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MATHEMATLH % POLYNOMIALS

[ Tools & Technique of Polynomials:
1. Definition of Polynomials: A polynomial in one variable x is an algebraic expression in x of the form

P (X)=anX"+an-1X" "L+ an_ X"+ ...... +a? + aix + ao,
where ao, a1, ay, .....,an are constants and a, # 0. ag, a1, ay, ...... , an are respectively the coefficient of
X% X, X%, ......, X". nis called the degree of the polynomial. Each of a, X", an-1x""%, ...., @ with a, 2 0, is called
a term of the polynomial p (x).
For example: x3 —x? + 4x + 7 is a polynomial in x, similarly 3y? + 5y is a polynomial iny and t? + 4 is a
polynomialin t.
B nis essentially a whole number.

2. Symbol: It is usual to denote a polynomial in x by the symbols like p(x), q(x), r(x), s(x), f(x), g(x), etc.
For example,

p(x) =2x*+5x—3

qg(x)=x3-1

rly)=y’+y+1

s(uy=2-u-u?+6u’.

3. Terms: In the polynomial x2 + 2x, the expressions x? and 2x are called the terms of the polynomial. Similarly,
the polynomial 3y? + 5y + 7 has three terms, namely 3y?, 5y and 7. The polynomial — x3 + 4x? + 7x — 2 has
4 terms, namely, —x3, 4x?, 7x and 2.

4. Number of Terms: A polynomial can have any finite number of terms. For example,
X0+ x99+ L + x>+ x + 1is a polynomial with 151 terms.

5. Coefficients: Each term of polynomial has a coefficient. So, in — x3 + 4x? + 7x — 2, the coefficient of x3 ix -1,
the coefficient of x? is 4, the coefficient of x is 7 and =2 is the coefficient of x°, (Note that x° = 1). Thus, the
coefficient of x in x> —x + 7 = 1.

6. Constant Polynomial: Only 2 is also a polynomial. In fact, 2, -5, 7, etc. are examples of a constant polynomial

7. Zero Polynomial: The constant polynomial 0 is called the zero polynomial.
In fact, if ap = a1 = a; = a3 = .... = a, = 0 (all the constants are zero), we get the zero polynomial. It is
denoted by 0.The degree of the zero polynomial is not defined.

8. Monomial: Polynomials having only one term are called monomials (‘mono’ means ‘one’). For example:
each of the polynomials 2x, 2, 5x3, =5x%, y and u* is a monomial.

9. Binomial: Polynomials having only two terms are called binomials (‘bi’ means ‘two’). For example:
each of the polynomial’s p(x) =x + 1, q(x) = x + 1, q(x) = x> = x, r(y) = y*° + 1, t(u) = y** — u? is a binomial.

10. Trinomials: Polynomials having only three terms are called trinomials (‘tri’ means ‘three’).
Some examples of the trinomials are

p(x) =x+ x>+,

q(x) =v2 + x—x?

rluy=u+u?-2,

tly)=y*+y+5
11. Degree: The highest power of the variable in a polynomial is called the degree of the polynomial. So, the
degree of the polynomial 3x” — 4x® + x + a is 7 and the degree of the polynomial 57° — 4y? — 6 is 6. The degree of
the non-zero constant polynomial is zero.

12. Linear polynomial: A polynomial of degree 1 is called a linear polynomial. For example: each of the
following polynomial is a linear polynomial.
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p(x)=4x+5

aly) =

r{t)=t+v2

s(uy=3-u
Some more linear polynomials in one variable are 2x —1,v2y + 1, 2 — u.
P A linear polynomial in x can have at most two terms. So, any linear polynomial in x will be of the form ax + b,
where a and b are constants and a # 0 [because if a = 0, then it will reduce to a constant polynomial whose
degree is zero.]

13. Quadratic polynomial: A polynomial of degree two is called a quadratic polynomial. Some examples of a
quadratic polynomial are 5 —y?, 4y + 5y? and 6 —y — y%. A quadratic polynomial in one variable can have at

most three terms. So, any quadratic polynomial in x will be of the form ax? + bx + ¢, where a, b and c are
constants and a # 0 [because if a =0, then it will reduce to a linear polynomial whose degree is one]. Similarly, a
quadratic polynomial in y will be of the form ay? + by + ¢, provided a # 0 and a, b, c are constants.

14. Cubic Polynomial: A polynomial of degree three is called a cubic polynomial. Some examples of a
cubic polynomial in x are 4x3, 2x3+ 1, 5x3 + x%, 6x3 —x, 6 —x3, 2x3 + 4x> + 6x + 7.

15. Polynomial in More than One variable: We can also have polynomials in more than one variable. For
example, x% +y2 + xyz (where variables are x, y and z) is a polynomial in three variables.
Similarly, p2 + g10 + r (where the variables are p, q and r), u3 + v2 (where the variables are u and v) are

polynomials in three and two variables.

[NCERT]
Q.1. Which of the following expressions are polynomials in one variable and which are not? State reasons for you
answer.
(i) 4x*-3x+7 (ii) y2 + v2 (iii) 3vt + tv2 (iv)y+2 (V) 20 + y3 + ¢

y
Sol. (i)4x*-3x+7
This expression is a polynomial in one variable x because there is only one variable (x) in the expressions.
(i) y2 + v2
This expression is a polynomial in one variable y because there is only one variable (y) in the expressions.
(iii) 3vt + tv2
This expression is not a polynomial because in the term 3vt, the exponent of t is 5, which is not a whole numbe
( iv)y+2
y
This expression is not a polynomial because in the term 2, the exponent of y is —1 which is not a whole number.
y
(V) x10 + y3 + r50
This expression is not a polynomial in one variable because there are three variables (x, y and t) in
the expressions.

Q. 2. Write the coefficient of x? in each of the following:
()2 +x*+x (ii) 2 =%+ %3 (iii) T x* + x (iv)v2x -1
2
Sol. (i) 2+ x> +x
Coefficientof x2 =1
(i) 2 =x2 +x3
Coefficient of x2 = -1

(iii) m x® + x
2
Coefficientof X’ ==
2
(iv) v2x -1 Coefficientof x?=0
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Q. 3. Give one example each of a binomial of degree 35, and of a monomial of degree 100.
Sol.  One example of a binomial of degree 35 is 3x* —
One example of monomial of degree 100 is V2 y*®.

Q.4. Write the degrees of each of the following polynomials:
(i) 5x3 + 4x% + 7x (ii) 4 - y? (iii) 5t —v7 (iv) 3
Sol. (i) 5x3 + 4x% + 7x
Term with the highest power of x = 5x3
Exponent of x in this term =3
Degree of this polynomial =
(ii) 4 - y?
Term with the highest power of y = —y?
Exponent of y in this term = 2
Degree of this polynomial =
(iii) 5t —v7
Term with the highest power of t = 5t
Exponent of tin thisterm =1
Degree of this polynomial =
(iv) 3. Itis a non-zero constant. So the degree of this polynomial is zero.

Q. 5. Classify the following as linear, quadratic and cubic polynomials:

(i) x® + x (i) x = x3 (iii)y+y> +4 (iv) 1 +x
(v) 3t (vi) r? (vii) 7x3

Sol. (i) quadratic  (ii) cubic (iii) quadratic (iv) linear
(v) linear (vi) quadratic  (vii) cubic.

AEP’S Examples :
Q. 6. Write the coefficient of x3 in each of the following polynomials:

(i()2-5x+x3+1x? (i 1+x2+x*=—x-x3
34 2
(iii) 2x3 — 7x + x% + 3x* (iv) x—x*+x3
2 3 4
(v) 4x + 3 + x5 — 7x? (vi) 5x2 + 2x — x> —x°
Sol. ()2-5x+x3+1x?
3 4 2
Term containing x* = x3 Coefficientof x* =1
(i) 1+x*+x*=x—x3
Term containing x* = — x Coefficient of x> = -1
(iii) 2x3 = 7x + x* + 3x*  Term containing x3 = 2x3 Coefficient of x3 =2

(iv) x= xX2+x°
2 3 4
Term containing x> = x3

4 Coefficient of x* = 1

(v) 4x + x3 + x6 = 7x2
Term containing x3 = x3 Coefficientof x3=1

(vi) 5x3 + 2x = x2 = x°
Term containing x3 = 5x3 Coefficientof x3=5

Q.7. Which of the following expressions are polynomials?

(i)v3+8 (ii)x*+1+1+1 (i) x*+x+1
x? x2 X
(iv)t?+1 (v) y*-5y +vy (vi)2z2+V5z+1
t? 3
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Sol. ()v3+8
2

X
It is not a polynomial, because in the term V3, the exponent of x is —2, which is not a whole number.
XZ
(ii)+1+1+1
X2 X
It is not a polynomial, because in the terms 1 and 1, the exponents are —2 and —1, respectively, which are not the
whole number. X2 X

(iii)x*+x+1 Itisa polynomial because the exponent of x in each term is a whole number.
(iv)t?+1
t2  Itis not polynomial, because in the term 1, the exponent of t is =2, which is not a whole number.
(v)y3=5y +Vy Itisnota polynomial, because in the term Vy, the exponent of y is %, which is not a whole
number.
(vi)2 2+V5z+1
3 ltis a polynomial because the exponent of z in each term is a whole number.

Q. 8. How many terms are there in each of the following polynomials? Write them for each polynomial.

(i) 3x2—=5x + 7 (ii)t-72+5-¢3 (iii) x* = 3x% + 2
(iv) 5 — 3y + 2y°® (v) 7 (vi) 3-2x
Sol. (i)3x*—5x+7

Number of terms = 3 ; Terms: 3x2, =5x, 7 (v)7

(ii)t—7t>+5-1t3 Number of terms =1 ; Terms: 7 (only)
Number of terms = 4; Terms: t, — 7t%, 5, —t3

(iii) x*=3x2 + 2 (vi) 3—2x ; Number of terms =2
Number of terms = 3; Terms: x*, —=3x?, 2 Terms: 3, —2x

(iv) 5 =3y + 2y®
Number of terms =3 ; Terms: 5, =3y, 2y®°

Q. 9. Write the various coefficients in each of the following polynomials:

(i) x"-3x°+4 (ii) 5y> -3y + 2 (i) x*—3x2+ 1
(iv) 1 -2y + 3y°® (v) 7
Sol. (i)1,-3,4 (ii) 5, -3, 2 (i)1,-3,1  (iv)1,-2,3 (v) 7

Practice SET :

1. Find the degree of each of the polynomials given below:
(i) x>-x*+3 (ii)2-y2—y3 +2y8 (iii) 2

2. Point out which of the following polynomials are monomials, binomials or trinomials?
(i)x3*+2x-3 (i) x3+8 (iii) 4x2 + 3x (iv) 8
(v) 523 + 2x3 (vi) 7x2 -5

3. Let p(x) = 9x° — 5x3 + 6x%> — 7x — 21

(i) What is the coefficient of x3?
(ii) What is the coefficient of x??
(iii) Write the constant term.

4, Point out which of the following expressions are polynomials? Justify your answer?
(i) x2+x+5 (ii) 2vx + 5 (iii) 2x2 + 7 (iv) 7
(V)v2+6 (vi)v3x2—2x  (vii)1+1+1 (viii) 1 + vx
x? X2 x VX
ANSWERS 1.(i)5 (ii) 8 (iii) 0
2. (i) Trinomial (ii) Trinomial  (iii) binomial (iv) monomial
(v) Trinomial (vi) binomial

@ www.aepstudycircle comn AEPSTUDY CIRCLE




¥ W STUDY CIRCLE

Tools & Technique:

POLYNOMIALS

1. Value of a polynomial: The value of a polynomial f(x) at x = a is defined as f(a).
For example: Let p(x) = 5x3 —2x2 + 3x — 2
Then, p(1)=5x(1)3-2x(1)2+3x(1)-2

=5-2+3-2=4
i.e., the value of p(x) at x =1 is 4. Similarly,

p(0) =5(0)>-2(0)>+3(0)—2=2
i.e., the value of p(x) at x=0is -2
and,p (-1)=5(-1)*>-2 (-1)?+3 (-1) -2

=-5-2-3-2=-12 i.e., the value of p(x) at x=-1is-12

2. Zeroes of polynomial: A real number ‘a’ is a zero of a polynomial p(x) if p(a) = 0.
For example: consider the polynomial p(x) =x -1
We note that p(1)=1-1=0
1is a zero of the polynomial p(x).
The zeros of a polynomial p(x) are obtained by equating it to zero, i.e., by p(x) = 0.
We say that p(x) = 0 is a polynomial equation and 1 is a root of the polynomial equation p(x) = 0.
So we say that 1 is a zero of the polynomial x — 1, or a root of a polynomial equationx—-1=0
Again, Consider the polynomial f(x) =x>—5x + 6
We note that f(2)=0andf(3)=0
~ 2 and 3 re the ze4roes of the polynomial f(x) or roots of the polynomial equation x2 —5x + 6 = 0.

