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Welcome to the Circles Study Module tailored for

IIT-JEE Mathematics aspirants. This module offers a ‘ C I R C L E S
comprehensive review of the properties, theorems, \ 7 =

and applications of circles, essential for success in INTT-MATHEMATICS

the IIT-JEE examination.

+ Comprehensive Coverage: This module covers all essential concepts of circles, ensuring
thorough preparation for the lIT-JEE Mathematics examination.

« Clear Explanation: Concepts are explained clearly and concisely, supported by illustrative
examples and diagrams to facilitate learning.

« Practice-oriented Approach: Ample practice questions, problem-solving exercises, and mock
tests enable students to apply their knowledge and reinforce their understanding of circles.

KEY FEATURES
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- Basic Concepts: Explore the fundamental properties of circles, including definitions of
radius, diameter, chord, secant, tangent, and arc. Understand the central angle, inscribed
angle, and their relationships with arc measures.
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« Equations of Circles: Study the standard and general forms of the equation of a circle in the
coordinate plane. Learn how to derive equations of circles given various conditions, such as
center and radius, diameter endpoints, and points on the circle.
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« Tangent and Secant Properties: Delve into the properties of tangents and secants to circles,
including theorems related to tangent-secant angles, secant-secant angles, and the power of
a point. Understand how to apply these properties to solve problems involving circles.
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« Chord Properties and Intersecting Circles: Investigate properties of chords, secants, and
tangents intersecting circles, including theorems related to intersecting chords, the angle
between chords, and cyclic quadrilaterals. Learn how to prove and apply these properties in
geometric proofs.

« Circle Geometry and Coordinate Geometry: Explore applications of circle geometry in
coordinate geometry, including finding the equation of circles, determining the position of
points concerning circles, and solving problems involving tangents and secants.

« Constructions and Loci: Learn geometric constructions related to circles, such as

constructing tangents, chords, and inscribed/circumscribed polygons. Understand how to
locate points satisfying specific conditions (loci) related to circles.

HT-MATHEMATICS
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DEFINITION OF A CIRCLE

A circle is the locus of a point which moves in a plane, so
that its distance from a fixed point in the plane is always
constant.

The fixed point is called the centre of the circle and the
constant distance is called its radius.

EQUATIONS OF A CIRCLE

1. An equation of a circle with centre (h, k) and radius r is
x-h?+(y-k?=r

1k

A circle of area 97 square units has two of its diameters
along the lines x + y =5 and x — y = 1. Find the equation of
the circle.

Solution: The centre of the circle is the point of intersection
of the diameters x + y=5and x—y = 1, which is (3, 2). If r
is the radius of the circle, then 77 =97 = r=23 and the
equation of the circle is (x — 3)2 +(y- 2)2 =3

6x-4y+4=0

Illustration

= Z+y-

2. An equation of a circle with centre (0, 0) and radius r is
Ray=r?

3. An equation of the circle on the line segment joining (x;, y;)

and (x,, y,) as diameter is

(x=x) (x=x) +(y=y) (y=y)=0

2§

The line 3x + 4y — 12 = 0 meets the coordinate axes at A and
B. Find the equation of the circle drawn on AB as diameter.
Solution: 3x + 4y — 12 = () meets x-axis at A(4, 0) and y-axis
at B(0, 3). Equation of the circle on the line joining A and
B as diameter is
x-0(x-4H+(y-0(y-3)=0

= P+y —4x-3y=0

4. General equation of a circle is

| Illustration
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X4y 4 28x+2y+c=0
where g, f and ¢ are constants.
(i) Centre of this circle is (- g, —f).

(i) Itsradiusis yg* + f>—c, (g2 +f>>0).

(iii) Length of the intercept made by this circle on the

X-axis is 2 g2 —c if g2 —c¢ 20, and that on the y-axis
is24f2=cifff=c20
| Tlustration | 3 :

Show that x + y — 1 = 0 is the equation of a diameter of the
circle x* + y2 —6x + 4y + ¢ =0 for all values of c.

Solution: Centre of the circle is (—% - %)

i.e (3, — 2) which lies on the line x + y— 1 = 0 and any line
passing through the centre of the circle is a diameter of the
circle. Hence x + y — 1 = 0 is a diameter of the circle.

5. General equation of second degree
ax2+2hxy+by2+2gx+2fy+c=0
in x and y, represents a circle if and only if
(1) coefficient of » equals coefficient of yz, ie,a=b#0.
(i) coefficient of xy is zero, i.e., h = 0.
(i) g2 +f*-ac>0

4%

Find the centre and radius of the circle

3 +@+ 1)y’ +6x-9y+a+4=0

Solution: Since the given equation represents a circle,

co-efficient of x* = co-efficient of y*

= 3=a+ 1= a=2and the equation of the circle becomes
3x2+3y2+6x—9y+6=00rx2+y2+2x—3y+2=O

whose centre is (- 1, 3/2) and

radius = 1+ (3/2)* - =§.

| Illustration
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SOME RESULTS REGARDING CIRCLES

1. Position of a point with respect to a circle. Point P(x,, y;)
lies outside, on or inside a circle § = x* + y2 +2gx+2fy+c
=0, according as S, = x7 + y] +2gx, + 2fy, + ¢ >, = or < 0.

Mlustration | 5 :

Find the values of a for which the point (a, a), a > 0, lies
outside the circle x> + _v2 -2x+6y-6=0
Solution: The point (a, a) lies outside the given circle if
a+a*-2a+6a-6>0
=2 +2a-3)>0 = (@a+3)(@-1)>0
=a>lasa>0

2. Parametric coordinates of any point on the circle (x — h)?
+(y- k)2 =* are given by (h + r cos 6, k + r sin 6), with
0 < 6<2m. In particular, parametric coordinates of any point
on the circle x* + y> = > are (rcos 8, rsin 8) with 0< 6 < 27.
3. An equation of the tangent to the circle e y2 +2gx+
2fy + ¢ = 0 at the point (x,, y,) on the circle is

xxp+yy+gx+x)+f(y+y)+c=0
4. An equation of the normal to the circle 24y 42+
2fy + ¢ =0 at point (x,, y,) on the circle is
Y~h _X—Xx
»+f B n+g

5. Equations of the tangent and normalto the circle x* +y* = 1>
at the point (x;, y;) on the circle are, respectively,

2 xX_Y

xx;+yy,=r° and —=-=—

o B

Ilustration | 6 F

Find the equation of the tangent to the circle x* + y* = 25 at
the point in the first quadrant where the diameter 4x -3y =0
meets the circle.
Solution: The diameter meets the given circle at the point
(3, 4) in the first quadrant.

Equation of the tangent to the circle at this point is
x(3)+y4)=25=3x+4y=25

6. The line y = mx + ¢ is a tangent to the circle % y2 =r
if and only if =0 (1+ mz).
7. The lines y = mx + ry1+m’® are tangents to the circle

24 y2 = /2, for all finite values of m. If m is infinite, the
tangents are x + r = (.

| Mlustration | 7 :

The line y = V3x +4 touches a circle with centre at the
origin. Find the radius of the circle.

IHT-MATHEMATICS
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Solution: Let the radius of the circle be r, so its equation

is x> +y* = 1% As the line y = /3y + 4 touches this circle,
@=P(1+(3)) = P=4=r=2

so the required radius is 2.

8. An equation of the chord of the circle S = ] y2 + 2gx

+2fv + ¢ = 0, whose mid-point is (x,, y,), is T = S,, where
T=xx,+yy,+gx+x)+f(y+y)+c

and S =x+yl+2gx, + 2y +c

In particular, an equation of the chord of the circle x* + y> = 2,

whose mid-point is (x,, y,), is xx; + yy, = x7 + y,".

9. An equation of the chord of contact of the tan-

gents drawn from a point (x;, y,) outside the circle
S=0,is T=0. (S and T are as defined in (8) above.)

10. Length of the tangent drawn from a point (x,, y,) outside

the circle § =0, to the circle, is \/S—, .(Sand S are as defined
in (8) above.)

| Mlustration | 8 ;

Find the length of a tangent drawn from the point (3, 4) to
the circle x* + y2 —4x+6y-3=0.

Fig. 17.1

Solution: Centre of the circle is (2, —3) and radius

= \/22 - (—3)2 +3 =4. Soif PT is the tangent from P(3, 4)

to the circle, then
(PT)* = (PC)* - (CT)?
=(3-2)+(4+3)-4"=34.
The required length of the tangent is V34

If § =% + y* — 4x + 6y — 3 then length of the tangent from

P(3,4)tothiscircleis S= \[(3)? +(4) —4(3) + 6(4) -3 =+/34.

11. Two circles with centres C,(x;, y;) and C,(x,, y,), and
radii r, r, respectively,
(i) touch each other externally if IC, C,l = r| + r,. The
point of contact is

Hh+tnhX 1 +thy
r|+r2 r|+r2

A P STUDY CIRCLE
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Show that the circles x* + y* — 2x = 0 and x* + y* — 8x + 12
= 0 touch each other. Find the point of contact.

Solution: Centre of the first circle is (1, 0) and its radius is 1.
Centre of the second circle is (4, 0) and its radius in 2. Since
the distance between the centres = 3, which is equal to the
sum of the radii. The two circles touch each other externally
and the point of contact is the point (2, 0) which divides the
join of (1, 0) and (4, 0) in the ratio 1 : 2.

Y

A

Fig. 17.2

| Illustration

(ii) touch each other internally if 1C; Gyl = Ir; — nry,
r, # r,. The point of contact is

(’1)‘2_’2)‘1 ’lyz_rzh]
,
h—n =

12. An equation of the family of circles passing through the
points (x, y;) and (x,, y,) is

x y 1
(x=x) (x=x)+(=y) 0=y +Alx, y 1=0
X oy 1

13. An equation of the family of circles which touch the line
y—y; =m(x—x,)at (x;, y,) for any finite value of m, is
=x)*+ =y + Ay -y) —mx-x)]=0

If m is infinite, equation becomes (x — x,)2 +(y- yl)2 +
AMx—x;)=0.
14. Let OR be a chord of a circle passing through the point
P(x,, y;), and let the tangents at the extremities Q and R of
this chord intersect at the point L(h, k) (Fig. 17.3). Then
locus of L is called as polar of P with respect to the circle,
and P is called the pole of its polar.

L(h,k)

0
P (x1, 1)

Fig. 17.3

(1) Equation of the polar of P (x,, y,) with respect to
the circle S=x* + y* + 2gx + 2y + ¢ = 0,is T = 0,
where T is as defined in (8) above.

IHIT-MATHEMATICS
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(i1) If the polar of P with respect to a circle passes through
0, then the polar of Q with respect to the same circle
passes through P. Two such points P and Q are called
conjugate points of the circle.

15. If lengths of the tangents drawn from a point P to the

two circles
S Ex2+y2+2g1x+2f1y+c1 =0
and S,=x+y +2gx+ 2y +¢,=0
are equal, then the locus of P is called the radical axis of
the two circles §; =0 and S, = 0, and its equation is §; — S,
=0, i.e.,
208, —8)x+2(fi—f)y+c;—¢c,=0

(i) Radical axes of two circles is perpendicular to the
line joining their centres.

(ii) Radical axes of three circles, taken in pairs, pass
through a fixed point called the radical centre of
the three circles, if the centres of these circles are
non-collinear.

SPECIAL FORMS OF EQUATION OF A
CIRCLE

1. An equation of a circle with centre (r, r), radius Irl is (x
- r)2 +(y— r)2 = 1%, This touches the coordinate axes at the
points (r, 0) and (0, r).

10F

A circle of radius 3 units touches both the axes. Find its
equation.

Solution: As the circle touches both the axes, the distance
of the centre from both the axes in 3 units. So the centre
of the circle can be (+ 3, £ 3) and hence there are four
circles with radius 3, touching both the axes and their
equations are

x2+y2i6xi6y+9=0.

2. An equation of a circle with centre (x,, r), radius Irl is
(x —xl)2 +(y- r)2 = r2. This touches the x-axis at (x;, 0).
3. An equation of a circle with centre (r, y,), radius |r| is
(x-r’+ (y —y,)2 = r*. This touches the y-axis at (0, y,).
4. An equation of a circle with centre (a/2, b/2) and radius

(a2 +b2)/4 is
x2+yz—ax—by=0

| Illustration

This circle passes through the origin (0, 0), and has inter-
cepts a and b on the x and y axes, respectively.

SYSTEMS OF CIRCLES

LetS=x*+y +2gx+2fy+¢, 8 = +y +2g'x + 2f 'y +
cand L=ax+by+k’.

1. If two circles S = 0 and S” = 0 intersect at real and dis-
tinct points, then S + AS” = 0 (1 # —1) represents a family of
circles passing through these points (A4 being a parameter),

A P STUDY CIRCLE
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and S — 8" =0 (for A =-1) represents the common chord of
the circles.

2. If two circles S = 0 and §” = 0 touch each other, then
§—8"=0represents equation of the common tangent to the
two circles at their point of contact.

3. If two circles S = 0 and §” = 0 intersect each other orthogo-
nally (the tangents at the point of intersection of the two cir-
cles are at right angles), then

208" +2ff =c+ (.
4. If the circle S = 0 intersects the line L = () at two real and

distinct points, then S + AL = 0 represents a family of circles
passing through these points.

11k

Find the equation of the circle described on the chord
3x+y+5=0of the circle x* + y* = 16 as diameter.
Solution: Equation of any circle passing through the points
of intersection of the chord and the circle is

x2+y2— 16+ A3x+y+5)=0
The chord 3x + y + 5 = 0 is a diameter of this circle if the

Illustration

centre (%A%) of the circle lies on the chord.

3(._11_)_&4.5:0
2 2

= A =1 and the required equation of the circle is
x2+y2+3x+y——ll=0.

5. If L=0is a tangent to the circle S = 0 at P, then § + AL
= 0 represents a family of circles touching § = 0 at P, and
having L = 0 as the common tangent at P.

6. Coaxial Circles A system of circle is said to be coaxial
if every pair of circles of the system have the same radical
axis.

The simplest form of the equation of a coaxial system of
circles is x* + y* + 2gx + ¢ = 0, where g is a variable and ¢
is constant, the common radical axis of the system being
y-axis and the line of centres being x-axis.

The Limiting points of the coaxial system of circles are the
members of the system which are of zero radius. Thus the
limiting points of the coaxial system of circles

X4y +2x+c=0are (e, 0) if ¢ 2 0.

The equation § + AS” = 0 (A # —1) represents a family of
coaxial circles, two of whose members are given to be
S=0and §"=0.

Conjugate systems (or orthogonal systems) of circles Two
system of circles such that every circle of one system cuts
every circle of the other system orthogonally are said to be
conjugate system of circles. For instance,

C+y?+2x+c=0 and P +y +2/-c=0,

CIRCLES

HT-MATHEMATICS

where g and f are variables and c is constant, represent two
systems of coaxial circles which are conjugate.

COMMONTANGENTSTOTWO CIRCLES

If (x~g)" + (=£)* = af and (x = gy)" + (= f,)* = aj are
two circles with centres C, (g, f;) and C, (g5, f>) and radii
a, and a, respectively, then we have the following results
regarding their common tangents.

I.When C; C, > a; + a, ie., distance between the
centres is greater than the sum of their radii, the
two circles do not intersect with each other and four
common tangents can be drawn to two circles. Two
of them are direct common tangents and the other two
are transverse common tangents. The points T, T, of
intersection of direct common tangents and transverse
common tangents respectively, always lie on the line
joining the centres of the two circles and divide it
externally and internally respectively in the ratio of
their radii.

Di,
Cct
Common tan ge,
nt

Transverse
common T,
tangent
nt
on tang®
pirect com™
Fig. 17.4
T, a T, a .
—LL=—1 (externally) ——2=-L internally
LG a gby G

2. When C, G, = a; + a, i.e., the distance between
the centres is equal to the sum of the radii, the two
circles touch each other externally, two direct common
tangents are real and distinct and the transverse
common tangents coincide.

Fig. 17.5

3. When C, G, < a, + a, i.e., the distance between the
centres is less than the sum of the radii, the circles
intersect at two real and distinct points, the two
direct common tangents are real and distinct while
the transverse common tangents are imaginary.

A P STUDY CIRCLE
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Fig. 17.6

Fig. 17.7

Fig. 17.8

4. When C; C, = la; - ayl (a; # a,) i.e., the distance
between the centres is equal to the difference of
their radii, the circles touch each other internally,

® Example 1: Ifeachofthelines 5x+8y=13and4x-y=3
contains a diameter of the circle x° + y2 - 2(a2 —Ta+11)x
—2(@-6a+6)y+b’+1=0, then

(a)a=5andb ¢ (- 1,1)

(bya=landbg (-1,1)

(c)a=2and b e (—oo, 1)

(d)a=5and b € (==, 1)
Ans. (d)
© Solution: The point of intersection (1, 1) of the given
lines is the centre of the circle.
= a-Ta+11=1,a"-6a+6=1
= a =5 and the equation of the circle is x* + y* - 2x = 2y
+b+1=0
so radius of the circle = \/l + 1—(b3 +1)= \/1 -
For radius to be real B> < 1 = b e (=00, 1)

two direct common tangents are real and coincident
while the transverse common tangents are imaginary.
(Fig 16.7)

5.When C; G, < la; - a,l a; # a, ie., the distance
between the centres is less than the difference of the
radii, one circle with smaller radius lies inside the
other and the four common tangents are all imaginary.
(Fig 16.8)

12F

Find the number of common tangents to the circles *+y'=16
andx2+y2—2y=0.
Solution: Centre of the circle x* + y2 =161s (0, 0) and its
radius is 4. Centre of the circle x* + y2 —2y=01is(0, 1) and
its radius is 1.

Distance between the centre = 1 which is less than the
difference between the radii.

Second circle lies inside the first circle so there is no real
common tangent to the given circles.

A

| Illustration

2y
N

Fig. 17.9

SOLVED EXAMPLES
Concept-based

Straight Objective Type Questions

® Example 2: If a circle touches the axis of x at (5, 0)
and passes through the point (4, — 1), it also passes through
the point

(a) (_lv 6) (b) (6¢ _l)
(c) (1,6) (d) (6, 1)
Ans. (b)

© Solution: Centre of the circle is on the line x = 5 at
a distance equal to the radius of the circle from the axis
of x.

Let the coordinates of the centre be (5, k), so the equation
of the circle is

(x=5)7%+(y-k? =k
As it passes through the point (4, — 1)
A-52+(-1-k’=k = k=-1

A P STUDY CIRCLE
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and the equation of the circle is
k=57 +@+1)Y=1
which passes through the point (6, — 1)

".

(6, — 1) is the other end of the diameters through (4, —1) of

the circle.
(5,0)

4,-1) 6,-1)

(53 _1)

Fig. 17.10

® Example 3: For all values of a, equation of a diameter
of the circle x* + y* - 2ax + 2ay + a*=0is

(@A) x+y=a (b) x—y=a
(¢)x+y=2a (d) x—y=2a.
Ans. (d)

© Solution: Centre of the circle is (a, —a) and the line
x —y=2a passes through it. So it is a diameter of the given
circle.
® Example 4: S: % y2 —6x+4y-3=0is acircle and
L:4x+3y+ 19 =0 is a straight line.

(a) Lis achord of S. (b) Lis a diameter of S

(c) LisatangenttoS  (d) none of these
Ans. (d)
© Solution: Centre of S is (3, —2) and its radius is
3 +(-2+3=
Length of the perpendicular of (3, — 2) from the line L is
4(3)+3(-2)+19

V4 +3)

of S. So the line L lies outside the circle S.

=5 which is greater than the radius

® Example 5: Circles x> + y> + 2x — 8y — 8 = 0 and
X+ ¥y +2x-6y-6=0

(a) touch each other internally at (-1, —1)

(b) touch each other externally at (-1, —1)

(c) intersect each other at (-1, —1)

(d) none of these.
Ans. (a)
© Solution: Centre of the first circle is (=1, 4) and its
radius is V1+16+8 =35. Centre of the second circle is

(=1, 3) and its radius is V1+9+6 =4.

Distance between the centres = 1 = difference between
the radii, so the two circles touch each other internally at a
common point (- 1, -1)

@® Example 6: Vertices of an isosceles triangle of area a’

are (- a, 0) and (a, 0). Equation of the circumcircle of the
triangle is

(a) x2+y2+2ax—2ay+a2=0

(b) X’ +y* = 2ax +2ay+a* =0

(c) 2+ y2 =d*

(d) none of these
Ans. (c)

© Solution: Since the triangle is isosceles, third vertex
lies on the line x = 0, perpendicular to the base and passing
through the mid-point (0, 0) of the base. As the area is a>,
distance of the vertex from the base is a as the length of the
base is 2a. So vertex of the triangle is (0, * a) and let the
equation of the circle passing through the vertices of the
triangle X+ y2 + 2gx + 2fy + ¢ = 0, then a* + 2¢ga+c¢=0,
&~ 2ga+c=0

and a*+2fa+c=0.

= c¢=-a" g=f=0and the equation of the required circle

is x? +y2 =d%

@® Example 7: If the circle x* + y* = 6x -8y + (25-a%) =0
touches the axis of y, then a equals.

(a) 0 (b) 4
(c) £2 (d) £3
Ans. (d)

© Solution: If the circle touches the axis of y, distance
of its centre (3, 4) from the axis of y is equal to the radius

\/(3)2 +(4)? =(25-4a*) of the circle.
= 3=V’ = g=143

® Example 8: A circle is described on the line joining the
points (2, — 3) and (— 4, 7) as a diameter. The circle

(a) passes through the origin

(b) touches the axis of x.

(c) touches the axis of y

(d) origin lies inside the circle
Ans. (d)

© Solution: Equation of the circle is
@=-2)(x+4H+ y+3)(y-7=0

= X+y +2x-4y-29=0.
Centre is (1, — 2), radius = V34

Distance of the centre from the origin is V5 <34,
So the origin lies inside the circle.

® Example 9: A circle with centre at the centroid of the
triangle with vertices (2, 3), (6, 7) and (7, 5) passes through
the origin, radius of the circle in units is

(a) 5 (b) 5v2

(c) 4 (d) none of these

A P STUDY CIRCLE
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Ans. (b)
Solution: Centroid of the triangle is (2+§+7 ; 3+;+5)
=(5, 5). Let the equation of the circle be (x — 57 + (y- 5)2
=rr being the radius.

= x*+y*=10x— 10y + 50 — > = 0 which passes through
the originif =50 = r= 5V2.

® Example10: S:x*+)’—8x+10y=0andL:x-y-9=0
are the equations of a circle and a line.
(a) L is a normal to the circle S.
(b) S is the only circle having radius /41 and a
diameter along L.
(c) Lis a tangent to the circle S.

(d) L does not intersect the circle S.
Ans. (a)

Solution: L passes through the centre (4, -5) of the
circle § and hence is a diameter and every diameter is a
normal to the circle.

® Example 11: A circle has its centre on the y-axis and
passes through the origin, touches another circle with centre
(2, 2) and radius 2, then the radius of the circle is

(a) 1 (b) 172
(c) 173 (d) 1/4.
Ans. (b)

Solution: Let the centre of the circle be (0, k). As it
passes through the origin, its radius is k.
Since it touches the second circle

JO0-22 +(k-2? =k+2 1
= k+2)’-k-21=4=3k= 5

® Example 12: If the point (3, 4) lies inside and the point
(= 3,-4) lies outside the circle 2+ y2 ~Tx+5y-p=0,then
the set of all possible values of p is

(a) (24, 25) (b) (25, 26)
(c) (24, 26) (d) (0,24)
Ans. (¢)

Solution: (3, 4) lies inside the circle

= 3 +@)*-73)+5@)-p<0 = 24<p
(=3, —4) lies outside the circle

= (3 + (4 -7 (=3)+5(4)-p>0.

= p<26.

So p e (24, 26)

® Example 13: The mid point of chord by the circle
x2+yz= l16onthelinex+y+1=0is

11 | 1
(@ (5’5) ®) (‘z"z)
1 -3 3 7
© (5’7) @ (z"z)
Ans. (b)
HNT-MATHEMATICS

Solution: The line meets the circle at points whose
x-coordinates are the roots of the equation

CP+x+1)P?=16 = 2% +2x-15=0

So if (h, k) is the required point.
X + X,
2

h= =—landh+k+1=0 ::~k=—l
2 2

11
and the required point is (—E, — 5)
@® Example 14: If a chord of a circle x* + y* = 25 with
one extremity at (4, 3) subtends a right angle at the centre
of this circle, then the coordinates of the other extremity of
this chord can be.

