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1. Scalars: The physical quantities which have only magnitude and no direction are called scalars e.g., mass, length,
time, speed, work, power, etc.

2. Vectors: The physical quantities which have both magnitude and direction are called vectors e.g., displacement,
velocity, acceleration, force, momentum, etc.

3. Representation of a vector: A vector is represented by a straight line with an arrowhead over it.
The length of the line gives the magnitude and the arrowhead gives the direction of the vector.

4. Position vector: A vector which gives position of an object with reference to the origin of a coordinate
system is called position vector.

5. Displacement vector: It is that vector which tells how much and in which direction an object has changed its
position in a given time internal.

6. Polar vectors: these are the vectors which have a starting point or a point of application e.g., displacement,

force, velocity, etc.

7. Axial vectors: The vectors which represent rotational effect and act along the axis of rotation in accordance
with right hand screw rule are called axial vectors e.g., torque, angular momentum, etc

8. Equal vectors: Two vectors are said to be equal if they have the same magnitude and direction.
9. Negative vector: The negative of a vector is defined as another vector having the same magnitude but having
an opposite direction.

10. Zero vector: A vector having zero magnitude and an arbitrary direction is called a zero or null vector

11. Collinear vectors: The vectors which either act along the same line or along parallel lines are called collinear
vectors.
12. Coplanar vectors: The vectors which act in the same plane are called coplanar vectors.
13. Modulus of a vector: The magmt ude or length of a vector is called its modulus.
| =
Modulus of vector = A= |A
13. Fixed vector: The vector whose initial vector is fixed is called a fixed vector or localised vector.
15. Unit vector:?unit vector is a vector of unit magnitude drawn in the direction of a given vector.

A unit vggtor in the direction of A is given by

| Rl

16. Free vector: A vector whose initial point is not fixed is called a free vector or non-localised vector.
17. Co-initial vectors: The vectors which have the same initial point are called co-initial vectors.
18. Co-terminus vector* the vectors which have the common terminal point are called co-terminus vectors.
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19. Properties of zero vector: A zero vector has the following properties
i gt grovector A VECTORS

0A=0
20. Multiplication of vector by a real number: When a vector A'is multiplied by a real number A, we get another
vector AA. The magnitude of AA is A timeghe magnitude of A. If A is pgitive, then the direction of AA is same
as that of A. If A is negative then the direction of LA is opposite to that of A.

21. Multiplicgion of a vector by a scalar: When a vect r?is multiplied by a scalar A which has certain units, the
units of LA are obtained by multiplying the units of A by the units of A.

22. Composition of vectors: The resultant of two or more vectors is that single vector which produces the same
effect as the individual vectors together would produce. The process of adding two or more vectors is called t
composition of vectors.

23. Triangle law of vector addition: If two vectors can be represented both in magnitude and direction by the tw
sides of a triangle taken in the same order, then their resultant is represented completely both in magnitude
and direction by the_third side of the triangle taken in the opposite order. In Fi

% Y 8 Y ? Y g pp 8.
A+AB=0B or P+fQ=R

B

24. Parallelogram law of vector addition: If two vectors acting simultaneously at a point can be represented both
magnitude and direction by the two adjacent sides of a parallelogram, then their resultant is represented
completely both in magnitude and direction by the diagonal of the parallelogram passing through that point. |

Fig.
° ?A + 33 = O? or ?+%:?
The magnitude of the resultant R is given by
R=vP2+Q?+2PQcos 0
where 0 is the angle between P and Q. If R makes angle  with P, then

tanBf=_Qsin®
P+QcosH
25. Polygon law of vector addition: If a number of vectors are represented both in magnitude and

direction by the sides of an open polygon taken in the same order, then their resultant is represente
both in magnitude and direction by the closing
side of the polygon taken in opposite order.

26. Properties of vector addition:
(i) Vectors representing physical quantities of same nature can only be added.
(ii) Vector addition is commutative.
+FB=B+A
(iii) Vectorgddéon %as%)uatlve
(A ¥B)+¥C=
27. Subtraction of vectors: The subtraction of a vector B from vector A is defined as the addition of vect

e %T—gl;ﬁ:?+ (—%)
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28. Resolution of a vector: The process of splitting a vector into two or more vectors is known as res%Lution of the
vector. The vectors into wfgch the given vector is splitted are called component vectors. A vector A can be
resolved into components along two given vectors a and b lying in the same plane in one and only one way:

=NB+ Wb
Where A and p are real numbers.

29. Orthogonal triad of unit vectors: Base vectors. The unit vectors i, j, k are vectors of unit magnitude and point in
the direction of the x-, y- and z-axes, respectively in a right-handed coordinate system. These are collectively
known as the orthogonal triad of unit vectors or base vectors.

[1]=13]=k[=1

30. Rectangular components of a vector: When a vector is resolved along two mutually perpendicular

directions, components so obtained are called rectangular components of the given vector.
As shown in Fig. if A makes angle 6 with X-axis and?x and A, are the rectangular components of?
along X- and Y-axis respectively, then
AZ R+ Ry = A +A]
Also, Ax=Acos 0, Ay=Asin 0
A=VAZ+A?2andtan 0=A
Ax
Any vector in three dimensions can be expressed in terms of its rectangular components as
A=vVAZ+a2+A2 > >

31. Scalar or dot product: The scalar or dot product of two vectors A and B is defined as the product

of the n;aggitudes of A and B and cosine of the angle 6 between them. Thus
A.B= |A| ‘B| cos 0 =AB cos O
It can positive, negative or zero depending upon the value of 0.

32. Geometrical interpretation of scalar product: The scalar product of two vectors can be interpreted
as the product of magnitude of one vector and component of the other vector along the first vector.

33. Properties of dot product of two vectors:
(i) For parallel vectors,
0=0°cos 0= 1,9A .§= AB
(ii) For antiparallel vectors,
0 =180°, cos€)=—1,A.%=—AB
(iii) For perpendicular vec%org
. 9$=30, cos 0 = ' A.B=0
(i . B =B . A (Commutative law)
(v) A 78 +C)=A.B+A.C(Distributive law)

(Vi)A.A=A2 (vii)T.7=7.7=k.k=1 (viii)T7.j=7.k=k.17=0
34. Dot product in Cartesian co-ordinates. For
A=AxT+ij+AzTand B= BxT"' Byj"' Bz k, A. B=Ax Bx+Ay By+Az Bz
Angle 0 between A and B is given by
cos0==>A>B

PAaPl B
= AxBx+AyBy+Asz
35. Examples of dot product: (i) Work done, W =F. S
. _9%
(ii) Instantaneous power, P"=F.
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36. Vector or cross product: For two vectors ,?and B inclined at an angle 0, the vector or cross product is

defined as
?B AB sif'0 n

where n is a unit vector perpendicular to the plane of Kand ?and its direction is that in which a right-
handed screw advances when rotated from A to

37. Geometrical interpretation of vector product: The magnitude of the vector product of two vectors is equal to
(i) the area of the parallelogram formed by the two vectors as its adjacent sides and (ii) twice the area of the
triangle formed by the two vectors as its adjacent sides.

38. Properties of cross product of two vectors:
(i) For paralle] or antlparallel vectors, 6 =0° or 180°9A x% 0
(||) AXB=-— [Anti-commutative law]
(|||) Bé-l- C? ?x% 9 AxC [Distributive law]

(iv)TxT=jxj=kxk=0 (V)Txj=k, Jxk=0kx1=]j
(vi) Unit vectorgerpendlcular to the plane of A and B is given by
A>< B

AxB‘

(vii) Angle 6 b&swen A and B is given by

sin O —‘%[A% B

Al 8]
39. Cross product in Cartesian co-ordinates:
AxB=(AT+Ayj+A,k)x(BxT+Byj+B;k)
) j k

Ax Ay A;
Bx By B,

= (Ay Bz - Az By);_ (Az Bx - Ax Bz)j + (Ax By - Ay Bx) k.

40. Examples of cross product: (i) Moment of force or torque, T=r x
41. Position and displacement vectors: The position vector of an object in x —y plane is given by
r=x1+yj

and the displaéement from position r to position r is given by
Ar=rZr=(X=x)T=(y —-y)j=AxT+Ayj

42. Velocity vector: If an object undergoes a displacement Ar in time At, its average velocity
is given by v =Ar
At
The velocity of an object at time t is the limiting value of the average velocity as At tends to zero.
Thus

v = lim A_?=9d_r
At —> 0 At dt

In component form, we have  v=vT+vyj+v.k
where vy = dx, vy = gy, vs. =dz and

dt dt
R =vVeZ vz sy

When position of a particle is plotted on a coordinate system, ?ls always tangent to the curve
representing the path of the particle.
43, Acceleration vector: If the velocity of an object changes fromév to \?in time At, then its
average acceleration is given by
a=v-Vv=Av
At At
The acceleration ?at any time t is the limiting value of a as At tends to zero. So
= lim Av = dv
At — 0 At dt
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In component form, we have a=ax1+ayj+a:k

where ay = dvy, ay = dvy, a;=dv;
dt dt dt and |a| =\/axz+ay2+az2
44, Equations of motion in vector form: For motion with constant acceleration,
T Bzt

(iiYr=ro+vot+¥at?
(iii) v? — v029= 73 ﬁ— ro)
The motion in a plane with uniform acceleration can be treated as the superposition of two separate
simultaneous one-dimensional motions along two perpendicular directions.
45. Relative velocity: The relative velocity of an object A with respect to object B, when both are in
motion, is the rate of change of position of object A with respect to object B.
(i) If the two objects are moving with velocities va and vg with respect to the ground, then
Relative velocity of A w.rt B,%AB% VA— VB
Relative velocity of B wrt A,%B;?: VB — Va
(ii) If the two objects A and B are moving with vBlocitfes va and vg inclined at an angle 6, then
magnitude of the relative velocity of A w.r.t. B is given by
vas=VIVA[2+ |=vg|2+2 |val [-va| cos (180°-6)
=/v2s + v2 B — 2vavs cos 0
If the velocity vas makes angle 3 with the velocity va, then

tan P = |~ ve| sin (180°—0)
|val+ |- v | cos (180°-06)
=_vpsinB
Va— Vg COS 0
46. Projectile motion: Anybody projected into space, such that it moves under the effect of gravity
alone is called a projectile. The path followed by a projectile is called its trajectory which is always a
parabola.
A projectile executes two independent motions simultaneously:
(i) Uniform horizontal motion and (ii) Uniform accelerated downward motion.
47. Projectile fired horizontally: Suppose a body is projected horizontally with velocity u from a height h

above the ground. Let
it reaches the point (x, y) after time t. Then
(i) Position of the projectile after timet: x=ut, y=1 gt?
(ii) Equation of trajectory: y=_g .x?
2u?
(iii) Velocity after time t:
v="Vu2+g*t; PB=tangt

u
(iv) Time of flight, ~ T= \I_Z_h
g
(v) Horizontal range, R=uxT = u\l?_h
g

48. Projectile fired at an angle with the horizontal: Suppose a projectile is fired with velocity u at an
angle 6 with the horizontal. Let it reach the point (x, y) after time t. Then

(i) Components of initial velocity:
Ux=ucosH, uy=usinB
(ii) Components of acceleration at any instant:
ax=0,ay=—g
(iii) Position after time t: X =(ucos0)t,y=(usin0)t— gt?
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(iv) Equation of trajectory:
y=xtan 0 - g G

2u? cos? 0

(v) Maximum height, H = u?sin’ 0

2g
(vi) Time of flight, T=2usin

2g
(vi) Time of flight, T =2usin0

g
(vii) Horizontal range, R = u? sin 20

g
(viii) Maximum horizontal range is attained at 6 = 45° and its value is Rmax = U?
g
(ix) Velocity after time t: Vx=ucos 6, vy=usin0—gt
v="yvX+vly and tanP=vy

Vx
(x) The velocity with which the projectile reaches the horizontal plane through the point of
projection is same as the velocity of projection.

49. Uniform circular motion: When a body moves along a circular path with uniform speed, its
motion is said to uniform circular motion.
50. Angular displacement: It is the angle swept out by a radius vector in a given time interval.
O(rad)=_Arc =5
Radius r
51. Angular velocity: The angle swept out by the radius vector per second is calle3d angular velocity.
w=0 or w=0,—-061
t L-t
52. Time period and frequency: Time taken for one complete revolution is called time period (T). The

number of revolution completed per second is called frequency (v).
0=2n=2nV

T
53. Relationship between v and ®: It is given by V=rm

i.e., Linear velocity = Radius x angular velocity.
54. Angular acceleration and its relation with linear acceleration: The rate of change of angular

velocity is called angular acceleration. It is given by

a=w—m Also, a=ro
-t i.e., Linear acceleration = Radius x angular acceleration

55. Centripetal acceleration: A body moving along a circular path is acted upon by an acceleration

directed towards
the centre along the radius. This acceleration is called centripetal acceleration. It is given by
a=Vv2=re?
r
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THEORY:
All the measurable physical quantity can be divided into two classes: -- i) Scalar (ii) Vector quantities

i) Scalar Quantities: - “Scalar quantities are those physical quantity which are characterised
by magnitude only.”