3. Zeros of a constant polynomial: A non-zero constant polynomial has not zero.
4. Zeros of a Zero polynomial: Conventionally, every real number is a zero of the zero polynomial.
5. Few observations: (i) A zero of a polynomial need not be 0.

(ii) 0 may be a zero of a polynomials.

(iii) Every linear polynomial has one and only one zero.
(iv) A polynomial can have more than one zeros.

[NCERT]
Q. 1. Find the value of the polynomial 5x — 4x? + 3 at
()x=0 (ii) x=-1 (iii) x =2
Sol. Letf(x)=5x—4x*+3
(i) Value of f (x) at x =0
f(0) = 5(0) — 4 (0)2+ 3 = 3
(ii) Value of f(x) at x =—1
f(-1)=5(-1) -4 (-12+3 =-5-4+3 =-6
(iii) Value of f(x) at x = 2
f(2) =5(2)—4(2)%+3 =10-16+3 =-3
Q. 2. Find p(0), p(1) and p(2) for each of the following polynomials:
(i) ply)=y*-y+1 (ii)p(t)=2+t+2t>-t2 (iii) p(x) =3
(iv) p(x) = (x—1) (x +1)
Sol. (i)p(y)=y>-y+1

p(0)=(02-(0)+1=1,
p(1)=(1)*-(1)+1=1,
and, p(2)=(2?-(2)+1=4-2+1=3
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p(0)=2+0+2(0)>-(0)3=2,
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p(l)=2+1+2(1)02-(1)0*=2+1-2-1=4

and, p(2)=2+2+2(2)>-(2)}=2+2+8-8=4
(i) p(x) = x3
: p(0)=(0)*=0
p(1)=(1)3=1
and, p(2)=(2)3=8
(iv) p(x) = (x = 1)(x + 1)
p(0)=(0-1)(0+1)=(-1) (1) =-

P(1) =
and, p(2)=

(1-1)(1+1)=(0)(2)=0
(2-1)(2+1)=(1)(3) =

Q. 3.

Verify whether the following are zeros of the polynomial, indicated against them.

() p(x)=3x+1,x=-1 (ii) p(x) =5x-m, x=4

3

(iv) p(x) = (x +1)(x-2),x=-1,2  (v) p(x) =x* x=0

(vii) p(x) =3x*-1,x=—_1, 2
v3 v3

Sol. (i)p(x)=3x+1,x=-1
3

p [—31]=3 [—§]+1=—1+1=o

—1is a zero of p(x).
3
(i) p(x) =5x—m, x=4
5
pd=5[4]-n+#0
5 5

(iii) p(x) =x2-1,x=1,-1
p(1)=(1)2-1=1-1=0
p(-1)=(-12-1=1-1=0
1, -1 are zeros of p(x).

(iv) p(x)=(x+1) (x—2),x=-1,2

p(-1)=(-1+1)(-1-2) = (0)(-3) =0

p(2)=(2+1)(2-2)=(3)(0)=0
-1, 2 are zeros of p(x).
(v) p(x)=x%4x=0

p(0)=(0)*=0 ~  0Oisazero of p(x).

(vi) p(x) =Ix+m,x=—m
I
[ﬁ I—m+m-—m+m 0

=
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(iii) p(x) =x2-1,x=1,-1
(vi) p(x) =Ix + m, x=—-m

(viii) p(x) =2x+1,x=1

I
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mis a zero of p(x).

I
3x2-1,x=-1, 2

V3 V3

JJ_S‘IJ ~1= J 1=1-1=0
(e e R

(vii) p(x) =

—1is a zero of p(x) but 2 is not a zero of p(x).

V3
(viii) p(x) =2x+1,x=%
1%=2;+1=1+1=2¢0
2 2
1is not a zero of p(x).

2
Q. 4. Find the zero of the polynomials in each of the following cases:
(i) p(x) =x+5 (ii) p(x) =x =5 (iii) p(x) =2x + 5
(v) p(x) =3x (vi) p(x) =ax,a=#0
Sol. (i)p(x)=x+5
p(x) =
=>x+5=0 => x==5

-5 is a zero of the polynomial p(x).

UONM

NM
=> Xx—5= 0 => x=5
X 5 is a zero of the polynomial p(x).
(iii) p(x) =2x + 5
P(x) =
=> 2x+5=0 => 2x=-5 =>
— 5 is a zero of the polynomial p(x).
2
(iv) p(x) =3x—-2
P(x) =
=> 3x—2=0 => 3x=2 =>
2 is a zero of the polynomial p(x).
3
(v) p(x) =
P(x) =
=> 3x=0 == x=0
(vi) p(x) =ax,a=0
P(x) =
=> ax=0 => x=0
0 is a zero of the polynomial p(x).
(vii) p(x) =cx+d, c#0, ¢, d are real numbers
p(x)=0
=> cx+d=0 => cx=—d =>x=-d

C -

~
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(vii) p(x) =cx +d, c#0, ¢, d are real numbers.

0 is a zero of the polynomial p(x).
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(iv) p(x) =3x -2

N U1

[+ a#0]

—dis a zero of the polynomial p (x).
c
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TEST YOUR KNOWLEDGE

1. Find the value of each of the following polynomials at the indicated value of variables:
(i) p(x) =5x>*—3x+7atx=1
(i) q(y) = 3y3 — 4y +V1laty =2
(iii) p(t) = 4t* +5t3—t>+ 6 att=a
2. Check whether -2 and 2 are zeros of the polynomial x + 2
3. Find a zero of the polynomial p(x) = 2x + 1
4, Verify whether 2 and 0 are zeros of the polynomial x? — 2x.
ANSWERS
1. (i) 9 (i) 16 + V11 (iii) 4a* + 5a3—a% + 6
2.-2 isazero but 2 is not.
3.-%

4.2 and 0, both, are zeros of the polynomial.

Tools & Technique:

1. Dividend = (Divisor x Quotient) + Remainder
In general, if p(x) and g(x) are two polynomials such that degree of p(x) > degree of g(x) and g(x) # 0,
then we can find polynomials q(x) and r(x) such that:

p(x) = g(x) a(x) + r(x),
where r(x) = 0 or degree of r(x) < degree of g(x). Here we say that p(x) divided by g(x), gives q(x) as
quotient and r(x) as remainder.

2. Remainder Theorem.
Statement: Let p(x) be any polynomial of degree greater than or equal to one and let a be any real
number.
If p(x) is divided by the linear polynomial x — a, then the remainder is p(a).
Proof: Let p(x) be any polynomial with degree of p(x) > 1. Suppose that when p(x) is divided by x —a, t
quotient is q(x) and the remainder is r(x), i.e.,
p(x) = (x —a) q(x) + r(x)
Since the degree of x —a is 1 and the degree of r(x) is less than the degree of q(x), degree of r(x) =0,
This means that r(a) is a constant, say r.
So, for every value of x, r(x) = r

p(x) = (x—a) q(x) +r
In particular if x = a, this equation gives us
p(a)=(a—-a)q(a) +r
=r , This proves the theorem.
B Obviously if p(a) = 0, then (x — a) will be a factor of p(x) will be a multiple of (x —a).

ILLUSTRATIVE EXAMPLES [NCERT]

Q. 1.

Sol.

Find the remainder when x3 + 3x2 + 3x + 1 is dividend by

(i)x+1 (ii) x - % (iii) x (iv)x+m
(v) 5+ 2x
Let p(x) =x3+3x>+3x +1
(iyx+1
Xx+1=0 =>x=-1
Remainder

=p(-1)=(-1)*+3(-1)2+3(-1)+1=-1+3-3+1=0
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(i) x =

-%=0 => x=%
Remainder
1ﬂ3+3;2+3l+1 1+3+3+1=27
2 2 8 4 2 8
(iii) x
Remainder = (0)3 +3(0)2+3(0)+1=1
(iv)x+m
Xx+m=0 => X=-T
Remainder=(-n)*+3(-n)?+3 (-n)+1=-n®+3n?-3n+1
(v) 5+ 2x
5+2x=0 =>2x=-5 => x=-5

2

Remainder
[n%3+3_]2+3f§J+1=—u+_5—£+1=—g
2 8 4 2 8

Q. 2. Find the remainder when x3 — ax? + 6x — a is divided by x — a.
Sol. Letp(x)=x3—ax*+6x—a

x—a=0 => X=a

Remainder = (a)®>—a(a)?+6(a)—a =a3-a>+6a—a =5a

Q. 3. Check whether 7 + 3x is a factor of 3x3 + 7x.

Sol. 7+ 3x will be a factor of 3x3 + 7x only if 7 + 3x divides 3x3 + 7x leaving no remainder.
Let  p(x)=3x3+7x
7+3x=0 => 3x=-7 => x==7
3

Remainder=3[—%3+[7 —17 =-343-49=-490+0
3 9 3 9

7 + 3x is not a factor of 3x3 + 7x.

A E P'S EXAMPLES

Q. 4. Divide the polynomial x3 — 27x? + 8x + 18 by x — 1 by long division method.

Sol. x> —26x—-18
x—1|x3-27x*+8x+18
X3 _XZ
- +
- 26 x2+8x+18
— 26 x% + 26x
+ _
—18x+18
—18x+18
+ -
0
Quotient = x> — 26x — 18 Remainder =0
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Q.5. Find the remainder when 5x? + 3x + 1 is divided by 2x using long division method.
Sol. 5x+3
2 2

2x 5%2+3x+1
5x?
’ 3x+1
3x -

1
Quotient=5x+3 Remainder =1
2 2

Q. 6. Divide x*—a*byx-a.
Sol. X3 +ax? +a’ + a3

x—a| x*-a*
x4 —ax3

— +

ax3—a*
ax3 — a’?
=
a’x?-a*
a?x? —ax
- +
alx—a*
alx—a*
-+

0
Quotient = x3 + ax? + a’x + a3 Remainder = 0

Q. 7. What must be subtracted from or added to 8x* + 14x3 — 2x? + 8x — 12 so that it may be exactly
divisible by  4x%+3x-2?
Sol. 2x2+2x—1
A2 +3x—-2| 8x*+14x3-2x2+8x—12
8x* + 6x3 — 4x2
83+ 2x%+ 8x—12
8x3 + 6x% — 4x

- = +
—4x% + 12x—12
—4x*—3x + 2
+ o+ -

15x — 14 So either we must subtract 15x — 14 or add — 5x + 14.

Q. 8. Find the remainder when 4x3 — 3x? + 2x — 4 is divided by
(a)x-1 (b) x-2 (c)x+1 (d)x-4 (e)x+2 (f) x + %
Sol. Letp(x)=4x3-3x*+2x-4
(a) Divisor=x—-1
x—1=0 => x=1
Zeroofx—1is1
Remainder =p(1) =4(1)3-3(1)?+2(1)-4 =4-3+2-4=-1
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(b) Divisor =x -2
x—2=0 => X=2
Zeroof x—2is 2
Remainder = p(2) =4(2)3-3(2)?+2(2)-4 =32-12+4-4=20
(c) Divisor=x—-4
x—4=0 => x=4
Zeroof x—4is 4
Remainder = p(4) =4(4)3—-3(4)>+2(4)—4 =256-48+8—-4=212.
(e) Divisor=x+2
Xx+2=0 => X=-2
Zero of x + 2 is =2
Remainder = p (~2) = 4(-2)* = 3(-2)2+ 2(-2) =4 =-32-12-4-4=-52
(f) Divisor =x + %
X+%=0 => X=—"%
Zeroof x+¥is—V%
Remainder =p [~ %] =4 [~ %P =3 [ %2 +2 [~ %] -4 == %-%-1-4=-25
4

Q. 9. Find the remainder when f(x) = x3 — 6x? + 2x — 4 is divided by g(x) = 1 — 2x.
Sol. 1-2x=0 => 2x=1 => x=%
Zeroof 1 —2xis %
Remainder =f[15] = [4]? =6 [4)% + 2 [5] —
=1-3+1-4 = -35
8 2 8
Q. 10. Find the remainder when f(x) =3x*+2x3 — x> — x_+ 2 isdivided by g(x) = x + 2.
3 9 27 3
Sol. Xx+2=0 => -2. -~ Zero of g(x) is —
3 3 3
Remainder = f [ [ ]4 + 2 1_~[2_]2 -1 -2 + 2
3 T T 3 (3] 9 3 27
- 16 -4 + 2 + 2 =0
27 2 27 27 27

Q. 11. The polynomial p(x) = kx3 + 9x? + 4x — 8 when divided by x + 3 leaves a remainder — 20. Find the valu

Sol. Divisor=x+3
x+3=0 => x=-3
Zeroof x +3is—3
Remainder =-20 [Given]

=>  p(-3)=-20 =>  k(-3)*+9(-3)*+4(-3)-8=-20
=>  —27k+81-12-8=-20 => 27k=81
=> k=3

Q. 12. The polynomial kx3 + 3x2 -3 and 2x3 — 5x + k when divided by x — 4 leave the same remainder in
each case. Find the value of k.
Sol. Letf(x)=kx3+3x?-3
And g(x) = 2x3 - 5x + k
Divisor=x—-4
x—4=0 => x=4
Zeroof x—4is 4
Remainder when f(x) is divided by x — 4 = f(4) and, Remainder when g(x) is divided by x — 4 = g(4).
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Q. 13.

