1 1 ,..25_
Z—JE—5=>C—4 625
a+b=4=b=4-aandb-a=4-2a=t (say)

Now, [ g@dx+ | ;’ 2@ dv=[" g dx

4 -
+]
0

* g dx=1(a)

dI
= T g -g-a
a

As @ <2 and g(x) is increasing.

= 4-a>a

= gla)-gd-a)<0

= _dI(a) <0

da
Now, dl(a) _dI(a) dt —_9. dI(av,)::> dI(a) 50
d(a) dt da dt dt

Thus, I(a) is an increasing function of ¢. Hence, the
given expression increasing with (b — a).
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19. Vx+Jy=+a G

1 1 dy
2J_ 2J_dx
dy_ Ay

dx Jx
Jy

Hence, tangent at (x, y)isY — y=- = (X - x).

Jx
YVr-pWr=-XJy+xy
XJy+YVx=x/y+ wWr=vxJy x+y)

Xy +Yx=azy [from Eq. ()
X

Y
_——=
Javx  ayy
Clearly, its intercepts on the axes are a vxandVa \/;
Sum of intercepts

=Va (x+4y) =Ja-Ya=a
20. By LMVT in [0, 1] to the function y = f(x), we get

A

f'(e)= f(l)—(/;(()) for some ce (0, 1)

£ _f0-1O
1

= faQ)-10= ¢ for some c e 0,1)

=

But1<e” <ein (0, 1)
1<f(l)-10<e
=11<f(1)<10+e
= A=11,B=10+e
A-B=1-e
21. f(x) will be monotonically decreasing, if f(x) <0.

= f'(x)=—sinx-2p<0
= §s1nx+p>0
| ;
= p>§ [+ -1<sinx<1]

22. Given that, equation of curve y=* = f(x)

So, f@)=8and f(-2)=-8
Now, f'(x)=3x"

v T@-f2)  8-(-8) _
= fi@)= - = 4 =32

2
=t —
3

23. For Y-axis, x=0
y=1-¢"=1-1=0

= Q=0—le’12:> (ﬂj =_l

. Equation of tangent is

y-0= —%(x—O) = x+2y=0

IIT-MATHEMATICS, |
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24. Forx=p, y=ap’+bp+c
Andforx=q, y=aq*+bg+c
aq’+ bq+c—ap*-bp-c
q-p
=a(@g+p)+b

Slope =

i'x=2ax+ b=a(@g+p)+b
dx

[according to the question]
_g+p
2
25, f'(x) = (ab-b*-2)+ cos* x+sin* x <0

=ab-b2-2+ (sin®x+ cos®x)%> —2sin® xcos®x < 0

= ab—b2—1<(l)sin22x<l
2 2
= 2ab-2b%-2<1
= 2b%-2ab+3>0
(-2a)*-4-2:3<0
= a’<6
= -J6<a<6

26. Given, f'(x)<0,VxeR

3cosx+sinx-2a <0,VxeR

= ?3cosx+%sinx<a,VxeR

= sin(x+§] <a,VxeR

{wm@+3sq

27. There is only one function in option (a), whose critical

= a1

point —21— €(0,1) but in other parts critical point 0 ¢ (0,1).

Then, we can say that functions in options (b), (c) and
(d) are continuous on [0, 1] and differentiable in (0, 1).

1 1
5—% x<§
Now, for f(x) =
(.
2 2
1
Here, Lf' (E) =-1
g Rf' Gj - G—l]( 1)=0

= f is non-differentiable at x = % e€(0,1).
. Lagrange mean value theorem is not applicable to f(x)

in [0, 1].
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28. The equation of the tangent to the curve y = ¢* at (¢, €°) is
y—e =€ (x-0) ...(1)

Equation of the line joining the points (c—1, ¢ ') and
(c+1,¢& ) is

y—e€! =e°-(e_Te_l)-[x— (c-1)]
= [x-(c-1D]2-(e-el)]=2¢"

e+e’ -2
= X—c=——7-
2—-(e—¢")

29. The tangent to the parabola x* = y —6 at (1, 7) is

[from Eq. ()]