................. Scalar quantity are directionless quantities.

................. Scalar quantity obeys the ordinary laws of algebra.
.................. Scalar quantity changes with change in magnitude only.
................... Represented by ordinary letter.

iii) Vector Quantities: - “Vector quantities are those physical quantities which are characterized by both
magnitude and direction.”
& Since concept of vectors involves the idea of direction, therefore vectors do not follow the ordinary laws of Algebra.
& Vector quantities change with the change in magnitude or with the change in direction or with the change of both
magnitude & direction.
&  Represented by bold faced letter or letters having arrow over them i.e., A (read as vector A).

NEED FOR VECTORS
In one-dimensional motion, only two directions are possible. So, the directional aspect of the quantities
like position, displacement, velocity and acceleration can be taken care of by using + and — signs. But in case of motion in two-
dimensions (plane) or three dimensions (space), an object can have a large number of directions. In order to deal with such
situations effectively, we need to introduce the concept of new physical quantities, called vectors, in which we taken care of both
magnitudes the direction.

Points of differences between scalars and vectors.

Scalars Vectors
1. Scalars have only magnitude. Vectors have both magnitude and direction.
2. They change if their magnitude They change if either their magnitude, direction
changes. or both changes.
3. They can be added according to They can be added only by using special laws of
ordinary laws of algebra. vector addition.

noooREPRESENTATION OF AVECTOR
A vector quantity is represented by a straight line with an arrowhead over it. The length of the line gives the magnitude and the
arrowhead gives the direction. Suppose a body has a velocity of 40 kmh™ due east. If 1 cm is chosen to represent a velocity of 10
kmh due east. If 1 cm is chosen to represent a velocity of 10 kmh™, a line OA, 4 cm in length and drawn towards east with
arrowhead at A will completelyéepresent the velocity of the body. The point A is called head or terminal point and point O is
called tail or initial point of the vector OA [Fig.]

N

T Tgil Hegd

E d + + + > A

S [Representation of a vector]
In a simpler notation, a vector is repre§nted by single letter of alphabet either in bold face or with an arrow over it. For
example, a force vector can be represented as For F.

POLAR AND AXIAL VECTORS

Broadly speaking, vectors are of two types:

Polar vectors: The vectors which have a starting point or a point of application are called polar vectors.
Examples: Displacement, velocity, force, etc., are polar vectors.

Axial vectors: The vectors which represent rotational effect and act along the axis of rotation in accordance with
right hand screw rule and called axial vectors.
Examples: Angular velocity, torque, angular momentum, etc. are axial vectors.
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Axial vector AXIS of rotation
Axis of rotation Axis vecyo

As shown in Fig., axial vector will have its direction along its axis of rotation depending on its anticlockwise or
clockwise rotational effect.

KNOWLEDGE +...............

. The Latin work vector means carrier.

. The physical quantities which have no specified direction and have different values in different directions are called
tensors. For examples, moment of inertia.

SOME DEFINITIONS IN VECTOR ALGEBRA

(i) Equal vectors (ii) Negative of a vector (iii) Modulus of a vector (iv)Unit vector

(v) Fixed vector (vi) Free vector (vii) Collinear (viii) Coplanar vectors
(ix) Co-initial vectors (x) Co-terminus vectors.

(i) Equal vectors: Two vectors are said to be equal if they have the same magnitude and same direction.

In Fig. A and B are two equal vectors.

3
> [Equal vectors]
oo If a vector is displaced parallel to itself, it remains equal to itself.
(ii) Negative of a vector: The negative of a vector is defined as another vector having the same magnitude but
having an opposite direction. In Fig. vector A is the negative of vector B or vice versa.

B--%
[Negative of a vector]
(iii) Modulus of a vector: The modulus of a vector means the length or the magnitude of that vector.
It is a scalar quantity.
Modulus of vector_i = |X| =

(iv) Unit vector: A unit vector is a vector of unit magnitude drawn in the direction of a given vector.

A unit vector in the direction of a given vector is found by dividing the given vector by its modulus. Thus, a unit vector
in the diréCtion of vector, A is given by

A= A =34
Rl A
A unit vector in the direction of a given vector A is written as A and is pronounced as ‘A carat’ or ‘A hat’ or ‘A cap’.
Any vector can be expressed as the magnitude times the unit vector along its own direction.

R=[RI A
ooo The magnitude of a unit vector is unity.
ooo It just gives the direction of a vector.
0oo A unit vector has no units or dimensions.

(iv) Fixed vector: The vector whose initial point is fixed is called a fixed vector or a localised vector. For example, th
position vector of a particle is a fixed vector because it initial point lies at the origin.

(v) Free vector: A vector whose initial point is not fixed is called a free vector of a non-localised vector.
For example, the velocity vector of a particle moving along a straight line is a free vector.

(vi) Collinear vectors: The vectors which either act along the same line or along parallel lines are called
collinear vectors.
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oo Two collinear vectors having the same direction (0 = 0°) are called like or parallel vectors.
oo Two collinear vectors having the opposite directions are called unlike or antiparallel vectors.

R 2 "

B

[Like vectors]

3 R

3

—»
[Unlike vectors]

(vii) Coplanar vector: The vectors which act in the same plane are called coplanar vectors.
(viii) Co-initial vectors: The vectors which have the same initial point are called co-initial vectors.
In Fig. A, B and C are co-initial vectors.

R

[Co-initial vectors] [Co-terminus vectors]
(ix) Co-terminus vectors: The vectors which have the common terminal point are called co-terminus vectors.
In Fig. A, B and C are co-terminus vectors.

ix) Orthogonal unit vector: “Three mutually 1" lines meeting at a point to form a rectangular co-ordinate system

AN
& The unit vector along X-axis, Y- axis & Z-axis are 1, J, k resp.

N N

& The unit Xectors 1, J, & k are mutually Ler to each other & hence called orthogonal unit vectors.
& The unit vector 1, J, & k represents the direction of vectors in X, Y and Z axis.
Ex: - If Aalong x-axis > >
Then A= |Ali
> > .
Iy A = | A|J (along axis)

and X - |-K | k (along Z axis).

ZERO VECTOR AND ITS PROPERTIES
Zero vector: A zero or null vector is a vector that has zero magnitude and an arbitrary direction. It has represented
by O (arrow over the number 0).
noNeed of a zero vector; The need of a zero vector arises from the following situations:
(i) Ifi , then what |sz ?
(ii) If u=—2, then what is (A + p.) A?
In all these cases the resultant has to be a vanishingly vector and not a scalar. Hence there is need for
introducing the concept of zero vector.
(iii) When gvector is multiplied by zero, we get zero vector.

0A= O
(iv) If A and p are two different non-zero real numbers, then the relation can hold only if both_K andg are zero vectors.
AA=p

ooPhysical examples of zero vector:

(i) The position vector of a particle lying at the origin is a zero vector.

(ii) The velocity vector of a stationary object is a zero vector.

(iii) The acceleration vector of an object moving with uniform velocity is a zero vector.

Multiplication of a vector by Real NO: - The multiplication of a vector by scalar quantity ‘n’ gives
a new vector whose magnitude is ‘n’ times the magnitude of the given vector & direction is same as that of the given

vector [ where ‘n’ is a positive real no.]
Let a vector a be multiplied by a scalar quantity ‘n’. Then new vector is R=nz
Ex: - If n =5, then = 5%
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> >
Here, Mag. o_Lthe new vector A is 5 time the mag. of the vector a but the direction remains the same as that of the

vector a.
. >
i.e., a
>
> >
-K =5a

» If n=-5, then -K—-Sa
Here, magnitude Of-KIS 5 times the magnitude of a but the direction of R is opposite to that of a.

kS
P
_>_ <«

- 5 a
If n=0, thenA 0 (null vector.)
*

. > > >
The unit of A =4 a is same as that of a.

P . -»
Multinlication of a vector by a scalars - When a vector Tis multiplied by a scalar ‘S’, it becomes v where

magnitude is S times of-Vand it acts along the direction of-v.

The un|}>0f S v is different from the unit of v.
Ex: - If =100 N due east and S = 10 sec.

= 10 x 100 N sec due each = 103 N — sec due east.

** The units of a vector affected when it is multiplied by a scalar having units or dimensions

Ii)?» is @ pure number having no units or dimensions, then the unit?of A A are the same as th_a>t of A. However, when a vector,
A'is multiplied by a scalar A which has certain units, the units of result?nt A A are obtained by multiplying the un_ﬁs of Abyt

units of A. For example, when velocity vector is multiplied by mass (a scalar), we get momentum. The units of momentum a
obtained by multiplying the units of velocity by units of mass.

@ @ Position vector & Disnlacement vector:

“A vector which gives the position of a point w. r. t the origin of the rectangular co-ordinate system is called position vector

Consider the motion of an object in X — Y plane with origin at O. Suppose an object is at point P at any instant t, as shown
in Fig. Then OP is the position vector of the object at point P.

YA
P
[Position vector]
g X
i.e., A position provides two kinds of information...............ccccceceuee.nn.
A
i) It tells the straight-line distance of the object from the origin. Y A(xy)
@ i) It tells the direction of the object w. r. t. origin.
O Position vector is represented by? >
B Magnitude of position vector is ‘r’ i.e., r = length of OA. r Aosition vector
o » X

»

Displacement vector: - “Displacement vector is a vector

which gives the position of a point with reference to a point
other them the origin of the co-ordinate system”.
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Consider an object moving in the XY-plane. Suppose it at point P at any instant t and at point Q at any later instant t’, as shown in

Fig. Then vector PQ is the displacement vector of the object in timetto t’.
YM
Q
Displacement
vector
P
[Displacement vector]
0 "X
Consider a moving particle in X —Y plane. A
Let at any instant ‘t’, its position is A.
Position vector, OA :?1
After time ‘t’ the particle moves to a new position B.
Now, Position vector = OB =1,
Displacement vector (in time intervalt—t")
=AB =7%- 7 (A law of vector addition) 0 X
> Position vector will be different for different position of the same particle.
B The position vector r at any time ‘t’ interm of 2—-D
rectangular co-ordinate system is. N
F=X+y,  Texit+yl
In Magnitude, | | or r=Vx>+y? vyl . (x,y)
O If the position of a point A is chosen w. r. t. origin of the 3.D i
rectangular co-ordinate system, !
Then position vector_i5<, P=X+ y+z : >
or, r=xt+yJl+zk X X
Magnitude of = [r]lorr=vx*+y?+22 Y“
P (x1, y1) R (x2, y2)
» Displacement vector is the difference of two position vector: -
Displacement (In 2 D).
If (x1, y1) and (xy, y2) are the co-ordinates of P & R resp. r
Then Fi=xiT+yi] r
fo=x1+ YZj >
. Dlsplacement vector PR = (xa—x1) T+ (y2—vy1)J 0 X
Mag of PR= | PR| =V (xa—x1)%+ (y2—y1)? Y
In3D * P (X1, Y1, 21)
Displacement vector R
R=(xa—x1) T+ (ya—y1) T+ (22— 21) K (X2,¥2,22)
Mag.of PR=| PR | =V (xa—x1 )%+ (y2—vy1)* + (22— 71)?
X >

> > Resultant vector: -
“The resultant of two or more vectors is a single vector which produces the same effects as the individual

vectors do so”

CBSE-PHYSICS A EPSTUDY CIRCLE




LINCE 3990
IHT-NEET-CBSE

: STI,JDY ClRFLe

ENT L PR

Addition of V-E-C-T-0-R-S.

“The process of adding two or more than two vectors is called addition or composition of vectors.
When two or more than two vectors are added, we get a single vector called Resultant vector.

=>

» Case 1.: Addition of collinear vecto_rys (when two vectors act in the_éame direction)
Consider two collinear vector A and KNow, A and _gbe added by drawing ve_c;or A and
then displace B (without, changing its direction) in such away than the tails of B coincide with the head of A.

J. Resultantvector ~ B= R+D o¢t—— —»38
= OB <4— R—mm»
Ex: - Let a body be displaced 2 m due last and them it is further displaced through 3 m due to each.
/. Resultant vector R =(2 + 3) =5 m due east

P> Case 2.: Addition of ANTI-collinear vectors (when two vectors act in the opposite direction).