Sol. LetP(x)=x>+ax’+bx+6
x — 2 will be a factor of p(x) only if x — 2 divides p(x) leaving no remainder
x—2=0 => X=2
Zeroof x—2is 2
Remainder =0 [Given]
=> p(2)=0 => (23 +a(2)2+b(2)+6=0
=> 4a+2b+14=0 => 2a+b+7=0 .. (1)
Again, divisor = x—3
x—3=0 => x=3
Zeroof x—3is 3
Remainder = p(3)
Remainder = 3 [Given]
=> p(3)=3 => (3*+a(3)2+b(3)+6=
=> 27+9z2+3b+6=0 = 9a+6b+33=0 => 3a+2b+11=0
.. (2)
Subtracting (1) from (2), we geta+4=0
=> a=—4
Puttinga =-4in (1), we get
2(-4)+b=-7 => -8+b=-7
=> b=8-7 => b=1
JEST YOUR KNOWLEDGE
1. Divide p(x) by g(x) using long division method, where p(x) =x + 3x>—1and g(x) = 1 + x.
2. Using long division method, divide the polynomial 3x*—4x3-3x -1 by x - 1.
3. Using long division method, find the remainder obtained on dividing p(x) = x>+ 1 by x + 1.
4, Find the remainder obtained when x* + x3 — 2x? + x + 1 is divided by x — 1.
5. Check whether the polynomial q(t) = 4t3 + 4t>— t — 1 is a multiple of 2t + 1.
6. Divide x* + x3 + x2 — 5x + 6 by x + 1 by long division method.
7. Find the remainder when the polynomial p(y) =y3 + y> — 2y + 1 is divided by the binomial y + 3.
8. Find the remainder when the polynomial p(x) = x* + 2x3 —3x? + x — 1 is divided by x — 2.
9. Find the remainder when the polynomial p(y) = y* — 3y? + 2y + 1 is divided by y — 1.
10. find the remainder when the polynomial p(x) = x? + 4x + 2 is divided by x + 2.
11.  Determine whether x — 3 is a factor of the polynomial p(x) = x3 — 3x? + 4x — 12.
12. f(x) is the polynomial 4x3 — 12x2 + 11x — 3. Use the remainder theorem to find the remainder
when f(x) is divided by
(i) x—% (ii) x + %% (iii) x = 3.
2
13.  f(x) = x3-6x? + 11x — 6. Find the remainder when divisor is
(i)x-1 (i)x-4 (iii) x + 2
14.  If the polynomial ax3 + 3x? — 13 and 2x3 — 5x + a when divide by (x — 2) leave the same remainder,
find the value of a.
15.  The polynomials ax3® + 3x2 — 13 and 2x3 — 5x + a are divided by (x + 2). If the remainder in each case is

STUDY CIRCLE ®m
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According to the question,
f(4) = g(4)
=> k(4)>+3(4)>-3=2(4)3-5(4) +k
=> 64k + 48 -3=128-20+k
> 63k = 63 => k=1

Find the values of a and b so that the polynomial x3 + ax? + bx + 6 has x — 2 as a factor and leaves a
remainder 3, when divided by x — 3.

the same, find the value of a.
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16. If the polynomials ax3 + 4x? + 3x — 4 and x3 — 4x + a leave the same remainder when divided by (x — 3),
find the value of a.
17. What must be added to x3 — 3x? — 12x + 19 so that the result is exactly divisible by x? + x — 6? Use long
division method.
18.  What must be subtracted from 4x* — 2x3 — 6x2 + x — 5 so that the result is exactly divisible
by 2x2 + x — 1? Use long division method.
19. What must be added to x* + 2x3 — 2x? + x — 1 so that the result is exactly divisible by x? + 2x — 3? Use
long division method.
20. If ax3® + bx? + x — b has x + 2 as a factor and leaves a remainder 4 when divided by x — 2,
find the values of a and b.
ANSWERS
1. Quotient =3x -2 2. Quotient =3x3-x?-x-4 3. Quotient =x*—x+1
Remainder =1 Remainder =-5 Remainder =0
4.2 5. Yes 6. Quotient=x3+x-6
Remainder =0
7.11 8.21 9.1
10.-2 11. Yes
12.(i)0 (ii) —12 (iii) 0
13.(i)0 (ii) 6 (iii) -6
14.1
15.5/9
16. -1 17.2x+5 18. -6 19.x-2 20.a=0,b=2

Tools & Technique :

ILLUSTRATIVE EXAMPLES [NCERT]

—
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1. Factor Theorem: If p(x) is a polynomial of degree n > 1 and a is any real number. Then
(i) x — ais a factor of p(x), if p(a) =0, and
(ii) p(a) = 0, if x—ais a factor of p(x).
Note: If p(a) # 0 then (x — a) will not be a factor of p(x).
2. Factorisation of the quadratic Polynomial x? + Ix + m (where |, m are constants)
We split the middle term Ix as ax + bx so that ab = m. Then,
x> +Ix+m=x2+ax+bx+ab

=x(x+a)+b(x+a)=(x+a)(x+Db).
3. Factorisation of the Quadratic Polynomial ax? + bx + ¢ (where a # 0 and a, b, c are constants)
Let its factors be (px + g) (rx + s). Then, ax?> + bx + ¢ = (px + q) (rx + s)
=> ax?+bx+c=prx’+ (px + qgr)x +qgs
Comparing the coefficients of x?, we get a = pr
Comparing the coefficients of x, we get

b=ps+qr
Comparing the constant terms, we get

c=gs
This shows that b is the sum of two numbers, ps and qr, whose product is (ps) (gr) = (pr)(gs) = ac.
Therefore, to factorise ax? + bx + ¢, we write b as the sum of two numbers whose product is ac.

Q. 1.

Sol.

Determine which of the following polynomials, x + 1 is a factor of:
(i)x3+x*+x+1 (ii) x*+x3+x>+x+1

(i) x*+3x3+3x2+x+1 (iv) 3 = x% - (2 + V2)x + V2.
(i)x3+x2+x+1
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Let p(x) =x3+x?>+x+1
The zero of x + 1 is —1.
p(-1)= (=10 +(-1)*+ (-1) +1
=—1+1-1+1=0
By factor theorem, x + 1 is a factor of x> + x? + x + 1.
(i) x* 3 +x2+x+1
Let p(x) =x*+x3+x>+x+1
The zero of x + 1 is —1.
p(=1) = (-1)*+ (-1P + (-1)* + (-1) + 1
=1-1+1-1+1=1+#0
By factor theorem, x + 1 is not a factor of x* + x>+ x? + x + 1.
(iii) x*+3x3+3x2 +x+1
Let P(x) =x*+3x?+3x?+x+1
The zero of x + 1 is —1.
p(=1) (-1)*+3(-1)3+3(-1)2+(-1) +1
=1-3+3-1+1=1+#0
By factor theorem, x + 1 is not a factor of x* + 3x3 + 3x? + x + 1.
(iv) Let p(x) = x3 = x2— (2 + V2)x + V2
The zero of x + 1 is —1.
P(-1) = (-1)3 = (-1)2 = (2 + V2)(-1) + V2
=—1-1+2+V2+V2=2V2=0
By factor theorem, x + 1 is not a factor of x* — x3 — (2 + V2) x + V2.

Q. 2. Use the factor theorem to determine whether g(x) is a factor of p(x) in each of the following cases:
(i) p(x) =2x3+x2-2x-1,g(x)=x+1 (ii) p(x) =x3+3x>+3x+1,g(x) =x+2
(iii) p(x) = x> —4x2 +x + 6, g(x) =x -3

Sol. ()p(x)=2x3+x*—2x-1,g(x)=x+1

g(x) =

=> Xx+1=0 => x=-1
Zero of g(x) is —1.

Now, p(-1)
=2(-1)3 + (-1)2-2(-1) -1
=-2+1+2-1=0 ~ By factor theorem, g(x) is a factor of p(x).

(i) p(x) =x3+3x2+3x+1,g(x)=x+2
g(x) =

=> Xx+2=0 => X==2
Zero of g(x) is —2.

Now, p(-2)

=(=2)3+3(=2)?2+3(-2)+1
=-8+12-6+1=—-1%#0 By factor theorem, g(x) is not a factor of p(x).
(iii) p(x) =3 —4x2 + x + 6, g(x) =x — 3

g(x) =
=> x—3=0 => x=3
Zero of g(x) is 3.
Now, p(3)
= (3°-4(3)2+3+6
=27-36+3+6=0 ~ By factor theorem, g(x) is a factor of p(x).
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Q. 3. Find the value of k, if x — 1 is a factor of p(x) in each of the following cases:

(i) p(x) =x2+x +k (ii) p(x) = 2x2 + kx + V2
(iii) p(x) = k@ —=V2x + 1 (iv) p(x) = kx2=3x + k
Sol. (i)p(x)=x>+x+k
If x —1is a factor of p(x), then p(1) =0 [By Factor Theorem]
=> (1)2+(1)+k=0 => 1+1+k=0
=> 2+k=0 => k=-2.
(i) p(x) = 2x% + kx + /2
If x—1is a factor of p(x), then p(1) =0 [By Factor Theorem]

=>  2(1)2+k(1)+v2=0 => 2+k+V2=0
=  k=-(2+V2)
(i) p(x) = kx® = V2x + 1

If x— 1 is a factor of p(x), then p(1) =0 [By Factor Theorem]
=  k(1)2-v2(1)+1=0 = k-v2+1=0
=  k=+v2-1

(iv) p(x) = kx? = 3x + k
If x—1is a factor of p(x), then p(1) =
=> k(1)2-3(1)+k=0 = k-3+k=0

=> 2k=3=0 => 2k =3
=> k=3.
2
Q. 4. Factorise:
(i) 12x2-7x +1 (ii) 2x2 + 7x + 3 (iii) 6x2 + 5x — 6 (iv) 3x2—x-4

Sol. (i)12x>-7x+1=12x>-4x-3x+1
=4x(3x—-1)—-1(3x-1)
=(3x—1) (4x—-1)

Alter:
Let p(x) = 12x> = 7x + 1

Then p(x) =12 [xz - 7 x + % = 12q (x)
12 1
Where q(x) =x>—7x+1_

12 12
By trial, we find that
BRI O
3 3 1213) 12 9 36 12
= 4-7+3 = 0 =0
36 36
By Factor Theorem,

[x —% is a factor of q(x).
3
Similarly, by trial, we find that
qH 1_1} -1 [%+L=L—L+A=3—7+4=L=O
4 4 12 (4 12 16 48 12 48 48
By Factor Theorem,
x—11 is a factor of q(x).