(a) (-3,-4) (b) (4,-3)
() (3,4 (d) (3,4
Ans. (d)

Solution: Let P be the point (4, 3) and Q (h, k) be the
other extremity of the chord through P. Centre of the circle
is the origin 0. Then OP is perpendicular to OQ.

k 3 k 4
= —X—==] = —=——
h 4 h 3

which is satisfied by (h, k) = (-3, 4)

® Example 15: Equation of acommon chord of the circles
X4y +6x—10y+9=0and x>+ y* - 10x+ 6y +25=01is

(@) x+y+4=0 (b)y x—y+4=0
c)x+y+1=0 (dx-y-1=0
Ans. (d)

© Solution: Equation of the common chord is
P4y +6x-10y+9- (2 +y* = 10x+ 6y +25)=0
= x-y-1=0
® Example 16: x + ay = a+1isa tangent to the circle
4 y2 =10 for
(a) any values of a

(c) two values of a
Ans. (c)

Solution: If x+ay= a* + 1 touches the circle, length of

the perpendicular of the centre (0, 0) of the circle from the
line is V10, the radius of the circle.

_ (2
0+09-(a +1)=m

V1+ad?
= \/1+a2:\/ﬁ = a*=9 =a=13

® Example 17: If the circles 2+ ¥ +5x—6y—1=0and
X +y* +ax—y+1=0 intersect orthogonally (the tangents
at the point of intersection of the circles are at right angles),
the value of a is

(b) only one value of a
(d) no value of a.

A P STUDY CIRCLE



—
A: P
STUDY CIRCLE

ACCENTS SODUCATIONAL PROMOTERS

(a) 6/5 (b) 5/6
(c) —6/5 (d) —=5/6
Ans. (c)

Solution: Let C, (—%,3) be the centre and r; =

(_g) +(3)* +1 be the radius of the first circle and

C, (—g,l) be the centre and
N 22 P,
2 2 O
Fip'= (—%) +(%) —1 be the 1.\
radius of the second circle. If P '
is a point of intersection of the
two circles then (C, P)* + (C, P)? Fig. 17.11
=(C, ¢y’
2 2 2 2 2
= (——5—) +(3)2+1+(—£) +(l) —lz(j+g) +(3—l)
2 2 2 2 2 2
6
= a=-—
5

We could also use 2gg” + 2ff =c+ ¢’

@ Example 18: Length of a tangent drawn from the origin
to the circle x* + y2 —6x+4y+8=0in units is

(a) 4 (b) 6
(c) 8 d 2v2
Ans. (d)

P

7\
2 ‘
(0, 0)
Fig. 17.12

@® Example 21: Four distinct points (2, 3), (0, 2),
(4, 5) and (0, 1) are concyclic if the value of 7 is

(a) -2 (b) 2
(c) 17 (d) —17
Ans. (¢)
HT-MATHEMATICS
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Solution: If P is the point of contact of the tangent from
O and C is the centre of the circle, then
(OP)’ = (0C)* - (CP)’
=32+ (-2-(3%+(-2-8)=8
® Example 19: A circle passing through the intersection

of the circlesx2+y2+5x+4=0andx2+y2+5y—4=0
also passes through the origin. The centre of the circle is

J! B 55
@ 33 ® (33
5 35 S 5
@ (-5-3) @ [-3-3)
Ans. (c)

© Solution: Let the equation of the circle be
Py +5x+4+ A2 + ¥ +5y-4)=0

It passes through the origin if 4 — 41 =0

= A =1 and the equation of the circle is

22 +2y* +5x+ 5y=0 5 5

Centre of the circle is (—— ——)

’

@® Example 20: The locus of the point from which mu-
tually perpendicular tangents can be drawn to the circle
P+ =36is

(a) X +y* =42 (b) x> +y* =48
(©) X +y =60 d) 2 +y*=72.
Ans. (d)

Solution: y = mx+6VI+m® is the equation of
any tangent to the circle. If it passes through (h, k), then
k=mh +6v1+m?
= (k=mh)’ =36 (1 +m’)
= (B6-h)ym*+2mhk+(36-k)=0

which gives two values of m say m, and m,, slopes of
two tangents passing thought (4, k). These tangents are
perpendicular
36-k°
36— h*
= h*+k*=72 = Locus of (h, k) is x> + y* = 72.

If mym,=-1

LEVEL 1
Straight Objective Type Questions

Solution: An equation of a circle through (2, 3) and
4,5)1s
x y 1

(x=2)(x=)+-3) (=5 +A2 3 1=0
451
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It will pass through (0, 2) if

2 1
=24+ E3)+A2 3 1|=0
4 5 1
= 11+24=0
= A=-11/2 and it will pass through (0, 7) if
”O t 1
(—2)(—4)+(I—3)(t—5)—?2 3 1|=0
4 51

= F-19+34=0
= t=2,17

® Example 22: The locus of the middle points of the
chords of the circle x* + y* = 4a* which subtend a right
angle at the centre of the circle is

(@ x+y=2a (b))c2+y2=a2
(c)x2+yz=2a2 (d)x2+_v2=x+y
Ans. (¢)

© Solution: Let M(h, k) be the middle point of the chord
AB of the given circle 2+ y2 =4ad° , with centre at O (0, 0)
and radius equal to 2a.
Then OM is perpendicular to AB
Since AOB is a right angled triangle

4 (AM)* = (AB)* = (OA) + (OB)?

= (2a)* + (2a)* = 84*

= AM =2 a

Also (0A)* = (OM)* + (AM)*

= (2a)* = h* + kK + 24

— W+ K = 24d°

= Locus of (h, k) is x> + y2 =24%

® Example 23: Two tangents are drawn from the origin to
a circle with centre at (2, —1). If the equation of one of the
tangents is 3x + y = 0, the equation of the other tangent is

(@) 3x-y=0 (b) x+3y=0
(c) x=3y=0 (d) x+2y=0
Ans. (¢)

© Solution: Let the equation of the other tangent from the
origin be y = mx, then length of the perpendiculars from the
centre (2, —1) on the two tangents is same.

am+1| |6-1] 5

[ N i N R

= 10Q2m+ 1)*=25(1 + m?)

= 3m+8m-3=0

= Bm-1)(m+3)=0

= m=-3 or 1/3.

m = — 3 represents the given tangent hence the slope of

the required tangent is 1/3 and its equation is y = (1/3) x
= x-3y=0.

® Example 24: A line meets the coordinate axes in A and
B. A circle is circumscribed about the triangle OAB. If the

IHIT-MATHEMATICS
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distances from A and B of the tangent to the circle at the
origin O be m and n, then the diameter of the circle is

(@) m (m+n) (b) m+n
(¢) n(m+n) (d) m* +n’
Ans. (b)

© Solution: Let the coordinates of A be (a, 0) and of
B be (0, b), then AOB being a right angled triangle AB
is a diameter of the circle, so equation of the circle is
x-a)(x-0)+(@-0)(-0)=0

:>x2+_v2—ax— by=0

Y A

il TS
/.// .
B(0,b) Y
n_7 ™\ \
/ ke

M< [| N cnrbn) “x‘

Fig. 17.13

Equation of the tangent at the originis ax + by =0 (i)
Let AL and BM be the perpendicular from A and B on (i)

2 )
a- b~
then AL=|———| =mand BM = |—| =
’(12 + b2 ,az +b2
= m+n=a*+b> = diameter of the circle.

@® Example25: Avariablechordofthecirclex’+y>—2ax=0
is drawn through the origin. Locus of the centre of the circle
drawn on this chord as diameter is

(a) gt y2 +ax=0
(c) x2+y2—ax=0
Ans. (c)
© Solution: Let (h, k) be the centre of the required circle
then (h, k) is the middle point of the chord say OA of the
given circle x* + y* — 2ax = 0, O being the origin.
= A (2h, 2k) lies on the circle
= R+ 1k -ah=0
= Locus of (h, k) is P y2 —ax=0.

(b) x2+y2+ay=0
(d) x2+y2—ay=0

® Example 26: If a circle passes through the point (3, 4)
and cuts the circle x> + y* = @’ orthogonally, the equation of
the locus of its centre is

(a) 3x+4y—a2=0

(b) 6x+8y=a*+25

(c) 6x+8y+a*+25=0

(d) 3x+4y=a2+25

A P STUDY CIRCLE
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Ans. (b)
Solution: Let the equation of the required circle be
4y +2ex+ 2/ +¢c=0 (1)
Since it passes through (3, 4)
9+16+6g+8f+c=0
= 6g+8f+c=-25 (i)
As (i) cuts the circle x> + y2 =d orthogonally
2¢%x0+2fx0=c—-a
= c=d.
So from (ii) we get
6g+8f+a*+25=0
Hence locus of the centre (— g, —f) is
6x + 8y — (a* + 25) = 0.
® Example 27: An equation of the circle passing through
the origin, having its centre on the line x + y =4 and cutting
the circle x* + y* — 4x + 2y + 4 = 0 orthogonally is
(a) x2+y2—2x—6y=0
(b) x2+y2—6x—2y=0
©) X +y —dx—4y=0
(d) x2+y2—8x=0
Ans. (¢)
Solution: Let the centre of the circle lying on the line
x+y=4be (g 4 - g). Since the required circle passes
through the origin, equation of the circle is
XP+y -2gx-2(4-gy=0
Since it cuts the circle x* + y2 - 4x+2y+4=0
orthogonally,
-28(-2)-2(4-g)(1)=4
= 6g=12 = g=2
Hence an equation of the required circle is
x2+y2—4x—4y=0.

® Example 28: If O is the origin and OP, OQ are the tan-
gents from the origin to the circle 2%y y2 —6x+4y+8=0,
the circumcentre of the triangle OPQ is

(@ (3,-2) (b) (312,-1)
(c) (3/4,-1/2) (d) (=32, 1)
Ans. (b)

Solution: We note that PQ is the chord of contact of the
tangents from the origin to the circle

Py —6x+4y+8=0 (i)
Equation of PQ is 3x -2y -8 =0 (i1)
Equation of a circle passing through the intersection of
(i) and (ii) is

4y —6x+4y+8+A(3x-2y-8)=0 (iii)
If this represents the circumcircle of the triangle OAB, it
passess through O (0, 0), so A = 1 and the equation (iii)
becomes x* + y2 -3x+2y=0.

So that the required coordinates of the centre are (3/2,-1)
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® Example 29: The circle passing through three distinct
points (1, 1), (t, 1) and (z, 1) passes through the point

(a) (1, 1) (b) (-1,-1)
(© L1 (d) (1,-1)
for all values of ¢
Ans. (a)
Solution: Equation of a circle passing through (1, 7)
and (¢, 1) 1s x y 1

x-D@Ex-D+@-nG-D+ A1l ¢ 1|=0
t 11

tt 1
It passes through (1, ) if 0+ 0+ A[1 ¢ 1|=0
= A=0 £ 11
= The circle through the given points is (x— 1) (x—1)

+ (y—=1) (y= 1) =0, which clearly passes through (1,1)

® Example 30: If OA and OB are tangents from the origin

0, to the circle x* + y* + 2gx + 2fy + ¢ =0, ¢ >0 and C is the
centre of the circle, then area of the quadrilateral OACB is

(@) %\/ (2 + 77 -c) () \e(g®+/2~¢)
© cgifoe @ Etfme

c
Ans. (b)
Solution: Since OA = OB = Ve (length of the tangent

from the origin to the circle) and CA = CB= \g* + f> —¢
Area of the quadrilateal OACB

A
0(0,0) C
B
Fig. 17.14
=2 Area of the triangle OAC
=2x(1/2) OAx CA

= «/E\/g2+f2 -c

® Example 31: If the line y = x + 3 meets the circle
24 y2 =a’ at A and B, then equation of the circle on AB as
diameter is

(@) X +y*+3x-3y-a*+9=0

(b) x2+y2—3x+3y—a2—9=0

©) X +y* +3x+3y+a*-9=0

d) ¥ +y =3x+3y-a*+9=0
Ans. (a)

A P STUDY CIRCLE



—
A: P
STUDY CIRCLE

ACCENTS SODUCATIONAL PROMOTERS

Solution: Equation of any circle passing through
the intersection of the given circle and the given line is
x2+y2—a2+/1(y—x—3)=0 (1)

If AB is a diameter of the circle, the centre [21—%)

of (i) lies on the given line y —x -3 =0

So that equation of the required circle is
x2+y2+3x—3y—a2+9=0.

® Example 32: The abscissae of two points A and B are
the roots of the equation x* + 2ax — b* = 0, and their ordi-
nates are the roots of the equation x* + 2px — ¢* = 0. The
radius of the circle with AB as diameter is

(a) \/a2 +b? +p2 +q2

(b) Ja* +p’

(©) Vb’ +¢°
(d) none of these
Ans. (a)

Solution: Let the coordinates of A and B be (x,, y;)
and (x,, y,), respectively. From the given conditions, we
then have x; + x, = — 2a, xx, = - b, Y1+ Yy, =-2p and
y1¥> = — ¢". Therefore the required radius is

(12) AB = (112){(x, = x, ) + (3 = ,)’

= (1/2)\/(xI +x, )2 +(+y, )2 —4(x, X+, ¥,)

- (1/2)\/402 +4p° +4(b2 +q2)

=N +b +pP+q .

® Example 33: If two circles >+ y2 + 2gx + 2fy =0 and
2+ y2 + 2g,x + 2f,y = 0 touch each other, then

(a) fig =12 (b) ff; = g&
©) ff+g=f3+g37  (d) none of these
Ans. (a)

Solution: Both the circles clearly pass through the ori-
gin (0, 0). They will therefore touch each other if they have
a common tangent at the origin. Now the tangent to the first
circle at (0, 0) is gx + fy = 0, and that of the second circle
is g\x + fiy = 0. If these two equations are to represent the
same line, we must have g/g, = fIf;, i.e., f,g = fg,-

® Example 34: If two lines a;x + by + ¢, = 0 and
ax + byy + ¢, =0 cut the coordinate axes at concyclic points,
then
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(a) alaz+b]b2=0 (b) alaz—b|b2=0

(C) a]bl +112b2=0 (d) a,bl—a2b2=0
Ans. (b)
© Solution: The given lines meet x-axis at (- ¢,/a,, 0)
and (- ¢,/a,, 0), y-axis at (0, — ¢,/b;) and (0, — ¢,/b,). If an
equation of the circle passing through these points is % y2
+2gx + 2fy + ¢ =0, then — ¢,/a,, — c,/a, are the roots of x*
+28x+c=0 = c=cc/aa, Similarly ¢ = ¢,c,/b,b,
= alaz = b1b2 = O.

® Example 35: The length of the tangent drawn from any
point on the circle P4y + 2gx + 2fy + oe = 0 to the circle
+y +2gx+2fy+B=0is

(@ JB-a (b) Jya-p
(© Jap (d) Jo/B
Ans. (a)

Solution: Let (h, k) be any point on the first circle, then
P+ +2gh+2fk+a=0 (1)
length of the tangent from (4, k) to the second circle is

Ji2+K2 +2gh+2fk+B = JB—-a.

® Example 36: The coordinates of the point on the circle
x> +y? = 2x— 4y — 11 = 0 farthest from the origin are

(@) (2+8/75,1+4/75)

(b) (1+4/5.2+8/V5)
(©) (1+8/5.2+4/5)

(d) none of these
Ans. (b)
Solution: The required point lies on the normal to the
circle through the origin, i.e on the line 2x = y which gives
Pl <%~ 8x-11=0
= 52 -10x-11=0

= x=1+4/J5 andy=2 (1+£4/5)

and the coordinates of the required point farthest from the
origin are (1 +4/\/§, 2+8/\/§).

® Example 37: C, is a circle with centre at the origin and
radius equal to r and C, is a circle with centre at (3r, 0) and
radius equal to 2r. The number of common tangents that can
be drawn to the two circles are

(a) 1 (b) 2
(©3 (d) 4
Ans. (¢)

© Solution: The given circles C, and C, touch each other
externally as the distance between the centres of the two
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circles is equal to the sum of their radii, hence the number
of common tangents to these circles is 3.

® Example 38: An equilateral triangle is inscribed in the
circle x* + y>= a* with the vertex at (a, 0). The equation of
the side opposite to this vertex is

(a) 2x—a=0 b)) x+a=0
(¢) 2x+a=0 (d) 3x-2a=0
Ans. (c)

© Solution: A (a, 0) be the vertex of the equilateral trian-
gles ABC inscribed in the circle x* + y* = o*

Let M be the middle point of the side BC, then MOA is
perpendicular to BC and O being the centroid of the triangle

OA=2(0OM)
Y
B
A
w0 @0 X
>
Fig. 17.15

(Circumcentre and Centroid of an equilateral triangle are

same.)
So if (A, k) be the coordinates of M,
oy o JEFUREE . o

= h=—(a/2)and k=0
and hence the equation of BCis x =—a/2 or 2x + a = 0.
® Example 39: Length of the common chord of the cir-

cles
(x— 1)2 + (v + 1)2 =¢? and (x+ 1)2 +(y— 1)2 =cis

(a) %\/cz =2 (b) Jc* -2
(o) 22 d) c+2

Ans. (¢)
© Solution: Equation of the common chord AB of the
given circles is

x=12+ (y+ 1= @+ 1= = 1)*=0
=5 =
Let C, (1, — 1) be the centre of the first circle and M be the
mid-point of AB, then

Toil
CA=c,C;M=|—|=V2
: : ’\/5|

and AB = 2AM = 2(C,AY = (C,MY? =2V -2.

HT-MATHEMATICS

CIRCLES
HT-MATHEMATICS

@® Example 40: The lines 2x — 3y =5 and 3x — 4y =7 are
the diameters of a circle of area 154 square units. An equa-
tion of this circle is (7 =22/7)

(@) P +y* +2x -2y =62

(b) ¥ +y* + 2x =2y =47

©) P +y -2 +2y=47

(d) 2 +y*-2x+2y=62
Ans. (¢)

© Solution: The centre of the circle is the point of inter-
section of the given diameters 2x — 3y = 5 and 3x — 4y =
7, which is (1, — 1) and if r is the radius of the circle, then

=154 = ;2=154xl
22

= r=1.
Hence an equation of the required circle is

G-D*+ G+ 1)?*=7 = P+y*-2x+2y=47.

® Example 41: The equation of a circle with origin as
centre and passing through the vertices of an equilateral
triangle whose median is of length 3a is

(a) X* +y* =94 (b) X +y* =164
() ¥+ y2 = 44* d) ¥ + y2 =a*
Ans. (¢)

© Solution: As the centre of the circumcircle of an equilat-
eral triangle is its centroid and the distance of the centroid
from the vertex of the triangle is 2/3 of its median through
that vertex. So the distance of the centre from a vertex of
the triangle is (2/3) X 3a = 2a and hence the equation of the
circumcircle is

2+ yz =4d%.

@® Example 42: The circles x* + y* = 10x + 16 = 0 and
x* + y* = r¥ intersect each other in two distinct points if

(a) r<2 (b) r>8
(c)2<r<8 (d)2<r<8
Ans. (¢)

© Solution: Centres of the given circles are (5, 0) and
(0, 0) and their radii are 3 and r respectively. The two circles
will intersect in two distinct points if the distance between
their centres is greater than the difference and less than the
sum of their radii

= B-rl<5<3+r = 2<r<8.

® Example 43: A line is drawn through the point
P(3, 11) to cut the circle $+ yz =9atA and B. Then PA- PB
is equal to

(a) 9 (b) 121
(c) 205 (d) 139
Ans. (b)

© Solution: From geometry we know PA . PB = (PT)?
where PT is the length of the tangent from P to the circle.

Hence PA.PB=@3)P+(11)’-9=11>=121.
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Solution: Let r be the radius of the circle. Since it

Alternate Solution
. . ) touches the coordinate axes and the line x — y = a2 , the
Equation of any line through (3, 11) is coordinates of the centre of the circle can be (r, r), (-r, —r)
x-3 y-11

=r(say) or (r,—r) (As r>0 and the line x — y = aN2 meets the co-

ordinates axes at (av2,0) and 0, - av2)).
If the centre is (r, ) or (= r, —r), then

cos® ~ sin@

Then the coordinates of a point on this line at a distance
r from (3, 11) are (3 + r cos 6, 11 + r sin 6) and if

this lies on the given circle x* + y* = 9 —a2
2 in ) = =r = r=a
then (3 + r cos 6)° + (11 + r sin 6)° =9 A+l

= 9+121+2r(3cos O+ 11sinO)+r*=9
P+2r (3 cos 0+ 11 sin 6) + 121 =0 So (a, a) can be the coordinates of the centre of the circle,

If the centre is (r, — r) we have

r+r\/—§a\/§ p = r=(\/§il)a

® Example 46: If the tangent at the point P on the
® Example 44: If the line x cos o + y sin o= p represents  circle X+ )"+ 6x + 6y = 2 meets the straight line

the common chord APQB of the circles x> + y* = a*> and ~ Sx - 2)j +6 =0 at a point Q on the y-axis, then the length
x> +y* = b* (a > b) as shown in the Fig. 17.16, then AP is ~ of PQ is

=
which is quadratic in 7 gives two values of r say r;
and r, and hence the distances of the points A and B
from P.

Thus, PA-PB = r; r, = 121.

equal to (a) 4 (b) 25
©5 d) 3v5
Ans. (c)
0 Solution: The line 5x -2y + 6 =0 meets y-axis at (0, 3).
p So the coordinates of Q are (0, 3) and PQ is the
A P_L_ /B length of the tangent from Q (0, 3) to the circle

x> +y% +6x + 6y — 2 = 0. Hence
PO = V0+32 +6x0+6x3-2=25=5.

Fig. 17.16 _ e s ;
® Example 47: A triangle PQR is inscribed in
(a) \/az +p2 +\/b2 +p’ the circle x> + y* = 25. If Q and R have coordinates
T — (3, 4) and (- 4, 3) respectively, then ZQPR is equal to
(b) \/a -p +\/b -p (a) 72 (b) /3
2_2_ [2_ 2 (c) m/4 (d) n/6
(C) \/a 4 \/b 14 Ans. (C)
2 _ |2
. (g) Va +p* b +p Solution: We know that ZQPR = % ZQOR: O being

Solution: The given circles are concentric with centre  the centre (0, 0) of the given circle 2+ y2 =25, Let my =
at (0, 0) and the length of the perpendicular from (0, 0) on slope of OQ = 4/3 and m, = slope of OR = - 3/4
the given line is p. Let OL = p As m,my=-1, ZQOR =1t /2

then  AL= (0A)} —(OL) = a* - p? =  ZOPR=m4
and  PL= \(OPY -(OL)} = \b* - p?
- AP \/az_pz _\/bz_pz

® Example 45: A circle touches both the coordinate axes

and the line x -y = a2 (a > 0), the coordinates of the
centre of the circle can be

(a) (a,a) (b) (a,-a)
(€) (-a,a) (d) none of these Fig. 17.17
Ans. (a)
HT-MATHEMATICS
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@® Example 48: Two vertices of an equilateral triangle are
(=1, 0) and (1, 0) and its third vertex lies above the x-axis, an
equation of the circumcircle is

(a) 3x2+3y2— 2\/§y =3

(b) 2% +2y* - 32y =2
(c) x2+y2—2y= 1
(d) none of these

Ans. (a)

© Solution: Let A (- 1, 0), B (1, 0) and C (0, b) be the
vertices of the triangle, as C lies on the locus of points equi-
distance from A(-1, 0) and B(1, 0) i.e., y-axis.

1+b* =2
b=13 [ b>0]

Since the triangle is equilateral, the centre of the cir-
cumcircle is at the centroid of the triangle which is

Then AB=AC =

= b=3 =

(0, \/5/3). Thus the equation of the circumcircle is
x=02+G=1/3)=(1-002+(0-1/3)?

= C+y-@B)y+13=1+153

= 3% +3y° - 23 y=3.