Lef™ and ?be two anti collinear vectors
—_—
» —
> > >
J. Resultant vector R= A- B

Ex: - Let a body be displaced 5 m due west and then 2 m due east.
Resultant vector, R = (5 — 3) = 2 m due west.

P Case 3: Addition of two vector pointing in different: When the vectors are g)mtnjﬁ in different
directions, they can be added using the laws of vector addition. Consider two vector A and B.

Q

> >
/ R=A +I§’
? ﬂ
o} /B>

Y F T-28

Resultant vector, 0-5 = OP+PQ

O O LAWS OF VECTOR ADDITION:

> 1) Triangle law of vector addition.
» i) Parallel law of vector addition.
> iii) Polygon law of vector addition.

@ Triangle law of vector addition: If two vectors can be represented both in magnitude and direction by the two
sides of a triangle taken in the same order, then their resultant is represented completely, both in magnitude and

direction, by the third side of the triangle taken in the opposite order.
Suppose we wish to add two vectors A and B as shown in Fig. (a). Draw a vector OP equal and parallel to vector
A, as shown in Fig. (b). From head P of OP, draw a vector PQ equal and parallel to vector B. Then the resultant vector is given by

Q

0Q which joins the tail of A and head of B.

3

= ° r ? [Triangle law of vector addition]

K
According to triangle law of vector addition:
P+ ﬁl
or =A+

» & Triangle law of vector is applicable to A of any shape.
Corollary: - From the triangle law of vector if three vectors are represented by three sides of a/\ taken in order, then, their

resultant is Zero.
' >

¢ B > > >
Then A+B+C=0

> > > >
x Resultant (- C) of A + B cancel the 3" vector C.
A EPSTUDY CIRCLE
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@ @ANALYTICAL METHOD OF VECTOR - ADDITION
Let the two vectors Kand ?be represented both in magnitude and direction by the sides OP and PQ of AOPQ taken
in the same order. Then according to the triangle law of vector addition, the resultant R is given by the closing side
0Q taken in the reverse order, as shown in Fig.
Magnitude of the resultant R: From Q, drawn QN perpendicular to AB produced.
Then, ZQPN =6, 0A=A,PQ=B,0Q=R
From right angled A QNP, we have
QN=sin® or QN=PQsinO=Bsin0
PQ
and PN=cos0® or PN=PQcos0=Bcos
PQ
Using Pythagoras theorem in right angled AONQ, we get
0Q? = ON? + QN?
= (OP + PN)% + QN?
or R2 = (A + B cos 0)? + (B sin 0)?
=A%+ B2cos?0+2 ABcos 0 +B?sin?0
=A%+ B?(cos?> 0 +5sin?0) + 2 AB cos 0
=A2+B2+2ABcos 0 Q
or R=+VA2+B2+2 ABcos 0

'[Analytical treatment of A law of vector addition]

0 R P N
Direction of the resultant R: Let the resultant R make an angle 3 with the direction of A. Then from right angled A ONQ,
we get tanf=QN=__ QN
ON OP+PN
or tanf=_Bsin6
A+Bcos6
B =tan? _Bsin@
A+BcosB

© Parallelogram law of vector addition: If two vectors can be represented both in magnitude and direction by the two
adjacent sides of a parallelogram drawn from a common point, then their resultant is completely
represented, both in magnitude and direction, by the diagonal of the parallelogram passing through
that point.
Suppose wish to add two vectors A and B, as shown in Fig. (a). From a common point O, draw a vector OP equal and parallel to A
and vector OQ equal and parallel to B. Complete the parallelogram OPSQ According to the parallelogram law of
vector addition, the diagonal OS gives the resultant vector R. Thus

R
3s=3p+3a
R=R+B

or

@ @eANALYTICAL METHOD OF parallelogram law of VECTOR - ADDITION:

Let the two vectors A and B inclined to each other at an angle 6 be represented both in magnitude and direction by the
adjacent sides OP and OQ of the parallelogram OPSQ.

Then according to the parallelogram law of vector addition, the resultant of A and B is represented both in magnitude
and direction by the diagonal OS of the parallelogram.
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[Analytical treatment of parallelogram law]

Magnitude of resultant R: Draw SN perpendicular to OP produced.
Then £SPN=2Q0P=6,0P=A,PS=0Q=B,0S=R
From right angle A SNP, we have
SN =sin®orSN=PSsinB=Bsin0O
PS
PN =cos 6 or PN =PS cos 0 =B cos 6
PS
Using Pythagoras theorem is right-angled A ONS, we get
0S% = ON? + SN2 = (OP + PN)? + SN2
or R2=(A + B cos 0)? + (B sin 0)?
=A?+B?(cos? 0 +5sin?0) + 2 AB cos 0
=A2+B2+2 ABcos 0
or R = VA2 + B2 +72 AB cos 0
Direction of resultant R: Let the resultant? make angle B with the direction ofz Then from right angled A ONS, we get
tanf=SN=__ SN or tanff=_ Bsin®
ON OP+PN A+Bcos0

X Special cases: (i) If the two vectors_ﬁ and-E are acting along the same direction, 6= 0°. Therefore, the
magnitude of the resultant is given by
R=VA2+B2cos?0 +2 AB. cos 0°
=VA2+B2+2AB [ cos 0° = 1]
=+/(A +B)?
or R=A+B
~ Magnitude of the resultant vector is equal to the sum of magnitude of two vectors acting along the same
direction and the resultant vector also acts along that direction.
(i) If the vectorsA and B are acting along mutually opposite directions, 6= 180 °and therefore,
R =VA? + B2 + 2 AB cos 180°
=VA2+B2-2AB [ cos 180° = — 1]
or R=(A-B)
Resultant is equal to the positive difference between magnitudes of two vectors and acts along the
direction of bigger vector.
(iii) When the two vectors are acting at right angle to each other, 6 = 90 °and therefore,
R =VA2 + B2+ 2 AB cos 90°
=V/A? + B2 [+ cos 90° = 0]
Also, tanf=_ Bsin90° =B

A+Bcos90° A
B= tan‘l[ﬁ]
A

@ Polygon law of vector addition: If a number of vectors are represented both in magnitude and direction by the
sides of an open polygon taken in the same order, then their resultant is represented both in magnitude and
direction by the closing side of the polygon taken in opposite order.

lllustration: Suppose we wish to add four vectors A, B, C and D, as shown in Fig. (a). Draw vector OP = A. Move vectors B, Cand D
parallel to themselves so that the tail of B touches the head of A, the tail of C touches the head of B and the tail of D touches the
head of C, as shown in Fig. (b). According to the polygon law, tlg cl_gsig sge_g)T of the polygon taken in the reverse order
represents the resultant R. Thus R=A+B+C+D
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(a)

[Polygon law of vector addition]
Proof: We apply triangle law of vector addition to different triangles of the polygon shown in Fig. (b).
In AOPQ, 0Q =0P + PQ =
InA0Qs,3s=00+Ts=R+B+C
In A OST, 8T = 85 + ?ﬁ' _K+§+?+B

or ? _K +3 +? +_B This proves the polygon law of vector addition.

» Examples of composition of vectors:

Flight of bird: When a bird flies, it pushes the air with forces F1 and F2 in the downward direction with its wings W1 and
The lines of action of these two forces meet at point O. In accordance with Newton’s third law of motion, the air exists equal and
opposite reactions Ri1 and Ra. According to the parallelogram law, the resultant R of the reaction R1 and Rz acts on the bird in the
upward direction and helps the bird to fly upward.

W1
W2

[Flight of bird]

Working a sling: A sling consists of a Y-shaped wooden or metallic frame, to which a rubber band is attached, as shown in
Fig. When a stone held at the point O on the rubber band is pulled, the tensions T1: and T2 and produced along OA and OB in
the two segments of the rubber band. According to the parallelogram law of forces, the resultant T of the tensions T1 and T»
acts on the stone along OC. As the stone is released, it moves under the action of the resultant tension T in forward direction
with a high speed.

Properxrties of Yectorxr -Addition:-

P Vector addition is commutative: In Fig., the sides OP and OQ of a parallelogram OPSQ represent vectors A and B respectively.
According to parallelogram law of vector addition, diagonal OS gives the resultant. Thus

A+B=0S
or OP +0Q =0S .. (1)
As OP = QS and OP || QS, therefore
QS=0P=A

[Vector addition is commutative]
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Using triangle law of vector addition in AOQS, we get
Q+ 85 =55
or B+R=3s .. (2)
From equations (1) and (2), we find that
This proves that the vector addition is commutative.
P Vector addition is associative: Suppose three vectors A, B and C are represented by the sides OP, PQ and QS of a polygon OPQS.
According to polygon law, OS represents the resultant R both in magnitude and direction. Join Oto Qand P to S.
Using triangle law of vector addition,
InAOPQ,0Q=0P+PQ=R+8
InA0QS, Bs=00+35=R+8)+C (1)
In A PQS, P = ?Q’+3s— +C
In A OPS, 35 8P+?S +(§+_E) .. (2)
From equations ( %and %we find that

R+8)+

This proves that vector addition is associative.

SUBTRACTION OF VECTOR:
Let u_;sugtra _ga vector from
i.e., -B=A +(-
Thus, “subs traction of a vector B from vector by adding A is same as adding (-B) in vector A

Consider two vector A & B reprgent_;)oth in magnitude and direction by OP and PQ respectlvely %
Now, we have to draw a vector PS = (- B) (Equal & opp. to B) A B
Using /A law of vector addition to/A OPS. 5> > = 0<¢ Vi P
= 9>P +PS s
R=A + (5B) - > >_ /B
R=A- B R=A+(-B) ' S

Direction and Mag:
, -> =
If © is the angle between &
Then angle between A and -Bis (180-0)

Mag.R=  AT+B7+2ABCOS(180-8) = /A2 + B2 2B Cos 6
Direction tana = _Bsin(180-6) = BsinB

A + B cos (180- 6) A—-Bcos O

B Vector subs traction does not follow associative law:-

. ->
ie, A-(B- C)z(A-
B Vector subs traction does not follow communicative law
» lllustration of vector subtraction: -
i) A particle is moving with constant speed in a circular orbit. Find the change in its velocity when it completes half the revolution.

Sol: - When a particle moves in a circular path with constant speed then its velocity changes
continuously due to change in direction. However, the magnitude of velocity remains constant.
Let = v%t?) thenva o= -v (at B)
, . . . > S>> _
after travelling half revolution change in velocity Av=" viZ V2 = v— (-v) = 2v

(i) A car moving towards south changes its direction and moves towards west with same speed. Find the change in the velocity. of the car.
Sol. Let v1 be the velocity of the car towards the south direction and v2 be the velocity of the car towards the west.
Here, | vi| =| vﬂ = v (say].
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! Changes in velocity of the car, Av = v - N
Mag. of change in velocity |A\7>| = VviZ+v22 +2vivacos 90° = VvviZ+ v 2+ 0 W E
=_>\I 2V =V2v
Direction: - tan® = _|¥1| = _v =1 = tan45° S
| V2 | v
0 = 45°

Consider two bodies A & B moving with velo. \_/>A &75 resp. making an. angle © with each other.

> S>> >
Rel. velocity of Aw.r. t. B, Vag =Va—Ve = Va +( -\?B)

Mag. of Vas =Vas = VVaZ+ Va? + 2 VaVs cos (180 = 0)

Vag = V VaZ+Va?—2 VaVe cos O
[./. cos(180-06)=-cos 8]
Direction:-
Let, \?AB makes an angle a with \_/>A , then
tana = _Vssin (180—16)
Va + Vs cos (180 — 0)

tana = VesinB
VA;VB cos O
If 8=90then | Vag'| = VVa2+ Ve  (mag.)

(direction) tan a =Vs/ Va

Examples based on Composition of Vectors

+ Formulae Used
1. By triangle law or parallelogram law of vector addition, the magnitude of resultantﬁof two vectors% and 3 inclined t
each other at angle 0, is given by
R=vP2+Q? +2PQ cos 0
2. If resultant R makes an angle with_%, then
tan P = Qsin 6
P+Qcos 0

Q.1. ABCDis a parallelogram and AC and BD are its diagonals. Prove that (i) AT +Bb =28t and (i) AC - BD =2 AB.
Sol. Using triangle law of vector addition in Fig.