€2 =<

x(l)=%(y+ -6 =>y=2x+5

which is also a tangent to the given circle.
ie. 2+ @x+5)+16x+12@2x+5)+c=0
= (5x% + 60x + 85 + ¢ =0) must have equal roots.
Let the roots be a =p.
a+p=- o = a=-6
5
x=—6and y=2x+5=-7

30. On differentiating w.r.t. x, € - ? =2x

X
dy = 2x e Y
= dx 1+2 = F-lia
- ...
1+
2| x|
or [m|= 3
1+]|x]
But 1+|xP-2]xl=1-x])>>0
= 1+|x2>2]x|
|lm|<1

31. The equation of the lineis y—3 = % (x-0)

ie. x+y-3=0
c dy -c
y: = —= 3
x+1 dx (x+1)
Let the line touches the curve at (a, B).
= a+B—3=0,[ﬂ] =% ;=—landp=
dxl, 5 (a+1) a+l
c 2 2 2
——==1 or B=cor@-a) =c=(a+1)
(cB)?

= 3-a=x(a+1) or 3—-a=a+1l=> a=1
So,e=(1+1)*=4

32. Here, fl(x)zxz—x+ 1 and f,_,(x)=x'3 —?-2x+1
= fi'(e)=2x-1 and fy(%)=3x 2%, -2
Let tangents drawn to the curves y = f(x) and y = f,(x)
is {x;, f, ()} and {x, f5(x,)} be parallel.
= 2% -1=32-21,-2 or 2x =@x-2x,-1)
which is possible for infinite numbers of ordered pairs.
= Infinite solutions.
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We know that, 1 <|sin x| + | cos x| <2
\5
>X
5 [0)
x2+y?=5
-5
= y=[Isinx|+|cos x|]=1

Let Pand @ be the points of intersection of given curves.

Clearly, the given curves meet at points where y=1, so
we get

¥+1=5 = x=+2

Now, P@2,1) and Q(-2,1)
On differentiating x* + y* =5 w.r.t. x, we get
2x+2ygx=0 = g‘z=—£
dx dx y

(ﬂ) =-2 and [QJ =2
dx)(9 1) dx)( 1)

Clearly, the slope of line y = 11is zero and the slope of the
tangents at P and @ are (-2) and (2), respectively.

Thus, the angle of intersection is tan™! 2).
a2 ) Q B aZ

x  dx A

N (ﬂ) __a
dx (x1,3) le

= Tangent at (x;, y,) to the curve xy = a’is

a2

y—y1=_;2‘
1

(x—x) or a’x+ x,zy= x0qy + az)

But x(qy + az):xl(a2+ az):2ale ¢ an =a?
= Tangent is a®” + ¥’y =2a%;

This meets the X-axis, where y=0

. a’= 2a2:c1

£ x=2x

". Point on the X-axis is (2x;,0).

Again tangent meets the Y-axis, where x=0

5 =2a%;
2a*
e —
X

2
. Point on the Y-axis is (0, 21} ;
x

2
Required area =% 2x) (21) =2a?
%
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36.

37.

n-1 n-1
= n(f] a l+n(1] .l.ﬂ:ﬂ
a a b b dx

dy b (xla)""!

= —- =
dx  a (yb)"!
n-1
A@py, Do b @b
dx a (b/b)"~ a
. Tangent at (a,b)is y—b=- L (x—a)
a
= ay—-ab=-bx+ ab
= bx + ay =2ab
= f. + ! =
a
On differentiating the given curve xy = 1 w.r.t. x, we get
dy
+x—=0
yrE dx
dy __ ¥
= ~-_7
dx X

Slope of normal at point (x;, ) is &
il

The given equation ax + by + ¢=0 has slope _—:.

According to the question, 2 - %
N}

Now, (x;, »,)lies on the curve xy = 1, which lies in first or
third quadrant.