® Example 49: An isosceles triangle is inscribed in the
circle x* + y2 — 6x — 8y = 0 with vertex at the origin and one
of the equal sides along the axis of x. Equation of the other
side through the origin is

(a) 7x-24y=0 (b) 24x-T7y=0
(c) 7x+24y=0 (d) 24x+7y=0
Ans. (d)

© Solution: Centre of the circle is (3, 4) and it passes
through the origin. If y = mx is the equation of the required
line, then length of the perpendicular from the centre on
this line is equal to the length of the perpendicular from the
centre on the axis of x.

3m—-4
V1+m?

= 9m’-24m+16= 16(1 + m*)
= m=—24/7

(" m =0 corresponds to x-axis)
and hence the required equation is 24x + 7y = 0.

=

:-_l-_4

® Example 50: Equations of the common tangents of the
circles x> +y? = 2x—6y+9=0and x* + y* + 6x -2y + 1 =0 are

(@) x=0 (b) y=4
(c) 3x+4y=10 (d) all of these
Ans. (d)

© Solution: Equations of the given circles can be writ-
tenas C: (x— l)2 +(y —3)2 = 1 having centre at (1, 3) and
radius 1 and C,: (x + 3)2 +(y —1)2 = 9 having centre at
(=3, 1) and radius 3.

Both the circles clearly touch x=0and y =4
3x1+4x3-10
3(-3)+4(1)-10

Shows that both the circles touch 3x + 4y = 10 also.

Now =il

=3

and ‘

® Example 51: A circle whose radius is 5 and which
touches externally the circle 4 y2 —2x—4y-20=0 at the
point (5, 5) intersects in real distinct points the line

(a) x=0 () y=0
(c)y=x (d) none of these
Ans. (c)

© Solution: Centre of the given circle is A (1, 2) and its
radius is V1+(2)* +20 =5 . Point of contact P is (5,5). Let

B (h, k) be the centre of the required circle of radius 5, then
P is the mid-point of AB, so that

ﬂ=5andm=5
2 2

and an equation of the required circle is

X4y —18x—16y+120=0
If x = 0, y* — 16y + 120 = 0 does not give real values of y
If y = 0, x> — 18x + 120 = 0 does not give real values of x
If y=x,2x*-34x+120=0
or P-17x+60=0 = x=5,12

This shows that the circle intersects the line y = x at two real
distinct points.

h=9,k=8

® Example 52: A point moves such that the sum of the
squares of its distances from the sides of a square of side
unity is equal to 9. The locus of such a point is a circle

(a) inscribed in the square

(b) circumscribing the square

(c) inside the square

(d) containing the square
Ans. (d)

© Solution: Let P (x, y) be any point on the locus and
OABC be the square of side unity.

C y=1 B
x=0 P x=1
(1/2,172)

0 y=0 A

Fig. 17.18
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Then, according to the given condition

4y + -1+ @-1)"=9
= 20 +y) -2x=2y-7=0
= x2+y2—x—y—7/2=0

which is a circle with centre (1/2, 1/2) coinciding with
the centre D of the square and the radius of the circle is

,’% + i + % =2, showing that the circle contains the square.

® Example 53: Equation of a circle with centre (=4, 3)
touching internally and containing the circle x* + y* = 1 is
(@) ¥ +y* +8x—6y+9=0
(b) X’ +y —8x+6y+9=0
©) X+y +8x—6y-11=0
(d) P +y -8x+6y-11=0

Ans. (¢)

© Solution: Let the equation of the required circle be
(x+ 4+ (y-3)7=/ (i)

If (i) touches the circle 2+ y2 = | internally (i1)

the distance between the centres (— 4, 3) and (0, 0) of
these circles is equal to the difference of their radii

= J82+R =r-13r=5+13r=6

So that an equation of the required circle is

L4y +8x-6y-11=0.

® Example 54: The tangents drawn from the origin to the
circle x* + y* - 2px - 2qy + ¢* = 0 are perpendicular if

@p'+q =1 b) p’-¢’=1
(c) p2 - q2 =0 (d) none of these
Ans. (c)

© Solution: Equation of the given circle can be written as

(x=p)+(-q’=p’ (i)
This has (p, ¢) as the centre and p as the radius showing that
it touches y-axis. So one of the tangents from the origin to
the circle is y-axis.
= Other tangent from the origin to the circle must be x-
axis. which is possible if g =t p.

= pz—q2=0.
® Example 55: A square is inscribed in the circle

X+ y2-2x + 4y -93 = 0 with its sides parallel to the axes of
coordinates. The coordinates of the vertex farthest from the

origin are
(a) (9,-8) (b) 8,-9)
(© 8,5) (d) (-6,9)
Ans. (b)
HT-MATHEMATICS

© Solution: The centre of the given circle is (1, -2)
and its radius is V98, so the coordinates of the ver-
tices of the square inscribed in the given circle are
(1+ 98 cos 6,2+ V98 sin 6) where 6=+ /4, + 37/4.

§? = square of the distance of a vertex from the origin.

= 5+98+ 2498 (cos @— 2 sin 6) which is maxi-
mum when

0= — m/4, so the required point is (1 +7,-2-7)
= (8’ e 9)

® Example 56: An equation of a circle touching the axes of
coordinates and the line x cos o+ y sin =2 is 4 y2 -2gx
+2gy + 8> =0 where g =

(a) 2 (cos o+ sin ¢+ 1)

(b) 2 (cos or—sin ot + l)'l

(c) 2 (cos o+ sin o — 1)'l

(d) =2 (cos ot—sin o — l)'l
Ans. (b)

© Solution: Centre of the circle is (g, —g) and radius is Ig|.
If it touches the line x cos & + y sin & = 2, the
gcoso—gsina-2=+¢g

= g(coso—sina+1)=2
2
= g5 T
coso—sino 1
which is satisfied by (b).

® Example 57: If common chord of the circle C with cen-
tre at (2, 1) and radius  and the circle x* + y2 -2x-6y+6=0
is a diameter of the second circle, then the value of r is

(a) 3 (b) 2
(c) 312 (d) 1
Ans. (a)

© Solution: Equation of Cis (x-2)* + (y- 1)’ =/

or P+y—dx-2y=r-5

Equation of the common chord is
P+y—dx=2y-(P-5)-[P+y -2x-6y+6]=0

=  x-dy+P+1=0

Since it is a diameters of the second circle, the centre (1, 3)

lies on it.
N 2-12+°P+1=0 = r=3.

® Example 58: The centres of a set of circles, each of
radius 3, lie on the circle x* + y* = 25. The locus of any point
in the set is
(a) 4<x* +)* <64
©) ¥ +y'225
Ans. (a)

(b) X* +y><25
(d) 3<% +y*<09.

A&
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0.0) 4 " B
Fig. 17.19

© Solution: Distance of any point (x, y) on a circle with
centre C lying on the circle x” + y* =25 and radius 3 from
the origin lies between OA (= 2) and OB (= 8)

Hence 4 < x* + y2 < 64.

® Example 59: If a circle passes through (a, b) and cuts
the circle x* + y2 = 4 orthogonally, then the locus of its
centre is

(a) 2ax—2by + (@ +b*+4)=0

(b) 2ax + 2by — (a* + b* +4) =0

(c) 2ax +2by + (a* + b* +4) =0

(d) 2ax-2by — (@* +b*+4)=0

Ans. (b)

© Solution: Let the equation of the circle be
P+ y2 —2gx —2fy+ ¢ =0. As it passes through (a, b)

A +b*-2ga-2fb+c=0

Since it intersects the circle x* + y* = 4

orthogonally
2¢X0+2fx0=c-4=c=4

and the locus of (g, f), the centre is
2ax +2by - (@® +b* +4)=0

® Example 60: Consider a family of circles which are
passing through the point (- 1, 1) and are tangent to x-axis.
If (h, k) are the coordinates of the centre of the circles, then
the set of values of k is given by the interval

() 0<k<1/2 (b) k>1/2

(c)-12<k<1/2 d) k<172,
Ans. (b)
Solution: Equation of the circle with centre (h, k) and
touching x-axis is

C-h?+(-k=k

which passes through (- 1, 1)

if R +2h-2k+2=0
or if (h+ 1)} =2k-1
For real values of h, 2k —120.

= k2172

@ Example 61: If the circles x* + y* + 2ax + ¢y +a =0 and
ok y2 —3ax + dy — 1 = 0 intersect in two distinct points P
and Q then the line Sx + by —a = 0 passes through P and Q for

(a) Infinitely many values of a
(b) Exactly two values of a
(c) Exactly one value of a

(d) No value of a

Ans. (d)

© Solution: Equation of the line passing through the

points P and Q is
x2+y2+2ax+cy+a—(x2+y2—3ax+dy— 1)=0

= Sax+ (c—=d)yy+a+1=0
which coincides with Sx + by —a =0
) S5a c-d atl
if — = e

5 b —-a

orif a* + a + 1 = 0 which does not give any real value of a.

® Example 62: A circle touches the x-axis and also touch-
es the circle with centre at (0, 3) and radius 2. The locus of
the centre of the circle is
(a) a hyperbola
(c) anellipse
Ans. (b)
© Solution: Let (h, k) be the centre of the circle. Since it
touches x-axis, its radius is k. As it also touches the circle
with centre (0, 3) and radius 2 (externally as x-axis lies out-

side the given circle) distance between the centres is equals
to the sum of their radii.

So M +(k-3)P= (k+2)°

(b) a parabola
(d) acircle

= h = 52k-1)
Locus of the centre (h, k) is
X = 5Q2y-1)

which is a parabola.

® Example 63: Three distinct points A, B, C, are given
in the two dimensional coordinate plane such that the ratio
of the distance of anyone of them from the point (1, 0) to
the distance from the point (-1, 0) is equal to 1/3. Then the
circumcentre of the triangle ABC is at the point

(a) (5/2,0) (b) (5/3,0)
(c) (0,0) (d) (5/4,0)
Ans. (d)

© Solution: Let Q=(1,0)and R=(-1,0)
Let P(x, y) be any point such that

P _ 1 2 2
= — = 9(PQ)*= (PR
P 3 = 9(PQ) = (PR)
- I(x— 112 +y]= (x+ 1)*+)°

= 8x’+8*-20x+8=0

A, B, Clie on this locus of P which is a circle circumscribing
the triangle ABC.

So the circumcentre of the triangle ABC is the centre (5/4,
0) of this circle.

® Example 64: Let A(1,2) B(3, 4) be two points and
C(x, y) be a point such that area of the triangle ABC is 3 sq.
units and (x—1) (x=3) + (y=2) (y—4) =0. Then maximum
number of positions of C, in the xy plane is

A P STUDY CIRCLE
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(a) 2 (b) 4

(c) 8 (d) none of these
Ans. (d)
Solution: C lies on the circle on AB as diameter of
length 2 V2.

So radius of the circle is V2 .
Area of the triangle ABC = 3 = (1/2) AB X altitude from C
on AB

LI
= alt1tude=2\/§=ﬁ> Q.

Maximum altitude from C on AB is equal to the radius of
the circle.
So no such C exists.

® Example 65: A circle touches y-axis at (0, 3) and makes
an intercept of 2 units on the positive x-axis. Intercept made

by the circle on the line J10 x- 3y =11in units is

(a) 3 (b) 6
(© 210 () 10.
Ans. (c)
Solution:
AB=2,AD=1
CD=3=0E

AC= J(AD)* +(CD)

NN e

So the coordinates of C are («/ﬁ, 3)

y
A
E
0, 3) &
0D > X
0| A4 B
Fig. 17.20

The line V10 x - 3y =1 passes through the centre C (\/ﬁ : 3)
of the circle and hence is a diameter and the required inter-

cept is twice the radius of the circle.

® Example 66: Equation of the circle which circum-
scribes the square formed by the lines xy —9x -2y + 18 =0
and xy - S5x—-6y+30=0is

(@) ¥ +y —4x—10y+21=0

(b) X’ +y - 8x—14y+57=0

©) ¥ +y*—12x—=10y+53=0

(d) none of these.
Ans. (b)

HT-MATHEMATICS

HT-MATHEMATICS

© Solution: Given equations represent the lines x=2,y=9,
x=06,y=>5 which forms a square of each side equal to 4, ver-
tex A(2, 5), C(6, 9). Centre of the circle is the mid point of AC
and the radius is (1/2) AC. Hence the equation of the circle is

x=6

D c
y=3 p=3
#——'8
Fig. 17.21

-4+ 0-7"= (242
= X+y -8x—14y+16+49-8=0
- X4y —8x—14y+57=0.
® Example 67: If the centre of the circle passing through
the origin and the points of intersection of the pair of straight

lines xy — 7x + 3y — 21 = 0 with the coordinate axes lies on
the x + y =k, then k is equal to.

(a) 0 (b) 1
(©) 2 ) 4
Ans. (c)

Solution: Equation the circle passing through the
points (- 3, 0) and (0, 7) where the lines meet the axes, and
the origin is x* + y* + 3x — 7y = 0. Whose centre (- 3/2, 7/2)
lies on the line x + y =k

= k=2

® Example 68: If P and Q are the points of inter-
section of the circles x* + y2 +3x+7y+2p-5=0and
SIS y2 +2x + 2y - p2 = 0, then there is a circle passing
through P, Q and (1, 1) for

(a) all except two values of p

(b) exactly one value of p

(c) all values of p

(d) all except one value of p.
Ans. (d)
Solution: Equation of a circle passing through P and
Dlu*+ ¥ & S5+ Ty 420 S+ A0+ + 54 By -
=0
which passes through (1, 1)

if (T+2p)-A(p*-6)=0
= A=7;2p #-1
p -6

= p-6+T7+2p 20 = (Pp+1)’20

= p #—1

A P STUDY CIRCLE
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and (4, 1) and touching y-axis is

(a) 0,-40/9 (b) 0
(c) 40/9 (d) —40/9
Ans. (a)

(1,5)and (4, 1)
Which touches y-axis if the roots of the equation

tion of the circle with x = 0)
= (BA-6)* =4(9 - 191)
= A2 +401=0 = A=0,-40/9.

the line 3x — 4y = m at two distinct points if
(a) 15<m<65
(b) 35<m <85
(c) -85<m<-35
(d)-35<m< 15
Ans. (d)

of the circle, to the line is less than the radius.

|(3)(2)-4(4)-m| <JA+16+3

JGBP + (47
= Im+10l < 25
= -25<m+10<25
= -35<m<15.

@) X +y -2x2y+1=0
(b) x2+y2—x—y=0
©) X+y* +2x+2y-7=0
(d) e +y2+x+y—2 =0
Ans. (b)
Solution: Let the equation of the circle be
x2+y2+2gx+2fy+c=0
As it passes through (1, 0) and (0, 1), we get
142g+¢=0,1+2f+c=0
If r is the radius of the circle, then

r)=g2+f2—c=% (l+c)2+%(l+c)2—c

IHIT-MATHEMATICS

® Example 69: Equation of circle passing through (1, 5)

X4y = 5x=6y + 9+ A(4x + 3y— 19) = 0 where ) is equal to

Solution: Equation of any circle through the given
pointsis (x—=1) (x=4)+ (y=5) (y= 1)+ A (4x+3y-19) =
0 where 4x + 3y — 19 = 0 is the equation of the line joining

= 4y =5x—6y+9+A(dx+3y-19)=0

V' —6y+9+A3y—-19)=0are equal. (Taking the intersec-

® Example 70: The circle £ y2 =4x + 8y + 5 intersects

Solution: The line intersects the circle at two distinct
points if length of the perpendicular from (2, 4), the centre

® Example 71: The equation of the circle passing through
the points (1, 0) and (0, 1) and having the smallest radius is

CIRCLES

HT-MATHEMATICS

I 2
=—(l+c¢
2( )

Now #* will be least if ¢ = 0 and the required equation is
P+yr-x-y=0
® Example 72: The circles 2+ y2 = ax and x* + y2 =i¢
(¢ > 0) touch each other

2

(a) lal=2c (b)2lal=c
©) lal=c (d) a=2c
Ans. (c)

Solution: Given circles can touch each other internally
see the figures. This is possible if
¢ =a or c=-a
= c =lal
y y

N
PN

(=c, 0) (¢, 0) (=¢0) (c, 0:)x

Fig. 17.22

® Example 73: The circle passing through the point (-1, 0)
and touching y-axis at (0, 2) also passes through the point

(a) (=3/2,0) (b) (-5/2,2)
(c) (<3/2,5/2) (d) (4,0)
Ans. (d)

Solution: Let he equation of the circle be
(=K +(y-2) =k’
which passes through the point (-1, 0)
if -k +4=k=k=-52
and the equation of the circle is
X +y +5x-4y+4=0

which passes through (-4, 0)
® Example 74: The locus of the mid-point of the chord of
contact of tangents drawn from points lying on the straight
line 4x =5y = 20 to the circle x* + y* =9 is

(a) 200> + y*) =36x + 45y =0

(b) 20(x* + y*) +36x - 45y =0

(c) 36(x* + y*) —20x + 45y =0

(d) 36(x* +y%) +20x =45y = 0
Ans. (a)
Solution: Equation of the chord contact in terms of the
mid-point (e, ) is xa + yB = * + B
Let P (5t, 4t —4) be a point on 4x — S5y = 20
Equation of the chord of contact of P is

x(50)+y4t-4)=9

comparing the equations we get

St_4-4_ 9 4(5t)-5(4t-4)

a B A+p 4a-5P

A P STUDY CIRCLE
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= 20 (o + B*) =360+ 458=0 (a) 6/5 (b) 53
Locus of (, B) is 20(x* + y*) =36x + 45y = 0 (c) 10/3 (d) 3/5
Ans. (c)

® Example 75: The length of the diameter of the cir-
cle which touches the x-axis at the point (1, 0) and passes
through the point (2, 3) is

® Example 76: Statement-1: Limiting points of a family
of coaxial circles are (1, 2) and (2, 1). No circle of this fam-
ily passes through the origin.

Statement-2 : Equation of a circle passing through (1, 2)
and (2, 1), the centre of which does not lie on the join of
these points is P +yP-3x-3y+4=0

Ans. (c)

Solution: In statement 1, two members of the family
are (x— 1)* + (y-2)* =0 and (x- 2)* + (y - 1)* = 0. Equa-
tion of any member of this family is 24y -2 — Ay 4 5 +
A (® + y* —4x -2y + 5) = 0 which passes through the origin
if A =— 1, in which case the equation does not represent a
circle. So the statement is true.

In statement-2, Equation represents the circle on the join of
the given points as diameter. So the statement is false.

® Example 77: Statement-1: Equation of a tangent to
the circle x> + y* =50 at a point which has positive integral
coordinates (¢, f) (o # ) is x + 7y =50 or 7x + y = 50.
Statement-2 : There are 12 points on the circle 2 +y2=50
with integral coordinates.

Ans. (a)

Solution: Statement-2 is true as the required points
are, (£ 1,£7), (27, 1) (x5, £5) out of which the points
satisfying the conditions in statement are (1, 7) and (7, 1)
only and the tangents at these points are respectively x + 7y
=50 and 7x + y = 50 so statement-1 is also true.

® Example 78: Statement-1: The centre of the circle
passing through the points (3, 8) and (5, 4) and having
smallest radius is (4, 6)

Statement-2 : The centre of a circle passing through two
given points lies at the mid-point of the line joining the
points.

Ans. (¢)

Solution: In statement-1, the radius is smallest when

the line joining the given points is a diameter of the circle
+5 4+

and hence its centre is the mid-point (375 Tg) i.e(4,6)

of the line joining the given points. So statement-1 is True.

Solution: Let the equation of the circle be
(-1)% + (y- k)* = k% Since it passes through (2, 3)
1+G-k’=kK=k=53
= diameter = 2k =10/3.

Assertion-Reason Type Questions

Statement-2 is false as the line joining the given points
may not be a diameter for each circle passing through these
points.

® Example 79: Statement-1: The circle Pt y2 —8x—4y
+ 16 = 0 touches x-axis at the point (4, 0)

Statement-2 : The circle (x — a)2 +(y- r)2 = touches x-
axis at the point (a, 0)

Ans. (a)

Solution: Statement-2 is true as the centre of the circle
is (a, r) and its radius is r, centre is at a distance r from x-
axis. In statement-2, the circle is (x — 4)2 +(y- 2)2 =4= 22,
using statement-2, statement-1 is also true.

® Example 80: Statement-1 : Point (3, — 1) lies outside
the circle 2x° +2y° - 3x + 5y~ 7=0

Statement-2 : A point (o, f) lies outside the circle ©+ y2 +
20x+2fy+c=0if o + B2+ 2800+ 2fB+¢>0

Ans. (d)

Solution: Statement-2 is true because the distance be-
tween the point (e, fB) and the centre (- g, — f) of the circle
is greater than its radius.

= (a+g)+(B+fP>g+f -c

= o + B +2g00+ 2fB+c>0.

Using it in statement-1,2 x 9+ 2x 1 -3 x3+5(-1)-7
=—1 <0 so statement-1 is false.

® Example 81: Tangents are drawn from the point (17, 7)
to the circle x* + y2 =169

Statement-1: Tangents are mutually perpendicular.
Statement-2: The locus of the points from which mutually
perpendicular tangents can be drawn to the given circle is
X +y* =338

Ans. (a)

Solution: Statement-2 is true, because equation of any
tangent to the circle is y = mx £ 13+/1+m?* . If it passes

through (h, k), then k = mh + 131+ m*
= (169 = h2)m® + 2mhk + (169 - k) = 0
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which gives two values of m say m,, m,, the slopes of the
tangents drawn from (A, k) to the circle

169 — k?
169 — h*

mym, =—1 =—1 = K+¥=338
= Locus of (h, k) is x* + y* = 338

Since the point (17, 7) in statement-1 satisfies the above
equation, using statement-2, statement-1 is also true.

® Example 82: Statement-1: Limiting points of a
family of co-axial system of circles are (1, 1) and (3, 3).
The member of this family passing through the origin is
2% +2y*-3x-3y=0

Statement-2: Equation of the tangent to the circle
2x2+2yz—3x—3_v=()attheorigin isx+y=0

Ans. (b)

© Solution: In statement-1, two members of the co-axial

system are circles with centres at (1, 1), (3, 3) and radius

zero. So the equation of the system of circles is
=1+ =1+ A =37+ (y-3)1=0

If it passes through the origin.

1+1+A9+4+9]=0 = A=-1/9and the required circle

is 2x% + 2)72 -3x-3y=0

So statement-1 is true.

Statement-2 is also true but does not lead the statement-1.

® Example 83: Statement 1: x* + y> — 6x— 10y—2=0s
the only circle of radius 6 units having a diameter along the
line Sx - 2y-5=0.

Statement-2: 5x — 2y — 5 = 0 is a normal to the circle
x2+y2—6x— 10y-2=0.

Ans. (d)

© Solution: Given circle is (x — 3)* + (y - 5)* = 36

= centre of the circle is (3, 5) and radius is 6. Since the line
5x—2y-5=0passes through (3, 5) it is a diameter of the cir-
cle. So this is a circle of radius 6 units having 5x-2y-5=0
as a diameter. But any other point on this can also be taken
as the centre, giving us another circle of radius 6 with the
same diameter. So statement-1 is false. Since every diameter
is normal to the circle, statement-2 is true.

® Example 86: Let ABCD be a quadrilateral with area 18,
side AB parallel to the side CD and AB = 2CD. Let AD be
perpendicular to AB and CD. If a circle is drawn inside the
quadrilateral ABCD touching all the sides, then its radius is

(a) 3 (b) 2
(c) 3/2 (d) 1
HT-MATHEMATICS
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@ Example 84: Statement-1: The circle x* + y*— 8x + 10y
+ 32 =0 does not touch or intersect any axis.
Statement-2: A circle with centre (a, b) and radius r does

not touch or intersect any axis if » < min [lal, 1]
Ans. (a)

Solution: We find by fig. r < lal and r < |l

= r<min (lal, 1bl)

So statement-2 is true, using it statement-1 is also true, as
the centre of the circle is (4, —5) and r = 3.