C=AB+BC D - C
=?C+?D
(i)A_f+§%=?B§?C+ﬁZ+C_5
But =-CD
R S-S ST S S
(i) Rc-Bb=AB+BC-BC-CD
- KB -Ch=RB-(-AB) A B
=218
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Q. 2.  Abody is simultaneously given two velocities, one 30 ms™ due east and other 40 ms™ due north. Find the resultant
velocity. N
Sol. Let the body start moving from O, as shown in Fig.
R =0A=30 ms~., due east
®= OB =40 ms~%, due north
According to parallelogram law, OC is the resultant velocity.
Its magnitude is
v=1YV2a+v2%=v30%+402=50m
Suppose the resultant velocity?makes angle B with the east direction. Then
tan p=CA=40=1.3333
OA 30 B
B =tan™ (1.3333) = 53°8’. O VA=30msTA E

[os]

[

1

1

1

1

1

1

1

1

1

1

1
(@]

vg =40 ms!
<

Q. 3.  Anparticle has a displacement of 12 m towards east and 5 m towards the north and then 6 m vertically upward. Find th
magnitude of the sum of these displacements. Vertical
Sol. As shown in Fig., suppose initially the particle is at origin O.
Then its displacement vectors are
A =12 m, due east
=5m, due north
?C =6 m, vertically upwards.
According to polygon law, OC is the resultant displacement.
From right AOAB,
OB = VOA? + AB2 = V122 + 52
=144 +25=13m W
From right AOBC,
0C = VOB? + BC2 = /132 + 62
=169 +36 = V205 = 14.32 m S

C

6m

Q. 4. Two forces of 5 N and 7 N act on a particle with an angle of 60° between them. Find the resultant force.
Sol. HereP=5N, Q=7N, 6 =60°
The magnitude of the resultant force is
R =vP2+Q? + 2PQ cos O
=524+ 7242 x 5 x 7 x cos 60°
=109 =10.44 N
IfR makes angle B with the force?, then
tanf=_QsinO® = _ 7sin60° =0.7132
P+QcosO 5+ 7cos60°
or B=tan10.7132 =35°29’.
Q. 5. Two vectors, both equal in magnitude, have their resultant equal in magnitude of the either. Find the angle between t
two vectors. or
Two equal forces have their resultant equal to either. What is the inclination between them?
Sol. Here P=Q=R?

As R=vP2+Q?+2PQ cos 0
: P=vP2+P2+2P.Pcos0
or P2=2P?(1+cos0) or 1+cosO=%
or cosO=-%=cos120° or 0=120°

Q. 6. Two forces whose magnitudes are in the ratio of 3:5 give a resultant of 35 N. If the angle of inclination be 60 S, calculat
the magnitude of each force.
Sol. Let P =3x newton, Q=5xnewton, R=35n, 0=60°
R=+P?+Q%+2PQ cos 0

or 35 =V(3%)% + (5x)2 + 2 x 3x + 5x cos 60°
or 35=7x or x=35=5
7
35=7x or x=35=5
7

P=3x5=15N and Q=5x5=25N
Q.7. Two forces equal to P and 2 P newton act on a particle. If the first be doubled and the second be increased by
20 newtons, the direction of the resultant is unaltered. Find the value of P.

Sol. Let the resultant make angle 3 with the force P.
In first case, tan B = 2P sin O
P+2Pcos6
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In second case, tan3=__ (2P +20)sin 6
2P + (2P +20) cos ©
Hence (2P +20)sin® =_ 2Psin6
2P + (2P +20) cos 0 P+ 2P cos O
or 2Psin® =_20sin6 “* a=c=a-b
P+2Pcos® P+20cosH [ b d c—d]

From the above equation, 2P = 20
or P=10N.

Q. 8. The greatest and the least resultant of two forces acting at a point are 29 N and 5 N respectively. If each force is
increased by 3 N, find the resultant of two new forces acting at right angle to each other.

Sol. Let P and Q be the two forces. Then
Greatest resultant=P+ Q=29 N .. (i)
Least resultant=P-Q=5N . (i)

On solving (i) and (ii), we get
P=17N, Q=12N
When each force is increased by 3 N, new forces are
p=P+3=17+3=20N
q=Q+3=12+3=15N
As the new forces act at right angle to each other, their resultant is
R=Vp2+q?=v202+152=625=25N
If the resultant R makes angle B with the force p, then
tan=p=15=0.75
q 20
or B =tan™ (0.75) = 36° 52".
Q. 9. The sum of the magnitude of two forces acting on a point is 18 N and the magnitude of their resultant is 12 N. If the
resultant makes an angle of 90 °with the force of smaller magnitude, what are the magnitudes of the two forces?

Sol. Let the two individual forces be P and Q and 0 be the angle between them. Let P < Q. If the resultant R makes angle 3 wit
the force?, then
tano=_Qsin 6
P+Qcos 6
But oa=90° Qsin® =tan90°=w0
P+Qcos 6
or P+Qcos0=0
Also P+Q=18N
As R=vP?+Q2+2PQcos 0 =12
P2+ Q?+2PQcos 0 =144 [+Q=18—-P,Qcos6=—P]
or P2+(324+P?>-36P)—2P?=144 or 6P=180
or P=5N and Q=18-5=13N

Q. 10. Establish the following vector inequalities:
(i) |?+_B | < |?| |?| (i) |?+_% | > |73| I% | When does the equality sign apply?
Sol. (i) If © be the angle between?and'B then
|73+ /"3|2+|_B|2+2 3| |%|c059
Now |T?+'B| will be maximum when
cosO=1or0=0°

| + |max= '%|2+ I%|2+2||§R|I%|C059
Hence |?+_%|<?| I_B|

The equality sign is applicable when 6 =0° i.e., when3 and% are in the same direction.
(i) Again
|?+_%|= 2+ [b]2+2 [B] |_E| cos 0
The value of |_a>+ | will be minimum when cos6=-1
or 06 =180°

R+ min =J(3)2 |'5|2+2 2| B cos 180°
7= -3
Hence |?+_B| |?| |%|

The equality sign is applicable when 6 = 180° i.e., when3 and_% are in opposite directions.
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Sol.
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A motorboat is racing towards north at 25 km h™ and the water current in that region is 10 km h™ in the

direction of 60 °east of south. Find the resultant velocity of the boat.
Let the motorboat start moving from O, as shown in Fig.
Vb = velocity of motorboat
=25 km h™, due north
vc = velocity of water current
=10 km h™%, 60° east of south
By parallelogram law, the resultant velocity v is equal to the diagonal OC.
Its magnitude is
v = Vb2 + v + 2vb Ve cos 120°
=252+ 102+ 2 x 25 x 10 (- %) = 21.8 km h
Suppose the resultant velocity v makes angle B with the north direction. Then
tanB=_ vesin120° = 10x(V3/2) W,

25 kmh!

b=

AN

120°

Vb +Vc€os 120° 25+ 10 x (— %)
=+/3/4=0.433
B =tan™ (0.433) = 23.4°

60°
Ve = 10 kmh 1

On a certain day, rain was falling vertically with a speed of 35 ms™. A wind started blowing after some time with

a speed of 12 ms™

in east to west direction. In which direction should a boy waiting at a bus stop hold his umbrella?

In Fig. Vertical
Velocity of rain, vr = 0A =35 ms™?, vertically downward
Velocity of wind, vw = OB = 12 ms™, east to west.
The magnitude of the resultant velocity is
v=VvR+v2w=v352+122 =37 ms™? 0,
Let the resultant velocity v (= OC) make an angle 6 with the vertical. Then W B Vw ?l E
tan©=AC=vw=12=0.343 0
OA w35 !
0 = tan! (0.343) ~ 19° X %
Hence the body should hold umbrella bending it towards east making i '
an angle of about 19° with the vertical. cE-------- A

A man can swim with a speed of 4 kmh™ in still water. How long does he take a cross the river 1 km wide, if the river

flows steadily at 3 kmh™ and he makes his strokes normal to the river current? How far from the river does he go, whe

he reaches the other bank?

In Fig. vm and vr represent the velocities of man and river. Clearly v is the resultant of these velocities. If the man begins

swim along AB, he will be deflected to the path AC by the flowing river.

Time taken to cover distance AC with velocity v will be same as the time taken to cover distance AB with velocity vm.
Time taken by the man to cross the river is

t=AB=__1km =1h=15min
v 4kmh? 4
B C
] \ s
1 /'
:
A A p
1 km ’

\z

Distance through which the man goes down the river is
BC=vrxt=3kmh?lx%h=0.75km

A river 800 m wide flows at the rate of 5 kmh™. A swimmer who can swim at 10 kmh™ in still water, wishes
to cross the river straight. (i) Along what direction must be strike? (ii) What should be his resultant velocity? (iii) How
much time he would take?
(i) The situation is shown in Fig.
OA = vi1 = Velocity of river =5 kmh™?
OB = v, = Velocity of swimmer in still water.
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The swimmer will cross the river straight if the resultant velocity v is perpendicular to the bank of the river. This will be
possible if the swimmer moves making an angle 6 with the upstream of the river.

Inright AOCB, sin6=BC=vi=_5 =0.5
OB v» 10
0 =sin™ (0.5) = 30°

(ii) Resultant velocity of the swimmer,
v =Vv22 —vi2 =102 - 52 = /75 = 8.66 kmh™*
=8.66 x5=2.4ms™*
18
(iii) Time taken to cross the river,
t = width of river =__ 800 m
v 2.4ms™
A boatman can row with a speed for 10 kmh™ in still water. If the river flows steadily at 5 kmh™, in which direction
should the boatman row in order to reach a point on the other bank directly opposite to the point from where he
started? The width of the river is 2 km.
As shown in Fig. the boatman starts from S. He should reach Q. Since the river flows along PQ with a velocity 5 kmh™, he
should travel along SP.
Q=5kmh™?

=3333s

P 5kmh? Q

10 km h™

\9

S R

Speed of boatman is shown by vector SP.

SP=10kmh™
S_b is the resultant of SP and PQ

£QSP = a, £PQS =90°
Since Q and S are directly opposite.

sina=PQ= 5=% e, a=30° 0=90°+a =120°
Thus the boatman must row the boat in a direction at an angle of 120° with the direction of river flow. The direction
does not depend on width of the river.
A car travelling at a speed of 20 ms™ due north along the highway makes a right turn on to a side road that heads due
east. It takes 50 s for the car to complete the turn. At the end of 50 seconds, the car has a speed of 15 ms™* along the
side road. Determine the magnitude of average acceleration over the 50 second interval.

In Fig. N
A
v, -Vh
Vi
(0] E
V> B
Initial velocity71 = 3’-\ = 2P ms™?, due north

Final velocity 72 = a3 =15 ms™, due east
As A+ AB =
A_% =0B- 8A =B-Vi= Change in velocity
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|2~ | = AB = VOA? + 0B?
=202+ 152 =625 = 15 ms™
Average acceleration = [v,—vi|=15=0.3 ms™
t 50
¥ Problems For Practice
Q. 1. ABCDE is a pentagon. Prove that
A%+?C+&)+3E+3\=3
Sol. Applying triangle law of vector addition,
LHS = (AB + BC)

+Ch+DE +EA
=Ki+€b+ﬁ+ﬁ=(ﬂ%+ﬁ)+ﬁ+ﬁ
D

=?D+I?E+?A=(Kf+%)+ﬁ ’ =ﬁE+EK=—BA+?A=O=RHS

Q. 2. In Fig. ABCDEF is a regular hexagon. Prove that AB + AC + AD + AE + AF =6 AO.

Sol. We use triangle law of vector addition.
AB +AC+AD + AE + AF=AB + (AD + DC) + AD + (AD + DE) + AF =3 AD + (AB + DE) + (DC + AF)
=3x2A0+0+0=6A0 [ AD =2 AO, DE = - AB, AF =—DC(]
Q. 3. Aboytravels 10 m due north and then 7 m due east. Find the displacement of the boy.
Sol. Let the boy start moving from point O as shown in Fig. N
OA =10 m, due north; AB =7 m, due east i Zm
By triangle law of vector addition, the resultant displacement is A B
OA+AB=0B
(0B) = OB = VOA?2 + AB 10 m
=102+ 72=12.21m 0
tan0=AB=7 =0.7
OA 10 w O S E
0 =tan™(0.7) = 35° Displacement =12.21 m, along N 35° E

Q. 4. Find the resultant of two forces, one 6N due east and other 8 N due north.
Sol. As shown in Fig. P=6N, Q=8N, R=?
R=VP?+Q2=6>+8=10N

N
_________________ If the resultant R makes angle B with the force of 6 N, than
® ! tanp= Q =8=1.3333
| P 6
z |
0 ! B =tan™(1.3333)=53°8’
I} 1
o |
A .
o) P=6N E
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Calculate the angle between a 2N force and a 3N force so that their resultant is 4 N.
HereP=2N, Q=3N, R=4N, 0=?