= x,5 >00rx,y <0 = ?>0 = aand b have
opposite sign.
Given, f(x) =3 cos* x+ 10 cos® x + 6 cos®?x -3

= f'(x) =12 cos® x (- sin x) + 30 cos® x (— sin x)
+ 12 cos x (—sin x)

N + 1
/2 2n/3

= f(x)=-3sin2x @ cos®x+ 5 cos x+ 2)
= f'(x) =—3sin 2x (2 cos x + 1)(cos x + 2)

When f'(x)=0 = sin2x=0 = x=0,g,n

= 2cosx+1=0
2n

= X=—
3

as cosx+2#0

Using sign scheme for f' (x) in [0, n] is shown in figure.

So, f(x) decreases on (0, g} v (2?“

+5)

s nJ and increases on

IIT-MATHEMATICS, ,
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The given function y =2x* - log | x| ,x #0

On differentiating w.r.t. x, we have

%:4x—%z%[x+%}[x—%}:x#0 ...Q1)
—e t o = o+
-1/2 0 1/2

Sign scheme of [’ (x)

Hence, y is increasing in (— % s 0] U (% , ooJ
. i % 1 1

and y is decreasing in (—uo, - 5) v [0, EJ

Obviously, f is increasing and g is decreasing in (x;, x5)

Hence, f{g(a® -2a)} > f{g(Ba - 4)} as f is increasing

= g(a®-2a)> gBa —4)
= a?-2a <3a -4 as g is decreasing
= a’-50 +4<0
= (0 -1Da-4)<0 = ae(l,4)
We have, f(x) =M
In (e+ x)

]1:1 (e+ 2)— —
(e+

[In (e + x))*
_(e+x)In(e+x)—(n+2)In(n+2)
- e+ D)+ 2){ln (e + x)}2

In (n + x)
T+ X x)

=>f’(x)=(

<0as (0, »)

Since,1<e<n
2 f(x) decreases on (0, o)
Let the speed of the motorboat be v mph.
= Velocity of the boat relative to the current
=(v-¢) mph

If s miles is the distance covered, then the time taken to
s

(-0

cover this distance is ¢ = hours.

Since, the petrol burnt = ki® per hour

where, k is a constant.

= z=Total amount of petrol burnt for a distance of
s dz _ 2ksv® (v-3el2)

s miles = ki - 3
(v-o0) dv (v-c)
Formaxorminofz,E:O = v:E

v

If vis little less of little greater than %E ,then the sign of
% changes from —ve to +ve. Hence, z is minimum when
v
3¢
v=— mph.
2 p

Since, minima is the only extreme value, z is least at

3c . . . 3¢
v= o i.e. the most economical speed is — mph.

2
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42, A=

%xzsine = 24=x%sin6
2%—;\5 c059%+5m92x?
dA T 1 1
2—_144 ==+ =.2.12.=
¢ )(«Fjlso V2 12
_l2n 2
15«f 2 47.
dA 2n 1 an 2 n 1
= —f—+—f 2l=+=
dt B2 2 2 I[5 2]

43. Bold line represents the graph of y = g{x), clearly g(x)

minima.
y =24 x|
i
, V=2 o2 / i
= N R
48,
-2 dy —4x
44, For y="—r—=-"*=——"_
YT 4 A (P-4
= @>0forx<0
dx
and @<Oforx>0
dx

43,

46.

has neither a point of local maxima nor a point of local

Thus, x=0 is the point of local maxima for y. Now,
(W zop = % (positive). Thus, x = 01is also the point of local
-2

maximum for y=
x4

F)=0G2-1)cosx

Sign scheme of f*(x), clearly x= g is the point of local

maxima.

P oi 4 49.

0 m2 m 3w 2

fl)=4-32"Vxe[0,3]
= fr(®<0
= 4-3x"<0
= 3" >4
N x>
=
At x<3

f(x)is decreasing.
Whenx=3, f'(x)=1
f(x)in increasing.
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Clearly, f(x) in increasing just before x =3 and
decreasing after x = 3. For x = 3 to be the point of local
maxima,

f@)=2f3-0)

= -15212-27+log(@®*-3a+3)
= 0<a’-3a+3<1
= 1<g<2
Clearly, f@)=-
- 1o 2a+b

2-1)@-4)
= 2a+b=2

2

Now, f (x):““(ff)zibi)?x f'@=0
= b=0=a=1
= 1) = (x-2) (x+2)

(x-1)* (x-9)?
Clearly, forx>2, f'(x) <0and forx<2, f' (x)>0.