4
Therefore, 12x2—7x+1=1{ X —Jl x — 1
4
=12 [3x— [4x—1 = (3x—1) (4x— 10
3 4
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(ii) 22 +7x+3=2x2+6x+x+3
=2x(x+3)+1(x+3)
=(x+3)(2x+1)

(iii) 6x2 +5x — 6 =6x2+ 9x —4x — 6
=3x (2x + 3) -2 (2x + 3)
=(2x+3)(3x—-2)

(iv)3x—x—-4=3x>-4x+3x-4
=X (3x—4)+1(3x—4)
=(3x—4) (x+1)
Q. 5. Factorise:
(i)x3—2x2—-x+2 (ii) x3-=3x2-9x -5
(iii) x3 + 13x2 + 32x + 20 (iv)2y3 +y2-2y-1
Sol. (i)x3=2x2-x+2
Let p(x) =x3=2x>—x +2
By trial, we find that
p(1)= (13 -2(1)2-(1)+2=1-2-2+2=0
=—8-8-2-2=0
By Factor Theorem, (x — 1) is a factor of p(x).

Now, x3—2x2—x+2=x*(x—-1)-x(x—-1)-2(x—-1)
=(x=1)(x*=-x=-2)=(x—=1) (x*=2x+x-2)
=(x—1){x(x=2)+1(x-2)}
=(x—1)(x—=2) (x+1)

(ii) x3—3x2-9x -5

Let p(x) =x>—3x2—9x -5

By trial, we find that

p(-1)=(-1)*-3(-1)*-9(-1) -5
=—1-3+9-5=0
By Factor Theorem, x — (1), i.e., (x + 1) is a factor of p(x).

Now, x>—3x2—-9x—-5=x%>(x+1)—4x(x+1)=5(x+1)
=(x+1)(x*—4x—-5)=(x+1) (x*—=5x+x—75)
=(x+1){x(x=5)+1(x—=5)}
=(x+1)(x=5)(x+1)

(iii) x3 + 13x2 + 32x + 20

Let p(x) =x3 + 13x? + 32x + 20

By trial, we find that

P(-1) = (-1)*+ 13(-1)2+32(-1)+20=-1+13-32+20=0
By Factor Theorem, x — (-1), i.e., (x + 1) is a factor of p(x).

Now, x3+13x2+32x+20=x?>(x+1)+12x(x+1)+20(x+1)
=(x+1)(x®*+12x+20) = (x + 1) (x2+2x + 10x + 20) = (x + 1) {x(x +2) + 10 (x + 2)
=(x+1)(x+2)(x+10)

(iv) 2y} +y2 -2y -1

Let p(y) =2y3 +y? -2y -1

By trial, we find that

p(1)=2(13+(1)*-2(1)-1=2+1-2-1
By Factor Theorem, (y — 1) is a factor of p(y).

Now, 2y3+y?—2y—1=2y*(y—1)+3y(y—1)+1(y—-1)
=(y—1)(2y?+3y+1)=(y—1) (2y*+ 2y +y +1)
=(y-1){2y(y+1) +1(y+1)}=(y—-1) (y+ 1) (2y + 1).
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Q. 6.

Sol.

Sol.

Use the Factor Theorem to determine whether x — 1 is a factor of
(a) x> +8x2—-7x-2 (b) x> —27x2 + 8x + 18
(e)x®+x2-2x+1 (d) 8x*—12x3 + 18x + 14
(e)2V2x3+5V2x2-7V2  (f) 8x* + 12x3 - 18x + 14
(a) x®* +8x2—7x-2
Let p(x) = x3 + 8x>—7x—2
The zeroof x—1is 1.
Now, p(1)=(1)3+8(1)2=7(1)-2=1+8-7-2=0

by Factor Theorem, x = 1 is a factor of x3 + 8x> — 7x — 2.

(b) x3—27x?+8x + 18
Let p(x) =x3—27x%2 + 8x + 18
The zeroof x—1is 1.
Now,
p(1)=(1)3-27(1)2+8(1)+18=1-27+8+18=0
By Factor Theorem, x — 1 is a factor of x> — 27x> + 8x + 18

(c)x®+x2—2x+1
Let p(x) =x3+x>—2x+1
The zeroof x—1is 1.
Now,
p(1)=(1)3+(1)2-2(1)+1=1+1-2+1=1#0
By Factor Theorem, x — 1 is not a factor of x3 + x2 — 2x + 1.

(d) 8x* 12x3 + 18x + 14
Let p(x) = 8x*—12x3 + 18x + 14
The zeroof x—1is 1.
Now, p(1)=8(1)*-12(1)3+18(1)+14=8-12+18+14=28+0
By Factor Theorem, x — 1 is a not a factor of 8x* — 12x3 + 18x + 14

(e) 2V2 x3 +5vV2 x2 - 7v/2

Let p(x) = 2v2 x3 + 5v2 x2 = 74/2

The zeroof x—1is 1.

Now, p(1)=2v2=2v2 (1) +5V2(1)2=7V2=2V2+5V2-7V2=0
By Factor Theorem, x — 1 is a factor of 2V2 3 +5V2 x2 - 742

(f) 8x*+12x3 - 18x + 14
Let p(x) = 8x* + 12x3—18x + 14
The zeroof x—1is 1.
Now, p(1)=8(1)*+12(1)3-18(1)+14=8+12-18+14=16=0
Bt Factor Theorem, x — 1 is not a factor of 8x* + 12x3 — 18x + 14.

Use the Factor Theorem to determine whether g(x) is a factor of f(x):
(a) f(x) =x3=3x2+4x -4, g(x) =x-2

(b) f(x) =2x3+4x +6, g(x)=x+1

(c) f(x) =x3+x2+3x+175,g(x) =x+5

(d) f(x) =x3-3x2+4x—-12,g(x) =x+3

(e) f(x) = 72— 2V/8 x — 6, g(x) = x — V2

() f(x) = 2V2 X2 + 5x + V2, g(x) = x + V2

(a) f(x) =x3+3x2+4x -4, g(x) =x-2
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The zero of g(x) is 2.
Now, f(2)=(2)3-3(2)2+4(2)-4=8-12+8-4
=0
By Factor Theorem, g(x) is a factor of f(x).

(b) f(x) =2x>+4x+6,g(x) =x+1
The zero of g(x) is —1.
Now, f(-1)=2(-1)3+4(-1)+6=-2-4+6 —
=0
By Factor Theorem, g(x) is a factor of f(x).
(c) f(x) =x3+x2+3x+175,g(x)=x+5
The zero of g(x) is —5.
Now, f(-5)=(-5)3+ (-5)?+3(-5)+175=-125+25-15+175
=60=0
By Factor Theorem, g(x) is not a factor of f(x).
(d) f(x) =x>-3x2+4x-12,g(x) =x+3
The zero of g(x) is —3.
Now, f(-3)=(-3)3—3(-3)2+4(-3)-12=-27-27-12-12
=-78#0
X By Factor Theorem, g(x) is not a factor of f(x).
(e) f(x) = 7x2—2v/8 — 6, g(x) = x — 2
The zero of g(x) is V2
Now, f(vV2)=7(v2)2-2V8(V2)-6=14-8-6
=0
By Factor Theorem, g(x) is a factor of f(x).

The zero of g(x) is — V2. (f) f(x) = 22 x2 +5x+\/2 g(x) = X +2
Now, f(=v2)=2vV2(-V2)?2+(~V2)+V2=4V2-5V2++2

=0 - By Factor Theorem, g(x) is a factor of f(x).

Q. 8. Ifx—2is afactor of each of the following polynomials, then find the value of a in each case:
(a) x2—3x+5a (b) x> —-2ax?+ax-1 (c) x> -3x*-ax3+3ax?>+2ax+4
Sol. (a)x?-3x+5a
Let p(x) =x?>—3x + 5a
x — 2 is a factor of p(x)

p(2)=0 [By Factor Theorem]
=> (2)>-3(2)+5a=0 => 4-6+5a=0
=> -2+5a=0 => 5a=2
=> a=2.
5

(b) x3-2ax?+ax+1
Let P(x) =x3—2ax>+ax—1
x — 2 is a factor for p(x)

p(2) =
=> (23-2a(2)?+a(2)-1=0 => 8—8a+2a-1=0
=> 7—-6a=0 => 6a=7
=> a=7

6
(c) x5-3x*—ax3+3ax?+2ax+4
Let p(x) = x> —3x*—ax® + 3ax®> + 2ax + 4
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x — 2 is a factor of p(x)
p(2)=0 [By Factor Theorem]
=> (2)>=3(2)*-a(2)®*+3a(2)*+2a(2)+4=0
=> 35-48—-8a+12a+4a+4=0
=> -12+8a=0 => 8a=12
=> a=12=3
8 2
Q. 9. Find the value of a for which x + a is a factor of the polynomial.
() x*+ax’—2x+a+4 (b) x* —a%x?2 + 3x — 6a
Sol. (a)x®+ax’-2x+a+4
Letp(x) =x3+ax’—2x+a+4
If x + a is a factor of p(x), then p (—a) =0 [By Factor Theorem]
=> (-a)®+a(-a)’—2(-a)+a+4=0
=> -al+a*+2a+a+4=0
=> 3a+4=0 => 3a=—4
=> a=-4.
3
(b) x* —a?x? + 3x — 6a
Let p(x) = x* —a%x? + 3x —6a

If (x + a) is a factor of p(x), then p(-a) =0 [By Factor Theorem]
=> (-a)*—a?(-a)?+3(-a)—6a=0

=> a*—a*-3a-6a=0

=> —-9a=0 => a=0.

Q. 10. Find the value of a if x —a is a factor of the polynomial.

(a)xb—ax®+x*—ax3+3x—a+2 (b)x>—-a>x®+2x+a+1
Sol. (a)xt—-ax®+x*—ax3+3x—a+2
Letp(x)=xt—ax> +x*—ax*+3x—a+2
If x —ais a factor of p(x), then p(a) =0 [By Factor Theorem]
=> (a)f—a(a) +(a)*—a(a)®*+3(a)—a+2=0
=> a®—af+a*—-a*+3a-a+2=0
=> 2a+2=0 => 2a=-2
=> a=-1

(b) x> —a?>3+2x+a+1
Letp(x)=x>—a®3+2x+a+1

If x —a is a factor of p(x), then p(a) =0 [By Factor Theorem]

=> (a)>—a?(a)®+2(a)+a+1=0

=> a®—a°+2a+a+1=0

=> 3a+1=0 => 3a=-1

=> a=-1.

3

Q. 11. Use Factor Theorem to verify that x + a is a factor of x" + a" for any odd positive integer n.
Sol. Letp(x)=x"+a"

The zero of x + a is —a.
Now, p(-a)=(-a)"+a"=(-1)"a"+a"
=(-1)a" +a" * nis an odd positive integer
=—-a"+a"=0 s(=1)N=-
By Factor Theorem, x + a is a factor of x" + a" for any odd positive integer n.
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Q. 12. For what value of m is the polynomial 2x* — mx3 + 4x? + 2x + 1 divisible by (-2x).
Sol. Letp(x)=2x*-mx3+4x*+2x+1
1-2x=0 => X=%
Zeroof 1-2xis%
If p(x) is divisible by 1 — 2x, then p[}] =

” H“:’“H“‘HZ”H*““

=> 1 -m => 25 - m =0
8 8 8 8
=> m = 25 => m = 25
8 8
Q. 13. For what value of c is the polynomial x3 + 4x2 — cx + 8 exactly divisible by x — 2?
Sol. Lletp(x)=x3+4x>—cx+8
If p(x) is exactly divisible by x — 2, then p(2) =0 [By Factor Theorem]
=> (2)*+4(2)>-c(2)+8=0 => 8+16—-2c+8=0
=> 32-2c=0 => 2c =32
=> c=16

Q. 14. Determine the value of b for which the polynomial 5x3 — x? + 4x + b is divisible by 1 — 5x.
Sol. Lletp(x)=5x3-x>+4x+b

1-5x=0
=> 5x=1 => x=1
5
The zero of 1 —5xis 1.
5
If p(x) is divisible by 1 — 5x, then p [% =0 [By Factor Theorem]
5
5[%3—[%_2+4[%+b=0 => 1-1+4+b-=0
5 5 5 25 25 3
=> 4 + b=0 => b=-

4.
5 5
Q. 15. Show that x — 1 is a factor of x'° — 1 and also of x! — 1.
Sol. Letf(x)=x1°-1

The zeroof x—1is 1.

Now, f(1)=(1)©°-1=1-1=0

By Factor Theorem, x — 1 is a factor of x*° — 1.
Again, let g(x) =x* -1
Then, g(1)=(1)*-1=1-1=0 By Factor Theorem, x = 1 is a factor of x** — 1.