As RZ=P2+Q2+2 PQcos 0
42=22+32+2x2x3cos0
or 16=4+9+12cos O
or cosB=_3 =1 =0.25
12 4 0 = cos™ (0.25) = 75° 31"

The resultant vector of P and Q is R. On reversing the direction of Q, the resultant vector becomes S. Show that:
R2+S§2=2(P*+ @}
Let O be the angle between P and Q.

5 >
As the resultant of P and Q is R, therefore
R?2=P2+ Q%+ 2PQ cos (180° - 0) (i)

When the direction of Q is reversed, the resultant becomes S, therefore

S2=P2+Q?+2PQ cos (180° - 0)

=P2+Q?-2PQcos 0 .. (i)
Adding (i) and (ii), we get: RZ+5%2=2P2+2Q%=2 (P?+Q?)
When the angle between two vectors of equal magnitude is 2 /3, prove that the magnitude of the resultant is equal to
either.
Here P=Q, 0=2m=120°
3

R=+vP2+Q?+2PQ cos 0
or R=VP2+P2+2PP cos 120° =+2P?+2P?x (- %) =P
At what angle do the two forces (P + Q) and (P — Q) act so that the resultant is V3P + Q2.
Here F1=P+Q,F2=P-Q,R=V3P?+ Q2

As R2=F1%+F22 + 2F1 F2 cos O
3P2+Q%2=(P+Q)?2+(P-Q)2+2(P+Q)(P-Q) cos O

or P2-Q2=2(P*-Q?%) cos0

or cosO=% ~ B0=60°

The resultant of two equal forces acting at right angles to each other is 1414 dyne. Find the magnitude of either force.
Here P =Q, 6 =90° R = 1414 dyne

As R=vP2+Q2+2PQ cos 0
1411 =+/P? + P2+ 2P? cos 90° =2 P
or P =1414 =1414 = 1000 dyne
V2 1.414

A particle is acted upon by four forces simultaneously: (i) 30 N due east (ii) 20 N due north (ii) 50 N due west and (iv) 40
due south. Find the resultant force on the particle.
Net force duewest, P=50—-30=20N
Net force due south, Q=40-20=20N

R=vVP2+Q?=+202+202=20V2N

tanB=Q=20=1o0rf =45°

P 20

Two boys raising a load pull at an angle to each other. If they exert forces of 30 N and 60 N respectively and their
effective pull is at right angles to the direction of the pull of the first boy, what is the angle between their arms? What i,
the effective pull?
Here P=30N,Q=60° 3=90°,R=?0="
As tanf= _Qsin6

P+Qcos 0
tan90°=_60sinf® =
30+ 60 cos O
or 30+60cos0=0 or cosO=-% 06=120°

R=1/30%+60%+2 x 30 x 60 x (—%) =30V3 N
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Q. 12. Aship is steaming due east at 12 ms™.. A woman runs across the deck at 5 ms™ in a direction at right angles to the
direction of motion of the ship and then towards north. Calculate the velocity of the woman relative to sea.
Sol. In Fig. vs = 12 ms™?, due east
vw =5 ms~, due north.
Resultant velocity of woman is
VR = Vs + Vw
vR=V122+52=13 ms?
Also, tanf=_5 =0.4167
12
B =22° 37 north of east.

RESOLUTION OF AVECTOR

It is the process of splitting a vector into two or more vectors in such a way that their combined
effect is same as that of the given vector.

» The vector into which the given vector is splited are called component vectors.

» A component of a vector in any direction gives a measure of the effect of the given vector in that direction.

» The resolution of a vector is just opposite to the process of vector addition.
Resolution of a vector along two given directions: Suppose wish to resolve a vector R in the direction of two coplanar a

non-parallel vectors A and B, as shown in Fig.

g

A
[Resolving a vector R in the directions of R a'nd_g]
Suppose 3Q represents vector R, Through O and Q, draw lines parallel to vectorsA and B respectively to meet at point P.
Form triangle law of vector addition,
0=0p+PQ
As 3P ||i, therefore, 3p=27%
As ?Q ||-§, therefore, ﬁl = u?
Here A and p are scalars. Hence
2 R+uB (1)

Thus, the vector_>R has been resolved in the directions of_ﬁ and_>l3. Here X_)A is the component oﬁ in the
direction’A and . B is the component in the direction of B.
Uniqueness of resolution: Let us assume that R can be resolved in the directions ofA and B in another way. Then

R=nR+uB - (2)
From equations%l) and (2), we have

AA+uB= VA + W
or (- R=(u-pB
ButK andgare non-zero vectors acting along different directions. The above equation is possible only if

A=A=0 and p-p=0
or A=Ak and W=p > >
Hence there is one and only one way in which a vector Rocan be resolved in the directions of vectors A and B.

ORTHOGONAL TRIAD OF UNIT VECTORS: BASE VECTORS

Orthogonal triad of unit vectors or base vectors: In a right-handed Cartesian coordinate system, three-unit vectors T, j, k
are used to represent the positive directions of X-axis, Y-axis and Z-axis respectively. These three mutually perpendicular unit
vectors T, j, k are collectively known as orthogonal triad of unit vectors or base vectors. Thus

[tl=[5] =kl =1
v

k / "X

[Orthogonal triad of unit vectors]
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RECTANGULAR COMPONENTS OF A VECTOR [Resolution of a Vectorx]

Rectangular components: When a vector is resolved along two mutually perpendicular directions, the components so obtained are called
rectangular components of the given vector.

Rectangular components of a vector in a plane: Suppose we wish to resolve vector A along X- and Y-axes. Taking the initial
point ofX as the origin O, draw two axes OX and OY perpendicular to each other. From the head P of? draw PM 1 OXand PN L OY,

as shown in Fig. (a).
YM Y“
@ .. o
N VP N 'p
X | |
R ! Aj A !
0 . 0 L
0 Ax M X 0 AT ™M X

[Rectangular components ofi]
According to parallelogram law of vector addition,
P=0OM + ON

or R=R+R
Thus R« is the horizontal or X-component of Aand iy is the vertical or Y-component of R

Now, let Tand j be the unit vectors along X- and Y- axes respectively, and Ax and Ay be the scalar magniﬁdes of,
and Ay respectively. Then, we can write

R=Ad and R=A/]

R=Ad+ AyY
@This is the equation for vector ? in terms of its rectangular components.

If vectorK makes an angle 6 with X-axis, then
Ax=AcosH

and Ay=Asin®

Conversely, if Axand Ay are given, we can find Aand 0 as :
Ax% + Ay% = A? (cos? O + sin? B) = A?

or A=VAZ + Ay
and tan 0= Ay or 0=tan Ay
Ax Ax

Resolution of a position vector into rectangular components:

Draw PM _L X-axis and PN _L Y-axis. Then OM = x and ON =y. According to parallelogram law of vector addition,
Ob = G + ON

or P=x1+ y]

This equation expresses position vector Tin terms of its rectangular components along X-and Y-axes. Clearly,
7| =voM?2+ON2 = /%2 +y?

Y
X
N -5 P (xy)
1
i |
yj Ly
|
0 o
0 X1 ™ "X

[Rectangular resolution of a position vector]

If r makes angle 6 with X-axis, then
X=rcos 0 and y=rsin0

9
Rectangular components a vector in three dimensions: Suppose Vectori is represented by OP, Taking O
as original construct a rectangular parallelopiped with its three edges along the three rectangular axes i.e., X-, Y- and Z-
axes. Clearly,
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?represents the diagonal of the parallelepiped whose intercepts along X-, Y- and Z-axes are ?x, ?y and ?zrespectively.

Yi

S

% N e

,// Ay p ,,/ i

g5 o !
: A | !
1 1
10 LA X
1 1
| |
1 1
) 1

Thus ?x ?y and &, are the thre rectangular components of R,
Applying triangle law of vectors,

T+
Applying parallelogram law of vectors,
T=0R+0Q

3R + 3Q + ﬁ’
Butﬁ:’ (% hence (?P 3R+3Q+ 35
o R-RAR+R=Ad A AK
Magnitude of R: We note that

OP2+OT?+ TP2=0Q? + QT? + TP?

or AZ=A2+ A2+ A2
or A=VAZ+ A2+ AZ2
oooo: A position vector¥ in three dimensions can be expressed as P=xi+ yj+zk
where X, y and z are the components of r along X-, Y-, and Z-axes respectively.

Direction cosine of a vectors: -
If o, B and y are the angles which A makes with X, Y & Z axis resp.
J. Coso=Ax/A

J. Ay = AcCoS ..eeereennne (1)
CosB=Ay/A >
J. Ay=ACOSPB .. (2) Y A:
& Cosy=Az/A
! A= ACOSY e (3)

Az
Where cos a, cos B, cos y are called direction cosine of vector A.
Putting Ax, Ay & A,in Eq - -—-- A2 = A’ + A%y + A%z
Then A% = A’cos *a + A% cos 2B + A% cos’ ¥
1 A%= X (cos® a + cos? B + cos? )

cos’a+cos’B+cos?y =1

Since, maximum cosine of an angle is unity so from (1), (2) & (3), it is clear that the magnitude of the rectangular
component Is always less than the mag. of vector itself.

*  ( vector can have infinite compaonents, but the maximum ne. of sectangular compaonents vectans is thuee.
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* Walking of a man is an example of resolution of forces: While walking, a person presses the ground with his feet slightly slanted
in the backward direction, as shown in Fig. The ground exerts upon him an equal and opposite reaction R. Its horizontal
component H = R cos 6 enables the person to move forward while the vertical component V = R sin 0 balances his weight.

V=R‘sin6

R
Slanted foot “— Ground reaction

H=Rcos0

LExample of resolution of a vector]

Examples based on Expressing the Vectors in terms of Base Vectors and Rectangular

Components of Vectors
+ Formulae Used
1. If Ay, Ay, A; are the rectangular components of_x and 1, j, k are the unit vector along X-, Y- and Z-axes respectively, then
K—AX|+AyJ+Azk
2. [R] = VA2 + A%, + A2,
3= R - Ad+AT+Ak
R VA% + A% + A2
4. If vector_x makes angle 0 with the horizontal, then horizontal component of?= Ax = A cos 0 vertical component of
R- Ay=Asin0and R- VA + A2,
+ Units Used
Units of Ax, Ay and A; are same as that of A and angle 0 is in radians.
Q. 1. Find the vector ?B and its magnitude if it has initial point A (1, 2, — 1) and final point B (3, 2, 2).
Sol. Here OA =1+ 27 + 2k
=37T+2]+2k
M=0B-0A =(3-1)T+(2-2)j+[2—(-1)]k=2i+3k
Q. 2.  Find unit vector parallel to the resultant of the vectors A =1 + 4j — 2k and? 31-57+k.
Sol. The resultant of A and
“R+8B - (T+4j—2k) +(31=5) +k)
=(1+3)T+(4- 5)_]+( 2+1)k=4T+]+k
|R| = Va2 + (- 1)2 + (- 1) \/16+1+1 342
The unit vector parallel to
= 1 ( T—j—k)
T 32
Q3. A vector? when added to the resultant of the vectors A 31 +57+ 7k and? 21 + 4j - 3k gives a unit vector along Y-a
Find the vector
Sol. Resultant ofi and_ﬁ is
R=R+B=(31-5] + 7K) + (21 + 4] — 3k) = 51— +4k
Unit vector along Y-axis =
uwedvector% j—R=j—-(57T-j+4k) =-51+2j-4k
Q. 4. Two forces % =31 +4jand ? = 3j + 4k are acting simultaneously at a point. What is the magnitude of the resultant forcg?
Sol. The resultant force is
R=F1+F2=(3T+4)) + (3] + 4k)=31+ 7] + 4k
Magnitude of the resultant force is
=/32+ 72 + 42 =/9 + 49 + 16= /74 units of force
Q. 5. IfA=3T+ 4/ and B = 7u + 24 j, find a vector having the same magnitude as B and parallel to A
sol. |R|=v32+42=5
U&t vector in thSdlrectlon OfKIS
A=_ R =1(31+4j)
Rl s
Also, [B| =v72+242=25
The vector having the same magnitude as B and parallel to A
= [B] =A=25x1 (31 +4j) = 151 + 20
5
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Q. 6. A bird moves with velocity 20 ms™ in a direction making an angle of 60 °with the eastern line and 60 ° with vertical
upward. Represent the velocity vector in rectangular form.
Sol. Let eastern line be taken as X-axis, northern as Y-axis and vertical upward as Z-axis. Let the velocity vector¥ make angles a,
[ and y with X-, Y- and Z-axis respectively. Then o = 60°, y = 60°.
As cos? o+ cos’PB+cos’y=1
cos? 60° + cos? P + cos? 60° = 1

or [1_]2 + cos’f+ [l]z =1
2 2

or cos?B=1-1% =% orcosf=1/v2
: v=vcosoal+vcosfj+vcosyk
=20x¥%1+20x1/V/27+20x %k =107+10V2j+10k

Q.7. One of the rectangular components of a velocity of 80 kmh™ is 40 kmh™. Find the other component.
Sol. Let v =80 kmh™, vx =40 kmh?, then vy = ?
As V=Vl + w2 vy = VV2 — v = V802 — 402 = /6400 — 1600 = 1/4800 = 69.28 kmh™*
Q. 8. Aforceis inclined at 50 °to the horizontal. If its rectangular component in the horizontal direction be 50 N, find the
magnitude of the force and its vertical component.
Sol. Here Fx=50N, 06 =50° But Fx=Fcos 0
Y F=__F = 50 =_ 50 =77.78N
cos 0 cos 50°  0.6428
Also, Fy = F sin 6 = 50 x sin 50° = 77.75 x 0.7660 = 59.58 N.