Thus, x=2 is indeed the point of local maxima for

y=flx)

1) = 1-x%sec®x :seczx(cosx+ x) (cosx—x)
(1 + x tan x)? (1 + xtan x)?
Y
Yy=X
(0] i /2 T X
Xg i

¥ =cosx

Clearly, fig)=0

and f'(x)>0,Vxe0,x) f' (x)<0,Vxe{x0,gJ

Thus, x = xy 1s the only point of local maxima for y = f(x).
Let the equation of drawn line be X + E =1,wherea >3,

b >4, as the line passes through (3,4) and meets the
positive direction of coordinate axes.

We have, E+é=1=>b= da
a b (@ -3)
Now, area of AAOB,
2
A= 1 ab= 2a
2 (a —3)

dA _ 2a (@ — 6)

da (a-3)°
Clearly, ¢ =6 is the point of minima for A,
Thus, A, = 2x36_ 24 sq units
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50. AF || DE and AE || FD

Now, in AABC and AEDC,
/DEC = ZBAC, ZACB is common.

= AABC = A EDC
Now, bby—f:x——(b—y)
Now, S = Area of parallelogram

AFDE =2 (Area of AAEF)
= S 2(§xysmA) —(b-y)sin A

(cll—i = (% sin A) (b-2y)
Sign scheme of ﬂc R
dy
NI

Hence, S is maximum when y = g

Smax=£(éJ xésinA
b\2) 2

= 1(1 besin A)
2\2

= 5 (Area of AABC)

51. We have, — dy
dt

dx
—=6t-18=6(t-3
dt ¢ )

dy (t-1)(t-4)
dx  (t-3)

which indicates that ¢ =1, 3 and 4 are the critical points
of y = f(x).

Mo, 0T _ d[dy) dt

d  dt\dx) dx ¢ =9

Y _612-30t+24= 6(-1)(t-4)
and

Thus,

t2—6t+11x 1
6(t-3)

2
At(t=1),—5 Y c0>t=1lisa point of local maxima.

<’

d%y
x2

2
3) and ﬂ are not defined and change its

dx?

At (t= 4), Y S0=>t=4isa point of local minima.

At (t=

sign.
d%y . . s .
—=-is unknown in the vicinity of t =3, thus t =3 is a

dx*

point of neither maxima nor minima.
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Finally, maximum and minimum values of expression
y = f(x) are 46 and —6, respectively.

122-2],-1<x<+3
b

= ,V3<x<23
V3
3-x2V3<x<4

Y

flx)=

y=|x-2]

LI e .

PR

From the above graph,
Maximum occurs at x =0 and minimum at x=4.

Let o and B be the roots of the equation
¥-@-2)x-a+1=0.

Then, a+Pf=a-2,0=-a+1
Let z=a?+p?=(a +P)*-20B
=@-2%+2@-1)=a’-2a+2
= 2—211 2 Sd=1
da
2,
Put d——O l:hend—2 2>0
da da

So, zhas minima ata =1.

So, o + B% has least value for a = 1. This is because, we
have only one stationary value at which we have
minima. Hence, a =1.

Let f@=]te at

= f@=xe* =0

Put ff(x)=0 = x=0
Now, fr@=e* (1-24)
f"0)=1>0
Minimum value f(0) =0
55, B9  sheai
x x
dy
= R =a+2b+1=0=> a=-2b-1
ax) . .q
dy a
and s =—+4b+1=0
dx),._.o 2
= —2b—1+4b+1=0
= bbb sl = Shw—
2 2
= b=_—1anda=—l——1=:2-
6 3
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56. Let the coordinate of R(x,0).
Now, PR+ RQ =+/(x-1)*+ (0-1)*
+J@-3)°%+ (0-2)°
=\ —2x+2 + |/x* —6x+13
For minimum value of PR + R@,