Q. 16. What value should ‘a’ possess so that x + 1 may be a factor of the polynomial f(x) = 2x3 — ax? - (2a -

Sol. Thezeroofx+1is—1 [“x+1=0=>x=-1]
If x + 1 is a factor of f(x), then
f(-1)=0 [By Factor Theorem]
=> 2(-1)?-a(-1)>-(2a-3)(-1)+2=0
=> -2-a+2a-3+2=0 => a—-3=0
=> a=3

Q. 17. Find the values of p and q so that x + 2 and x — 1 are the factors of the polynomial x3 + 10x2 + px + q.
Sol. Letf(x)=x3+10x>+px+q

Xx+2=0 => X==2
Zero of x + 2 is —2.
If x + 2 is a factor of f(x), then f(-2) =0 [By Factor Theorem]
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=>  (-2)?+10(-2)*+p(-2)+q=0

=> -8+40-2p+q=0 => 32-2p+q=0
=> 2p—q=32 . (1)
If x— 1 is a factor of f(x), then f(1) =0 [By Factor Theorem]
=> (1*+10(1)’+p(1)+g=0
=> 1+10+p+qg=0 => 11+p+qg=0
=> p+q=-11 . (2)
Adding (1) and (2), we get

3p=21 => p=21=7

3

Putting p=7in (2), we get

7+q=-11 => q=-11-7=-18

Q. 18. If x + 1 and x — 2 are factors of the polynomial x3 + ax? + 2x + b, find the values of a and b.
Sol. Lletp(x)=x3+ax?+2x+b
The zeroof x+ 1is -1 [“x+1=0 => x=-1]
If x + 1 is a factor of p(x), then p(—1) =0 [By Factor Theorem]
=> (-1)¥+a(-1)?+2(-1)+b=0
=> -1+a-2+b=0
=> a+b=3 .. (1)
The zero of x — 2 is 2. [*x-2=0 => x=2]
If x — 2 is a factor of p(x), then
p(2)=0 [By Factor Theorem]

=> (23 +a(2)2+2(2)+b=0
=> 8+4a+4+b=0 => da+b+12=0
=> 4a+b=-12 .. (2)
Subtracting (1) from (2), we get

3a=-15 => a=—-15=-5

3

Puttinga =-5in (1), we get
5+b=3 => b=3+5=8
Q. 19. Without actual division, prove that 2x* — 6x3 + 3x2 + 3x — 2 is exactly divisible by x> — 3x + 2.
Sol. Xx?—3x+2=x>—-x—-2x+2=x(x-1)-2(x—-1)

=(x—-1)(x—2)
(x—=1)(x-=2)=0 => x=1,2
Let p(x) = 2x* = 6x3 + 3x2 + 3x — 2
Now, p(1)=2(1)*-6(1)>+3(1)>+3(1)-2 =2-6+3+3-2=0

By Factor Theorem, (x — 1) is a factor of p(x).
Again, p(2) =2(2)*-6(2)>+3(2)*+3(2)-2
=32-48+12+6-2=0
By Factor Theorem, (x — 2) is a factor of p(x)
x —1 and x — 2 are the factors of 2x* — 6x3 + 3x2 + 3x — 2
2x* = 6x3 + 3x% + 3x — 2 is a exactly divisible by (x — 1) (x— 2), i.e., x> =3x + 2

Q. 20. If x>—1is a factor of ax* + bx® + cx? + dx + e, prove thata+c+e=b+d =0.
Sol. Letf(x)=ax*+bx3+cx?+dx+e
=(x—1)(x+1)
If x> — 1 is a factor of f(x), then each of x—1 and x + 1 is a factor of f(x).
By Factor Theorem,
f(1) =0and f(-1) =
Now, f(1)=
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1. Examine whether x + 2 is a factor of x® + 3x? + 5x + 6 and 2x + 4.

2. Find the value of k if x — 1 is a factor of 4x3 + 3x?> — 4x + k.

3. Factorise 6x? + 17x + 5 by splitting the middle term.

4, Factorise y? — 5y + 6 by using the Factor Theorem.

5. Factorise x3 — 23x? + 142x — 120.

6. Show that x + 4, x — 3 and x — 7 are factors of the polynomial x3 — 6x? — 19x + 84.

7. Show that x + 1 and 2x — 3 are factors of the polynomial 2x3 — 9x2 + x + 12.

8. Show that x + 2, x + 3 and x — 4 are factors of the polynomial x3 — 3x? — 10x + 24.

9. In each of the following parts, use the Factor Theorem to check whether or not the polynomial

g(x)=x-2
(i) f(x) =x>+3x*+x?>+8x +15
g(x)=x+3
(iii) f(x)=x3+x2+x+1
g(x)=x-1
(iv) f(x)=x*+4x>+x+6
g(x)=x+2
(v) f(x) =x3+x2+3x—-4
g(x)=x+5
10.  Without actual division, prove that x* + 2x3 — 2x2 + 2x — 3 is exactly divisible by x* + 2x — 3.
11.  For what value of ais 2x3 + ax? + 11x + a + 3 exactly divisible by 2x — 1?
12. Determine the value of a if x — a is a factor of the polynomial p(x) = x3— (a2 - 1) x + 2.
13. For what value of m is the polynomial 2x* — mx3 + 4x? + 2x + 1 divisible by 1 — 2x?
14. Determine the value of b for which 5x3 — x? + 4x + b is divisible by 1 — 5x.
15.  Find the values of p and q so that x + 2 and x — 1 are factors of the polynomial x3 + 10x2 + px + q.
16. If both x — 2 and x — % are factors of the polynomial ax? + 5x + ¢, prove that a = c.
17. Factorise:
(i) 11x2-41x - 12 (ii) V3x2 + 11x+6v/3  (iii) 6x% + 17x + 12
18. Factorise:
(i)3x3—x2-3x+1 (ii)x3+6x?+11x+6 (i) 2x* + 7x3 + 3x2 + 63x — 45
ANSWERS
1. Yes 2.-3 3. (3x+1) (2x +5)
4.(y-2)(y-3) 5.(x-1) (x—-10) (x-12)
9. (i) Yes (i) Yes (iii) No (iv) No (v) No
11.7 12.2

t—
I - m
STUDY CIRCLE

2 OMOTER POLYNOMIALS

=> a(1)*+b(1)3+c(1)’+d(1)+e=0

=> a+tb+c+d+e=0 .. (1)
And, f(-1)=0
=> a(-1)*+b(-1)3 +c(-1)?+d(-1)+e=0
=> a—-b+c—-d+e=0 .. (2)
Adding (1) and (2), we get

2a+2c+2e=0 => a+c+e=0 .. (3)
Subtracting (3) from (1), we get

b+d=0 .. (4)

In view of (3) and (4),
atc+e=b+d=0

g(x) is a factor of the polynomial f(x).
(i) f(x)=x*+x3-x>-x-18
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13. 25 14.-4 15.p=7,q=-18
5
17. (i) (11x + 3) (x - 4) (ii) (x + 3v3) (V3 x + 2) (iii) (3x + 4) (2x + 3)
18. (i) (x—=1) (x+ 1) (3x—=1) (ii)(x+1)(x+2)(x+3) (i) (x — 1)(x — 3)(x + 3)(2x - 5)

IMPORTANT POINTS
1. Definition of an Algebraic Identity: An algebraic identity is an algebraic equation that is true
for all values of the variables occurring in the relation.
2. Some Important ldentities

Hidentity | (x +y)2=x2+2xy +y?
Hidentity Il : (x—y)2=x2=2xy +y?
Hidentity Il : X —y2=(x+vy)(x—-y)
Hidentity IV : (x+a)(x+b)=x*+(a+b)x+ab
Hidentity vV (Xx+y+2)2=x2+y2+ 22+ 2xy + 2yz + 22x
Proof : (x+y+2z)?=(t+z)>wherex+y=r
=t2 + 2tz + 2° [Using Identity]
=(x+y)?2+2(x+y)z+2? [Substituting the value of t]
=x2 4+ 2xy + Y% + 2xz + 2yz + 72 [Using Identity]
=x2 +y? + 2% + 2xy + 2yz + 22X [Rearranging the terms]
Hidentity VI : (x+y)>2P=x3+y3+3xy (x+vy)
Bidentity VII : (x=y)P=x3-y3=3xy (x—vy)
[Replace y by —y in Identity VI to get Identity VII]
Hidentity VIII : X3+y3+23+3xyz=(x+y+2) (X2 +y2+ 23 —xy—yz—12zx)
Proof :R.H.S.

=(x+y+z)(X®+y>+22—xy—yz—12Xx)

=x (X2 +y2+z22—xy—yz—zx)+y (X2 +y2+ 22 —xy—yz—zx) + z (x> + y2 + 22— xy — yz — zx)

=x3 + xy? + xz2 = X2y — xyz — 2x> + yx2 + y3 + yz2 — xy? — y?z — xyz + zx* + xy? + 23 — xyz — yz% — z%x
=x3+y3+ 23+ 3xyz [On simplification]
= LHS

ILLUSTRATIVE EXAMPLES [NCERT]

Q. 1. Use suitable identities to find the following products:

(i) (x + 4)(x + 10) (i) (x + 8)(x — 10)
(iii) (3x + 4) (3x - 5) (iv)[ y>+3|y>-3
2 2

(v) (3 —2x) (3 + 2x)
Sol. (i) (x+4)(x+10)
(x +4)(x +10) = x2 + (4 + 10)x + (4) (10) [Using Identity 1V]
=x2+ 14x + 40

(ii) (x + 8)(x - 10)
(x+8)(x—10)=(x+8) {x +)-10)}
=x2 + {8 + (-10)x + (8)( — 10) [Using Identity IV]
=x?>-2x-80

(iii) (3x + 4)(3x - 5)
(3x+4) (3x—=5)=(3x+4) {3x+ (-5)}
= (3x)? + {4 + (=5)} (3x + (4) (-5) [Using Identity IV]
=9x?-3x-20
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(y?+3)(y*-3)=(z +3) (z -_3)
2 2 2 2
[Using Identity Il1]

= (2)2 - % 2

4

1
~<
>
|
N[O > |LD

(v) (3 —-2x) (3 +2x)
(3x —2x) (3 + 2x) = (3)> — (2x)?
=9-4x2

(i) 103 x 107
Sol. (i) 103 x 107
103 x 107 = (100 + 3) x (100 + 7)
=(100)2 + (3 + 7) (100 + (3) (7)
=10000 + 1000 + 21 =11021

(ii) 95 x 96

Alter:
103 x 107 = (105 — 2) x (105 + 2)
= (105)* - (2)?
= (100 + 5)2— 4 = (100)2 + 2(100) 95) + (5)2
=10000 + 1000 + 25 +4 =11021
(ii) 95 x 96
95 x 96 = (90 + 5) x (90 + 6)
=(90)2 + (5 + 6) (90) + (5) (6)
=8100+990+30=9120
Alter:
95 x 96 = (100 — 5) x (100 — 4) = {100 + (=5)} {100 + (~4)}
= (100)* +{(-5) + (-4)} (100 + (-5) (-4)
= 10000 -900 + 20
=9120
(iiii) 104 x 96

104 x 96 = (100 + 4) x (100 — 4) = (100)2 — (4)
= 10000 — 16 = 9984

Q. 3. Factorise the following using appropriate identities:

(i) 9x2 + 6xy + y? (ii) 4ay? +4y + 1

Sol. (i) 9x? + 6xy +y?
Ox% + 6xy +y? =
(ii) 4y2 + 4y + 1

= (3x)* + 2(3x)(y) + 9y)* =

4y + 4y +1=(2y)>=2(2y) (1) + (1)2=(2y-1)>=(2y = 1) (2y — 1) [Using Identity II]

(iii) X2 — _y2
100

X2

(: ) www.aepstudycircle cnmn

= (y?)? - [Substituting the value of z]

[Using Identity ]
Q. 2. Evaluate the following products without multiplying directly:
(iii) 104 x 96

[Using Identity ]

[Using Identity IV]

(3x+vy) (3x+vy)

—JL] [Using Identity I11]

Rt

X1) cesE

POLYNOMIALS

[Where y? = 7]

[Using Identity 1V)

[Using Identity 1]

[Using Identity IV]

[Using Identity Il1]

(i) 2 - _y?

100

[Using Identity I]

10
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Q. 4.

Sol.

Sol.

Sol.
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Expand each of the following using suitable identities:
(i) (x + 2y + 4z)? (ii) (2x -y + 2)? (i) (—=2x + 3y + 2x)?
(iv) (3a—7b —c)? (v) (-2x + 5y — 3z)?