Q. 9. Anaeroplane takes off at angle of 30 °to the horizontal. If the component of its velocity along
the horizontal. If the component of its velocity along the horizontal is 250 kmh™, what is the actual velocity? Find also
the vertical component of the velocity.
Sol. Let vx and vy be the horizontal and vertical components of actual velocity v (Fig.) Then
vx = v cos 30° = 250 kmh™ / Wil
v=__ 250 =250x2=288.67 kmh™
cos 30° V3
vy = Vv sin 30°=288.67 x 0.5 = 144.33 kmh™

Vy

30° Vx

Q. 10. A man rows a boat with a speed of 18 kmh™ in the north-west direction. The shoreline makes an angle of 15 °south of
west. Obtain the component of the velocity of the boat along the shoreline and perpendicular to the shoreline.
Sol. As shown in Fig., the boat makes an angle of 45° with the west direction while the shoreline makes an angle of 15° with i
Thus the boat makes angle of 45° + 15° = 60° with the shoreline.
N

V450 /600\
W DL PP E

\

Shoreline « ~ S
Component of the velocity of the boat along the shoreline= 18 cos 60° =18 x % =9 kmh™
Component of the velocity of the boat perpendicular to the shoreline= 18 sin 60° = 18 x V3 =15.6 kmh™!
2

Q. 11. Two billiard balls are rolling on a flat table. One has the velocity components vx =1 ms™, v, = v/3 ms™ and the other ha
component v’x =2 ms™ and v’y= 2 ms™.. If both the balls start moving from the same point, what is the angle between
their paths?

Sol. For first ball: OC=vx=1ms™, OF = vy = V3 ms™
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Q. 12.

Sol.

Q. 13.

Sol.
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Let 6 be the angle which the resultant OA of vx and vy
makes with the X-axis. Then

tanO=vy = V3=+3

v 1

0 =60°
For second ball:
OD=vx=2ms?, OF=vy/ =2ms™
Let 6’ be the angle which the resultant OB of v'x and v’
makes with the X- axis Then

tan 0’ =

,

VX

=2=
2

0’ = 45°
Angles between the paths of two balls
=0=0"=60°-45°=15°

Four persons K, L, M and N are initially at rest at the four corners of a square of side d. Each person now moves with a
uniform speed v in such a way that K always moves directly towards L, L directly towards M, M directly towards N and
N directly towards K. Show that the four persons meet at a time d/v.
All the four persons will meet at the centre O of the square. Each person covers a displacement,

s=%.Vd?+d?= d_

V2
K V L

453,’ L

.~ .
V cos 45° -

Component of velocity towards O,
V' = v cos 45° = v/A/2
Required time, t=s=d/V2=d
vV VA2 v

The x- and y-components of A are 4 m and 6 m respectively. The x- and y- components of vector (A + B) are 10 m
and 9 m respectively. Calculate for the vector B (i) its x- and y- components (ii) its length and (iii) the angle it makes
with the x-axis.
Here Ax=4m, Ay=6m, Ax+Bx=10m, Ay+By=9m
(i)Bx=10-4=6m, By=9-6=3m
(i) B= VB2 +B2=v36+9 =V45m
(iii) 0 =tan™t By =tan™' 3 = 26.6°
Bx 6

X Problems For Practice

Q. 1.
Sol.

Q2.

Find the value of A in the unit vector 0.47+ 0.8 + A k.
As the given vector is a unit vector, so
l047+08j+Akl =1

V(0.4 +(0.8)2+ 22 =1

or
or A?=1-(0.4)>-(0.8)?

=1-0.16-0.64=0.2
or L =+0.2

A child pulls a rope attached to a stone with a force of 60 N. The rope makes an angle of 40 °to the ground. (i) Calculat
the effective value of the pull tending to move the stone along the ground. (ii) Calculate the force tending to lift the
stone.
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Sol. From Fig.

60 N

60 sin 40°

40°

60 cos 40°
(i) Pull along the ground = 60 cos 40° =45.96 N
(i) Force tending to lift the stone vertically up = 60 sin 40° =38.57 N

oo Product of wvectors:- Two vectors can be multiplied in two ways:
.................. (i) Scalarly ...................... (ii) Vectorially

These are two ways in which a vector can be multiplied by another vector:
------------------ (i) One way produces a scalar and is known as scalar product.
------------------ (i) Another way produces a new vector and is known as vector product.

SCALAR PRODUCT OF TWO VECTORS (or Det product of twe vector)
“Fhe scalar product of two vector A & B is defined as the praduct of
nmgld&tdea#?&%nmﬂip&ed&ytﬁemhwaﬁonm&%angﬂe&emtﬁem”.

------ Dot product of ?& B_>represented by A. B & is read as A dot B.
= |_K| |§| cos 0 =ABcos O

B

0 .
o} R -
As A, B and cos 0 are all scalars, so the dot product of R and Bis a scalar guantity. Both R and B have directions, but their
dot product has no directions.

[Scalar product of? and_ﬁ isa scalar:_i. ?= AB cos 0]

Geometrical interpretation of scalar product:

9
As shown in Fig (a), suppose two vectors A and B are represented by OP and 8(1 and £POQ =6
.B=ABcos0=A(BcosB)=A(OR)
= A x Magnitude of component of?i in the direction of?

(b)

[(a) B cos O is the projection of B ontoA. (b) A cos 0 is the projection of R onto?]

From Figﬁb), we have
A.?=ABcose=B(AcosG)=BcosG=B(OS)
= B x Magnitude of component of? in the direction of?

Thus, the scalar product of two vectors is equal to the product of magnitude of one vector and the
magnitude of component of other vector in the direction of first vector.
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Physical examples of scalar product of two vectors:
(i) Work done (W): It is defined on the scalar product of the force ?) acting on the body and the dlsplacement'(})
produced. Thus W =
(ii) Instantaneous power (P) It is defined as the scalar product of force (?) and the instantaneous velocity ( _3) of the body.
Thus P= _>
(iii) Magnetic flux (¢): The magnetic flux linked with a surface is defined as the scalar product of magnetic induction (‘E and
the area vector (K) Thus ¢ %

@As the scalar product of two vectors is a scalar quantity, so work, power and magnetic flux are all scalar quantities.

PROPERTIES OF SCALAR PRODUCT OF TWO VECTORS

®(i) The scalar product is commutative i.e.,

@ (ii) The scalar product js distributive over addition i.e.,
B+O=RB+RT

@ (iii) If ?and% are two vectors perpendicular to each other, then their scalar product is zero.

B=ABCcos90°=0
O] (iv)ﬁA an_a B are two parallel vectors having same direction, then their scalar product has the maximum positive
magnitude. >
A.B=ABcos0°=AB
® (v) Ifzand_ﬁ are two parallel vectors having opposite directions, then their scalar product has the maximum negative
magnitude.

R . B=ABcos180°=—AB.

@ (vi) The scalar product of a vector with itself is equal to the square of its magnitude.

R=A.Acos0°=A.A=A
@ (vii) Scalar product ftwo similar base vectors is unity and that of two different base vectors is zero.

@ (viii) Scalar produ of two vectors A an_<>1 B is equal to the sum of the products of their corresponding rectangular
components.
R.B=AB+A/ By +A B,
@ (ix) The cosine of the angle 6 between A and B is given by
Cos 0 = | || |
= Ax Bx+ Ay By + A;: B;
VAZ + A2+ A2VB2 + B2 + B2

Scalar product of two vectors is commutative: We know that
?- AB cos 0 . (i)
where 0 is the angle betweeni andg measured antlclockW|se as shown in Fig.

g

Can
360° -0 2

AIso,_§ _K = BA cos (360°-0)

=BA cos 0 =ABcos 0 . (i)
Where (360° — 0) is the angle between 8 and A measured anticlockwise.
From equations (i) and (ii), we get

Hence the scalar product of two vectors is commutative.

Scel)lar product of vectors is distributive over addition: In Fig. OP, PQ, and OQ are the projection or components
of B, C ~and (I?+ C) in the direction of vector A. By definition of scalar product,

i.(_ﬁ+?)

9
= Magnitude of_K x Magnitude of component of (_§+%) in the direction of A
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= (OR) (0Q) = (OR) (OP + PQ)
= (OR) (PO) + (OR) (PQ)

(0] R

1
1
P

= Magnitude of R x Magnitude of component of B in the direction of & + Magnitude of A x Magnitude of
component of Cin the direction of A

=A.B+A. [By definition of scalar product]

Hence the scalar product is distributive over addition.

Scalar product in terms of rectangular components: We can express A and B in terms of their rectangular
components as
A:AXT+ij+Axk
And B=BxT+ByT+B:k
=(Axl|\+ij+Az k) .(BxT+Byj+Bz k)
=AxT.(BxT+Byj+B:k)+Ayj.(BxT+Byj+B:k)+A;k+BxT+Byj+Bzk)
=ABT . T+AByT.J+AB, T.k+AyBxj.T+A;Byj.j+AyBj. k+A; Bxk+T+A;Byk.j+A:B:k.k
= A« By (1) + Ax By (0) + A« B, (0) + Ay Bx (0) + A, By (1) + Ay B, (0) + A; By (0) + A, By (0) + A, B, (1)
or B =AB+A, B, +A B,

Examples based on Scalar or Dot Product of tiwo Vectors
¢ Formulae Used

1.2.8- |_K| |73| cos 0 =ABcos 0O

2.1fALB,0=90°andA.B=0

3. Angle 6 between A and B is given by

cosf=__ R.
K

4. In terms of rectangular components,
=AxBx+ Ay By +A;B;

5. Work done, W =

6. Power, P =‘?‘€

Q.1.  Find the angle between the vectors A=1+2j—kandB=-1+j-2k,
sol.  |R|=vI+2T+Ap=V6
Bl =VETP+ T+ 212=V6
=1x(—1)+2x1+(-1)x(-2)
=—1+2+2=3
9

cos 0 = A. = 3
RI 18] Vexve

Hence 0 =60°

Q.2.  Prove that the vectorsj= 1+2j+3kand ?= 21 —j are perpendicular to each other.
Sol. R.B=(1+2j+3k).(21-j+0k)
=1x2+2x(-1)+3x0=0
Hence 1

Q. 3. Find the value of A so that the vectorsi =271+ Aj+kand 3= 47-2j-2 k are perpendicular to each other.
Sol. As KJ_%, so? .%': 0

or (2T+Aj+k).(47-2]-2k) =
or 2Xx4+Ax(-2)+1x(-2)=
or A=3

Q. 4. If the m mtudes of two Xw%’ors are 3 and 4 and their scalar product is 6, then find the angle between the two vectors.
Sol. Here =4,A.B=
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cos 0= K_E =_6
1R 1B] 3x

Q.5. A body constrained to move along the z-axis of a co-ordinate system is subjected to a constant force ?given by ?=
—1+2j+ 3 k newton where i, j and k represent unit vectors along x-, y- and z-axis of the system respectively. Calculate
the work done by the force in displacing the body through a distance of 4 m along the z-axis.

Sol. As the body moves 4 m along the z-axis, so the displacement vector is

?=4k=0?+0j+4kmetre
Also  P=-i+ 2j+3 knewton
W=F.S=(-T+2j+3Kk).(0T+0j+4Kk) =—1x0+2x0+3x4=12joule.

=1
2

4 Hence 6 = 60°

Q.6. Aforce of 71 + 6 k newton makes a body move on a rough plane with a velocity of 3 j + 4 k ms™ Calculate the power
in watt.
Sol. Power
P=F.0=(71+0]+6k).(0T+3]+4k) =7x0+0x3+6x4=24W
Q7. Three vector?i,?and Care such that A =B + € and their magnitudes are 5, 4 and 3 respectively. Find the angle betwe

AandT.
Sol. Giveni=?+?or?=?—?