L] (PR+ RQ)=0
dx

= ?j—\/(xz—2x+2)+—‘;i\/(x2—6x+ 13) =0
X X

(x-1) (x-3)
= =—
J#-2x+2 P -6x+13
On squaring both sides, we get
x-1> = (x-3)°
(?-2x+2) x*-6x+13
= 3x%-2x-5=0
= Bx-5)(x+1)=0
5
= x=—=,-1
3
Also, 1<x<3
: R=(5/3,0)

57. f(x)=22 -9ax®+ 12a% + 1
f' (x) =6x* — 18ax + 12a®
f''(x)=12x-18a
For maximum and minimum,
6x> - 18ax + 12a*=0

= x* - 3ax+2a’=0
x=aor x=2a at x = a maximum and at x =2a
minimum
pP=q
a*=2a
= a=2ora=0

But a > 0, therefore a =2

58. Given, f(x) =1+ 2x% + 2% + 2826 4 ..+ 210x%
flx)=x@+ 4-2%2% +...+20-2'%%8)
Put f(x) =0= x=0only
Also, f"0)>0
59. (Slope) f'(x) =€ cos x + sin xe*
= ¢*V/2 sin (x + 74)
£ (x) =2 {sin (x + n4) + cos (x + n4)}
=2¢" -sin (x + ©2)
For maximum slope, put f''(x)=0

= sin (x+ m2)=0
= cosx=0
x=n/2,3n/2

' (x)=2€" cos (x + m/2)
" (=) =2¢€" - cos m=—ve
Maximum slope is at x =7/ 2.
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| +x2+3x+sinx|(3+sin(ln, x#0
X

flx)=
0, x=0
Let g) =2 +x*+3x+sinx
g (x)=3x>+2x+ 3+ cos x
=3(x2+?+1)+cosx
2
=3 (x+1] +§ +cos x>0
3 9
s 1
and 2<3+sm(—j<4
X

Hence, minimum value of f(x)is 0 at x=0.
Hence, number of points =1

Forx>0o0rx<0
fre)=2+2bx+ 1
X
ffA)=0=>a+2b+1=0 ...(d)
f’(3)=0:>§+6b+ 1=0 )

and

On solving Egs. (1) and (i1), we get
a=-3/4,b=-1/8

3(2 +2)% -83<x<-1
@)= x‘”a -l<x<2
3
4
A
X > X
K%mo
(_31 0)
Yl

Clearly, f' (x) changes its sign at x = —1 from positive to
negative and so f(x) has local maxima at x=-1.

Also, f'(0) does not exist but f'(07) <0 and f'(0") <0. It
can only be inferred that f(x) has a possibility of a
minimum at x=0.

Hence, it has one local maxima at x=—-1 and one local
minima at x=0.

D _-@b’-8d _,.

Minimum of f(x)=— e e - b®

and maximum of g(x) =— (4c* + 4b% =b*+
4(-1)

Since, min f(x) > max g(x)

= 2¢% - b2> b% + ¢

=5 ¢ >2b°

= lel>~210]
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64. Let S be the curved surface area of a cone.

T

h
S=nrl
= n(y2Rh — h®)(Jh® + r?)
= (ny/2Rh — h*)(2Rh)
Let SZ=p

P=n’2RQRh?- 1®)
-+ S is maximum, if P is maximum, then

dP __ , 9
— =2n“R@Rh - 3h*) =0
T, e ( )

h =0, AR
3
o 5 R
Again, differentiating T’ we get
2
Q =2n°R@R - 6h)
dh?
2
d—i <0ath = L
dh 3

65. Any tangent to the ellipse is z cost+ %sin t =1, where
the point of contact is (4 cos ¢, 3sin t)
x_ .Y
4sect 3cosect

or

It means the axes Q(@sec t,0) and R(, 3 cosec t).

~.The distance of the line segment QR is
QR?=D =16sec’ t + 9 cosec” ¢

So, the minimum value of Dis (4 + 3)2 orQR="1.

66. f(x):(i) :>f’(x)=GC) (logi—l]

f'(x)=0=>logl=1=loge:>l=e:>x=l
x x e

Also, for x < 1/e, f'(x) is positive and for x> 1/e, f' (x) is
negative.

Hence, x = 1/eis point of maxima.