(i) (x + 2y + 4z2)?
(x + 2y +42)2 = (x)? + (2y)? + (42)% + 2(x) (2y) + 2(2y) (42) + 2(42)(X) [Using Identity V]
=x2 + 4y? + 1622 + 4xy + 16yz + 82x
(i) (2x =y + 2)? = {2x + (~y) + 2)?
= (2x)? + (=y)? + (2)? + 2(2%) (=y) + 2 (-y) (2) + 2(2) (2x) [Using Identity V]
= 4x% +y? + 22 — 4xy — 2yz + 42X
(iii) (=2x + 3y + 22)? = {(-2x) + 3y + 22)}?
= (=2x)%2 + (3y)? + (22)% + 2 (=2x) (3y) + 3(3y) (22) + 2(2z) (—-2x) [Using Identity V]
= 4x%2 + 9y? + 472 — 12xy + 12yz — 8zx
(iv) (B3a—7b—c)?={3a + (-7b) + (-c)}?
= (3a)% + (-7b)? + (—c)? + 2(3a) (-7b) + 2(-7b) (—c) + 2(—¢) (3a)
=9a’ + 4ab? + ¢> — 42ab + 14bc — 6ca
(v) (-2x + 5y — 3z)%2 = {(-2x) + 5y + (- 32)}?
= (=2x)% + (5y)% + (- 32)? + 2 (-2x)(5y) + 2(5y) (-32z) + 2 (—3z)( —2x)
= 4x? + 25y? + 922 — 20xy — 30yz + 12zx
Factorise:
(i) 4x2 + 9y? + 1622 + 12xy — 24 yz — 16xz
(ii) 2x2 + y? + 8x% — 2v/2 xy + 4v2 yz - 82x
(i) 4x* + 9y? + 1622 + 12xy — 24 yz — 16xz
4x% +9y? + 162% + 12xy — 24yz — 16Xz
= (2x)% + (3y)? + (— 42)* + 2(2x) (3y) + 2(3y) (-4z2) (-2x)
={2x + 3y + (—42)}* = (2z + 3y — 4z)?
=(2x + 3y —4z) (2x + 3y — 42)
(i) 2x2 + y? + 822 — 2v/2 xy + 4V/2 yz — 8zx
2x% +y? + 822 — 2V/2 xy + 42 yz — 82x
= (= V2x)2 + y? + (2V22)2 + 2(= V2x)y + 2y (2V22)
= (- V2x +y + 24/22)?
= (—V2x +y + 2V2z) (—V2x +y + 24/22).

Werite the following cubes in expended form:

(i) (2x + 1)? (ii) (2a - 3b)? (iii) [% X + 1] 3
(iv) [x-;vT
3
(i) (2x + 1)3 = (2x)3 = (1)3 = 3(2x)(1)(2x + 1) [Using Identity VI]

=8x3+1+6x(2x+1)=8x3+1+12x>+6x
=8x3+12x*+6x+1
(ii) (2a — 3b)*® = (2a)3 — (3b)3 — 3(2a)(3b)(2a — 3b) [Using Identity VII]
=8a%—-27b3-18ab (2a—3b)
= 8a® - 27b3-36a%b + 54 ab?

(iii) [%x + 1} 3= [2 >] +(1)3+3 [2)} (1) [?;x + ﬂ [Using Identity VI]
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=27x3+1+9x 3x+1=27x3+1+27x*+9x
8 2 2 8 4 2
=27x3+27x*+9x+1
4 2
(iv) x=2vy 3 =Tx3]— 2y 3[—jSEx) g}/ X—2y [Using Identity VII]
3 3 3
=x’— 8 ¥} - 2xy x-2y=x"-8y’ -2y +4xy’
27 3 27 3
=X =2xy+4xy*- 8 vy’
3 27
Q. 7. Evaluate the following using suitable identities:
(i) (99)? (ii) (102)3 (iiii) (998)?
Sol. (i) (99)3 = (100 — 1)3 = (100)3 — (1)3 — 3(100)(1)(100 — 1) [Using Identity VII]
= 1000000 -1 —-300 (100 — 1) = 1000000 — 1 — 30000 + 300
=970299
(i) (102)3 = (100 + 2)3 = (100)3 + (2)3 + 3(100)(2)(100 + 2) [Using Identity VI]
=1000000 + 8 + 600 (100 + 2) = 1000000 + 8 + 60000 + 1200
=1061208

(iii)) (998)3 = (1000 — 2)3 = (1000)3 — (2)2 — 3(1000)(2)(1000—2) [Using Identity VII]
= 100000000000 — 8 — 6000(1000 — 2) = 1000000000 — 8 — 6000000 + 12000
= 994011992

Q. 8. Factorise each of the following:

(i) 8a% + b3 + 12a%b + 6ab? (ii) 8a3 — b3 -12a%b
(iii) 27 - 125a% — 135a + 225 a2 (iv) 64a — 27b® — 144ab + 108 ab?
(vV)27p>°-_1 -9 p> +1p

216 2 4

Sol. (i) 8a3+ b3+ 12a%b + 6ab?
8a3 + b3+ 12a%b + 6ab? = (2a)3 + (b)? + 3(2a)(b) (2a + b)
=(2a+b)3 [Using Identity VI]
=(2a+b)(2a +b)(2a+b)
(ii) 8a3 — b3 — 12a%b + 6ab?
8a3—b3-12a%b + 6ab? = (2a)®> - (b)3-3 (2a)(b) (2a—b)
=(2a-b)3 [Using Identity VII]
=(2a-b)(2a—b) (2a—b)
(iii) 27 — 125a3 — 135a + 22532
27 —125a%—135a + 225a% = (3)3 - (5a)®> - 3(3) (5a) (3 — 5a)
=(3-5a)3 [Using Identity VII]
=(3-5a)(3—-5a)(3-5a)
(iv)27p®-_1 - 9 p*> + 1p = (3p)3~ﬁi]3 - 3(3p) H[&o]— 1
6 6 6

216 2 4
=3p - 1 3 [Using Identity VII]
= Ep—a i[p—l] fp—lJ
6
Q. 9. Verify:
(i) x* + v = (x +y) (x> = xy +y?) (i) * = y? = (x—y) (x* + xy +y’)
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Sol.

Q. 10.

Sol.

Q. 11.

Sol.

Q. 12.

Sol.

Q. 13.

Sol.

Q. 14.

Sol.
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(i) We know that

(x+y)P=x3+y3+3xy (x+y) [Using Identity VI]
=> X3+y3=(x+y)P-3xy(x+y) => x3+y3=(x+vy){(x +y)>—3xy}
=> x3+y3=(x+vy) (x2+2xy +y?>—3xy) [Using Identity I]

=> K +yi=(x+y) (C-xy+y?)
(ii) We know that
(x=y)®*=x3—y3=3xy (x—vy) [Using Identity VII]

= -yi=(x—yP+3xy(x-y) => -y =(x—y){(x—y)*+3xy}
=> XC—y3=(x—y) (X2 =2xy +y2+xy)  [Using Identity IV]
=> =y = (x—y) (X xy +y?)

Factorise each of the following:
(i) 27y3 + 12523 (ii) 64m3 - 343n3
(i) 27y* + 12523 = (3y)* + (52)° = (3y + 52) {(3y)> - (3y) (52) + (52)*}
= (3y + 52)(9y? — 15yz + 257?)
(ii) 64m?3 — 343n3
64m3—343n3 = (4m)3 - (7n)3 = (4m = 7n) {(4m)? + (4m) (7n) + (7n)?%}
= (4m —7n) (16m? + 28mn + 49n?)

Factorise: 27x3 + y3 + 23 — 9xyz.

273 +y3 + 23— 9xyz = (3x)® + (y)3 + (2)3 = 3(3%) (y) (2)
=(3x+y+2){(3x)2+(y)* + ()= (3x) (y) = (y) (z) = (2) (3x)} [Using Identity VIII]
= (3x+y +12z) (9%% + y? + 22— 3xy — yz — 32x)

Verify that x3 +y3+ 23 —3xyz=% (x +y + 2) [(x = y)?> + (y — 2)? + (2 — x)?]
LHS=x3+y3+ 23 —3xyz = (x +y + z) (X2 + y2 + 22 — Xy — yz — zX) [Using Identity VIII]
=% (x+y+2){2(x® +y2 + 22 — xy — yz — 2x)}
=% (x+y+2z) (2x% + 2y? + 222 — 2xy — 2yz — 2zx)
=% (x+y+2z) {(x2 = 2xy+ y2) + (y? — 2yz + z%) + (22 — 2zx + x?)}
=Y (x+y+z)[(x—=y)2+(y—2)?+ (z—x)%] [Using Identity 1]

If x+y+2z=0, show that x3 + y3 + 2 = 3xyz
We know that

X3+y3+23-3xyz=(x+y+2) (x> +y>+22—xy—yz—12zx) [Using Identity VIII]
=(0) (* +y*+ 22 —xy —yz - zx) [“x+y+z=0]
=0

=> x3 +y? + 23 = 3xyz

Without actually calculating the cubes, find the value of each of the following:

(i) (<12)3 + (7)® + (5)3 (i) (28)3 + (-15)3 + (-13)3
(i) (=12)* + (7)* + (5)3
(=12 +(7)* + (5)* = 3 (-12) (7) (5) [~ (=12)+(7)+(5) =
=—1260

(i) (28)3 + (-15)3 + (-13)3
(28)3 + (-15)3 + (-13)3
= 3(28) (-15) (-13) [+~ (28) + (-15) + (-13) = 0]
=16380
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Q. 15. Give possible expressions for the length and breadth of each of the following rectangles, in which
their areas are given:
(i) Area:25a%2-35a+12 (ii) Area=35y2+13y-12
Sol. (i)35a?-35a+12
=25a’-20a—15a+12=5a(5a—4)-3 (5a-4)
=(5a—-4) (5a—-3)
The possible expressions for the length and breadth of the rectangle are 5a —3 and 5a — 4
(ii) 35y2 + 13y — 12
=35y +28y—15y—12=7y (5y+4) -3 (5y + 4)
=(Sy+4) (7y-3)
The possible expressions for the length and breadth of the rectangle are 7y — 3 and 5y + 4.
Q. 16. What are the possible expressions for the dimensions of the cuboids whose volumes are
given below?(i) Volume: 3x2 — 12x (ii) Volume: 12ky? + 8ky — 20k
Sol. (i)3x>—12x
24
=3x(x—4)
The possible expressions for the dimensions of the cuboids are 3, x and x — 4.
(ii) 12ky? + 8ky — 20k
=4k (3y? + 2y = 5) = 4k (3y? + 5y — 3y — 5)
=4k {y(3y+5)—-1(3y+5)}=4k(3y+5) (y—1)
The possible expressions for the dimensions of the cuboids are 4k, 3y + 5and y — 1.
ACCENT'S.......... EXAMPLES
Q. 1. Use asuitable identity to factorise each of the following:
(a) 4x% + 4xy +y? (b) 9x2 — 6xy + y?
(c) x> — 4y? (d) 25p? — 3602
(e) 49a% —42ab + 9b? (f) 16x2% + 24xy + 9y?
(g) x*—y?*+2x+1 (h) 4a>—4b%>+4a+1
Sol. (@) 4x% + 4xy +y? = (2x)% + 2(2x)(y) + (y)?
= (2x +y)? [Using Identity 1]

=(2x+y) (2x +y)
(b) 9% — 6xy +y? = (3x)2 = 2 (3x) (y) + (y)?
= (3x —y)? [Using Identity 1]
=(3x—y) (3x +y)
(c) X% — 4y?
X% —4y? = (x)2 = (2y)% = (x + 2y) (x = 2y) [Using Identity 1]
(d) 25p2 — 3692
25p%-36g°=(5p)?>—(69)? = (5p + 6q) (5p — 6q) [Using Identity 1]
(e) 49a? — 42ab + 9b?
4932 = 42ab + 9b? = ((7a)?> - 2 (7a) (3b) + (3b)?
= (7a—3b)?
=(7a-3b) (7a—3b)
(f) 16x2 + 24xy + 9y?
16x2 + 24xy + 9y? = (4x)? + 2(4x) (3y) + (3y)? [Using Identity I]
= (4x + 3y)?
= (4x + 3y) (4x + 3y)
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(g) x*—y?*+2x+1
X2—y2+2x+1=x2+2x+1—-y?>=(x+1)2—(y)?
=(x+1+y)(x+1-y) [Using Identity ]
(h) 4a>—4b*>+4a+1
432 +4b%*+4a+1=(4a’+4a+1)-4b?
={(2a)* + 2(2a)(1) + (1)*} - (2b)?
=(2a + 1)>—(2b)? [Using Identity I]
=(2a+1+2b)(2a+1-2b). [UsingIdentity ]