Now,

BB=R-T). (? 'E) RR-RC-CR+CT

=R R+T. 'E [~ CR=R.Q
or B2 =A2+C2—2ACc056
where 0 is the angle between A and C. Thus

cos0=A2+C>-B*=52+32-42=18=0.6

2AC 2x5x%x3 30
0 = cos™* (0.6) = 53°

Q. 8. If |i+§| |j—§| flnd the angle between A and B.
Sol. Given |'R+'B|-
or |'K+_§|Z‘|_K 'E(|z2_§ ﬁ-g | KX]
or +B) 2=
or g?ﬁk% K+?i?i 'K'K—'K'B TETKFE'%
or A2+ 2R B+B2=A2—2R.B+82 [-%3@?.@]
or 4R B=0 or 4ABcos0=0
AsR and_g are non-zero vectors, so
Cos6=0° or ©6=90°

Q. 9. If vectors? 3 and #have magnitudes 5, 12 and 13 units and?+ 3: ?, find the angle between Q and R.
so. As  P+Q= ? 'ﬁ -Q-=

and 7?3 3)
R-R.O0-3.R+ 3'6 3.7

or
or R2-3R.Q+Q?=Pp?
or cos 0 =R+ Q?— P?
2RQ
=132+12%2-52= 288 =12

2x13x12 2x13x12 13
0 =cos'12/13

Q. 10. Determine the angles which the vector ?= 57+ 0j+5 k makes with X-, Y- and Z-axes.
Sol. Here A= |_K|

=VAZx+ A2y + A2z =52+0%+52=5+2

If vector & makes angles o, B and y with X-, Y- and Z-axis respectively, then

cosa=Ax=_5 =_1 =« o =45°
A 52 V2

cosB=Ay=_0 =0 B =90°
A 5V2

cosy=A;=_5 =1 y =45°
A V2 V2
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Q. 11.  If unit vectors 8 and b are inclined at angle 6, then prove that
/6-b/? = 2 sin a/2
Sol. For any vector3, [312=3.3

Ié b|2—(’é— A -"b)
=2.4-9.9 13.%+/B./B
—1—2a.15+1 [a’é 1x1xcos0°=1]

=2-2x1x1xcos0=2(1-cosb)
=2.2sin20=4sin%?0 [*1-cos 20 =2 sin?0]
2 2
Hence |ﬁ—/l3| =2sin0/2

Q. 12.  Find the components of a = 21 + 3j along the directions of vectors 1 +jand1-].

Sol. Givena=2T+3jandletb=1+jand c=1-]j. Then component of a in the direction b

=(acos0)b
=abcosBb=a.b b

b b [b]2
=(21+3]) . ((+]) ([ +]) (I +])

[\/12_‘_12]2
=2x1+3x1(i+j=5(1+])

2 2

Component of a in the direction of ¢
= a.c c=(271+37).(0-1)

lc|2 [V12 + 122
=2x1+3x(=1)(1-])=-%(1-])
2

VECTOR PRODUCT OF TWO VECTORS
: The vector or cross product of two vectors is defined as the vector whose magnitude is equal to
the product of the magnitudes of two vectors and sine of the angle between them and whose direction is perpendicula
to the plane of the two vectors and is given by right hand rule Mathematically, if 6 is the angle between vectors A and B, th
x§= AB sin O
where fi is a unit vector perpendicular to the plane ofKand§ and its direction is given by right hand rule. Thus, the
dir®ctiBn of A x B is same as that of uft vector n.

X

(a)

=~

S

[Right hand rules for direction of vector product]

Rules for determining the direction 0f3 X ﬁ

(i) Right-handed screw rule: As shown in Fig. (b), if a right-handed screw is placed with its axis perpendicular to the plan
of vectors R and B and is rotated from A to B through the smaller angle, then the direction in which the screw advances gives the
direction ofix

(ii) Right hand thumb rule: As shown in Fig.(c), curl the fingers of the right hand in such a way that they point in the
direction of rotation from vettor A to B through the smaller angle, then the stretched thumb points in the dir ctidn of A x B.
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Geometrical interpretation of vector product: Suppose two vectors R and ?are the represented by the sides OP and 0Q of

a parallelogram OPRQ, as shown in Fig.

[Geometrical significance of vector product]

Let POQ = 6. Draw QN L OP. The magnitude of vector producti x% is
x§| =ABsin 0
=(OP) (0Q) sin O
= (OP) (QN) [ QN =0Qsin 0]
= Area of parallelogram OPQR
Thus the magnitude of the vector product of two vectors is equal to area of the parallelogram formed by the
two vectors as its adjacent sides,
Moreover,
[ xB|=2x% (OP) (QN) = 2 x Area of APOQ
Thus, the magnitude of the vector product of two vectors is equal to twice the area of the triangle formed by
the two vectors its adjacent sides.

Physical examples of vector product:
(i) Torque 1: The_t)orque acting on a particle is equal to the vector product of its position vector (ﬂ and force vector (?)

Thus T =T x
(ii) Angular momentumT: The angular momentum of a particle is equal to the cross product of its position. vector ) and
linear momentum ). Thus
=rx
(iii) Instantaneous velocity v: The instantaneous velocity of a particle is equal to the cross product of its angular velocity
(@) and the position vector (r). Thus

:6><

PROPERTIES OF VECTOR PRODUCT
®(i) Vector product is anti-commutative i.e.,
X =—bX
@ (ii) Vector product is distributive over addition i.e.,
R x (?:E) =RAxB+XxTC
@ (iii) Vector product of two parallel or antiparallel vectors is a null vector. Thus
= AB sin (0° or 180°) A =G
@ (iv) Vector product of a vector with itself is a null vector.
= AAsin 0° =3
@ (v) The magnitude of the vector product of two mutually perpendicular vectors is equal to the product of their magnitudes.
|Z < B| = AB sin 90° = AB
@ (vi) Vector product of orthogonal unit vectors: The magnitude of each of the vectors 1, j and k is 1. and the angle betwe
any of two of them is 90°.
Txj7=(1)(1)sin90°n=nxn
As n is a unit vector perpendicular to the plane of Tand j, so it is just the third vector k.

Ixj=k
ixj=kjxk=1kxT=j
FxT==k kxj==1Txk=-]
+ -
+ + - L
j j

[Vector product of base vectors is cyclic (i) Anticlock-wise positive, (b) Clockwise negative]
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@Aid to memory: Write 1, § and k cyclically round a circle, as shown in Fig. Multiplying two-unit vectors anticlockwise,
we get positive value of third unit vector (e.g., T x j = + k); and multiplying two-unit vectors clockwise, we get negative
value of third unit vector (e.g., j x 7= k).
Also, 1x1=(1)(1)sin0°N=0

IxT=jxj=kxk=0
@ (vii) The vector product of two vectors can be expressed in terms of their rectangular components as a determinant.

Tk
? X% = Ax Ay Az
Bx By B

@ (viii) Sine of the angle between two vectors: If 0 is the angle between two vectors ,?and_ﬁ, then
Kx_§| = ’_m ’_E‘ sin
or sin@ = |_§|x|__§§’
@ (ix) Unit vector perpendicular to the plane of two vectors: If n is a unit vector perpendicular to the plane of vectors
Aand B,then AxB= ABsT%On— |A><B| fi
or A= RAxB_
351

Cross produet is anticommutative: As shown in Fig. (a) and (b), consider two vectors A and B such that the small angle
between them is 6.
R=B

/ Plane ofz and_g Plane ofi and_ﬁ

n (=6)

[Direction of? x_i is opposite to that of? x_g]
xR
Now, ?x§= AB sin 0
and ?XK=AB sin (—9)ﬁ=—ABsin 0 fi
Clearly, both & x B and B x & have equal magnitudes (AB sin 0) but they have opposite directions. Thus

xB+BxR  and  RAxB=-BxR

Hence cross product of two vectors is not commutative, instead it is anticommutative.

9
Vector product in terms of rectangular components: We can express_?A and B in terms of their rectangular
components as

—Ax|+AyJ+Azk and g=BxT+Byj+sz
= (AxT+Ayj+A:k) x (B«T+Byj+B:k)
=AxTx (BxT+Byj+B:k)+Ayjx(BxT+Byj+B:k)+A kx (BxT+Byj+B;k)
=AxBx (T x T) + AxBy (j x j) + Ay Bz (j x k) + Ay Bx (j x 1) + Ay By (j xj) + Ay B2 (j x k)
+ A; Bx (k x T) + Az By (k % j) + Az Bz (k x k)

or =1 (Ay B:—A; By) —j (Az Bx — Ax Bz) +k (Ax By — Ay Bx)
Tk

or ? x_g = Ax Ay A;
Bx By B:

This equation expresses? x B in a determinant form.

Examples based on Vector or Cross Product of two Vectors
+ Formulae Used
1.R xB = AB sin 0
2. Unit vector n perpendicular to the plane of vectorsi and?is given by n = F x? |
X

CBS E3._@H@é)ﬁ\f/gen vectorsi and?is given by AEPSTUDY CIRCLE
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sinf=_|RxB
Al Bl
4. In terms of rectangular components, we have
1 j k
RAxB= A A A
Bx By B:

or R B = (A B.— A, By) T+ (A, Bx— A B.) ] + (Ax By — Ay By) k
5. For parallel vectors, RAxB=0
6. Moment of a force or_torque, 27T
Q.1.  Prove that the vectorsz 271-3j-k andg —61+9j+2kare parallel.

Sol. 1 j k
RAxB= |[A -3 1
-6 9 3
= 7l-3 -1| -jl2 -1] +k | 2 -3
9 3 -6 3 -6 9
=1(-9+9)—j(6-6)+k(18-18)=0
Hence R Il
Q. 2. Calculate the area of the parallelogram whose two adjacent sides are formed by the vectors A =31+4 jand B =231 +7].
Sol. 1 j k
AxB=[3 4 o0
-3 7 0
=1|-4 ol -j|3 o] +k | 3 4
7 0 -3 0 -3 7

=1(0+0)-j(0-0)+k(21-12) =33k
Area of parallelogram
| R x B = V02 + 0% + 332 = 33 sq. Units.
Q. 3. Ifjand? denote the sides of a parallelogram and its area is AB/2, find the angle between RandB.
Sol. Area of parallelogram
= R xB) = AB sin 0 = AB/2
sinf="% or 0 =30°
Q.4.  Determine a unit vector perpendicular to both X: 2i+j+k and? =1-j+2k.

Sol. The perpendicular unit vector n is glven by
A><B ABS|n6n—|K>< |n
A><
<B|
T 7 k
Now AxB= (2 1 1
> |1 a2
=1l 1 1 il 2 1] +k |2 1
‘—1 2‘ 1 2 1 -
=T2+1)-j(4-1)+k(-2-1)
=3T—3j—3k
R xB| =v32+(-3)2+(-3)2=+27=33
Hence n-=

33 V3
Q. 5. Find a vector whose length is 7 and which is perpendicular to each of the vectors.
A=21-3j+6kandB=1+j—k
Sol. ﬁereix%= 7 j k
2 3 6
1 1 -1
=71(3-6)-j(-2-6)+k(2+3)
=-37+8j+5k
[ RxBl=V(-3)2+82+52=v98 =72
Unit vector perpendicular to Aand B is
n= AxB =—37+87+5k

|_K x_g| 7V2

Required vector
=7n=7 -31+8j+5k
72
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=1 (-37+8j+5k)
V2
Q. 6.  Determine the sine of the angle between the vectors 31+j+2kand21-2j+4k.
Sol. Let?=3?+j+2kand?i=2T—2j+4k.Then

RxB=|1 | k
3.1 2
2 -2 4
=?‘ 1 2‘—j‘3 2‘ +k‘3 1‘
-2 4 2 4 2 -2
=T(4+4)-j(12-4)+k(-6-2)
=81-8j-8k

IR xB| =V87+ (=87 + (-8)2 = 8V/3
1R =v32+12+22=14
Bl =v22+ (-2)2+42=+24
: 5|n9—|?><_§| 8v3 =2
RIBl Viaxv2a 7
Q.7. Show that: (A B)x(A+B)= 2 (RxB)

sol. LHS=R-B)xR+B)>
AxR+EAxB-BxR-Bx®

=0+_K x?+?x3+0 [-.-?x_g=—?xﬁ]
=2 R xB)=RHS
Q. 8. For any three vector A,?and?, prove that?x(?+ @ +B x(% +j) +?x(z +§) =0
Sol.  LHS >
=X>< (§+?) +§(?+X) +_3(K+§)
=AxB+AXxC+BxC+BxR+TxR+CxB
=§x_§ +R x?+_§ x%—?x?—?x_e—?x_t [':?X_K=—K x%]
=0=RHS