A

Fig. 17.23

® Example 85: C;:x*+y’ +2x-2y+2-4a’=0
CrxX+y —10x-14y+74-a*=0
L:ix+y-6=0
Statement 1: L is a common tangent to both the circles
C,and C,ifa=3v2.
Statement 2: L is a common chord of both the circles C,
and C, for all values of a.
Ans. (c)
Solution: C,: (x+ 1)’ + (y- 1)’ =d’

Cy: (x-51+(y-7*=d
Centre of C, is (- 1, 1) and of C, is (5, 7) and both have
same radius equal to a. Distance between the centre = 632
=2a (whena= 32 ) = sum of the radii, so the circle touch
each other externally and the equation of a common tan-
gent is (x2+y2+2x—2y+2—a2)—(x2+yz— 10x -
14y +74-a%=0
= 12x+ 12y-72=00r x+y-6=0
So statement-1 is true and statement-2 is false as for
a< 32, circles C ; and C, will not touch or intersect each
other, L will lie outside both the circles.

LEVEL 2
Straight Objective Type Questions

Ans. (b)

Solution: Let CD = a, then AB = 2a and r be the radius
of the circle, then AD = 2r. Let A be the origin and AB and
AD as x-axis and y-axis respectively.

The coordinates of A, B, C, D are respectively

A P STUDY CIRCLE
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(0, 0), (2a, 0), (a, 2r), (0, D©.2,1) _ ¢(a2r) Solution: Since the hypotenuse of a right angled tri-
2r) angle inscribed in a circle is a diameter of the circle, if the
Area (ABCD) = (1/2) L coordinates of the end C of the hypotenuse BC are (a, b),
(a+2a)(2r)=18 @ the coordinates of B are (—a, — b).

=& ar =6. 4(0.0) B(2a,0) Equation of BC is 2 = b 1 A is the vertex of the
Equation of BC is ’ X a

2rx+ay—4ar = 0 and Fig. 17.24 isosceles triangle then OA is perpendicular to BC and
the coordm'ates i the equation of AO is Y = 22 which meets the circle
tre of the circle are (r, r) x b

Since the circle touches BC, x>+ y* = /2 at points for which

2
M=r [£+1]x2= r=d+b
Var?t +a? b . 5
= 44 -T27 +324 =454 + 36 L= s By i on sy =]
. = P=b = x=%b = VY=IF @
coordinates of A are (- b, a) or (b, — a).
@®@ Example 89: Two rods of lengths a and b slide along

the x-axis and y-axis respectively in such a manner that their
ends are concyclic. The locus of the centre of the circle pass-

@® Example 87: An equation of the chord of the circle

2+y=d passing through the point (2, 3) farthest from

the centre is

(a) 2x+3y=13 (b) 3x-y=3 ing through the end points is
() x=2y+4=0 (d) x—y+1=0 (a)4(x2+y2)=a2+b2 (b) x2+y2=a2+b2
Ans. (a) © 42— = b ) P-y=d -

Solution: Let P (2, 3) be the given point, M be the middle ~ Ans. (c)

. . 9. 9 .9
point of a chord of the circle x” + y" = a” through P. Then the Solution: Let C (h, k) be the centre of the circle passing
distance of the centre O of the circle from the chord is OM. through the end points of the rod AB and PQ of lengths a

anq (01“’1)2 = (QP )>— (PM)* and b respectively, CL and CM be perpendiculars from C on
which is maximum when AB and PQ respectively. (Fig. 17.27)
PM is minimum, i.e., M co- / \“

incides with P i.e., P is the

| 0 “‘
middle point of the chord. ‘. 1 ‘ 0
Hence the equation of the \ / ’,,f"

chord is \ P / /
2.x+3y—a? 23 M “ 2Chk) |
=2’ +0)-d /
= 2x+3y=13. Fig. 17.25 /
C) 'Exal‘nple 8?3: Anzisoszceles right angleQ triangle is in- 1 —1 —7
scribed in the circle x* + y* = /2. If the coordinates of an end
of the hypotenuse are (a b), the coordinates of the vertex are Fig. 17.27
(a) (-a,-b) (b) (b,-a)
(c) (b, a) (d) (b, —a) then AL=(1/2)AB=al2
Ans. (b) PM = (1/2) PQ = b/2
and CA = CP (radii of the same circle)
A C(a, b) 2 2
= B+l =2+ -
f, \ 4 4
g’ “; = AW-KB=d-P
\ 0 / so that locus of (h, k) is 4(x* — yz) =a* - b
B / ® Example 90: If the point (1, 4) lies inside the circle
(~a,-b) x> +y* = 6x— 10y + p = 0 and the circle does not touch or
intersect the coordinate axes, then
Fig. 17.26
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(a) 0<p<34 (b) 25<p<29
(¢)9<p<25 (d)9<p<29
Ans. (b)

Solution: Since the circle does not touch or intersect
the coordinates axes, the absolute values of x and y coordi-
nates of the centre are greater than the radius of the circle.
Coordinates of the centre of the circle are (3, 5) and the

radius is \/9+25-p
3>49+25-p =>p>25 (1)
5>9+25-p =p>9 (2)

and the point (1, 4) lies inside the circle
= 1+16-6-10x4+p<0
= p<29 3)
From (1), (2), (3) we get
25<p<29.

so that

® Example 91: The lengths of the intercepts made by any
circle on the coordinates axes are equal if the centre lies on
the line (s) represented by

@ x+y+1=0 (b) x+y=1
() ¥-y*=0 d x-y=1
Ans. (¢)
© Solution: Let the equation of any circle be
x2+y2+2gx+2fy+c=0 (1)

For intercept made by the circle on x-axis, put

y= 0 in (i)

= 2+ 2¢x+c=0

If x;, x, are roots of (ii), then length of the intercept on
X-axis is

b, —x, | = \/(Jrl +x2)2 —4x,x, :2\/g2 -c

Similarly length of the intercept of the y-axis is 2y f> —¢

Since the lengths of these

= «iPs
= ¢ =f ==
Therefore, centre lies on x> — y> = 0

intercepts are equal

® Example 92: If a > 2b > 0 then the positive value of

m for which y = mx — bm is a common tangent to
*+y=b*and (x - a)* + y* = b is
2b VT
@ a7 () ———
2b b

(d)
a-2b a-2b
Ans. (a)

© Solution: y=mx— p\l+m?* isa tangent to the circle

X+ y2 = b” for all values of m. If it also touches the circle
(x —a)* + y* = b, then the length of the perpendicular from

its centre (a, 0) on this line is equal to the radius b of the
circle, which gives

ma— b1+ m? —+h
V1+m? -

Taking negative value on R.H.S. we get m =0, so we neglect it.
Taking the positive value on R.H.S. we get

ma = 2bN1+m?
= m’(d*-4b>) =4b’
2b

Ja? —ap*

® Example 93: Let PQ and RS be tangents at the extremi-
ties of a diameter PR of a circle of radius r. Such that PS
and RQ intersect at a point X on the circumference of the
circle, then 2r equals.

(a) VPO.RS by PERS

2
(c
PO+ RS

2 2
@ (LR
Ans. (a)

© Solution: From Fig. 17.28, we have
S

= m =

2PQ.RS

Fig. 17.28

Q =tan (/2 -0)=cot 6.
PR

and E =tan 0
PR

PO RS _,

PR’ PR
(PR)*=PQ . PS
@r=PQ.PS§

= 2r = JPQ.PS

@ Example 94: If two distinct chords, drawn from the
point (p, ¢) on the circle x* + y> = px + gy (where pg # 0)
are bisected by the x-axis, then

LU U
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@) p*= ¢ (b) p* =84’
() p* <8¢ d) p*> 8¢
Ans. (d)

Solution: Let PQ be a chord of the given circle passing
through P (p, g) and the coordinates of Q be (x, y). Since
PQ is bisected by the x-axis, the mid-point of PQ lies on the
x-axis which gives y =—gq.

Now Q lies on the circle x* + y2 -px—qy=0

SO x2+q2—px+q2=0

= xz—px+2q2 =0 (1)
Y
P(p.q)
0 X
0(x,y)
Fig. 17.29

which gives two values of x and hence the coordinates of
two points Q and R (say), so that the chords PQ and PR are
bisected by x-axis. If the chords PQ and PR are distinct, the
roots of (i) are real distinct.

= the discriminant p* — 8¢° > 0

= P’ >84%

® Example 95: Let L, be a straight line passing through
the origin and L, be the straight line x + y = 1. If the inter-

cepts made by the circle x* + y* = x + 3y = 0 on L;and L,
are equal, then L, can be represented by

(@A) x+y=0 (b) x—y=0
(c) Tx+y=0 (d) x=7y=0
Ans. (b)

Solution: Let the equation of L, be y = mx. Since the
intercepts made by the circle on L, and L, are equal, their
distances from the centre of the circle are also equal. Centre
of the given circle is (1/2, — 3/2), so that we have

1 3 1 3
———=1 X —+—
2 2 _ 2 2
v+l m2+l‘
2 [m+3)|
= - =
\/E 2Wm? +1
— 8(m* + 1) = (m + 3)?
= Tm*—6m—-1=0
= m-=1)(7Tm+1)=0
= m=1 or m=-1/7

So the equations representing L, are

y =X
or y==UT)x
= x-y=0 or x+7y=0

IHIT-MATHEMATICS
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So (b) is the correct answer

® Example 96: LetAjA; A, Ay A, Asbe aregular hexagon
inscribed in a unit circle with centre at the origin. Then the
product of the lengths of the line segments AjA,, A A, and
ApAyis

(a) 3/4 (b) 33
()3 d 3312
Ans. ()

© Solution:

Fig. 17.30
Let O be the centre of the circle of unit radius and the coordi-
nates of A, be (1, 0).
Since each side of the regular hexagon makes an angle of
60° at the centre O.

Coordinates of A, are (cos 60°, sin 60°) = %?)
A, are (cos 120°, sin 120°) = (—%%j
Ajare (- 1,0)
A, are —1,—£ and A; are l—ﬁ
2 2 2" 2

) 2
Now A0A1=\/(1_%) x ?) 1.3

2 &
2 2 4 4

=3 =4,A,
So that (AgA) (AgAy) (AgAy) =3

® Example 97: For each natural number £, let C, denote
the circle with radius k centimeters and centre at the origin
0. On the circle C; a particle moves k centimetres in the
counter-clockwise direction. After completing its motion on
C,. the particle moves to C, ,; in the radial direction. The
motion of the particle continues in this manner. The particle
starts at (1, 0). If the particle crosses the positive direction of
x-axis for the first time on the circle C,, then n =

(a) 4 (b) 5

(c) 6 (d) 7

A P STUDY CIRCLE
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Ans. (d)

© Solution: The motion of the particle on the first four
circles is shown with bold line in the figure. Note that on
every circle the particle travels just one radian. The particle
crosses the positive direction of x-axis first time on C,, where
n is the least positive integer such thatn 227 = n=7.

Cy
Fig. 17.31

® Example 98: C, and C, are circles of unit radius with
centres at (0, 0) and (1, 0) respectively. C; is a circle of unit
radius, passes through the centres of the circles C; and C,
and have its centre above x-axis. Equation of the common
tangent to C; and C; which does not pass through C, is

@x-V3y+2=0 () V3x-y+2=0
(c) \/gx—y—2=() (d)x+\/§y+2=()
Ans. (b)

© Solution: Equation of any circle through (0, 0) and
(1,0) is

x y 1
x=0)(x=-D+@H=-0)(y=-0+A{0 0 1|=0
1 0 1
= P+y—x+Ay=0
If it represents Cj, its radius = 1
= 1=(1/4)+(R4) = A=+3
Y
(&)
G G A
(0,0) (1,0)
Fig. 17.32
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As the centre of C;, lies above the x-axis, we take A= — 3
and thus an equation of Cs is 2y =% —\/Ey =0

Since C, and Cj intersect and are of unit radius, their com-
mon tangents are parallel to the line joining their centres

(0,0) and (112, V3 /2).
So, let the equation of a common tangent be

\/gx—y+k:0
It will touch C,, if
k
=1= k=+2
V3+1

From the figure (16.32), we observe that the required
tangent makes positive intercept on the y-axis and negative

on the x-axis and hence its equation is x- y+2=0.

@ Example 99: A chord of the circle x* + y* —4x — 6y = 0
passing through the origin subtends an angle tan™ (7/4) at
the point where the circle meets positive y-axis. Equation
of the chord is

(a) 2x+3y=0 (b) x+2y=0
(c) x-2y=0 (d) 2x-3y=0
Ans. (¢)

Solution: The given circle passes through the origin O
and meets the positive Y-axis at B (0, 6). Let OP be the chord
of the circle passing through the origin subtending an angle
0 at B, where tan 0=7/4

= ZOBP =6

Equation of the tangent OT at O to the given circle is
2x+3y=0

= slope of the tangent =—2/3

So that, if ZXOT = ¢, tan or=2/3

From geometry, ZPOT = ZOBP = 0

= ZPOX=0-0o

and tan (60— ) =M
1 +tanftan o
7.2
_ 4 3 _13_1
T2 %62
4 3
Y
B(0,6)
%]
P
L =
T
Fig. 17.33
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Hence the equation of OP is y = x tan (60— @)

= x-2y=0

® Example 100: On the line joining the points A (0, 4)
and B (3, 0), a square ABCD is constructed on the side of

the line away from the origin. Equation of the circle having
centre at C and touching the axis of x is

(@) ¥ +y* - 14x -6y +49=0

(b) ¥ +y = 14x-6y+9=0

(€) ¥ +y*—6x—14y+49=0

(d) ¥ +y’—6x—14y+9=0
Ans. (a)
Solution: Let ZABO = @then ZCBL=90°-6, CL being
perpendicular to x-axis. The coordinates of C are (OL, LC)

A(0,4)

0 3 B(3,0) L

Fig. 17.34

OL=0OB+BL=3+5sin6
=3+5x4/5="17
CL=5cos8=5x(3/5)=3

So the coordinate of C are (7, 3) and the equation of the
circle having C as centre and touching x-axis is

(x=7%+(y-3)*=(CL*=9
= X+) - 14x-6y+49=0.

® Example 101: A circle with centre at the origin and
radius equal to a meets the axis of x at A and B. P () and
O (P) are two points on this circle so that & — f = 27y, where
yis a constant. The locus of the point of intersection of AP
and BQ is

(a) x* —y* = 2ay tan y=a’

(b) x> +y* = 2ay tan y=d’

(¢) ¥ +y” + 2ay tan y=d*

(d) x*=y* +2ay tan y=a*
Ans. (b)

Solution: Coordinates of A are (- a, 0) and of P are
(a cos @, a sin )
Equation of AP is

asino
y= ————— (x+a)
a(coso+1)

CIRCLES
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T —
or y=tan (0/2) (x + a) (1)
Similarly equation of BQ is
- asinf (x—a)
a(cosf—1)
or y=-cot (B/2) (x-a) (ii)
We now eliminate ¢, f from (i) and (ii)
From (i) and (ii) tan (t/2) = —— , tan (B/2) = £—>
a+x y
Now a-pfB=2y y _a-x
5 — tan(ct/2)—tan(f/2) _atx y
1+ tan(0t/2) tan(f/2) |4 a-x
2 2 2 a-;x' g
gl _ 2
- e vy =(a"—x") _Xty -a
(a+x)y+(a—x)y 2ay
= x* +y* = 2ay tan y= d*

which is the required locus.

(~a,0)4

Fig. 17.35

® Example 102: Equation of a circle having radius equal to
twice the radius of the circle x* + y* + (2p + 3)x + (3 = 2p)y +
p —3 =0 and touching it at the origin is

(@) ¥+’ +9x-3y=0

(b) x2+y§—9x+3y=0

(c) x2+y +18x+6y=0
d X+ +18x-6y=0
Ans. (d)

Solution: Since the given circle passes through the ori-

gin p — 3 =0 = p =3 and the equation of the given circle is
4+ +9x-3y=0

Equation of the tangent at the origin to this circle is
9x-3y=0 (1)

Let the equation of the required circle which also passes

through the origin be

x2+y2+2gx+2fy= 0.
Equation of the tangent at the origin to this circle is
gx+fy=0 (i1)
If (i) and (ii) represent the same line, then

A P STUDY CIRCLE
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G

§ = L = k (say) (iii)

We are given that \/g +f = ZJ =V81+9

From(m)wegetlklx/9‘+32 =90 = k=%l
Fork=1,

g=9,f= -3 and the equation of the required circle is
x2+y2+ 18x -6y =0.

® Example 103: A circle C, of radius b touches the cir-

cle x* + y2 =d* externally and has its centre on the positive

x-axis; another circle C, of radius ¢ touches the circle C,

externally and has its centre on the positive x-axis. Given

a < b < c, then the three circles have a common tangent if

a, b, ¢ are in

(a) A.P. (b) G.P.

(c) H.P. (d) none of these
Ans. (b)

© Solution: Refer Fig. 17.36. The centre of C, is (a + b, 0)
and the centre of C, is (a +2b + ¢, 0)

Let y = mx + k be a tangent common to the three circles.
Since it touches x*+y*=a’, C, and C,

k m(a+b)+k
=tq, ————=1%b
Vi+m® V1+m?
m(a+2b+c)+k
an =
\/l+m2

As the centre of the three circles lie on the same side of the
line y = mx + k, taking the same sign, say positive, in the
three relations we get,

k
=a=b- m_+l =c-m (12)

V1+m? l—m

a+b a+2b+c
b-a c—a
= (a+b)(c—=a)=(b-a)(a+2b+c)
= ac—-a*+bc—-ba= ba-a*+2b*-2ab + bc - ac

(eliminating m)

IHIT-MATHEMATICS

(a+2b+¢,0)

Fig. 17.36

= 2ac=2b" = ac=b
= a, b, careinG.P.

® Example 104: If two circles, each of radius 5 units,
touch each other at (1, 2) and the equation of their common
tangent is 4x + 3y = 10, then equation of the circle, a portion
of which lies in all the quadrants is

(@) X*+y* = 10x- 10y +25=0

(b) ¥ +y +6x+2y-15=0

() X +y*+2x+6y—15=0

(d) x2+y2+ 10x+ 10y+25=0
Ans. (b)

© Solution: The centres of the two circles will lie on the
line through P (1, 2) perpendicular to the common tangent
4x + 3y = 10. If C; and C, are the centres of these circles
then PC, =5 =r|, PC, = -5 =r,. Also C,, G, lie on the

line x_—l = V;Z =r where tan 6 = 3/4. When r = r, the
cos® sinf

coordinates of C, are (5 cos 8+ 1, 5 sin 8+ 2) or (5, 5) as
cos 6=4/5, sin 6=3/5.
When r = r,, the coordinates of C, are (-3, - 1)
The circle with centre C, (5, 5) and radius 5 touches both
the coordinate axes and hence lies completely in the first
quadrant.
Therefore the required circle is with centre (-3, —1) and
radius 5, so its equation is

x+3) 2+ +1)* =5
or X+y +6x+2y-15 =0
Since the origin lies inside the circle, a portion of the circle
lies in all the quadrants.

® Example 105: Thelocus of the pointof intersection of the
tangents at the extremities of a chord of the circle x* + y* = a’
which touches the circle x* + yz —2ax=01is

(a) y* = a(a - 2x)

(b) x* = a(a-2y)

(c) X +y2 =(x+ a)2

d) *+y* = (y+a)
Ans. (a)
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© Solution: Let P (h, k) be the point of intersection of
the tangents at the extrimities of the chord AB of the circle
24 y2 =a’. Then AB is the chord of contact of the tangents
from P to the circle and so its equation is

hx +ky = a* (i)
If (i) touches the circle 2+ y2 -2ax=0
o W @+k)©O©-a* _

N

(h—al=h*+ 1>

locus of (h, k) is (x — a)* = x* + y*

=
=
= y2 =a(a-2x).

® Example 106: If 6 is the angle subtended by the circle

S=x+y +2gx+2fy+c=0ata point P(x;, y,) outside the
circleand S, =x] +y] + 2gx, + 2fy, + ¢, then cos @is equal to

S, +c—-g*—f? S —c+g*+f?
(a) l—g7f2 (b) 1—37f7_
S—c+g +f Si+c-g +f°
S, +c+gt-f? S, —c+g*+f>
(c) l—ng7 (d) |—g7f7
S —c+g" —f* S +e+g - f°
Ans. (a)

© Solution: Let PA and PB be the tangents from P(x,, y,)
to the given circle with centre C (- g, — f) such that
ZAPB = Othen ZAPC = ZCPB = 0/2

(Yl,vl) o 9/2

6/2 ‘,' C("gv""f)

Fig. 17.37
From right angled triangle PAC

2, 2
tang CA _ |g+f -c

2 PA S,

(o]
=}
&
)
|

Nissi B 1 —tan” 6/2 _ Sn‘Egz'*fz—C)

l+tan20/2 S + g2+f2—c)

S, +c-g*-f2

® Example 107: If the area of the quadrilateral formed by
the tangent from the origin to the circle 24 y2 + 6x— 10y
+ ¢ =0 and the pair of radii at the points of contact of these
tangents to the circle is 8 square units, then ¢ is a root of
the equation
(a) =32c+64=0
(€) F+2-64=0

(b) =34c+64=0
(d) ?+34c-64=0

CIRCL&ES
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Ans. (b)
© Solution: Let OA, OB be the tangents from the origin to
the given circle with centre C(- 3, 5) and radius V9 +25—-¢
=+34-c.
Then area of the quadrilateral OACB
= 2 x area of the triangle OAC
=2X(1/2) x OAxAC

Now OA = length of the tangent from the origin to the

given circle = Je
and  AC = radius of the circle = /34— ¢

sothat Ve v34-¢ =8 (given) = c¢(B4-¢)=
= ¢ -34c+64=0
® Example 108: An equation of the circle in which the
chord joining the points (1, 2) and (2, — 1) subtends an angle
of m/4 at any point on the circumference is

(@) ¥+y -15=0

(b) ¥+y*-6x-2y+5=0

() ¥+ +6x+2y—-15=0

(d) ¥ +y" -2x-4y+4=0
Ans. (b)

© Solution: Let P(x, y) be any point on the circle passing

through A (1, 2) and B (2, 1) the slope of AP = =2 and

x—
slope of BP = REL
x=2
Since they include an angle of 7/4 so
Fhl_p-2
—x—’_22 x_ll =*tan = =%1
142 gt .
x-1 x-2
=2 +hHE-D-x=-2)(y-2)=%[x-1)x-2)+

=-2)(y+ DI
= x+y-5=%[P+y=- 3x-y]

= X+)y=5=0 or X¥+)y'-6x-2y+5=0.

® Example 109: An equation of a common tangent to the
circles x* + y* + 14x — 4y + 28 = 0 and
P4y - 14x+4y-28=0is

(a) x-7=0 (b) y+7=0
(c) 28x+45y+371 =0 (d) None of these
Ans. (¢)

© Solution: By subtracting the equation of one of the
circles from that of the other, we get the equation of their
common chord as 7x — 2y + 14 = 0. This chord intersects the
circles at two real, distinct points, so the given circles have
two common tangents. Let PA; A, be a common tangent to
these circle, whose centres are O, (-7, 2) and O, (7, - 2),
and radii 5 and 9, respectively. Then triangles PO, A, and
PO, A, are similar, so

A&
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po, PO, PO, PO,

= =
0,4 04 5 9

= P divides 0,0, externally in the ratio 5 : 9, so its
coordinates are (— 49/2, 7). Thus any line through P
is given by

Fig. 17.38
y—-7=m(x+?). (1)

This line will touch the circle of radius 5 centred at O, if

m(—7+42—9)—2+7

=+5
\/l+m2
= 357’"+5=¢5 J1+m?
2
= (7—”’+1) =1+m
2
= 45‘:" +Tm=0,

= m=0 or m=-28/45.
Substituting m = — 28/45 in (1) we get the equation given
in (c).

® Example 110: The locus of the point, the sum of the
squares of whose distances from n fixed points A; (x;, y; ).
i=1,2,...,nisequal to K is a circle

(a) passing through the origin

(b) with centre at the origin

(c) with centre at the point of mean position of the

given points

(d) none of these

Ans. (¢)

Solution: Let (x, y) be any point on the locus, then

Y lx-x)+(y=-y)1=K

i=1

= P+ - 2xzn:xi -2y iyi + ix?

i=l i=1 i=1

IHIT-MATHEMATICS
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n
+ 3y -K=0
i=1

= x2+y2—2(lixi]x—2(liyijy
n B

i=1
+1 [ix,z +iy,.2 —kz) =0
n \i=l i=1

o . v © ;
which is a circle with centre [—in, 2 y,-] the point of
R il

mean position of the given points.