Q. 2. Factorise:
(a) p2 + g%+ 9r% + 2pq + 6pr + 6qr (b) 4a% + b%> + 4ab + 8a + 4b + 4
(c) x2 +y2+ 22+ 2xy + 2xz — 2yz (d) 4a% + 9b2 + % + 12ab + 4ac + 6bc
Sol. (a)p?+q?+9r2+2pq+6pr+6qr=p?+qg%+9r>+2pq+6pr+6qr
= (p)? + (a)? + (3r)* + 2(p)(q) + 2(p) (3r) + 2(q) (3r) [Using Identity V]
=(p+q+3r)?
=(p+q+3r)(p+q+3r)
(b) 4a2+b%*+4ab+8a+4b+4=4a’+b*>+4ab+8a+4b+4
=43’ +b%+4+4ab+8a+4b
= (2a)2 + (b)2 + (2)2 + 2(2a (b) + 2(2a)(2) + 2(b) (2) [Using Identit
V]
=(2a+b+2)?
=(2a+b+2)(2a+b+2)
(€)X®+y2 + 22 = 2xy + 2xz — 2yz = X2 + y? + 2% — 2xy + 2xz — 2yz
= (X)? + (=y)* + (2)> + 2(x) (=y) + 2(x) (2) + 2(2) (~y)
={(x) + (=y) + (2)}? [Using Identity V]
=(x—y+2)?
=(x—-y+z)(x—-y+2)
(d) 4a%2 + 9b? + c2 + 12ab + 4ac + 6bc = 4a? + 9b? + c2 + 12ab + 4ac + 6bc
=(2a)% + (3b)% + (c)? + 2(2a) (3b) + 2(2a) (c) + 2(3b) (c)
=(2a +3b +¢)? [Using Identity V]
=(2a+3b+c)(2a+3b+c)

Q. 3. Use asuitable identity to factorise each of the following algebraic expressions:

25

(a) x3 + 8y3 + 6x2y + 12xy? (b) 8x3 + y3 + 12x%y + 6xy?

(c) 8p3 + 27¢3 + 36p?%q + 54pq? (d) 8p3 - 27 g3 - 36p?q + 54 pqg?
(e) x3 + 12x(x — 4) - 64 (f) a3x3 — 3a%bx? + 3ab?x — b3

Sol. (a)x®+8y3+6x%y + 12xy? = x3 + 8y> + 6x%y + 12xy?
= (x)* + 2(y)® + 3(x)(2y)(x + 2y)
= (x +2y)? [Using Identity VI]
= (X + 2y) (x + 2y) (x + 2y)
(b) 8x3 + y3 + 12x%y + 6xy? = 8x3 + y3 + 12x%y + 6xy?
= (2x)* + (y)* + 3(2x) (y) (2x +y)
=(2x+y)? [Using Identity VI]
= (2x+y) (2x +y) (2x +y)
(c) 8p3 + 2703 + 36p?q + 54pg? = 8p> + 279> + 36p2q + 54pq?
= (2p)® + (39)° + 3(2p) (39) (2p + 3q)
=(2p +3q)3 [Using Identity VII]
=(2p +3q) (2p + 34q) (2p + 3q)
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(d) 8p3— 27> — 36p?q + 54pq? = 8p3 — 2793 — 36p?q + 54pq?
(2p)* - (3a)* - 3(2p) (39) (2p - 3q)
(2p—30q)3 [Using Identity VII]
=(2p—3q) (2p—3q) (2p - 3q)

(e)x3+12x(x—4)-64=x>—12x (x—4) — 64

=x3—64—12x (x —4)
(x> = (y)* = 3(x) (4) (x—4)
(x—4)3 [Using Identity VII]
=(x—4) (x—4) (x—4)

(f) a®x3 — 3a”bx? + 3ab%x — b3 = a3x3 — 3a’bx? + 3ab>x — b3
=a3x3 — b3 - 3a%bx? + 3ab?x
= (ax)® — (b)® — 3a%bx? + 3ab?x
= (ax—b)3 [Using Identity VII]
=(ax—Db) (ax—Db) (ax—Db)

Simplify: (a + b)3 + (a— b)® + 6a (a2 - b?)
(a+b)P+(a—-b)*+6a(a?—b?) =(a+b)*+(a—b)*+3(2a)(a+b)(a—b) [Using Identity 1]
=(a+b)3*+(a—-b)3*+3(a+b)(a—b){(a+b)+(a—b)}
={(a+b)+(a=b)P [Using Identity VI]
=(2a)3 =8a°
. Factorise:
(a) 4a?+b%+4ab (b) a2—ab+1b?
9 3 4
(c) ¥-y? (d)x*+3x*+3x+1
4 4 2 4 8
(e) pPP-pa+lpg’-1q> (f)la’+ la’h+ lab*+ 1b3
3 27 8 4 6 27
(a) 4a%+b%*+4ab
9 3
4a2+b%+4ab= [ga] 2+(b)2+{g}a (b)
9 3 3 3
= [; a +I% 2 [Using Identity I]
3

(b) a2—ab + 1 b?

=[ga+qga+b}
3
4
a —ab+z%b = (a) {;(a} %ﬁ +1b

= [a -1 b] 2 [Using Identity I1]
2

207
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() x’-y°
4 4
TR
4 4 2 Pﬂ
=[5 + ﬂ[l - y] [Using Identity I11]
2 2 2
(d)x*+3x*+3x+1
2 4 8
X+3x2+3x+1=x3+1+3x>+3x
2 4 8 8 2 4
= (x)-”+H3 + 3(x) 1E( + ﬂ
z a
= E + iT [Using Identity IV]
2

E3ge

(e) p®-p’q+1pg’-_1 ¢

3 27
pP°-9%q+1pg’~_1 ¢’=p’-_1 g’-p’q+1pq’
3 27 27 3

= (p)*- [l(i - 3p 1q [p—lq]

3 3 3
= [p—lq] 3 [Using Identity VII]
3
[i3pap
3 3 3
(f) 1a®+1a’b+1ab*+1bd
8 4 6 27
1a3+l1la’b+1lab’+1b3=12a +1b3+1a2b+1ab2
8 4 6 27 8
=(13 3+(1H * +3 (1a[1bh [la+1lb
SRR Ty
=[1 a+1l b] 3 [Using Identity VI]
2 3

=[la+lb][la+lﬁ Ea+lﬁ
2 3 2 3 3

Q. 6. Show thatif a+ b is not zero, then the equation has a solutionx=a + b.
a(x—a)=2ab-b(x-Db)

Sol. a(x—a)=2ab-b (x-b) => ax —a%=2ab—bx + b?
=> ax + bx =aZ+2ab + b? => X(z + b) = (a + b)? [Using identity 1]
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=> x=a+b [Cancelling (a + b) from both sides as (a + b) = 0]
Hence, the given equation has a solutionx=a+b

Q. 7. Show thatif 2(a2 +b?) =(a +b)? thena=b.

Sol. 2(a’+b?)=(a+b)> = 2a’+2b%2=2a?+b?+2ab
=> a2+b%*-2ab=0 => (a—b)*=0
=> a—-b=0 => a=b
Q. 8. Factorise each of the following:
(a) a* - b* (b) a* - 16b* (c) a2 = (b - c)?
(d) x2+ 7xy + 12y?  (e) x? + 2ax — b? - 2ab (f) (x® + x?) + 4(x? + x) — 12.
Sol. (a)a*-b*
a*—b*=(a?)? - (b?)?=(a?+b?) (a®> - b?) [Using Identity 1]
=(a?+b?) (a+b)(a-b) [Using Identity 1]
(b) a* - 16b*
a*—16b = (a?)?— (4b?)? = (a2 — 4b?) (a? + 4b?) [Using Identity 1]
={(a)> - (2b)’} (a* + 4b?)
=(a +2b) (a —2b) (a% + 4b?) [Using Identity 1]

(c)a*—(b—c)?
a?—(b—-c)?’={a+(b-c)}{a—(b—c)} [Using Identity 1]
=(a+b-c)(a—b+c¢)
(d) x2 + 7xy + 12y?
X2+ 7xy + 12y? = x2 + 2xy + 4xu + 12y% = x(x + 3y) + 4y (x + 3y)
= (x + 3y) (x + 4y)
(e) x*> + 2ax — b?-2ab
X2 + 2ax — b? — 2ab = (x> — b?) + (2ax — 2ab)
=(x—b) (x+b)+2a(x—b) [Using Identity ]
=(x—Db) (x+b+2a)
(f) (x*+x)2+4 (x2+x) -

(C+x)02+4(x*+x)—12=y?>+4y—-12 [Where y = x? + X]
=y?+6y—2y—12=y(y+6) -2 (y +6)
=(y+6)(y=2)=(x®+x+6) (x2+x-2) [y=x2+x]

=(x2+x+6) (x2+2x—=x—2)=(x2+x+6) [x(x+2)—1(x +2)]
=(x®>+x+6)(x+2)(x—1)

Q.9. Ifx*+9x+q=(x+a)(x+Db), then factorise x + pxy + qy>.

Sol. x2+px+q=(x+a)(x+b) => X2+ px+q=x>+ax+bx+ab
=> xX>+px+q=x>+(a+b)x+ab
Comparing the coefficients, we get
at+b-p .. (1)
ab=q .. (2)

X% + pxy + qy? = x> + (a + b) xy + aby? [Using (1) and (2)]
=x? + axy + bxy + aby? = x(x + ay) + by (x + ay)
= (x + ay) (x + by)
Q. 10. Multiply:

(a)x2+y?+z22—xy+xz+yzbyx+y-z

(b) x2+4y?> + 22+ 2xy + Xy —2yzby x -2y -z

(c)x>*+4y?> +2xy—3x+6y+9byx—-2y+3

(d) 9x2 + 25y% + 15xy + 12x — 20y + 16 by 3x -5y -4
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Q. 11.

Sol.

Q. 12.

Sol.

Q. 13.

Sol.

TEST YOUR KNOWLEDGE
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(@) (x> +y2+22—xy+xz+yz) (x+y—2z)=(x+y—2z) (X2 +y2+22—Xxy+Xxz+yz)
={(x) + (y) + (=2)H{(x)* + (y)* + (=2)* = (x){y) = (y)( =2) = (=2) (x)}
= (x)3+ (y)* + (=2)3 = 3(x) (y) (-2) [Using Identity VIII]
=x3+y3—23+ 3xyz
(b) (X2 + 4y? + 22 + 2xy + Xy — 2yz) (X — 2y — 2) = (x — 2y — z) (X? + 4y? + 22 + 2xy + xz — 2yz)
={(x) + (=2y) + (=2)}{(x)? + (=2y)* + (=2)* = (x) (=2y) = (=2y) (=2) = (=2) (x)}
= (x)3 + (=2y) + (-2)3 = 3(x) (-2y) (-2) [Using Identity VIII]
=x3—8y3 —z3 - 6xyz
(€) (x*+4y?+2xy—3x+6y+9) (x—2y+3)=(x—2y +3) (x* +4y?> + 2xy —3x + 6y + 9)
={(x) + (=2y) + (3)}{(x)* + (=2y)* + (3)* = (x) (=2y) = (=2y) (3) (x)}
= (x)3 + (=2y)® + (3)3 = 3(x)(-2y)(-2) [Using Identity VIII]
=x3—8y3+27 + 18xy
(d) (9x% + 25y? + 15xy + 12x — 20y + 16)(3x — 5y — 4)
= (3x— 5y —4) (9% + 25y? + 15xy + 12x — 20y + 16)
={(3x + (=5y) + (=4)} {(3x)* + (=5y)* + (—4)* = (3x) (=5y) = (=5Y) (=4) = (-4) (3x)}
= (3x)® + (-5y)3 + (-4)3 =3 (3x) (-5y) (-4) [Using Identity VII]
= 27x3 — 125y? — 64 — 180xy

Factorise: (a+b)3—(b+c)®+(c+a)®>+3(a+b)(b+c)(c+a)

(@a+b)P—(b+c)®+(c+a)®*+3(a+b)(b+c)(c+a)
=(@a+bP+{~(b+c)P+(c+a)-3(a+b){-(b+c)}(c+a)
={(a+b)+{-(b+c)}+(c+a)l[(a+b)>+{-(b+c)P+(c+a)>—(a+b)

{~(b+c)}—-{-(b+c)}(c+a)—(c+a)(a+Dhb)] [Using Identity VIII]
=(a+b-b-c+c+a)[a?+2ab+b2+b*+2bc+c?+c?+2ca+c*+(a+bh)
(b+c)=(b+c)(c+a)+(c+a)(a+b)] [Using Identity 1]

=(2a)[a?+2ab+b?2+b%?+2bc+c?+c?+2ca+c*+ab+ac+b?+bc—bc—ba—-c’—ca+ca+cb§
aZ + ab]
=2a[a? +3b%+3c? + 3ab + 3bc + 3ca]

Factorise: (a+b—c)®+(a—b +c)*>-8a3
(a+b-c)*+(a-b+c)>*-8a3=(a+b-c)>+(a—b+c)*+(-2a)3
=3(a+b-c)(a—b+c)(-2a) [“(@a+b—-c)+(a—b+c)+(-2a)=0]
=—6a(a+b—-c)(a—b+ )

Prove that: (a+b)3+ (b+c)*+(c+a)>+(c+a)® -3(a+b)(b+c)(c+a)=2(a+b3+c3-3abc).