Therefore, maximum value of function is €’¢.
2
67. Consider the function f(x) = x—
( + 200)
, (400 x )
x e ————
F= (13 200)%
when x= (400)"3 s (- x#0)
x=@400)"® —h= f'(x)>0

x=(@400)"® + h= f'(x)<0
~.f(x) has maxima at x = 400y

IIT-MATHEMATICS, |
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Since, 7 < (400)"® <8, either a, or ay is the greatest term
of the sequence.

49 8 49 8
a;=——andag=—and — >
543 89 543 89
= a g is the greatest term.
7= 543 &
Given, A+ B=60°= B=60°- A
V3 -tan A
= tan B=tan (60°-A)= —F—
¢ ) 1++/3tan A
Now, z=tan A tan B
or _tW3-1) Bt-1
1++4/3t 1++/3t

where, ¢ =tan A

dz __ (t++3)Bt-1)

dt (1 + 3t)?
N t=1A3=t=tan A =tan 30°

The other value is rejected as both A and B are positive
acute angles

<L % dz
<J’ d J‘ d

Hence, max when ¢ = L and max value = l
V3 3

= positive and if ¢ > —— =negative

f@)=2*-3T-a)*-39-a*)x+2

f'(x)=3x%-6(7T-a)x-309-a?
For real root D >0,

= 49+a’-14a+9-a%>0
= a<-5—8
14

For local minimum f'’'(x) =6x-6(7—a) >0= 7-xhas
xmust be negative

= T-a<0=>a>7
Thus constradictory, i.e. for real roots a < % and for

negative point of local minimum a > 7.

No possible values of a.

Clearly f(x) is increasing before x=0 and starts
decreasing after x=0, f(0) = a.

For x =0 to be the point of local maxima

fO)= lim f(x)
x—>0"

= a>1
Let the line in intercepts form be LY % =1,
a
h k
It passes through (h,k) = — + b 1
a
= k__ h_a-h
b a a
- b ak
a-h

m nce ZO01...
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1 ak 1 h ’
A==ab==a- == L
2 a-h 2 a-h @
a’
Alsmlnwheny—a_2h=l——zlsmax
a a
dy 1 2h »
= ——=- —+ —/=0=>a=2h (1
dﬂ (12 (13 ()
d’y 2 6h 2 3 ..
— = o =—0-— Eq. (ii)
da® o® ot & o [by Eq. @)
2
= %:— %:negative
a a
-, Maximum

Now, put a =2k in Eq. (i), A =%.4h2-§ —9hk

72. Let (x,y) be one the parabola y=x + Tx+ 2

Its distance from the line y=3x-3o0r3x-y-3= 0is
IBx-y-8| [3x-(x*+ Tx+2)-3]

D= -
Ve 1| 0|
C|-af-4x -5
V10
po|Prdxes| @e2fe1l @2+l
o | 0 10
Numerator -
—— 18 positive
Denominator
dD 2(x+2)
— = =0= x=-2and hence y=-8,
dx J10 Y
i.e. Point is (-2, -8)
d’D 2 " .
—— =—— = Positive and hence min at (-2,-8).
dv* 10 ¢ )
73. The equation of tangent to the curve, y=¢" at a point
(c,e")is

y—e =¢e(x-c ...(0)
and equation of normal to the curve, y* = 4x at the
point (1, 2) is

y-2=-1(x-1) ...(ii)
-+ The lines (i) and (ii) intersect at same point on the

X-axis, so put y =01in both the equation and equate,
we get

x=3=c-1=>c=4
74. Let a cubic polynomial
f@)=ax’ + bx®+ cx+ d
f(=1)=10
= -—-a+b-c+d=10 ()
f)=-6
= a+b+c+d=-6 ...(ii)
. f(-1)=0
= 3a-2b+c¢=0
y frr@=0

...(iii)
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= 6a +2b=0
= 3a+b=0 (1)
From Egs. (i) and (i1), we get
-2a -2¢=16
= a+c=-8 (W)

From Eqgs. (iii), (iv) and (v), we get
3a -2(-3a)+ (-a -8)=0
= 8a-8=0=a=1
So, b=-3, c¢=-9 andd=56
f(x)=3uf3 -3x2-9x+5
f'(x)=3x"-6x-9=0
[for local maxima and minima]
= %*-2r-3=0= 2" -3x+x-3=0
= (x+Dx-3)=0= f(x)=0= x=-1,3
[ (x)=6x-6
f'-1)=-12and f'' 3)=12
~.x=31is point of local minima.