® Example 111: An isosceles triangle ABC is inscribed
in a circle x* + y2 = a* with the vertex A at (a, 0) and the
base angles B and C each equal to 75° then length of the
base BC is

(a) al2 (b) a
(©) 2a/\3 ) V3 a2
Ans. (b)

Solution: /B =/C=175°

= ZBAC =30°

= £BOC = 60°

= BOC is an equilateral triangle

= BC = OB = the radius of the circle
=

BC =a.
Ay
B,
[ \ A (a,0)
I | -
’ | 0—|
X \| M / X
\ 0,0) /
c y
vy
Fig. 17.39

® Example 112: If the locus of a point which moves so that
the line joining the points of contact of the tangents drawn
from it to the circle x* + y2 = b” touches the circle x> + y2
= a2, is the circle x* + y2 = cz, then a, b, ¢ are in

(a) A.P. (b) G.P.
(c) H.P. (d) none of these
Ans. (b)

Solution: Let P (h, k) be any point on the locus. Equa-
tion of the chord of contact of P with respect to the circle
P4y =bishx+ ky = b

If it touches the circle x* + y2 = d’, then

A P STUDY CIRCLE
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—b*
| =a = dHW+)=b

v + K
So that the locus of P (h, k) is x* + y* = (b*/a)*

p Y
cz=(—j = ac=b
a

=a, b, c are in G.P.

® Example 113: If the line 3x -4y -k =0, (k> 0) touches
thecirclex2+y2—4x—8y—5=Oat (a,b),thenk+a+b

is equal to
(a) 20 (b) 22
(c) =30 (d) -28
Ans. (a)

© Solution: Since the given line touches the given circle,
the length of the perpendicular from the centre (2, 4) of
the circle to the line 3x — 4y — k = 0 is equal to the radius

4+16+5 =5 of the circle.

3x2-4x4-k — 5
V9+16
= k=15 [+ k>0]

Now equation of the tangent at (a, b) to the given circle is
xa+yb-2(x+a)-4(y+b)-5=0
= (a=-2)x+(b-4)y-Q2a+4b+5)=0.
If it represents the given line 3x —4y —k =0
a-2 b-4 2a+4b+5
then = = —
3 -4 k

= [ (say)

then a=31+2,b=4-4] and 2a+4b+5=kl (1)
= 231+2)+4(4-4D+5=151 ( k=15)

= =1 = a=5b=0andk+a+b=20.
@® Example 114: The circles x* + y* + 2¢, x— a* = 0 and
2+ y2 + 2g,x - a*> = 0 cut each other orthogonally.
If p;, p, are perpendiculars from (0, a) and (0, — @) on a
common tangent of these circles then p; p, =

(a) a’/2 (b) d*

(c) 24 d) a*+2

1. Equation of the circle passing through the origin and
having its centre on the line y = 3x at a distance J10
from the origin is

HT-MATHEMATICS
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Ans. (b)

Solution: Since the given circles cut each other orthog-
onally

818+ =0 (1)
If Ix+ my=11is acommon tangent of these circles, then

_lgl_l & 2 2
—_— —_\[g +a
VP2 +m? 1

= (g + 1’ =C+m) (g +a)
= m2g2,—21g1+a2(12+m2)—1=0
Similarly m* g7 - 2lg, + a* (P +m*)-1=0
So that g,, g, are the roots of the equation
m*g* = 2g +a* (P +m*)-1=0

a* (P +m*)-1_

= 818 = ; ~a’ by (1)
m

= a2(12+m2)= 1-a*m? 2)

lma-1 |-ma-1|
Now pips = :

\/12 +m? \/12 +m’

= —=q
P +m? d

® Example 115: A circle C touches the x-axis and the
circle x* + (y — 1)* = 1 externally, then locus of the centre of
the circle C is given by

@ {(x,y):x* =4y} U {(0,) :y<0}.

®) {6y :y=x*} U {0,y :y<0}

© {6y +(-1?=0} U {(0,y):y<0}

(d) {(x,y):x*+4y=0} U {(0,y): y<0)
Ans. (a)
Solution: Let the centre of C be (h, + r) and radius r
because it touches x-axis.
Since it touches the given circle with radius 1 and centre
(0, 1), externally

R+ zr)=0+1)2
= W=+ 17 =(r+1)
= W =0 or h* = 4r.
.. Locus of (h, r) is
() : 2 =4y} U{(0, ) : y<O}.

EXERCISE

Concept-based
Straight Objective Type Questions

(a) x2+y2—2x+6y=0 (b) x2+y2+2x—6y=0
(c) 2+ y2—2x—6y=0 (d) none of these
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. The radius of the circle

3x% + by’ + 4bx — 6by + b* = 0 is
(a) 1 (b) 3
) V10 @) Vi1

. Equation of the circle described on the line segment

of 3x + 4y = 12 intercepted between the axes as a
diameter is

(@) ¥*+y’ —4x-3y=0

(b) X +y’ +4x-3y=0

(¢) x2+y2—4x+3y=0

(d) ¥ +y*+4x+3y=0

. The point (1, 2) lies inside and (3, 4) outside the circle

P+ -Tx+15y-¢c=0,if
(@ c=25 (b) ¢=35
(c) c=65 (d) c takes any real value

.S x> +y 4+ 6x— 14y - 6 = 0 is a circle and

L:7x + 3y + 58 =0 is a straight line

(a) Lisadiameter of S (b) Lisachordof §
(c) LisatangenttoS  (d) none of these

. The angle between the two tangents from the origin

to the circle (x — 7)° + (y + 1)* = 25 is
(a) /6 (b) m/4

(c) m/3 d) m/2

. A line passes through the point P(5, 6) outside the

circle x* + y* = 12 and meets the circle at A and B.
The value of PA-PB is equal to
(a) 25 (b) 36
(c) 49 (d) 61

. The tangent to the circle 24 y2 =5 at (1, - 2) touches

the circle x* + y* — 8x + 6y + 20 = 0 at the point

(@) 3, 1) (b) 3,-1)
() -3, 1) (d) (1,-3)

. Two circles of equal radius of 5 units have their cen-

tres at the origin and the point (2, — 3). Equation of
the common chord of these circles is

(a) 4x-6y-13=0 (b) 2x-3y+13=0

(c) dx-6y+12=0 (d) 2x-3y-12=0

Two circles touch each other externally at the point
(0, k) and y-axis is the common tangent to these cir-
cles. Centres of these circle lie on the line

(a) x=k (b) y=k

() x+y=k (d) x-y=k

. A circle has radius 3 units and its centre lies on the

line y = x — 1. If the circle passes through the point
(7, 3), then an equation of the circle is

(@) X +y*—8x—6y+16=0

(b) X+ +6x+8y+16=0

(€) ¥ +y* —14x-12y-76=0

(d) ¥ +y*+12x+14y-76=0

14.

15.

16.

17,

18.

19.

20.

CIRCLES

HT-MATHEMATICS

. The line 3x — y — 17 = 0 meets the circle x* + y* — 8x

+ 10y + 5 = 0 at the point A and B. P is any point on
the circle other than A or B, then the triangle APB is
(a) equilateral (b) isosceles

(c) right angled (d) obtuse angled

. A circle passes through the origin and its centre is on

the line y = x. If it cuts the circle x* + y* — 4x — 6y +
10 = 0 orthogonally, then the equation of the circle is
(a) x2+y2+2x+2y=0 (b) x2+y2—2x—2y=0
(€) 2% +2y*—x-y=0 (d) 2 +2y° +x+y=0

Equation of the circle on the common chord of the
circlesx2+y2—ax=Oandx2+y2—ay=0asa
diameter is

(a) 2x2+2y2—ax—ay=0

() ¥ +y* —ax—ay=0

(c) 2x2+2y2+ax+ay=0

(d) x2+y2—x—y+a=0

A circle touches the linesx—y—1=0and x-y+ 1 =0,
the centre of the circle lies on the line

(a) x+y-1=0 (b) x+y+1=0

(c) x—=y=0 (d) none of these

The number of common tangents that can be drawn
to the circles x> + y* — 4x — 6y — 3 = 0 and
P+ +2+29+1=0is
(a) 0 (b) 1
(c) 2 (d) 3

If the circle (x — 2)* + (y — 3)* = @’ lies entirely with
in the circle x* + y* = b% then

(@) a=b ®) a-b> 13
() b-—a> 13 d) b-a=+13

There are four circles each of radius 1 unit touch-
ing both the axis. The equation of the smaller circle
touching all these circles is

(@) X’ +y*=2 (b) x2+y2=(\/§—1)2

() ¥*+y*=4 d P*+y*=1

The locus of the point which moves so that the
ratio of the lengths of the tangents to the circle
P +y—4y+3=0and x>+  + 6y +5=0is
(a) 5x% +5y* +70x-33=0

(b) 5x*+ 5> +60y +7=0

(c) 5x*+5y*+70y+33=0

(d) 5x* +5y* +60x+7=0

A circle has two of its diameters along the lines 2x +
3y - 18 =0 and 3x — y — 5 = 0 and touches the line
X + 2y + 4 = 0. Equation of the circle is

(@) ¥*+)*+6x—-8y+16=0

(b) x*+)*—6x+8y+16=0

(c) x2+y2—6x—8y+9=0

(d) ¥*+)y*—6x—8y+16=0

A P STUDY CIRCLE
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21. Equation of the circle with centre (%, g) and radius

at+b* .
1 is
(a) x2+y2—ax—by=(a+b)2
(b) x2+y2+a.x+by=(a—b)2
(@® +b%)
4

(c) x2+y2—ax—by=

(d) x2+y2—ax—by=0

22. The equation ax* + 2hxy + by’ + 2ex +2fy+c=0
represents a circle if
(@ a=h=2,b=0 (b) b=h=2,a=0
(¢c)a=b=2,h=0 (d) none of these

23. The radius of the circle passing through the point (6, 2),
two of whose diameter, are x + y=6 and x + 2y =4 is
(a) 10 b) 25
(c) 6 (d) 4

24. An equation of the circle through (1, 1) and the
points of intersection of X+ + 13x -3y = 0 and
2wW+2 +4x-Ty-25=0is
(a) 4> + 4y’ —30x-10y-32=0
(b) 4x% + 4y’ +30x - 13y-25=0
() 4 +4y* —43x + 10y +25=0
(d) none of these

25. An equation of the normal at the point (2, 3) to the
circle x> + y* = 2x-2y-3=0is

(@) 2x+y-7=0 (b) x+2y-3=0
(c) 2x—y-1=0 (d) x-2y+1=0
26. The line x + y tan 6 = cos 6 touches the circle
X+ =4 for
(a) 0=m/6 (b) 6=m/3
(c) 6=m/2 (d) no value of 6

27.1f (x, 3) and (3, 5) are the extremities of a diameter
of a circle with centre at (2x, y), then the values of

x and y are
(a) x=1,y=4 (b) x=4,y=1
(c) x=8,y=2 (d) none of these

28. The circle (x — r)2 + (y - r)2 = * touches
(a) x-axis at the origin
(b) y-axis at the origin

IHIT-MATHEMATICS
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29.

30.

31.

32.

33.

34.

35,

(¢) both the coordinate axes
(d) none of these

The number of circles touching the coordinate axes
and the line x + y=11is

(a) exactly one (b) two

(c) three (d) four

The centre of circle passing through the points (0 0),
(1, 0) and touching the circle x* + y* = 9 is the point
whose coordinates are

(a) (1/42,2) (b) (172, V2)
©) (V2,172 @ 2, 1/V2)

Equation of a circle which touches y-axis at (0, 2)
and cuts off an intercept of 3 units from the x-axis is
x> +y* =200 — 4y + 4 = 0 where o =

(a) 572 (b) 25/4

(c) 4/25 (d) 29

The circles x* + y> + 2x — 2y + 1 = 0 and
P4y -2%-2%+1=0

(a) touch each other externally

(b) touch each other internally

(c) intersect on the y-axis

(d) intersect on x-axis

The tangent at any point to the circle x* + y*
= r* meets the coordinate axes at A and B. If lines
drawn parallel to the coordinate axes through A and
B intersect at P, the locus of P is

(a) 2 +y2 =r2 (b) Xy y’2 =

1 11 1 1
© S+5= ) -—=r
Xy

l’2

r2 x2 y2

Equation of a circle with centre C(h, k) and radius 5
such that ”* = 3h + 2 =0 and kK* + 5k — 6 = 0 is
(@) X +y*-2x—4y=0

(b) X+ -2x-2y-6=0

() ¥+ —4x-2y-20=0

(d) X2 +y —4x-6y-12=0.

IfS=x2+y -2x-4y-4=0,L=2x+2y +15=0
and P(3, 4) represent a circle, a line and a point
respectively then

(a) Lisatangentto S atP

(b) L is polar of P with respect to S

(c) L is the chord of contact of P with respect to S

(d) P isinside and L is outside S

A P STUDY CIRCLE
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36.

3.

38.

39.

40.

41.

42.

43.
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If POR is the triangle formed by the common tangents
to the circles x* + y* + 6x = 0 and x* + y* - 2x = 0,
then the centroid of the triangle is at the point

(a) (1,0) (b) (0,0)

(¢c) (-1,0) (d) none of these

A rectangle ABCD is inscribed in the circle Z+y+
3x + 12y + 2 = 0. If the coordinates of A and B are
respectively (3, — 2) and (- 2, 0), then the coordinates
of the mid-point of CD are

(a) (-3/2,-6) (b) (=772, 11)

(c) (5/2,-1) (d) (=52,-1)

A line makes equal intercepts of length a on the
coordinate axes. A circle is circumscribed about the
triangle which the line makes with the coordinate
axes. The sum of the distance of the vertices of the
triangle from the tangent to this circle at the origin is

(a) a/\2 (b) a
) av2 ) a+\2

o, B and y are the parametric angles of three points
P, Q and R, respectively, on the circle 2+y =1,
and A is the point (-1, 0). If the lengths of the chords
AP, AQ and AR are in G.P,, then cos (/2), cos (f/2)
and cos (y/2) are in
(a) A.P.

(c) H.P.

If P is a point with integral coordinates on the circle
x2+y2=9,Qisapointontheline7x+y+3=0,
and the line x — y + 1 = 0 is the perpendicular bisec-
tor of PQ, the coordinates of P are

(a) (3,0 (b) (0,3)

(¢) (-72,21) (d 1,1

If the circle C;: x* +y* = 16 intersects another circle
C, with centre at (a, b) and radius 5 in such a manner
that the common chord is of maximum length, then
a+ b=

(a) 9 (b) 12

(c) 15 (d) 25

If OA and OB are equal chords of the circle
P+y -2+4=0 perpendicular to each other
passing through the origin, then the slopes of OA and
OB are the roots of the equation

(@) 2m*-5m-2=0  (b) 3m*-8m-3=0

() 6m*+5m-6=0 (d) m*+1=0

(b) G.P.
(d) none of these

Equation of the circle passing through (1, 0) and
(0, 1) and having the smallest possible radius is

(a) x2+y2—x—y=0

(b) X*+y*-2x-2y+1=0

© F+y =1

(d) none of these

MATHEMATICS

45.

46.

47.

48.

49.

50.

SI.

52,
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. From the point A (0, 3) on the circle 2 +4x + (y- 3)2

= 0, a chord AB is drawn and extended to a point M
such that AM = 2AB. Equation of the locus of M is
(@) ¥ +2x+(y=3)*=0

(b) (x=3)*+4y+y*=0

() X +8x+(y=3)*=0

(d) X +4x+(y+3)*=0

If the lines 3x —4y + 4 =0 and 6x — 8y — 7 = 0 are
tangents to a circle, radius of the circle is

(a) 3/4 (b) 1

(c) 7/8 (d) 11/10

If the distances from the origin of the centres of three
circles x* + y2 -2Ax = A (i=1,2, 3)are in GP,

then the lengths of the tangents drawn to them from
any point on the circle x> + y* = ¢ are in

(a) AP. (b) G.P.

(c) H.P. (d) none of these

The distance between the chords of contact of the

tangents to the circle T y2 +2ex+2(y+c=0
from the origin and the point (g, f) is

(@) 2Jg*+f2-c
(b) (& +f2 =) 2g* + >

(¢) (112) (g +f*+¢)

@) g +f*-c

A variable circle passes through the fixed point
A (p, g) and touches the axis of x, the locus of the
other end of the diameter through A is

(@ (x=pY=4qy  (b) (x—q)’=4py

(€) (y-p)y =4qx (d) (y—q) =4px

The locus of a point, which moves such that the
lengths of the tangents from it two concentric circles

of radii @ and b are inversely proportional to their
radii is a circle with radius

(@) a+b (b)

(c) Va* +b*

The circle that can be drawn to touch the coordinate
axes and the line 4x + 3y = 12 cannot lie in

2 )
|a“ -b”

(d) none of these

(a) first quadrant
(c) third quadrant

(b) second quadrant
(d) fourth quadrant

Area of an equilateral triangle inscribed in a circle of
radius a is

(a) V3 a4
() 33 a4

(b) mad*3
d) 3 na¥/4

A point P moves such that PA/PB = p where A and
B are two fixed points with AB = a, the locus of P
is a circle with radius

A&
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(@) al(1-p?) (b) pl(1-a”)
(¢) ap/(1 -p?) (d) ap/(1 - a?)

53.If the lengths of the tangents from two points A and
B to a circle are [ and !” respectively and points are
conjugate with respect to the circle (i.e. each passes
through the polar of the other with respect to the
circle), then (AB)2 =
@ |F-17 () (+1)
() P+17 @ -1y

54.If two circles which pass through the points
(a, 0) and (- a, 0) touch the line y = mx + ¢ and cut
orthogonally then
(a) F=d (1+ mz) (b) = c12(1 + 2mz)
(c) = a2( 1+ m)2 (d) F=d>+m’

55. No portion of the circle x* + y> = 16x + 18y + 1 = 0
lies in the
(a) first quadrant (b) second quadrant
(c) third quadrant (d) fourth quadrant

56. The greatest distance of the point P(10, 7) from the
points on the circle x* + y* — 4x = 2y = 20 = 0 is
(a) 5 (b) 5V3
(c) 10 @ 15

57. The length of the longest ray drawn from the point
(4, 3) to the circle x> + y* + 16x + 18y + 1 = 0 is
equal to
(a) the radius of the circle
(b) the diameter of the circle
(¢) circumference of the circle
(d) the distance of the centre of the circle from the

origin

58.1f y = + a is a pair of tangents to the circle x* + y’
=d meeting the tangent at any point C on the circle
at P and Q, then CP.CQ =
(@ 1 (b) @
(c) la® (d) none of these

59. The circle x* + y* = 9 is contained in the circle
P +y—6x-8y+25=c*if
(a) ¢c=2 (b) ¢=3
e) ¢=9§ (d) ¢=10

60. The line (x — 1) cos 8 + (y — 1) sin 0 = 1, for all
values of € touches the circle
@) F+y* =1 (b) ¥ +y -2x=0
() Z+y*=2y=0 d PZ+y*—2x-2y+1=0

61. Equation of the circle which cuts each of the circles
x2+y2+2gx+c=(),x2+yz+2g|x+c=0and
x>+ y% + 2hx + 2ky + a = 0 orthogonally is
(a) h(x2+yz)+(a—c)x—ch=0
(b) k(> +y)+(a—c)y—ck=0

HNT-MATHEMATICS
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(c) x2+y2+(a—c)x+c=0
(d) x2+y2+(a—c)y—c=0

The point at which the circles 2+ y2 +2x+6y+4=0
and x* + y* + 6x + 2y + 7 = 0 subtend equal angles
lies on the circle

(@) ¥ +y’+10x=2y+10=0

(b) X +y*—2x+ 10y +10=0

() ¥ +y?+10x-2y-10=0

(@ F*+y*-10x+10y—10=0

Equation of a circle which passes through the point
(2, 0) and whose centre is the limit of the point of
intersection of the lines 3x + Sy =1and 2 + & )x +
50:2_)-‘ =1 as o tends to 1 is

(@) 25(x* +y%) +20x -2y — 140 =0
(b) 250 +y*) - 20x + 2y —60 =0
©) 9 +y)-20x+2y+4=0

(d) 9(* +y)-2x=20y+4=0

If the limiting points of the system of circles
P+ +2ex+ AP+ + 2 + k) =0, where A
is a parameter, subtend a right angle at the origin,
then kif > =

(a) -1 (b) 1
(c) 2 (d) none of these
If the chord of the circle x* + y2 — 4y = () along the

line x + y = 1 subtends an angle 6 at a point on the
circumference of the larger segment then cos 6 =

(@) 172 (b) 1/\2
© V312 d 122
Locus of the centre of the circle touching the line

3x + 4y + 1 = 0 and having radius equal to 5 units is
(a) a pair of perpendicular lines

(b) a pair of parallel lines

(c) a pair of straight lines

(d) none of these

Chord of the circle x* + y* = 81 bisected at the point
(-2, 3) meets the diameter x + Sy = 0 at a point

(a) on the circle (b) inside the circle

(c) outside the circle (d) none of these

An equilateral triangle is inscribed in the circle x* + y*
= | with one vertex at the point (1, 0). Length of each
side of the triangle is

(a) 1 (b) V2
() V372 @) V3
The curve parametrically described by the equations

X =2+ 3cos6, y = 3 + 3sinf represents a circle

which touches
(a) x-axis at (2, 0)
() x+y=2at(l, 1)

(b) y-axis at (0, 3)
(d) x+y=3at(l,2)
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70. Consider two circles x> + _v2 =a® - Aand X* + _\'2 -
2axcos6 - 2aysinB + A = 0. Each circle passes through
the centre of the other for

(a) all values of A (b) no value of 4
(c) only one value of A (d) more than one value of 4

71. Tangents at two points A and B on the circle 2 ¥
_v2 — 6x — 4y — 11 = 0 intersect at the point (1, 8).
Equation of the chord AB is

74. Statement-1: The radius of the circle
2x% +2y* — 4x cosO + 4y sinf— 1 — 4 cos@— cos20 =0
is 1 + cos6
Statement-2: The radius of the circle
(x — cosB)(x —sinb) + (y — cosO)(y —sinf) = 0 (0 # m/4)
is Icos@ — sinél

75. Statement-1: The points of intersection of the two
curves whose equations are

S;:x* +2y* —6x—12y +23=0and
S,: 4x* + 2y* — 20x — 12y + 35 = 0 lie on a circle
with centre at (8/3, 3) and radius equal to Ja113\2 .

Statement-2: Equation of a curve passing through the
intersection of §; = 0 and S, = 0 in Statement-1 is
S, + AS, = 0 which represents a circle if there exists
a real value of A for which the coefficients of x* and
y2 are equal.

76. Statement-1: The locus of the point of intersection
of the tangents to the circle x = a cos 6, y = a sin
0 at points whose parametric angles differ by /2 is
2?4 y2 = 24"

Statement-2: Tangents at the extremities of a diameter
of a circle are parallel.

81. The circles x*+ y* + ax = 0 and x* + y* = ¢* (¢ > 0)
touch each other if
(a) +ct=1
(c) a-c*=1

(b) a@-c*=0
(d) none of these

82.If (a cos 6, a sin 6) i = 1, 2, 3 represent the vertices
of an equilateral triangle inscribed in a circle, then

HT-MATHEMATICS
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72. Equation of the circle on AB as diameter, where A
and B are the points of intersection of the circle 24
y2 — 8x = 0 and the curve 4x* — 9_\'2 =36 is
(@) ¥ +y = 12x+24=0 (b) X’ +y* +12x+24=0
) ¥ +y +24x-12=0 (d) X*+y*-24x-12=0

73. A polygon of nine sides, each of length 2, is inscribed
in a circle with centre at the origin. Equation of the
circle is x* + y* = 1, where 1/r is equal to

(a) cos 20° (b) sin 20°
(a) x+3y-15=0 (c) 3x-y+15=0 o . o
(©) x=3y+15=0 (d) 3x+2y+11=0 Al moR A Uh
[.] Assertion-Reason Type Questions

77. Statement-1: The centre of a circle passing through
the points (0, 0), (I, 0) and touching the circles
C: x> +y* =9 lies inside the circle C.