LHS.=(a+b)*+(b+c)*+(c+a)>*-3(a+b)(b+c)(c+a)
={(a+b)+(b+c)+(c+a)}[(a+b)’+(b+c)2+(c+a)’—(a+b)(b+c)—(b+c)(c+a)—(c+a)(al}

=2(a+b+c)[a?+2ab+b2+b?2+2bc+c?+c?+2ca+c?—ab—ac—-b?-bc-bc

—ba-c*—ca—-ca—-cb—a%-ab] [Using Identity]
=2(a+b+c)(a?+b*+c*—ab—-bc-ca)
=2(a%+ b3+ c3 - 3abc) [Using Identity VIII]

1.

2.
3.

Find the following products using appropriate identities:
(i) (x+3) (x +3)

Evaluate 105 x 106 without direct multiplying.
Factorise:
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(i) 49 a? + 70ab + 25b? (ii) 25 x> —y?
4 9
4, Write (3a + 2b — 3¢)?
5. Expanded (4a — 2b — 3c)?.
6. Factorise: 4x? + y? + z2 — 4xy — 2yz + 4xz
7. Write the following cubes in the expanded form:
(i) (3a + 4b)* (ii) (5p — 3a)®
8. Evaluate each of the following using suitable identities:
(i) (104)3 (ii) (999)3
9. Factorise: 8x3 + 27y3 + 36x%y + 54xy?
10. Factorise: 8x3 +y3 + 2723 — 18xyz
11. Factorise: 729a3 + 64b3
12. Factorise: x® + y®
13.  If 2x—3 = a, then prove that 8x3 — 18ax = a> + 27
14.  Factorise: (a + 2b)3+ (2a—c)®—(a+ 2c)®* + 3(a + 2b) (2a—c) (a + 2¢)
15.  Factorise: (a—b)>*—(b—c)®+(c—a)*+3(a—b)(b—c)(c—a)
16. Factorise: (ax — by)? + (by — cz)? + (cz — ax)?
17. If a2+ b2+ c2=13 and ab + bc + ca = 6, then find the value of a3 + b3 + ¢ — 3abc.
18. Ifa+b+c=5andab+bc+ca=10, then find the value of a3 + b3 + ¢c3 — 3abc.
19. Find the value of
(a)x®+y3+12xy + 64 when x +y =—4
(b) x3—8y3—36xy—216 whenx=2y +6
(c) (x—a)*+(x—b)3+(x—c)®*-3(x—a) (x—b) (x—c)whena+b +c=3x
20. Ifa+b+c=0,then prove that
a2 + b2 + ¢ = 3
bc ca ab
ANSWERS
1. (i) x*+6x+9 (i) x> + 2x— 15 2.11130
3. (i) (7a + 5b)? (ii)5x+y 5x-y 4.9a% + 16b? + 25¢? + 24ab + 40bc + 30ac
2 32 3
5.16a” + 4b? + 9¢*> — 16ab + 12bc — 24ac 6. (2x—y +2)?
7. (i) 27a° + 64b3 + 108a%b + 144ab? (ii) 125p3 — 2793 - 225p?q + 135 pg?
8. (i) 1124864 (i) 997002999 9. (2x + 3y)3
10. (2x +y + 32) (4x2 + y2 + 92% — 2xy — 3yz — 6x2) 11. (9a + 4b) (81a? + 16b? — 36ab)
12. (2 +y2) (X2 +y2 + V3 xy) (x2 + y2 =3 xy)
14. (2a + 2b — 3c) (7a? + 4b? + 3c? + 2ab + 6bc + 6ac)
15.2(c—b) [3a2+b% +c>—3ab—3ac+bc) 16.3(ax—by) (by—cz) (cz—ax)
17.+3s 18.-2s
19.(a)0 (b)O (c)0
1. Factorise the following algebraic expressions:

(a)x*+x-12
(d) x?+10x + 9

(e) (x+2)*+p®+2p (x+2)
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(b) x>—10x + 25
(e) x?+2xy +y* -1
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2. Write each of the following expressions as a product of linear factors with integer coefficients.
(a) 5x* + 16x + 3 (b) 9x* + 18x + 8 (c) 2x* + 11x - 21
(d) 2x2 = 7x—15 (e)3x>*—14x+ 8 (f) 342-104 + 8
(g) 642174 + 12 (h) 24p?+ 41p + 12 (i) 4p*-17p-21
3. Factorise each of the following into linear factors:
(a)x*+1x-1 (b) 2x>—x+1 (c) 2x*-5x+1
6 6 8 6 12
(d)x*+12x+1 (e) 21x*—2x+1
35 35 21
4. Factorise each of the following expressions:
(a) 64a% + 37p? (b) x3— 125y (c) 1000s® + 27 t3
(d) 216x3 — 125y3 (e) 343 + 273 (f) 64 — 34373
(g) (@a+b)>-8 (h) 8y3 + 64b3 (i) (@+b)*—(a—b)3
5. Factorise each of the following expressions:

(a) a®> +8b3 +27¢® - 18abc (b) p3 =273 + 8r® + 18pqr (c) x3 +y3—12xy + 64
(d) 8x3 — 125y3 + 180xy + 216 (e) 2v2 a®+ 16vV2 b3+ c3— 12 abc
(f) 2v2 %3 + 3v3 y3 + V5 (5 — 3v6 xy).

6. Ifa+b=1,then provethata®+b*+3ab=1
7. If a+b =c, then prove that a®> + b®>—c® + 3abc=0
8. If a+2b + 3c =0, then prove that a* + 8b® + 27¢® = 18 abc.
9. Which of the following expressions are polynomials?
(@) 4x*—3x+2 (b) V2 y*++/3y (c) V2 vVt +/3t
(d)x+2 (e)u™?2-3u+2 (f)ax’=3x°+2x*—1
X
10. Find the degree of each of the following polynomials:
(@) 3x+5 (b) 3 (c)5
(d)o (e) 2y + 3 — 5y? (f) 3m?>=5m + 7m*
(g) u® (2 +3u) (h) (2t +1) (5t-7) (i) 3m?-=5m + 7m*
11. Inthe following, identify the monomials, binomials and trinomials:
(i) 7x* + 2x (ii)x3+1 (i) x> +x + 1
(iv) x (v) 7 (vi) 4x% + 4x
(vii) 2x? (viii) 5x3 + 8x3 (ix) x> +x—-7

12.  State true or false:
(a) The degree of a constant polynomial is 1.
(b) Every binomial is a polynomial.
(c) Every binomial is a polynomial of degree 2.
(d) Every polynomial is a binomial.
(e) Every trinomial is a polynomial consisting of the sum of three monomials.
(f) The sum of two quadratic polynomials is always a quadratic polynomial.
(g) The degree of the sum of two polynomials of degree 5 each of always 5.
(h) The degree of the product of two polynomials of degree 2 and 3 is 5.
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e —— POLYNOMIALS

In each of the following questions, divide the polynomial p and g and find the quotient and the remainder.

[Use long division method]. Find in which cases g is a factor of p.

(a) p(x) = 5x* + 3x + 1; g(x) = 2x (b) ply) =y>=3y* +4y +2;gly) =y -1
(C)ply)=w+u*+ud+u?+2u+2;g(u)=u3+1 (d)p(t) =t3+6t2+11t—-6; g(t) =t>—5t+6
Without actual division, prove that x* + 2x3 — 2x? + 2x — 3 is exactly divisible by x? + 2x — 3.

Using factor theorem, prove that a + b, b + c and c + a are the factors of (a + b + ¢)3— (a3 + b> + ¢3)
Let R1 and Rz be the remainder when the polynomials x3 + 2x? — 5ax — 7 and x3 + ax?> — 12x + 6 are divided by value of a.
If the polynomials ax? + 3x? — 13 and 2x3 — 5x + a when divided by (x — 2) leave the same remainder, find the value of a.
Determine the value of a for which the polynomial 2x* — ax3 + 4x? + 2x + 1 is divisible by 1 — 2x.

If f(x) = x* — 2x3 + 3x? — ax + b is a polynomial such that when it is divided by x — 1 and x + 1, the
remainders are 5 and 19, respectively, determine the remainder when f(x) is divided by x — 2.
Using factor theorem, factorise the polynomial 2x* — 7x3 — 13x? + 63x — 45.

(@) (x+4) (x—3) (b) (x=5) (x—=5) () (x+11) (x—11)
(d) (x—1) (x—9) (e) (x+y+1)(x+y+1) (f) (x=1) (x—1) (x— 1)
30
(8) (x+2+p)?
(@) (5x +1) (x+3) (b) (3x+4) (3x+2) () (x+7)(2x-3)
(d) (x=5) (2x + 3) (e) (x—4)(3x—-2) (f) (u=2) (3u—4)
(g) (2u +3) (3u +4) (h) (8p—3) (3p—4) (i) (4p—21) (p + 1)
(@)1 (2x+3)(3u+1) (b)1(4x—-1) (4x—-1) ()1 (6x—1) (4x—1)

6 8 12
(d) 2 (5x+1)(7x+1) (e) 1 (21x-1)(21x-1)

35 21

(a) (4a + 3p) (16a% + 9p? — 12ap) (b) (x = 5y) (x? + 25y + 5xy)  (c) (10x + 3t) (100x? + 9t? — 30st)

(d) (6x — 5y) (36 x? + 25y? + 30xy) (e) (7 +3t) (49 +9t2—21t)  (f) (4 —7z) (16 + 492% + 28z)
(g)(@a+b-=2)(a+b+2)(a+b+2) (h)8(y+2b)(y>+4b%—2yb) (i)2b(3a%+b?)

(a) (a+2b +3c) (a® + 4b? + 9c? —2ab —6bc—3ca) (b) (p—3q+2r) (p? +9g% + 4r2 + 3pq + 3gr — 2rp)
(€) (x+y+4)(x2+y?+16 —xy — 4y — 4x) (d) (2x — 5y + 6) (4x? + 25y? + 36 + 10xy + 30y — 12x
(e) (V2a+2V2b+c)(2a%+8b2+c?—4ab—-2vV2bc—V2ca

(f) (V2 x + V3 y +/5) (2x2 + 3y? + 5 — V6 xy — V15 y — /10 x).

(a), (b) (f)

(@1 (b)0 ()0 (d)0 (e)2 ()4 (g)4 (h)2

(i) Binomial (i) Binomial (iii) Trinomial (iv) Monomial (v) Monomial

(vi) Binomial (vii) Monomial (viii) Monomial (ix) Trinomial
(a) False (b) True (c) False (d) False (e) True
(f) False (g) False (h) True.
(a) Quotient =5 x + 3, (b) Quotient = y2 -2y + 2
2 2

Remainder =1 Remainder =4

g is not a factor p. g is not a factor of p.
(c) Quotient=u?+u+1 (d) Quotient=t -1

Remainder=u+1 Remainder =0

g is not a factor of p. g is a factor of p.
2 17.1 18. 25 19.10

(x=1) (x—=3) (x+3)(2x-5)
.. End.
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