Given curveis 9 y2 =2 .1
On differentiating, we get
18y —3x2 d_o .. (i)
dx By

Let (o, B) be a point on Eg. (i) at which normal makes
equal intercepts on the axes, then

9p? = a? ...(iii)
From Eq.(ii), slope of the normal at (o, )
__1 -1 _-6p .
(ﬂ] 0.2/(66) D . (1v)
dx (a, B)

Since, normal of the curve makes equal intercepts with
the axes, so slope of normal

=tan45°or tan 135°=+1 (V)
~ From Eq. (iv), we get
-6p o’

—=%+1 = B=+—
o’ P 6
On putting the value of p in Eq. (iii), we get

9 2
9[?‘2} =a® = of=4d°

= o (@ -4)=0= a=0ora =4

When o =0, B =0, then normal passes through (0, 0) it
mean that they do not intercepts.
2

Taking o =4, we getp=+ % ?g
Since, we have the curve y = ax® + ba® + cx + 5 touches
X-axis at P(-2,0), then X-axis is the tangent at (-2,0).
The curve meets Y-axis in (0, 5).

dy

= =3ax’ + 2bx + ¢
dx

=0+0+c¢=3 (given)
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= y c=3 (1) Atx=5, (_dz‘g] =24 x5-276
and (d_yj =0 9 st
x),
(=20 =120-276=-156 <0
= 12a -4b+¢=0 - .. By second derivative test,
-5 12a -4b+3=0 [from Eq. (1)] ...(i1)

x =5 is the point of maxima.

and (-2,0) lies on the curve, then Hence, the side of the square to be cut-off to make the

0=-8a+4b—-2c+5 volume of the box maximum possible is 5 cm.
= 0=-8a+4b-1 [ ¢=3] 78. We have,
= 8a-4b+1=0 ...(ii1) 6-3x x<-2
From Egs. (ii) and (iii), we get 10-x -2<x<3
1 3 f)=
a:-—--z_andbz--Z x+4 3<x<5h

1 -3 3x-6 x25
I (?) -1z (sz EERGSEESER The function f is decreasing for x € (-, 3) and
increases on (3, «).

77. Let the side of the square to be cut off be xcm. Then, the

height of the box is x, the length is 45 —2x and the Hlsnge, a=i018 & Hout Sl srmimAniane. fusy = 7

breadth is 24 — 2x. 79. We have, S =4t+ >
Let V be the corresponding volume of the box, then ds lt
V =x (24 -2x) (45 -2x) E=4_?
= V = x (4x* - 138x + 1080) = 42° — 138x” + 1080x i 2
On differentiating twice w.r.t. x, we get and 73 = rl
AV 1952 ~276x+ 1080 Now, velocity =0
i Cds 1 1
= —=0=24--=0= t==
and d_2‘§ =24x-276 dt 2 2
& 1) (d%
For maxima put gy . 0 .. Acceleration (at t= 5] = [d—tzJ )
dx t=—
=5 124 - 276x + 1080 =0 2
=——=16
- x*-23x+90=0 (1]"
= (x-18)(x-5)=0 = «x=5,18 2
It is not possible to cut off a square of side 18 cm from 80. f(x) =2 + ax®+ bx+ 5sin®xis increasin on R.
each corner of the rectangular sheet. Thus, x cannot be ;
equal to 18. = f'®@>0forallxeR
(R ] = 3x”+2ax+ bsin2x>0forall xeR
XX = 3x%+2ax+ (b-5)>0forall xeR
: G
' 5 |5 = ©a)2-4x3x(b-5)<0
s
|8 = a?-3b+15<0
X (45-2)cm T X
X X I— A=15
. 45 cm ;
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