Statement-2: If a circle C, passes through the centre
of the circle C, and also touches the circle, the radius
of the circle C, is twice the radius of the circle C,.

78.C, : (x =32 + (y - 4 =
Statement-1: C, touches the axis of x if a = 4
Statement-2: C, touches the line y = x if a = 3.

79. Statement-1: The common chord of the circles
(2 4 2 2 2 2
X+ y —10x + 16 =0 and x* + y" = r is of
maximum length if P =34,

Statement-2: The common chord of two circles is of
maximum length if it passes through the centre of the
circle with smaller radius.

80. Statement-1: The equation 2 - _v2 —4x -4y =0
represents a circle with centre (2, 2) passing through
the origin.

Statement-2: The equation x* + y> + 4x + 6y + 13 =0
represents a point.

LEVEL 2
J Straight Objective Type Questions

(a) cos 0, +cos 6, +cos 6;=0
(b) sin 6, + sin 6, + sin 6; # 0

(c) tan 6, +tan 6, + tan ;=0
(d) cot 6, +cot 6, + cot ;=0

83. A circle C is drawn on the line joining the centres of
the circles C: £+ _v2 -4=0and Cy: 2+ _\'2 - 8x +
7 = 0 as a diameter. The length of the intercept made

A P STUDY CIRCLE
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on the common chord of the circles C, and C, by the
circle C is

(a) 231/8 (b) 231/4
) V23112 ) 11/8

If the equation ax® + 2((12 + ab - 16)xy + by2 + 2ax
+ 2by - 42 =0 represents a circle, the radius of
the circle is

(a) 2 (b) 22

() 2 ) 42

If a circle passes through the points of intersection
of the coordinate axes with the line x — Ay + 1 =0
(A#0)and x — 2y + 3 = 0, then the value of A is a
root of the equation

(@) 6A2-7A+2=0  (b) 72 -61-2=0

© 2F-6A+1=0  (d) 2A°-7A+6=0

If a square with length of each side equal to a is
inscribed in the circle x> + y* + 4x + 10y + 21 = 0,
then «a is equal to

(@) V2 (b) 2

) V2 (d) 4

The locus of a point which divides the join of
A (-1, 1) and a variable point P on the circle
x> +y* =4 in the ratio 3 : 2 is a circle whose centre
is at the point

(a) (2/5,2/5) (b) (=2/5,2/5)
(c) (2/5,=2/5) (d) (-5/14,5/14)

If (o, B ) are the roots of the equation 15x* — 22x
+ 8 =0 and (o), B”) are the roots of the equation
8x* — 22x + 15 = 0, then the equation of the circle
onA (o, ) and B (B, ) as diameter is

(a) 120 (6 +y%) - 22 (8x + 15y) +289 =0

(b) 120 (x* + y*) — 22 (15y + 8x) + 289 =0

() 23 (x> +y*) +22 (8x+ 15y) - 120=0

(d) none of these

If two circles cut a third circle orthogonally, the radi-
cal axis of the two circles

(a) touches the third circle

(b) passes through the centre of the third circle
(c) lies out side the third circle

(d) none of these

If a circle of constant radius 3k passes through the
origin and meets the axes at A and B, the locus of
the centroid of the triangle OAB is the circle

(@) X +y +kx+ky=0

(b) > +y* =4k
(c) )c2+y2=k2
(d) X+ y*+2kx-2ky+ k=0

21

92.

9.

94.

25.

96.

97.
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. The locus of a point which moves such that the sum of

the squares of its distances from the three vertices of a
triangle is a constant, is a circle whose centre is the

(a) incentre of the triangle

(b) circumcentre of the triangle
(c) orthocentre of the triangle
(d) centroid of the triangle

The tangents to the circle 2 + y2 = 48, which are
inclined at angle of 60° with the axis of x form a
rhombus, the length of whose sides is

) 2V3 (b) 3
© 33 (d) 4
An equation of the circle described on the chord

x cos o+ ysin o —p =0 of the circle

X2+ y2 = a* as diameter is

() x>+ +2pxcos o+ 2py sin = (2p> +a*) =0
(b) X% +y* = 2px cos a=2py sin o+ 2p* —a* =0
(c) x>+ Yy~ =2px cos o+ 2py sin o — 2p2 +a*=0
(d) x*+y* +2px cos a—2py sin o+ 2p* —a> =0

[

The locus of a point which moves in a plane so that
the sum of the squares of its distances from the line
ax+by+c=0andbx—ay+d=0isr2, is a circle

of radius

@ r (b) rya®+5°

(c) rab (d) none of these

Two circles are such that one is inscribed in and the

other is circumscribed about a square A; A, A; A,.
If the length of each side of the square is a and P,
Q are two points respectively on these circles, then

4 4
1Y (PAIY =Y (QAiY |=
i=l1 i=1
(a) a*l4
(c) a*

(b) a*2

(d) 24>

Two tangents 7| and T, are drawn from (- 2, 0) to the
circle C : x* + y2 = 1. Equation of a circle touching
C, having T;, T, as a pair of tangents from (-2, 0)
and radius greater than the radius of C is

(a) x2+y2—6x+5=()

(b) *+y*-8x+7=0

(©) 9P +9y% +24x+15=0

(d) none of these

The locus of the point of intersection of tangents to
the circle x = a cos 6, y = a sin 0 at points whose
parametric angles differ by /4 is

(a) x2+y2=2 (\/E—I)Za2

(b) P2 +y* =202 2)d?
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© P +y*= (V241 &
(d) none of these

98. The locus of the centre of the circle which cuts the
circles x> + y* + 4x — 6y + 9 = 0 and x> + y* — 4x +
6y + 4 = 0 orthogonally is
(a) 12x+8y+5=0 (b) 8x-12y+5=0
(c) Sx-12y+8=0 (d) none of these

99. An equation of the tangent at the point (5, 2) of a
circle is given by 3x — 2y — 11 = 0. If the circle passes
through the origin, an equation of the circle is
(@) X’ +y*=23x—102y=0
(b) 11x%+ 11y* = 102x - 23y =0
() 11x* + 11y* = 23x =102y =0
(d) ¥ +y*-102x-23y=0

100. A circle passes through the origin O and cuts the axes

at A (a, 0) and B (0, b). The reflection of origin O in
the line AB is the point

2ab*>  2a’b 2a’b  2ab*
@ |5 77 7] O|\5 55 5
a +b” a +b a +b" a +b-

©) (ﬂ ﬂ) ) (a,b)

a+b* a* +b°

101.1f a circle cuts x* + y2 =d orthogonally and passes
ap aq
P +q J P +q

through the point ( j then it will also

pass through

(@) (p,0) (b) (0,9)
© (.9 (d) (ap, aq)

102.Two circles intersect at the point P (2, 3) and the
line joining the other extremity of the two diameter
through P makes an angle 7 /6 with x-axis, then the
equation of the common chord of the two circles is

@) x+ 3y -2+ 3V3)=0
() x+ 3y = (243 +2)=0
©) V3x +y—(2V3 +3)=0
@ Bx +y-(2+3V3)=0

103. A system of circles is drawn through two fixed points
(-1, 0) and (1, 0); tangents are drawn to these circles
parallel to the line y = x the locus of the points of

contact is

(a) x2—y2—2xy=1

(b) x2+y2=l
HT-MATHEMATICS

(c) x2+y2+2xy=0
d) -y +2y+1=0

104. The radius upto one place of decimal of the smallest
circle which touches the line 3x — y = 6 at (1, -3)
and also touches the line y = x is
(a) 1.2 (b) 1.6
(c) 1.8 (d) 2.1

105. Of the two concentric circles the smaller one has the
equation ¥ y2 = 4. If each of the two intercepts on
the line x + y = 2 made between the two circles is I,
the equation of the larger circle is

@ X +)°=5 b) 2+y*=5+22
© P+y¥*=T+242 @@ #+y*=11

106. An equation of the circle situated symmetrically op-
posite to the circle x* + y* — 2x = 0 with respect to
the line x + y =2 is
(@) X +y +2y-4=0
(b) X +y —4x-2y+4=0
(c) x2+y2—x+y-2=0
d) P+y*-3x-y+2=0

107.1f the chord along the line y — x = 3 of the circle
x* + y* = k* subtends an angle of 30° in the major
segment of the circle cut off by the chord then i =
(a) 3 (b) 6
(c) 9 (d) 36

108. Three concentric circles of which the biggest is
2+ y2 = | have their radii in A.P. with common

difference d (> 0). If the line y = x + 1 cuts all the
circles in real distinct points, then

3l N 2442

(a) d<

1
¢} d> 14— d) dis any real number
(c) 7 (d) y
109.Radius of the circle centred at (3, — 2), of maximum

area contained in the circle x* + y2 -4x+y=0is

(a) (1/2) (Jﬁ-JB) (b) 1/32

(c) 2 (d) none of these

110. Equation of a family of circles, such that each member
of the family passes through the origin and makes an
intercept on the line y = 2x which is twice the intercept
made on the line x = 2y is (4 being a parameter)
(a) x2+y2—2/ly=0
(b) ¥ +y*-2Ax=0
©) ¥ +y =2Ax-22y=0
(d) none of these
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1. Two common tangents to the circle 2+ y2 = 24* and

parabola y2 = 8ax are

@ x=x(+2a) (b) y=%x(x+2a)

() x=x(y+a) d) y=x(x+a) [2002]
2.1f the chord y = mx + 1 of the circle x* + y* = 1

subtends an angle of measure 45° at the major segment

of the circle then the value of m is

(a) 2 (b) 1-2

(c) -1 (d) none of these  [2002]
3. The centres of a set of circles, each of radius 3, lie

on the circle x* + y* = 25. The locus of any point in

the set is

(a) 4<x* +y*< 64 (b) x*+y*<25

() ¥* +)y*<25 d) 3<x*+y*<9  [2002]
4. The centre of the circle passing through (0, 0) and

(1, 0) and touching the circle x4 y2 =9is

(a) (172, 1/2) (b) (1/2,-2)

(c) (372, 172) (d) (172, 3/2) [2002]
5. The equation of a circle with origin as centre and

passing through equilateral triangle whose medium is

of length 3a is

(a) @+ y2 =94° (b) @+ y2 = 164

() ¥+’ =4d’ d) +y*=d [2002]
6. If two circle (x — 1)2+(y—3)2= # and ¥ +y2—8x+

2y + 8 = 0 intersect in two distinct points then

(@) r<2 (b)y r=2

(c) r>2 (d)2<r<8
7. The lines 2x — 3y = 5 and 3x — 4y = 7 are diameters

of a circle having area as 154 sq. units. Then the

equation of the circle is

(a) x2+y2+2x—2y=47

(b) ¥ +y*-2x+2y=47

(€) X +y = 2x+2y=62

d) *+y*+2x-2y=62 [2003]
8. If a circle passes through (a, b) and cuts the circle

x* + y* = 4 orthogonally, then the locus of its centre is

(a) 2ax —2by + (a* + b* +4) =

(b) 2ax +2by—(@*+b*+4)=0

(c) 2ax +2by + (a* + b* + 4) =

(d) 2ax-2by—(a*+b*+4) =0 [2004]
9. A variable circle passes through the fixed point

A(p, q) and touches x-axis. The locus of the other end

of the diameter through A is

HNT-MATHEMATICS

16.

. The intercept on the line y =

.If the circles x

(b) (x—q)*=4py
(d) (y-q)*=4px

(@) (v=p) =4qx

(c) (x—p)* =4qy [2004]

If the lines 2x + 3y + | =0 and 3x —y — 4 = 0 lie

along diameters of a circle of circumference 107, then
the equation of the circle is

(@) ¥ +y +2x+2y-23=0
(b) X’ +y*-2x-2y-23=0
(€) X*+y*=2x+2y-23=0
(d) X’ +y*+2x-2y-23=0

]

[2004]

x by the circle
x> + y* = 2x = 0 is AB. Equation of the circle on AB
as diameter is

(@ X +y +x+y=0
(b) x2+y2—x+y=0
(c) x2+y2—x—y=0
(d) x2+y2+x—y=0
2

[2004]

+y2+2ax+cy+a=0and
2+ y* = 3ax + dy — 1 = 0 intersect in two distinct
points P and Q then the line 5x + by — a = 0 passes
through P and Q for

(a) infinitely many values of a
(b) exactly two values of a
(c) exactly one value of a

(d) no value of a [2005]

. If a circle passes through the point (a, b) and cuts the

circle x* + y* = p* orthogonally, then the equation of
the locus of its centre is
(a) 2+ y2 —2ax-3by + (a2 -
(b) 2ax +2by - (@* + b* +p*) =0
(€) X*+y*=3ax—4by + (@ +b*-pH =0
(d) 2ax +2by— (@ - b*+p*) =0

-p)=0

[2005]

. A circle touches the x-axis and also touches the circle

with centre at (0, 3) and radius 2. The locus of the
centre of the circle is

(a) a hyperbola
(c) an ellipse

(b) a parabola

(d) acircle [2005]

. Let C be the circle with centre (0, 0) and radius 3

units. The equation of the locus of the mid points of
the chords of the circle C that subtends an angle 2m/3
at its centre is

(a) 2+ y2 =9/4 (b) ol y2 =3/2

() X*+y*=1 (d) xX*+y*=27/4  [2006)
If the lines 3x — 4y — 7 =0 and 2x — 3y — 5 = 0 are
two diameters of a circle of area 497 square units,
the equation of the circle is
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(@) X +y*-2x+2y-47=0

(b) ¥ +y*+2x-2y—-47=0

() x2+y2+2x 2y-62=0

d P +y* -2x+2y-62=0 [2006]
17. Consider a family of circles with are passing through

the point (-1, 1) and are tangent to x-axis. If (h, k)

are the coordinates of the centre of the circles, then

the set of values of k is given by the interval

(a) O0<k<1/2 (b) k>1/2

(c) —12<k<12 (d) k<12 [2007]
18. The point diametrically opposite to the point

P(1, 0) on the circle 2+ y2 +2x+4y-3=0is

(a) (3,4) (b) (3.-4)

(©) (=3,4) @) (-3,-4) 2008]
19. Three distinct points A, B and C are given in the

2-dimensional coordinate plane such that the ratio

of the distance of any one of them from the point

(1, 0) to the distance from the point (-1, 0) is equal

to 1/3. Then the circumcentre of the triangle ABC is

at the point

(a) (5/2,0) (b) (5/3,0)

(c) (0,0) (d) (5/4,0) [2009]
20. If P and Q are the points of intersection of the circles

x2+y2+3x+7y+2p—5=0andx2+y2+2x+

2y — p* = 0, then there is a circle passing through P,

Q and (1, 1) for

(a) all except two values of p.

(b) exactly one value of p

(c) all values of p

(d) all except one value of p [2009]
21. The circle x* + y2 = 4x + 8y + 5 intersects the line

3x — 4y = m at two distinct points if

(a) 15<m<65

(b) 35<m <85

(c) =85<m<-35

(d) -35<m<15 [2010]
22. The equation of the circle passing through the points

(1, 0) and (0, 1) and having the smallest radius is

(a) x2+y2—2x—2y+ 1=0

(b) x2+y2—x—y=0

(c) x2+y2+2x+2y—7=0

d) *+y +x+y-2=0 [2011]
23. The two circles x*> + y> = ax, x> + y> = ¢ (¢ > 0)

touch each other

(a) lal=2c (b) 2lal=c

() lal=c (d) a=2c [2011]
24. The length of the diameter of the circle which touches

the x-axis at the point (1, 0) and passes through the

point (2, 3) is
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26.
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(a) 6/5 (b) 5/3

(c) 10/3 (d) 3/5 [2012]

A circle passing through (1, —2) and touching the axis

of x at (3, 0) also passes through the point

(@) (2,-5) () 5,-2)

(© (-2,5) (d) (-5,2) [2013]

If each of the lines 5x + 8y = 13 and 4x — y = 3

contains a diameter of the circle x* + y* — 2(a’ — 7a
+1)x-2@-6a+6)y+b +1=0, then

(@) a=5andb g (-1,1)

(bya=landbeg (-1,1)

(c)a=2and b e (oo, 1)

(d) a=5andbe (-0, 1) [2013, online]
If a circle C passing through (4, 0) touches the cir-
cle x* + y* + 4x — 6y — 12 = 0 externally at a point
(1, = 1), then the radius of the circle C is:

(a) 5 (b) 25
() 4 (d) V57  [2013, online]
If two vertices of an equilateral triangle are A (— a, 0)

and B(a, 0), a > 0, and the third vertex C lies above
x-axis, then the equation of the circumcircle of A ABC
is:

(@) 3 +32-2 3 ay = 3d*

(b) 3x* +3y* - 2ay = 3d*

(c) 2+ y2 -2ay = a*

) *+y - Bay=d* [2013, online]

If the circle x* + ¥ = Bx—8y + (25 - a®) = 0 touches
the axis of x, then a equals

(a) 0 (b) +4

(c) £2 (d) £3 [2013, online]
Statement-1: The only circle having radius V10

and a diameter along line 2x + y = 5 is
x2+y2—6x+2y=0.

Statement-2: 2x + y = 5 is a normal to the circle
x2+y2—6x+2y=0
(a) Statement-1 is false, Statement 2 is true.
(b) Statement-1 is true, Statement 2 is true, Statement-2
is a correct explanation for Statement-1.
(c) Statement-1 is true, Statement-2 is false
(d) Statement-1 is true, Statement-2 is true. State-
ment-2. is not a correct explanation for Statement-1.
[2013, online]

If a circle of unit radius is divided into two parts by
an arc of another circle subtending an angle 60° on
the circumference of the first circle, then the radius
of the arc is:

a) 3
(c) 1

(b) 172

d V2 [2013, online]
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Let C be the circle with circle with centre at (1, 1) and
radius = 1. If T is the circle centre at (0, y), passing
through origin and touching the circle C externally,
then radius of 7 is equal to

@) V3/\2 (b) V3/2
©) 12 d) 1/4 [2014]

If a point (1, 4) lies inside the circle x* + y* — 6x — 10
y + p = 0 and the circle does not touch or intersect
the coordinate axes, then the set of all possible values
of p is the interval:

(a) (0, 25) (b) (25,39)

(c) (9,25) (d) (25,29) [2014, online]

The set of all real values of A for which exactly two
common tangents can be drawn to the circle x* + y*
—4x-4y+6=0and x> +y* - 10x - 10y + A =0
is the interval

(a) (12,32) (b) (18,42)

(c) (12,24) (d) (18,48) [2014, online]

For the two circles x> + y2 =16 and x> + y2 -2y=0
there is/are

(a) one pair of common tangents

(b) two pairs of common tangents

(c) three common tangents

(d) no common tangent [2014, online]

The equation of the circle described on the chord
3x+ y +5 =0 of the circle x* + y2 = 16 as diameter is
(a) v 24y 4+3x+y-11=0

(b) x 24y 43x4+y+1=0

(c) x 242 +3x+y-2=0

d) P +y* +3x+y-22=0 [2014, online]
The number of common tangents to the circles x* +
y? —4x — 6y — 12 =0 and > + y* + 6x + 18y + 26
=0 is:

(a) 1 (b) 2

(c) 3 (d) 4

If incentre of an equilateral triangle is (1, 1) and the

equation of one side is 3x + 4y + 3 = 0O than the
equation of the circumcircle of this triangle is:

39.

40.

41.

42.

43.

44.

Cl
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(@) X*+y*-2x-2y-2=0
(b) ¥ +y*-2x-2y-14=0
(c) x2+y2—2x—2y+2=0
(d) P+y*-2x-2y-7=0 [2015, online]

If a circle passing through the point (- 1, 0) touches
y-axis at (0, 2), then length of the chord of the circle

along the x-axis is:

3 5
s Bl =
(a)2 ()2

(c) 3 (d) 5 [2015, online]

If y + 3x = 0 is the equation of a chord of the circle,

x> +y* = 30x = 0, then the equation of the circle with

their chord as diameter is:

(a) x2+y2+3x+9y=0 (b) x2+y2—3x+9y=0

(€) X*+y*=3x=9y=0 (d) ¥*+y*+3x+9y=0
[2015, online]

The centres of those circles which touch the circle,
CH+y-8-8—-4=0, externally and also touch
the x-axis, lie on

(a) acircle

(b) an ellipse which is not a circle

(c) ahyperbola (d) aparabola [2016]

If one of the diameters of the circle, given by the
equation, 5 4 y2 —4x + 6y — 12 =0, is a chord of
a circle S, whose centre is at (=3, 2), then the radius
of S is:
(@) 5V2 (b) 5V3
(¢) 5 (d) 10 [2016]
A circle passes through (-2, 4) and touches the y-axis
at (0, 2). Which one of the following equations can
represent a diameter of this circle?
(a) 2x-3y+10=0 (b) 3x+4y-3=0
(c) 4x+5y-6=0 (d) Sx+2y+4=0

[2016, online]
Equation of the tangent to the circle, at the point
(1, -1), where centre is the point of intersection of the
straight lines x — y = 1 and 2x + y = 3 is:

(@) x+4y+3=0 (b) 3x-y-4=0
(c) x=3y-4=0 (d) 4x+y-3=0
[2016, online]

Prev:ous Years B-Archltecture Entrance

Examination Questions

The line x sin o — y cos @ = a touches the circle
@+ y2 = az, then.
(a) e [0, m (b) ae [-m, m

(c) o can have any value (d) ae [-% ﬂ 2006]

2.

If a circle of area 167 has two of its diameters along
the line 2x — 3y + 5 =0 and x + 3y — 11 = 0, then
the equation of the circle is

(@) ¥’ +y*—4x+6y—13=0

(b) ¥ +y*—4x-6y-3=0

A P STUDY CIRCLE
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(c) P+y* —4x-6y—-13=0

d) X*+y?—4x+6y-3=0 [2006]

. The circle passing through the distinct points (1, #), (¢, 1)

and (¢, 1) for all values if ¢ passes through the point

(@ (1,-1) (b =11

(¢) <1,=-1) (d) (1, 1) [2006]

. The value of k for which the circle x> + y* —4x + 6 y

+ 3 = 0 will bisect the circumference of the circle
P+ +6x-4y+k=0is

CIRCLES

HT-MATHEMATICS

Statement-1: If L, is a chord of the circle C, then
the line L, is not always a diameter of the circle C.

Statement-2: If L, is a diameter of the circle C, then
the line L, is not a chord of the circle C. then

(a) both the statements are true
(b) both the statements are false
(c) Statement-1 is true and statement-2 is false
(d) statement-2 is true and statement-1 is false
[2013]

(a) 53 (b) —53 12

(c) 47 (d) —47 [2007]
5. If the point (2, k) lies outside the circles & y2 =13

and x* + y* + x — 2y — 14 = 0, then

(@) K€ -0, -2[U]3, [

(b) Ke ]1-3,-2[U]3,4(

(c) Ke |-3,-4[

(d) K€ =00, =3[U] 4,00 [2007]
6. The shortest distance between the circles x* + y* = 1

and (x - 9% + (y — 12)*=4is

(@ 9 (b) 11

(c) 12 (d) 14 [2008]
7. The midpoint of the chord intercepted by the circle 14

¥ + y2 = 16 on the line through the point (1, —2)
and (0, 1) is

. A circle has two of its diameters along the lines x + y
=5 and x — y = 1 and has area 97, then equation of
the circle is
(a) x2+y2—6x—4y—3 =0
(b) ¥ +y*—6x-4y-4=0
(€) *+y*—6x-4y+3=0
d) *+y —6x—4y+4=0 [2014]

13. The number of interger values of k for which the
equation x* + y* + (k — 1)x — ky + 5 = 0 represents
a circle whose radius can not excced 3, is:

(a) 10 (b) 11
(c) 4 (d) 5 [2015]
. If the line ax + by = 2 (a # 0) touches the circle X

+ y* — 2x = 3 and is normal to the circle x* + y* —
4y = 6, thus a + b is equal to:

1 1 ) (l 3) 4
-, == b) [=,—= - =5
(a)(zz ® 273 @ 3 b =
3
11 3 1
= < = -1 1
© [y-3) oGy e = @ 5 [2015]
8. The circle x* + y* — 6x — 10y + p = 0 does not touch £ e,
or intersect the axes and the point (1, 4) lies inside L Answers
the circle for all p in the interval Concept-based
(a) (25, 35) (b) (25,29)
(c) (0,25) (d) (0,29) [2010] L (¢) 2. (¢) 3. (@) 4. (b)
9. The equation of a circle of area 227 square units for 5. (b) 6. (d) 7. (¢) 8. (b)
which each of the two lines 2x + y =2 and x — y 9. (a) 10. (b) 11. (a) 12. (c)
= =3 I3 diameter, 15 13. (b) 14. (a) 15. (¢) 16. (d)
@ x"+y -2x+8y-5=0
(b) P +)*—2x—-8y-5=0 17. (¢) 18. (b) 19. (¢) 20. (d)
(© X +y +2x-8y-5=0 Level 1
) P +y*+2x+8y-5=0 [2011]

10. If a chord of a circle x* + y2 = 4 with one extremity 21. (d) 22. (0) 23. (b) 24. (b)
at (1, V3 ) subtends a right angle at the centre of this 25. (¢) 26. (d) 27. (a) 28. (¢)
circle, then the coordinates of the other extremity of 29. (d) 30. (b) 31. (b) 32. (a)
Uuis chiaid Ga b 33. (0) 34. (o) 35. (d) 36. (a)
@) (-143) ®) (1= 3) 37. (b 38. (c) 39. (b 40. (a)
© (= 3.-1) @ (3.-n oz I ® - - () - @

11.Consider L, : 3x + y+ a-2=0and L, : 3x + Yy 8 A% it % ig) .10
— o+ 3 =0, where ¢ is a positive real number, and 45. (a) 46. (b) 47. (b) 48. (a)

2
C: P +y -2x+4y-4=0. 49. (c) 50. (c) 51. (c) 52. (c)
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53. (c) 54. (b) 55. (b) 56. (d) 2. Given equation represents a circle if b = 3 and the
57. (a) 58. (b) 59. (d) 60. (d) equation is
61. (b) 62. (a) 63. (a) 64. (c) ¥+ + 4x — 6y + 3 = 0 whose radius = V10.
65. (d) 66. (b) 67. (b) 68. (d) 3. Line meets the axes at (4, 0) and (0, 3). Equation of
69. (a) 70. (c) 71. (c) 72. (a) the circle on the line joining this points as a diameter
73. (b) 74. (b) 75. (a) 76. (b) s
77. (a) 78. (c) 79. (a) 80. (d) -0 E&x-H+0-0@-3)=0.
Level 2 ﬁx2+y2—4x—3y=0.
81. (b) 82. (a) 83. (b) 84. (a) 4. (1, 2) lies 7m31de the circle
85. (a) 86. (d) 87. (b) 88. (a) =251+Q2)-7+15Q2)-c<0=>c<28
89. (b) 90. (b) 91. (d) 92. (d) 3,4 2lles ou’tmde the circle
93, (b) 94, (a) 95, (C) 96. (b) = (3) + (4)- - 7(3) + 15(4) -c>0=> c<64.
97. (b) 98. (b) 99. (c) 100. (c) 5. Centre of the circle S is (= 3, 7) and its radius is 8
101. (c) 102. (c) 103. (a) 104. (b) distane of (- 3, %) T the Moe s M‘
105. (b) 106. (b) 107. (b) 108. (a) V49+9
109. (a) 110. (a) =¥ <8
. . . So the line L i hord of .
Previous Years' AIEEE/JEE Main Questions 0 fhe e L is @ chorc o o
6. Let y = mx be a tangent through the origin
1. (b) 2. (¢) 3. (a) 4. (b) m(T) - (=1) 5 3 _4
5. (¢) 6. (d) 7. (b) 8. (b) = \/H—Z =V25 =>m= Z or T
m
9. (c) 10. (c) 11. (¢) 12. (d) ‘ .
13. (b) 14. (b) 15. (a) 16. (a) l;roduct of the slopes = — 1 = The required angle is
17. (b) 18. (d) 19. (d) 20. (d) 5
. 22. A 4.
et 45 219 . (0] 7. From Geometry PA . PB = (PC)*
25. (b) 26. (d) 27. (a) 28. (a) " 5
=(5) +(6)" - 12 = 49.
29. (b) 30. (a) 31. (¢) 32. (d)
33. (¢) 34. (b) 35. (d) 36. (a) C
37. (¢) 38. (b) 39. (¢) 40. (b)
41. (d) 42. (b) 43. (a) 44. (a) 0
. ' . P
PreV|¢?us Years B-Ar.'chltecture Entrance 5.6) AN__'B
Examination Questions
1 . o b ) Fig. 17.40
- ©) - () - @ - (@) 8. Equation of the tangent is x — 2y = 5, which meets
5.(d) 6. (c) 7. (a) 8. (b) the second circle at points for which
9. (c) 10. (d) 11. (c) 12. (d) 2y +52+y*-82y+5) +6y+20=0
13. (¢) 14. (c) =>5_v2+10y+5=0:y=—1andx=3sothe
required point of contact is (3, — 1)
»’g; Hints and SO'UtiOI‘IS 9. Two circles are x° + _v2 =25 and '(x - 2)2 + .(v - 3)2
= 25. So the equation of the required chord is
x-22+@+3’-(F+y)=0.
Concept-based = 4x—6y—13=0

1. Centre of the circle is (1, 3) or (- 1, — 3) and radius 10. Centres will lie on the line through (0, k) perpendicu-
is V10. lar to y-axis (x = 0) required line y = k.
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Fig. 17.41

. Let the centre be (h, h — 1) then the equation of the

circle is (x - h)2 + (G -h+ 1)2 = 0. As it passes
through (7, 3), (7 = h)* + G = h + 1)* = 9.

= h =4 or 7 and the equation of the circle is
P+ -8 —-6y+16=0

or x> +y* - 14x - 12x + 76 = 0.

The line passes through the centre of the circle, so AB

is a diameter of the circle and |[APB being an angle
in a semi circle is a right angle.

. Let the equation of the circle be x4 y2 + 2gx +

2gy = 0. As it cuts the given circle orthogonally.
26 (-2)+2¢g(-3)=10=>¢g=-1.

Equation of the common chord is y = x and the end
points of which are (0, 0) and (a/2, a/2). Equation of
the circle on this chord as diameter is

x(x —al2) + y(y —al2) = 0.
2x2+2y2—ax—ay=0.
Centre will lie on the line parallel to both the given

lines and equidistant from both.

Centre of the first circle is (2, 3) and radius 4-centre
of the second circle is (= 1, — 1) and radius, distance
between the centre = 5 =4 + 1. So they touch exter-
nally and hence 3 common tangents.

r,—r,>C, Cywhere ry =b, r, = a.

C| (Os 0) ’ C2 (2 ’ 3)

= b-a> (0-2) +(0-37 =13

Equation of the given circle can be (x + l)2 +

Gx1?=1

Fig. 17.42

Centre of the required circle is the origin and radius

1
=5 (A A; - (1 +1)

20.
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=%(2\/§-2)=\/§-1

So its equation is x* + y* = (x/f - 1)

If (h, k) is any point on the locus,

JHE 4K -4k +3 3
Vi + Kk +6k+5 2

= Sh* + 5k* + 70k + 33 = 0
Required locus is 5% o Sy2 + 70y +33 =0

Diameters intersect at the point (3, 4) so the centre
of the circle is (3, 4) and the distance of the centre
3+2(4)+4| _ 3

3% +42
So the equation of the circle is

=3P+ -4>=9o0orx>+y —6x-8y+16=0

from the line x + 2y + 4 =0 is

Level 1

21.
22.

23.

24.

25.

26.

27;
28.

29.

(x—al2)* + (y - b2’ = (a* + b))/4

Coefficient of x* = coefficient of y* and coefficient of
xy=0

radius = the distance between the given point and the
point of intersection of the diameters.

(22 + 22 +4x - Ty—25) + AP + 2 + 13x - 3y) = 0
passes through (1, 1)

Normal is the line joining the point and the centre of
the circle.

_ o880 + 2. (Length of the perpendicular from
Ji+tn’ 0

the centre on the tangent is equal to the radius of the

circle). = cos 8= £\2

x+3 345
—=2x,——=Yy

2 2
Distance of the centre from both the axes is equal to
the radius.
Let the radius of the circle be » (> 0), then the coordi-
nates of the centre are (£r, +r) as it touches both the
axes, since it touches the line x +y = 1
trxr-1

V2

=227+4r+1=0 = r=

=tr= Qrtl1y=2"orr= 12 .
+4 + /16 -
ami i 416 2 , which

gives only two positive values of » and hence two cir-
cles in Iquadrant. r= 1/ V2 also gives two circles one
in II and the other in IV quadrant.

(Draw the figure and find the answer)

A P STUDY CIRCLE
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As the circle passes through the centre of the given
circle, it will touch the given circle internally and so
its radius is half the radius of the given circle.

| X, —x, | =3 where x; +x, =20, x;x, = 4.

Distance between the centers is equal to the sum of the
radii.

Equation of a tangent is x cos 6 + y sin 6 = r,

A|—L—0]8l0—=| p[L=—=| =P@,y)
cos 0 sin 0 cos 0 sin @

=1,2;k=1,-6;(h, k)y=(1, 1), (1,-6), (2, 1),

(2, - 6) circle is x* + y* — 2hx — 2ky + B> + K -25=0
P(3, 4) does not lie on the line L, S(3,4) <0 so P is
inside the circle length of the perpendicular from the
centre (1, 2) on L is greater than the radius of S.
x =0 1is one of the common tangents and the others two
tangents intersect at P on x-axis, the line joining the
centres. The triangle being isosceles, the centroid lies
on x-axis. Let y = mx + ¢ be a common tangent then
P(—c/m, 0)

Alss -3m+c _3, m+c
\/1+m2 \/1+m2

P(3, 0). Distance of the centroid from the base x =0 is
equal to (1/3) the distance of P from the base.

=1 = c¢/m=-3and

C and D are the other ends of the diameters through.
A and B respectively.

Equation of the circle is x* + > — ax — ay = 0, the tan-
gent at the origin is x + y = 0. Vertices of the triangle
are (a, 0), (0, a) and (0, 0).

(AP)* = (cos a+ 1)> +sin® &=2(1 + cos )

=4 cos” a2 etc.

The points in (¢) and (d) do not lie on the circle. Verify
the result for the points in (a) and (b).

Common chord is of maximum length when it passes
through the centre of the circle with smaller radius.
Gy x> +y?—2ax—2by+d*+bH*-25=0. Equation of
the common chord is 2ax + 2by — a* — b* + 9 = 0 which
passes through the origin if a* + b* = 9.

0A, OB make equal angles /4 with the line joining the
origin 0 and the centre (1, — 2) of the circle.

=+1 = 3m*-8m-3=0.

The radius is smallest when the chord is a diameter.
B is the mid-point of AM and lies on the circle.

Radius is half the distance between the given parallel
tangents.

CIRCLES

HT-MATHEMATICS

46. A,, A, Ay are in G.P. Length of the tangents are

l;=2A;ccos0 (i=1,2,3)

47. Chords of contacts from the origin and from (g, f) are
respectively gx + fy + ¢ =0 and 2gx + 2fy + g° + /> +
c=0

48. Let the other end of the diameter be (A, k), then the

centre of the circle is (p ; g . k%) and as it touches

x-axis, its radius is

e

49. Let the centre be at the origin, then

= X+yt=d+p.
50. No part of the line lies in the third quadrant.

51. Let each side of the triangle be x, each side subtends
an angle of 120° at the centre of the circle.

a2+a2—x2

so cos 120° = 5
2a

. . V3
= x* = 34* and area of the triangle is X 2

52. Let A(0, 0), B(a, 0) and P(h, k), then
R
h-ap+k "
E x- ﬁ =0.
1-p* " 1-p
53. Let 4 (x;,y,), B(x,, y,) and the circle be P+t =d

Locus is x* +y* +

2B 242 . 2. 2 .9
/) e tyy-a, L =x"+y," —a,andx;x; + y,
=a" as A and B are conjugate w.r.t. the circle.

54. Centres of the circles lie on y-axis as x-axis is the com-
mon chord. Let the centres be (0, £;) and (0, ;). The

circles intersect orthogonally, so ﬁ X ﬁ =-1
a a
= ffi=-d"
As they touch y=mx + c.
fi-¢ _ P+ flz

= mf,2+2cf, + (1 + mY)a* - ¢* = 0 which gives two
values of f| say, f; and f, such that

A P STUDY CIRCLE
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(1+m*)a® - ¢ 3
Apm————=—d
m
= = (2m2 + l)az.

55. Centre is (8, — 9), radius is 12, origin lies outside the
circle. Centre being in the fourth quadrant no part of
the circle lies in second quadrant.

56. Centre is C (2, 1), radius is 5, the greatest distance is
PC+5.

57. Longest ray is the tangent from (4, 3) to the circle
whose length = 12 = radius of the circle.

58. y =ais a tangent at 4(0, @) and y = — a is a tangent
at B(0, — a), tangent at C (a cos 6, a sin 6) meet the
line y = a at P such that P4 = ol Ul L , similarly

cos
0B - a(l+sm9)‘
cos 0
PA=PCand 0B=0Q0C = PC.OC=d".

59. Centre of the bigger circle B
is A(3, 4) and radius is ¢,
centre of the smaller circle (1,0)
is O(0, 0) and radius is 3. A
c>0A4A+3ie.,c>8.

60. (x—1)cos 8+ (y—1)sin O C
= 1 is a tangent to the circle )
(x—1)2+(v—l)2=l. Fig. 17.43

61. Let the equation of the circle be X+ +2Gx+2Fy +
A=0.Then 2Gg = A + ¢ = 2Gg,
= G=0,A=-cand
2Gh+2Fk=A+a = 2F=2"°

62. Let P(h, k) be the point where the common tangents to
these circles intersect. Then the circles subtend equal
angles at P. Lengths of the tangents from P to two
circles are proportional to their radii.

W +k* +6h+2k+7_3
W +k* +2h+6k+4 6
= K+ +10h-2k+10=0.
63. The point of intersection is given by
B -a-2x=0*-1=@a+2x=a+1[azl]
. 2 1
lim =2 x=—,y= —.
a1 9 25
-A

64. Limiting points are A4 (— ﬁ, ﬁ) and

B (— l +gA2 I?—/{) where A, 4, are the roots of
HNT-MATHEMATICS

65.

66.

67.

68.

69.

70.
71.

72.
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PP -k —kA+g =
OA is perpendicular to OB

= Mxﬂ =1

8 8
=>/1L2=—£.

1 f2

i =—iz>i—2.

=

ff-k 7
Centre is (0, 2), radius is 2, length of the perpendicular
from the centre on the line is 1/+/2

3x+4y+1
J9+16
Equation of the chord is
y=3=23)(x+2) = 2x-3y=
which intersects the diameter x + 5y = 0 at (- 5, 1)

whose distance from the centre is \25+1 < 9, the
radius.

Required locus is

Equations of 4B and AC are
1
y =t —=(x-1)
V3

which intersect the circle x>+y?=1 at points for which

= 3(1-x)=(x-1)
=>x=1orx=-1/2
V3 1 V3
A ¢ C B
2 2" 2

Length of each side = V3.
Equation of the circle is
(x—2)*+ (y—3)* =37 centre is (2,3) and the radius 3
so it touches x-axis at (2, 0)

For A =0, each passes through the centre of the other.

AB is the chord of contact of the tangents from (1, 8)
to the given circle so its equation is

x(1)+y@8)-3(x+1)-2(y+8)-11=0
=x-3y+15=0

Two curves intersect at the points for which

4x* — 9(8x —x*) =36

= 132 -72x-36 =0

= x-6)(13x+6)=0

As the circle lies on the positive side of x-axis, x =6

Takingx=-1/2, B (—

N | —

A&
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#* =34 (if it passes through (0, 0), #* + 16 = 0 which is

sl : —
=k V3 and the TRYuiTed: Giple 13 not possible for any real value of r)

(x-6)(x=6)+(y-23)(y+2+3)=0 %0

. Statement-1 is not true as the
73. Each side subtends an angle SUBLIONL SHprRNRO ¥ TELx of ﬂm
' straight lines. In statement-2,
i at the origin. (x + 2)2 + @y + 3)2 = (0 which
9 0, 0) gives a circle of zero radius and

AB=2 = AL=1 hence the point (- 2, — 3). So
AOL =20° statement-2 is true. Fig. 17.46
1 . AL = Sin 200 = l/r = Sin Fig- 17.45 LEVE' 2
20°

8.2+ +ax=0 passes through the centre (0, 0) of

74. Radius in statement-1 is : . .
the circle x> + y2 = ¢%. Circles will touch each other

Sk 1+ 4 cos6 + cos 20 if the radius a/2 of the first circle is equal to half the
e = 2 radius of the 2nd circle
— 2 2 _
= J(1/2) 3 +4cos 0 +2cos? 0 - 1) =c=ta=c-a=0
5 _ 82. Since each side subtends an angle of 120° at the centre
= y/(I4+cosB)" = Statement—1 is true. (0, 0) of the circle.

In statement-2 the circle is on the line joining

(cos 0, sin ) and (sin 6, cos 6) as diameter so the . A R
L

radius is %\/(cose —sinB)’ + (sin6 — cosB)’ and the 0

statement is true.

75. Statement-2 is true and using in statement-1, we have c
X2 +27 —6x— 12y +23 + A (4x* +2)° — 20x — 12y +

35) = 0 which represents a circle if 1 + 44 =2 + 21 Fig. 1747

= A = 1/2 and the equation of the circle through the 0. = 120° + 6.. 6 = 240° +
points of intersection of §; =0 and S, = 0 is . St '
6(x2 +y2)_ 32y — 36y+ 81=0 So cos 91 L COSBZ o C0593

= cos@, + cos (120° + 6,) + cos (240° + 6
whose centre is (8/3, 3) and radius is 471332 . So ! ( ) ( %
) = cosf@; + 2 cos (180° + 6,) cos (-120°)
the statement-1 is also true.

76. x cos 6+ y sin = a, x cos (/2 + 6) +y sin (/2 + 6) =upady b BpRdy - lie)= 1
=q Similarly sin@,; + sin@, + sinf; = 0
= (xcos 8+ysin @)’ + (~x sin O+ cos 0)* = 24" 83. Equation of the circle C: x (x —4) +y* =0
= x+)'= 24
= statement-1 is true, statement-2 is also true but does
not lead to statement-1.

Equation of the common chord of C, and C, is
8x — 11 = 0 which meets the circle C at points for

, _ , : ,  4x1l (11} 231

77. Statement-2 is true as circle C, touches the circle C, which x = 11/8 and y* = I R

internally and the diameter of C| is equal to the radius

of the circle C,. Using it in statement-1, the centre of Hence the required intercept

the required c':ircle lies insid'e C. XY NG
78. Statement-1 is true as the distance of the centre (3, 4) = 2X 7 = F

from x-axis is equal to the radius. Statement-2 is false, 5

4_3 84. We have a=band a” + ab - 16 =0
becausef=a:>a=l/\/5. Sa=b=+22

Equation of the circle is 2+ y2 +2x+2y£2=0

79. Statement-2 is True, using it in statement-1, common ) ) ) > -
chord is 10x = #* + 16, which passes through (5, 0) if Radius of the circle is /(=1)" +(=1)"£2=0 or 2.
HT-MATHEMATICS
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85. Circle passing through the points (=3, 0), (-1, 0) and
0,32)is ® +y* +4x—(12)y+3=0

which passes through the point (0, 1/4) if
% —% +3 =0= 61" -
86. 2a* = (2r)°
where r? = (<2)7 + (-5)* - 21
=a=2x8=16
= a=4
87.A (=1, 1), P(2cos 6, 2sin )

coordinates (x, y) of R which divides the join of A
and P in the ratio 3:2 are

_ 6cosf—-2 v = 6sinf + 2
5 ) 5
Locus of R is (5x + 2)* + (Sy - 2)* = 36
which is a circle with centre (=2/5, 2/5)

TIA+2=0

88. Equation of the circle is
@G- x-P+(y-a)(y-p)=0
>2+yY-(@+Px-(@+p)y+ap+a’ =0
22 22 8 15
S 4 === y+—+—=0
15 8 15 8
= 120 (* + %) 22 (8x + 15y) + 289 =0
89. Let C,

C2:x2+y2+2g2x+2f2y+cz=0

C X +y2 +28x+2fiy+¢, =0

C:x2+y2+2gx+2fy+c=0
If C, and C, cut C orthogonally.
then 2gg, + 2ff, = ¢ + ¢,
288, +2ffh=c+ ¢,

=28 -8)8+2(fi-H)f=¢c -y 1
Radical axis of C; and C, is
28 - 8)x+2(fi-fy+ ¢ -, =0

which passes through (=g, —f), the centre of C (using
I

90. Let the equation of the circle be X+ y2 + 2gx + 2fy

=0st ygi+f2 =3k

centroid of the triangle OAB is

_ (=22 —2f)
(x’y)_( I
g+ =9 =90 +y) =4 x W

=:~x2+yz=4k2

IHIT-MATHEMATICS
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92.

93.

94.

95.

Cl

RELES
HT-MATHEMATICS

Let the vertices of the triangle be
A; (x;, y), i =1,2, 3. If (x, y) is any point on the

3

locus then 2[(x—x,)2+(y—yi)2:| = ¢%, ¢ being
i=1

constant.

(x +y ) 2x2x —2y2y,
3 3
Zx,-2+2y;2—c2=0
i=1 i=1

Which represents a circle with centre at

3 3
Zx,- Zy,-
i=1

, i=; , the centroid of the triangle A, A, A,

3

Equation of a tangent is
=+V3x+4V31+3
which meets the axis of x at x = £ 8
Length of the tangent from (+ 8, 0) of the circle

X +y=48is (£8)*-48 = flg=4

which is the required length of the side of the rhom-
bus.

Equation of any circle on this chord is

X +y—a + A(xcosa + y sinet — p) =0

Chord is a diameter of the circle if the centre
(= A cosa/2, — A sinet/2) lies on the chord.

=>A=-2p
(ax+by+c)2+(bx—ay+d)2=rz(a2+b2)

= (a2 - b2) (x2 + yz) + 2(ac + bd)x
+2bc—-ad)y + ¢+ d =1 (@ + b

which is a circle with radius r

Vertices of the square be (+ a/2, * a/2)
Equation of the inscribed circle is

x2+y2=a2/4 (1)
Ay Az (al2, al2)
A A;
Fig. 17.48

A P STUDY CIRCLE



96.

a7,

IHIT-MATHEMATICS

BimcE peen
IHT-NEET-CBSE

STUDV CIRCLE

ACCENTS SDUCATIONAL PROMOTSERS

Equation of the circumscribed circle is
24y =d2 )
If P(x, y) is a point on (1), then

4
Y (P4
i=l1

= 4()(2 - yz) - 4[a

=[x + (@2)) + [y * (a2))

§ 02 2 )
=a* +2a* = 3d*

4
Similarly Y (04,)7 =24 + 2d* = 4d*

i=1
Equation of a tangent from (-2,0) to the circle

P+y=1is \/§y=x+2

Fig. 17.49

Let the centre of the required circle be C (r + 1, 0)
and radius r.

Then CM = M =

,/1+3

= r =3 and the equation of the circle is
-4+ =032+ -8+7=0

Let the equations of the two tangents be

x cosf + y sinf = a and
xcos (m4d + 60) + ysin(n/d + 0) =a

= x [cosf — (1/\/5) (cos@ — sin6)]
+ y [sinf — (I/~/§) (cos@ + sinB)] =
= x[(\/f— 1) cos B + sin 6] —
(V2 = 1) sinf] y =0

X y
—) —
cosG—(\/E—l)sinG (\/E—l)c050+sin0

[cos O —

x* + y?
(2 -1)% +1
then from x cosf + y sinf = a, we get
= k cos6 [cosB — («/E — 1) sin@]
+ k sin@ [(x/f — 1) cos@ + sinf] = a

=k=

=>k=a

S2+yY=[(V2 -1+ 11d =22 - 2)d

[

CIRCLES
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98. Let the equation of the circle cutting the given circle

orthogonally be

4y 42+ 20 +c¢=0
then 2g(2) +2f(-3)=c+9
and 2g(-2) + 2f (3) =
12f=15

So locus of the centre (- g,

4+c¢
= 8g -
—f)is8&x =12y +5=0

. Let the equation of the circle be

P+ -2 -2f=0
then (g — 5)° + (f- 2 = g* + f*

C(g.f)

T(5,2)
Fig. 17.50
= 10g+4f-29=0 (1)

C (g, f) lies on the line through T'(5, 2)
perpendicular to the

tangent 3x — 2y — 11 =0

so2¢g+3f-16=0 2)

23 51
Solving (1) and (2) we get g = —, f= —
g (1) (2) we get g = f =

100. Equation of AB is x/a + y/b = 1 or bx + ay = ab

If P(h, k) is the required point of reflection

then OP is perpendicular to AB and AB is equidistant
from O and P.

Soﬁ—gand —ab _+hb+ak—ab
h \/a2 e \/a2 5
Taking the —ve sign, we get hb + ak = 2ab
2 ab® 24°b
Solving, h = s K=
o & b a’ +b

Note + ve sign gives (h, k) = (0, 0)

.Let the equation of the circle be

Y 2+ 2 +¢c=0
As it cuts the circle x> + y* = a® orthogonally
¢ = a* and since it passes through the given point

a’p ’ aq ; 2faq
2, 2| Y2 2] *
P tq P tq pr+q’
=0

2 ga?
ot
P tq

A P STUDY CIRCLE
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:>a2+2gp+2fq+p2+q2=0
=>p2+q2+2pg+2qf+a2=0
Showing that the circle passes through (p, g).

102. Let the other extremities of the diameter
through P (2, 3) be A (a,, b)), B (a,, b,)
then equations of the two circles are
x-a)x-2)+(y-b)(y-3)=0
and (@ —a,)) x-2)+(y-b) (y-3)=0
So equation of the common chord is
x=-2)(a-a)+(y-3)b,-b)=0
Since AB makes an angle 7/6 with x—axis
by-b 1

a—a 3

103.Equation of the circle passing through (-1, 0) and
(1,0)is X + y* + 2fy — 1 = 0 (f being a parameter)

Let (h, k) be the point of contact of the tangent paral-
leltoy=x

Equation of the tangent at (h, k) is
hx+k+f)y+fk-1=0

so that =l=f=-(Mh+k
S

since (h, k) lies on the circle
R+i2+2k-1=0

S+ -2kh+k-1=0
S>h -k -2hk-1=0

Locus of (h, k) is x* —y* = 2xy = 1

104.Line y = x meets the

2+
y
(o]
r
02
A B 3x-y=6
(3,3) (1,-3)
Fig. 17.51

line 3x — y = 6 at A(3, 3), B be (1, -3), C the centre
of the circle, and [CAB = 912
Then the radius r = A B tan 6/2 = 40 tan (6/2)

Also tan 6 = o=L 1 = tan (0/2) = - 2+5
143 23

= r= 40 (-2+5) = 16.

IHIT-MATHEMATICS
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105. Let the equation of the larger circle be x* + y* = a*

and the line x + y = 2 meet the smaller circle at A
and B, the larger circle at C and D.
D

B

0]
A
NP

Fig. 17.52
= O0A=0B=2and OC=0D =a

Let OL be perpendicular to AB
then OL = J12_1 =V2,LD=LB+BD
+

= (1/2)J4+4 +1

= a* = (0D)’ = (0L + (LDY’ = 24 (V2 +1)’
=5+2V2.

106.Centre of the required circle is the point of reflec-
tion of the centre (1, 0) in the line x + y = 2 and its
radius is equal to the radius 1 of the given circle. So
its equation is (x — 2)2 +(y —1)2 =1

107.1f the chord AB makes an angle of 30° in the major
segment, it makes an angle of 60° at the centre so that
the length of the chord is equal to the radius of the
circle. Let OL be perpendicular to AB.

AWB y-x=3

Fig. 17.53

, (3V 9
hen (OL) = | —=| = =
e (\/5) 2

(AL)® = (OA)* - (OL)* = K* — (92)
K = (AB)> = 4 (AL)* = 4(K* - (9/2))

=kK=6
108. Let the radii of the three circles be
1,1-d,1-2d

Line y = x + 1 will cut all the three circles in real
distinct points if the distance of the centre (0, 0)

A P STUDY CIRCLE
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from the line is less than the radius of the circle with
smallest radius.

1 2-\2
—<1-2d =2d<
N 4

109.Circle with centre at (3, — 2) must touch the given
circle internally. If r is the required radius then.

Distance between the centre = difference of the radii
JO=22 +(=2+(1/2) = {22 +(1/2)*-r
= r=(1/2)(V17-13)

110. Let the equation of the required circles be

4+ +2ex+ 2/ =0

Intercept on the line y = 2x is 2g+4/f
Intercept on the line x = 2y is _4g '; 2f

@ﬂx@i

and the required equation is

=0

A+ 42 =00rx*+y -2ly=0

where A is a parameter.

Previous Years' AIEEE/JEE Main Questions

1. Equation of any tangent to the parabola y* = 8ax is
2a
y=mx+—
m
Since it touches the circle x* + ) = 24°
2a

=2a

1+m*

SmM+2)m-1)=0 = m==+1

and the required equations of the tangents are
y=x(x+2a)

2. Chord will subtenes a right angle at the centre (0, 0)
of the circle.

Equation of the pair of lines through (0, 0) and the
points of intersection of the circle and the chord is
x2+y2=(y—mx)2

= (1-m?+ 2mxy = 0

These are at rightangles if 1 — m® = 0
= m=z=1

IHIT-MATHEMATICS
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3. Required points will lie on or outside the circle x* +
y* = 4 and on or inside the circle x* + y* = 64 and
hence 4 < x* + )% < 64

Fig. 17.54
4. Let the equation of the circle be
P+ +2ex+2f=0

1
Since it passes through (1, 0), g = =2

As the circle passes through the centre of (0, 0) of the
circle x> + y2 =9, it will touch the circle internally.
So the radius of the required circle is 3/2.

= g2+f2=% = =2 = f=+2

and the centre of the required circle in
-n=(3+%)

5. Radius of the circle = %x length of the median. So

the required equation of the circle is
_ (2 ’ , . PR
X Y= §x3a = x t+ty =4da

6. Distance between the centre of the given circles

= JA-4P+(@+1)? =5

Radius of the given circles are » and V16+1-8 =3
circle will intersect in two distinct points if » — 3 <
S5<r+3or 2<r<8.

1.77 =154 = r=1

Point of intersection of the diameters is (1, —1) which
is the centre of the circle and hence its equation is

G-1%+@+1)Y2=49
or X’ +)%—2x+2y=47

8. Let (h, k) be centre of the required circle. As this
circle passes through (a, b) its equation is
(x=h’+ -k =(@-h+b-k)
or x> + y? — 2hx — 2ky — (@* + b* — 2ha — 2kb) = 0

This circle will cut

A P STUDY CIRCLE
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2+ y2 -4=0

orthogonally if

(= 2h) (0) + (= 2k) (0) = — 4 — (a* + b* —2ha — 2kb)
= 2ha+2kb—(*+b +4)=0

Thus, required is 2ax + 2by — (@* + b* + 4) = 0

. Let the other end of the diameter be B(h, k). Its equa-

tion is

Gk-p)x-N+0-9(-kH=0

As this circle touches the x-axis, i.e. y = 0, the equa-
tion

(c—p) @—h)+ kg =0o0rx’ ~(p+hx+ph+kg=0
must have equal roots, i.e.

(p + h)’ — 4(ph + kq) =

= (p-h)’=4kg

Thus required locus is (x — p)2 = 4qy

As centre lies on both 2x +3y+1=0and 3x—y -4
= 0, centre of the circle must be (1, — 1). If r is the
radius of the circle, we must have

2mr=10r=>r=>5
*. Required equation is

-1 +@+1)}=

or ¥+ —2x+29-23=0

Equation of any circle through 4 and B is
P+ 2+ Mx—y)=0
A A

Its centre is (1__ _)
12

AB will be a diameter if centre lies on AB, that is, if

l—i—& orA=1.
2 2

Thus, equation of desired circle is
x2+y2—2x+x—y=0
or 2y —g—y=D

P and Q lie on the common chord of the two given
circles. An equation of the common chord is §; — S,
=

or W +y*+2ax +cy+a)— (F +y* —3ax + dy —

1)=0

orSax + (c—dy+a+1=0

(M

Since S5x + by — a = 0 passes through P and Q. This
line must be identical to (1). Therefore

13

14.

15.
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S_a_c—d a+1
5 b —a
= —ad=a+1 or +a+1=0

There is no real value of a satisfying this equation.

Let (h, k) be centre of circle passing through (a , b).
Then its equation is

Cc-h+@-k*=@-h’+@>b-k?

or x> + y* — 2hx — 2ky — (a® + b* — 2ah — 2bk) = 0
This will meet the circle x*> + y* — p> = 0 orthogonally
if

(0) (= 2h) + (0) (- 2k) = — p* — (a* + b* — 2ah — 2bk)
= 2ah +2bk— (@ + b +p*) =0

This, required locus is

2ax + 2by — (@* + B2 + pH) =0

Let centre of circle be (¢, p). Radius of circle = S.
As the circle touches the circle with centre at (0, 3)

and radius 2, distance between centres = sum of the
radii

= J@-02+(B-37 =B+2
SaP+B-6f+9=p>+4B+4
s> at=108-5

. locus of centre x* = 10y — 5, which is a parabola.

7
N
0,3) )
(o, B)
'
0 =X
Fig. 17.55

Let M(p, q) be the mid-point of a chord AB of the
circle subtending an angle of 27/3 at the centre.

As AOAB is an isosceles triangle OM L AB.
M? = 04* - OM?

=9-¢"+4)

= AM=J9-(p*+q%)

= AB=2(AM)= 29-(p*+4¢%)

A P STUDY
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By the law of cosines

2n _ 04* +OB* - 4B

0S— =
3 2(04)(0B) 3
_1_949-409-p*-¢")
2 23)3)
= -9=-18+4@(p*+¢)
= pP+qgi =94 7

Thus, required locus is
2+t =9/4 Fig. 17.56
16. Centre is the point of intersection of the diameters
Ix-4-7=0
and 2x-3y-5=0
that is, the centre is (1, — 1). Also, radius of circle is 7.
Equation of circle is
-1+ @+ =7
or ¥+ —2+2y-47=0
17. Radius of circle = ||
Equation of circle
(x = by + (v — by = [k
As it passes through (- 1, 1), we get
1-h*+(Q-k=#K
= K+2h+2(01-k=0
As h is real,
= 4-8(1-k20

= k>l
2

(h, k)
L1

Fig. 17.57

18. Let the coordinates of the required point Q be (e, f)
then mid-point of PQ is the centre of the circle so

a—“:—l’ E:—z
2 2
= a=-3,p=-4

So the required point is (- 3, — 4)

IHIT-MATHEMATICS
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19. Let S be (1, 0) and R be (- 1, 0)
Let P(x, y) be a point such that

PS 1
i 2, 1
PR 3 M
YA
P(x, )
C
4 B
R(-1,0) 0 S(1,0)
Fig. 17.58

Note that 4, B, C lie on the locus of P. Equation (1)
gives
9 PS* = PR*
=9 = 17 57 = (@ + 17+
=87 +87-20x+8=0
=y —%x+l=0 @
Centre of this circle is (5/4, 0)
As A, B, C lie on (2), circumcentre of AABC is (5/4, 0)
20. Equation of any circle through P and Q is

Si+tAS-8)=0
=>x2+y2+3x+7y+2p—5
+A(x=5y-p*-2p+5=0
It will pass through (1, 1)is (1 + 1 +3 + 7+ 2p -5)
+1-1-5-p*-2p+5)=0
=T+ -Mp+1)P=0

_1+2p

(p+1y

Thus, there exist a circle through P, Q and (1, 1) for
all values of p except — 1.

21. The line 3x — 4y = m will intersect the circle in two
distinct points if length of perpendicular from the
centre (2, 4) to the line < radius

O - (4)1(:)_m|< JTTes
\' -+

= m+101<25=-25<m +10<25

=35<m<15

22. Let equation of circle be
Y+ 2+ 2 +te=0
As it passes through (1, 0) and (0, 1), we get
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1+2g+c¢=0, 1+2f+c=0 Ay

If r is radius of the circle, then

P=g+fi—c 2.3)
= l(1+c)2+1(1+c)2—c Q»
4 4 0 X

o (1,0)

- %(ch) Fig. 17.61
' . 25. Centre of circle lies on the line x = 3. Let centre be
Note that r* will be least if ¢ = 0. (3, k), then radius of circle is |k|. We have
g=f=-12,¢=0 G-17+(k+27 =W

Thus, equation of required circle is x* + y* —x —y =0 SKE+4k+8=K =k=-2.

23.0° +y* = ax and x* + y* = ¢ can touch each other This circle passes through (5, -2) as (5 — 3)* + (- 2
only internally. See figures. This is possible if a = ¢ +2)* = 4 = (radius)’.
orc=-a,thatis,ifc=1lal

Alternatively, note that (5, — 2) is the other end point

Ay of the diameter with one end point at (1, — 2).
Ay
(3,0
0 X
N )
Fig. 17.62

26. Lines intersect at (1, 1)
Fig. 17.59

Ay

= & -Ta+11=1 and d*-6a+6=1
= a=395

So the equation of the circle is

K\ x-1)+@-17=1-5.
= B Radius of the circleis 1 — b >0 = b <1
/ x

A

= be (—o 1)
SO a=5,be (—o, 1)

27. Let the centre of the circle ¢ be (h, k)
then (h — 1)* + (k + 1)* = (h — 4)* + K

Fig. 17.60 ke |
+ =
24. As the circle touches the x-axis at (1, 0) its centre is = )
(1, k) where |k| is radius of the circle. Equation of the Equation of the tangent at (1, — 1) to the given circle
circle is is
k-1 +@Gy-k2=kK X-y+2x+1D)=-3p-1)-12=0
As it passe through (2, 3), we get P+ (3 — k)> = K = 3x-4-7=0

= 10-6k=0
= 2k =103

(h, k) lies on the line L to this tangent.

= 4h+3k-1=0 ?2)
Thus, diameter of the circle is 10/3.
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Solving (1) and (2) we get h =4, k =
radius of the circle is 5.

— 5 so that the

28. Length of each side is 2a.
Length of the median

= J@a)’-d* = V3a

centre of the circumcircle is

[05089) = (0.5

Hence the equation of the circumcirele is

-3 5]
V3 V3
= 3 + 3y2 ~3J3ay = 3d°

A

H
B(-a,0) (0, 0)

(a,0)C

Fig. 17.63

29. y-coordinate of the centre of the circle is equal to its
radius

= 4=03P+@*-025-4d)

= a=16 = a=t4

30. Statement-2 is true, as every diameter of the circle is
a normal to the circle and 2x + y = 5 is a diameter.
Statement-1 is false as any point on the diameter can
be taken as the centre of the circle.

31. Let the equation of the circle be x* + y* = 1 and the
common chord QR of the two circles subtend an angle
of 60° at P(— 1, 0)

Equation of PQ is

= L(x+l)

Y= NE) |
which meets the circle x* + y2 =1latQ 2y
Line through Q perpendicular to PQ is

5 of)

which meets x-axis at (I, 0), the centre of the arc.

2
1V (V3
Hence the radius of the arc = \/(1—5) +(—) =1

2
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P E (1,0)
(-1,0)
R

Fig. 17.64
32.4(0,y) and B (1, 1) be the given centres of the circles

AB = sum of the radii
=y+1

1) +1

1)’ + 1

Also 4B = /(y-
= G+ =0-

So the required radius of T is %

= P=

=

A

A(0, y)

TCS\ .

(0,0)

B(1, 1)
. C

Fig. 17.65
33. The given circle is
-3 +@-5=34-p (1)

Its centre is (3, 5) and radius is /34— p As (1) does

not touch or intersect the axes, /34— p < min {3,
5}
=23 <p,

Also, (1, 4) lies inside (1),
(1-37+@4-5"<34-p
=>p<29

. pe (2529

Fig. 17.66
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There will be exactly two tangents if the two circles
intersect, that is, if

Iry=r)<C,Cy<ry+r,
where r, = 2
50-4
C,=@2,2
G =0, 5)
Thus, (1) gives
V30=2 V2] < V979 <304+

= 3V2<V50-2-vV2<3V2<V50- A1 +2
OSM<4\/2—,M>2\5
50-1<32,50-1>8

18<A<42= Aie (18, 42)

(1

r, =

L

A
\/

Fig. 17.67
We can write x> + ) — 2y =0 as x* + (y — 1)* = 1
This circle lies inside the x* + y* = 4

. There is no common tangent to the two circles.

N

Fig. 17.68
An equation of circle passing through intersection of

P +y?=16 (1)
and 3x+y+5=0 )

is >+ 16+ ABx+y+5)=0

Its centre is (—2/1,—1/1)
2 2

Line (2) will be a diameter if centre lies on L, that
is, if
3 1 _
3(——/1)+(——A)+5=0=> A=1
2 2

An equation of required circle is
Xy +3x+y-11=0

Centres and radii of two circles are:

38.

39.

40.
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Ci(2,3);r,=5
and C, (-3,-9);r,=8

As C\C,=13=r+nr,

Two circles touch externally, therefore they have three
tangents in common.

In an equilateral triangle

r (n) ]
—=sin| — |=—
R 6) 2
= R=2r
Here r = —|3+4+3|—
V9+16
Thus, R = 4

Also, in an equilateral triangle incentre and circum-
centre coincide.

(1, 1)

R
#
Ix+4y+3=0
Fig. 17.69
Thus, equation of circumcircle is
x=1>+(y-1)7>=4

or x2+y2—2x—2y—l4=0.
Centre of the circle lies on the line y = 2. Let centre
of circle be (a, 2), then its radius is |a.
Thus, (a + 1)* + 22 = |af?
=>a=-15/2
An equation of circle
(x+52)* + (y - 2)* = 25/4

For point of intersection with the x-axis, put y = 0,
so that

S .3
25, x=-24-=-4,-1
_ﬁx 2 2 ()

5.2
+=)"+4=
(x 2)
Thus, length of chord of the along the x-axis is
-1 -(4) =3.

An equation of circle through intersection of x* + y*
~30x=0and 3x +y=0is
2_30+A(Bx+y)=0 (1)

where A is some real number. Centre of (1) is

(15-3/1,-11).
2 2

x2+y

A&
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The line 3x + y = 0 will be a diameter of (1) if

3(15-31)+(-1,1j=0
2 2
=45 -5A=0o0r A=09.
Thus, (1) can be written as
x2+y2—3x+9y=0
41. Centre and radius of circle
L4y -8~8~4=0 (1)
is (4, 4) and 6.

Fig. 17.70

Let (h, k) be centre of the circle touching (1) and the
x-axis. Then its radius is k. We have

J(h—4)P + (k-4 =k +6

(h—4)* = (k + 6)" — (k — 4)* = 10(2k + 2)
Thus, equation of required locus is

(x — 4)* = 20(y + 1) which is a parabola.

42. An equation of circle with centre at (-3, 2) and radius

ris

E+30+@-2"=~

or®+y+6x—-4y+ 13-~ =0 (1)
Common chord of (1) and

P+ —dx+6y—12=0 ()

is 10x — 10y +25 -2 =0

It will be diameter of (2) if it passes through centre
of (2), that is, if it passes through (2, —3). Therefore
10(2) — 10(=3) + 25 — 2

= r2=75 =r=50

43. Note that centre of circle lies on y = 2. Let centre of
circle be (4, 2), then radius of circle is |A|.

2,4
G— (0, 2)
(h,2)

Fig. 17.71
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. Equation of circle is (x — h)? + (v — 2)* = |h[?
As it passes through (—2, 4)
(2-h+@-27=
or 2+ h)? + 22 =K
=>4+ah+ P +4=1
= h=-2
Thus centre of circle is (-2, 2)
A diameter of circle is 2x — 3y + 10 = 0
44. Centre of circle is (4/3, 1/3)

Thus equation of circle is
(4] o 4T+
3 3 3 3

8 2

9 s .

or xX“+y" ——x——y=0
y 3 3y

An equation of tangent at (1, —1) is

4 1
x()+(-Dy=3(r+1) -3 (=) =0
or3x—-3y—4x—-4-y+1=0
orx—4y—-3=0o0orx+4y+3=0

Previous Years’ B-Architecture Entrance
Examination Questions

1. Length of the perpendicular from the centre (0, 0) of
the circle to the line is equal to a, the radius of the

circle
|a| s s
e — |a|  which is true values of
Vsin® o+ cos” o
o.

2.m*=16r = r=4

centre of the circle is (2, 3), the point of intersection
of the diameters. Hence the required equation is.:

x+2+@-37=16
=2+ —4x—-6y-3=0
3. Equation of the circle passing through (1, 7), (¢, 1)
and (1, ) is x>+  —(t+ Dx +y) +2t=0
which passes through (1, 1) for all values of 7.

4. The common chord of the two circles is a diameter
of the circle x* +)* + 6x —4y + x =0
equation of the common chord is
10x — 10y + (k — 3) = 0 which passes through (3, 2)
if

10(-3)-102)+(k-3)=0 =k=353
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524K >13 = K¥>9 (1)

MG RS ORISR
(2+2 +(k-1)°"> 5 +(1) +14-4

= (k-172>9 Q)

From (1) and (2) we get
ke o0, —3[U]4, oo

6. Required shortest distance between the circles is AB
= GG - (CA) - (BGy
= 9841212
=15-1-2=12,

Note C, (0, 0), Cy(a, 12) are the 1 and 2 are the radii
of the two circles respectively.

7. Equation of the line through (1, -2) and (0, —1) is x
+y + 1 = 0 which meets the circle x* +)* = 16 at
points for which X+ x+1)72=16

X +x 1 . . .
ITZ = 5,80 x-coordinate of the mid-point

of the chord is —E Substituting in x + y + 1 = 0,

y-coordinates of the mid-point is also —% and hence

. o 1 i
the required point is (__,__)
2 2

8. radius of the circle < min (3, 5)

= 9+25-p<3 =25<p

distance of (1, 4) from the centre < radius

= G-1+@-5<34-p
= p<20.

Hence p € (25, 29)
9.m* =22 =>r=n

centre of the circle is (— 1, 4), the point of intersection
of the given lines.

A(1,3)
Hence the equation of the circle is
G+ + -4 =22 4
= ¥+)yP+2x-8 -5=0 B
10. Other extremity lies on the line .
Fig. 17.72

|
=—X
Y=
= x=—\/§y
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Required point is (\/5,—1)
Centre of the circle C is (1, — 2) and radius = 3

L,, is a chord of C
3-2-a+3
V1+9

L2, is a diameter of ¢

if 3-2-a+3=0 = a=4

if <3 = (x-1P<90

Showing that statement-1 is true

Next, L, is a diameter of C

if 3-2+a-2=0 = a=1

L,, is a chord of C

3-2-a+3
J1+9

showing that statement-2 is false.

if < 3 which is true for a = 1
=9 = r=3

Centre of the circle is (3, 2)

Equation of the circle is (x—3)2+(y—2)2=9
= X+y-6x-4y+4=0

<9

= Os%(k—l)2+%k2—559

= 0<K-2k+1+kK-20<36

= 19<2k-2k<S55

= 39<(k-17<111

As k is an integer,

2k-1=x27,£9

= k can take four integral values.

. As ax + by = 2 passes through centre (0, 2) of the

second circle,
a(0)+2b=2 = b=1.
Also, as ax + by — 2 = 0 touches
P +y?-2x-3=0
la+b(0)-2] _, la-2= 2Va? +1
a* +b?
Sd*-4a+4=44+4

=3 +4a=0 =a=-43asa#0.

1

4
Now,a+b= ——+l=—=
3 3
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