Q.9.  For any two vectors z and?, prove that (j' x?)z =A’B?- (j . 3)2
Sol.  LHS=(R xB)
= [R xB|2 = (AB sin 0)2
=A?B?(1-cos?0) =A?B?-(AB cos 0)?
= A%B2— [R "B)2 = RHS
Q. 10. Find A. §If /Z/ 2, /?/ 5and ﬁx?/
sol.  As|[RxBl2=[RI2 |?|2-m
82 - 22 X 52
or ® B)2=100—64 =36
: RB=+6
Q. 11. Find the area of the triangle formed by the tips of the vectors d=1- j-3 k,?: 47-3j+k and€=37- j+2k.
Sol. Let ABC the triangle formed by the tips of the given vectors. Then
BA=Z-B=(1-j-3Kk - (47-3]+k)

=—37+2j-4k
BC=C-B=(31-j+2k —(41-3]+K)
=—T+2j+k
Now BA x BC = T 7 k
-3 2 -4
-1 2 1

=71(2+8)-j(-3-4)+k(-6+2) =107T+7j-4k
| BA x BC| = V(10)2+ 72 + (~4)2 = V165 = 12.8
Area of AABC = % | BA x BC|=% x 12.8 = 6.4 sq. Units.
Q. 12.  Find the moment about the point (1, — 1, — 1) of the force 31+ 4 j - k acting at the point (1, 0, — 2).
Sol. Here ?=3T+4j—5k
Let P be the point about which moment is to be obtained and A be the point at which force is applied. If O is the origin,
then

Gp=i-j-k OA=1+0j-2k
PA=OA—Op=(1-0h—-2K-(-j—k =j-k
Moment of force? about the point P is

T=PAxF= 1 | Kk
0 1 -1
CBSE-PHYSICS (3 4 =1(-5+4)-7(0+3)+k(0-3)=-T-3jA3K P STUDY CIRCLE
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The diagonals of a parallelogram are given by the vectors 31+ j+2 k and 71— 3j + 4 k. Find the area of the parallelogram.
If A and B are the adjacent sides of the parallelogram, then its diagonals will be

+B=3T+j+2kandA-B=1-3]+4k
Now ARxB=%(A-B)x(A+B)

=% [T § «k
1 -3 4
3 1 2
=% (-6-4)-j(2-12)+k(1+9)] =% (-107+10j +10k)

Area of parallelogram
= [RxB| =% V(107 + 107+ 107 =1 x 17.32 = 8.66 5q. Units

In any AABC, prove that

a =_b =_c

sinA sinB sinC 180° A
As shown in Fig. the vectors%,'g and€are cyclic, therefore
+b+¢=0 or F+b=-
or (_a>+%) x_c>=—_c>><_c> or _a>x_%+_3 ><T:>= 0 %
or —Ex2=BxC=0 or _Bx_c>=_c>><_% )] 4
Similarly, xB=Bx2? . (i)
From (i) and i), we et 180°-C
_E x_g Cx a B > \
I e T /LM{OO_B 3 c
or ab sin (180° — C) = bc sin (180° — A) = ca sin (180° — B)
or absinC=bcsinA=casinB
Dividing throughout by abc, we get
sinC=sinA=sinB or a_ =_b =_¢
b sinA sinB  sinC

lf'a 'B?are three vectors such that 6 . B =6 . ,'3 b =8 x'%,?;t_b then prove that_z =_%.
leen3.'3 ? ? or %'B _5 ? 0
or z. (B —?j =0

But 2£0 EitherB-€=0 or 3L (%—_>
=>EitherB=€ or 2.l (B—?) )]

Also, FTxB=3 x¢ or ZxB-3xC=0

or T ('B—_%) =

But 30 EitherB-C=0 or 3B

=> EitherB=C or 31 B-0 ... (ii)

But a cannot be simultaneously perpendicular and parallel to (b — c), so equation (i) and (ii) will hold simultaneously if b =|§.
Ifa=1-2j-3k b=21+j-kand€=1+3j-2k, then find 8 x (b x¢).

xC= |1 ] k
2 1 -
1 3 =2

=7(-2+3)-j(-4+1)+k(6-1)=T+3j7+5k
Now,?x(’Bx?): 1 j k

1 =2 -3
1 3 5
=71(-10+9)-j(5+3)+k(3+2)=—-T-8j+5k

VERY SHORT ANSWER CONCEPTUAL PROBLEMS

Q. 1.

Sol.
Q. 2.

Sol.
Q. 3.
Sol.
Q. 4.
Sol.
Q. 5.

CBSE-PHYSICS

Pick out the two scalar quantities in the following list: force, angular momentum, work, current, linear momentum,
electric field, average velocity, magnetic moment, reaction as per Newton’s third law, relative velocity.

Work and current

Pick out the only vector quantity in the following list: Temperature, pressure, impulse, time, power, total path length,
energy, gravitational potential, coefficient of friction, charge.

Impulse

Why cannot be vectors added algebraically?

Apart from magnitude, the vectors also have directions, so they cannot be added algebraically.

State the essential condition for the addition of vectors.

The essential condition for the addition of vectors is that they must represent the physical quantities of same nature.
Is time a vector quantity? Give reason.
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Sol.

Q. 13.

Sol.

Q. 14.
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Sol.
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Sol.

Q. 17.

Sol.

Q. 18.

Sol.

Q. 19.

Sol.
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Sol.
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Sol.
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Sol.
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Time flows from past to present and present to future. Thus, the direction of time flow is unique and does not need to be
specified. Hence time is not a vector, though it has a direction.
Is pressure a vector? Given reason
Pressure is always taken to be normal to the plane of the area on which it is acting. As this direction is unique, it does need
any specification. So pressure is not a vector.
Can two vectors of different magnitudes be combined to given zero resultant?
No, two vectors of different magnitudes cannot be combined to given zero resultant.
When is the magnitude of the resultant of two vectors equal to either of them?
When two vectors of equal magnitude are inclined to each other at an angle of 120°, the magnitude of their resultant is
equal to that of the either vector.
a?=a%+a%+2a%cos?0
=> cos0=-% = 0=120°
What is the difference between TA ?B) andTB ?A) ?
The two vectors have equal magnitude but opposite directions.
Can i +% =A-
Yes, the equality holds when B is a null vector.
When is the magnitude of (A + B) equal to the magnitude of (A — B)?
When the vectors A and B are perpendicular to each other, |A+8B|=[A-BI.
Under what condition will the directions of sum and difference of two vectors be same?
When the two vectors are unequal in magnitude and are in the same direction.
If A+ B=B+A, what can you about the angle between A and B?
A and B can have any angle between them because commutative law holds good for any two coplanar vectors.
Can we add a velocity vector to a displacement vector?
No, only vectors repressing physical quantites of same nature can be added together.
What is the minimum number of coplanar vectors of different magnitudes which can give zero resultant?
Three. If three vectors can be represented by the three sides of a triangle taken in the same order, then their resultant is
zero vector.
Ifa+b=cand |al +|b| = ¢l , what can we say about the direction of these vectors?
The three vectors have the same direction.
What is the resultant of vectorTK multiplied by real number m?
The resultant vector mA has magnitude m times that of? It has same direction as that of?n‘ m is positive. It has directi
opposite to that of A if m is negative.
Can a vector be multiplied by both dimensional and non-dimensional scalars?
Yes, When a vector is multiplied by a dimensional scalar, the resultant has different dimensions. When the vector is
multiplied by a non-dimensional scalar, its dimensional remain unchanged.
What is the maximum number of components into which a vector can resolved?
Infinite
Can the magnitude of the rectangular component of a vector be greater than the magnitude of that vector?
No, For example, the rectangular components of vector A are Ax= A cos 0 and Ay = A sin 0. As both sin 6 and cos 0 can ta
values between — 1 and + 1, so the magnitude of both Ax and Ay cannot be greater than A.
Can a vector be zero when one of the components is not zero while all the other components are zero?
No, Any vector R in three dimensions can be written as
A=AT+Aj+Ak,  where A=vVAL+A%+A2
Clearly, if any of the components Ay, Ay or A; is not zero, the vector?wﬂl not be a zero vector.

C¢£1> the increment K‘l in the magnitude of vector a be greater than the modulus of the increment of the vector, that is
[Aa/? can they be equal?
No, the increment A a cannot be greater than the increment |Aa | as shown in Fig. The two will be equal if2and Zﬂ hav

the same direction. N
v

A2
%+A3

The direction of vector? is reversed. Find Aa, /Aa / and?a

A=-2-3=-73

|A%| =2a
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If?and A_¢>1 are directed opposite each other, what is the relation between Aa and /A_a> /?
Aa=- |?a .
A vector 8 is turned through a small angle d @ without a change in its length. What are /A—%I/ and Aa?
|AZ] =ad6and Aa=0
Give two conditions necessary for a given quantity to be a vector.
(i) The quantity must have both magnitude and direction.
(ii) It must obey the laws of vector addition.
Is finite rotation a vector?
No, This is because the addition of two finite rotations about different axes does not obey commutative law.
Can the scalar product of two vectors be negative?
Yes, the scalar product is negative when the angle between two vectors lies between 90° and 270°.
What is the dot product of two perpendicular vectors A and B?
Zero,i 'E =ABcos90°=0
What is the dot product of two similar unit vectors?
Unity. For example 7.7 =(1) (1) cos 0° =1
What is the dot product of two dissimilar unit vectors?  Or Calculate the value of 1. j.
Zero
For example, 7.7 = (1) (1) cos 90° =0
IfA.B=A.C,is it correct to conclude that B = C.
No, we can write A : (B — C) = 0 which implies that A may be perpendicular to (B — C).
lfj, and € are non-zero vector and A. B=0and B . C = 0, then find out the value of A. C.
A.B=0 => ALB
B.C=0 => B.lC

AJJC and A.C=ACcos0°=AC
What is the magnitude and direction of i + j?
[T+7] =vV12+12=+2
If the vector T+ j makes angle § with x-axis, then

tan B =coeff. ofT=1=1 =~ p=45°

coeff. ofj 1

What is the angle made by vector A = 21 + 2 j with x-axis?
The angle 6 between A and x-axis is given by

cosO0=_A.1T = (27+2)).1 = 2x1+2x0=_2
IAllEl [21+2jl 18] V22422912 242
or cos 0 =1/42 0 =45°

What should be the angle 6 between two vectors A and B for their resultant R to be maximum?
R=vA2+B2+2ABcos 0
R will be maximum when cos 6 =+ 1 or 0 =0°
Rmax=A+B

What should be the angle 6 between tow vectors A and B for their resultant R to be minimum?
R=vA2+B2+2ABcos 0
R will be minimum when cos© =—10or 0 =180° Rmn=A~B
What is the effect on the magnitude of the resultant of two vectors when the angle @ between them is increased from
0°to 180°?
R=+/A2+ B2+ 2AB cos 0
As the angle 0 increases from 0° to 180°, the value of cos 0 decreases, so the magnitude R of the resultant also decrease
Two persons are pulling the ends of a string in such a way that the string is stretched horizontally. When a weight of
10 kg is suspended in the middle of the string, the string does not remain horizontal. Can the persons make it horizonta
again by putting it with a greater force?
No, the vertical weight cannot be balanced by the horizontal force, however larger the two forces may be.
What is the vector sum of n coplanar forces, each of magnitude F, if each force makes an angle of 2 i/n with the
proceeding force?
Total angle between n coplanar force = (21t/n) x n = 27. This shows that the n forces can be represented by the n sides
of a closed polygon taken in the same order. So, the resultant force is zero.
Two vectors A and B are in the same plane and angle between them is 6. What is the magnitude and direction of A x B
|AxB|=ABsin0 35
The direction of A x B is perpendicular to the plane of A and B and points in the same direction in which a right-handed
screw would advance when rotated from A to B.

A and B are tMS/o length vectors, then what is the geometrical significance of /A xB/?
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| A x B| = AB sin , this gives area of the parallelogram with adjacent sides A and B.
What is the unit vector perpendicular to the plane of vectors A and B?
n= AxB = AxB
|AxB| ABsin6
What is the value of A x A?
Zero, because Ax A=AAsin0°=0
What is the condition for two vectors to be collinear?
For two given vectors to be collinear, their cross-product must be zero.
If A xB = C x B, show that C need not be equal to A.

As AxB=CxB
AxB-CxB=0
or (A-C)xB=0
This implies that if C # A, then either B=0 or (A-C)II B

Find the value of 1 x j.
Txj=(1)(1)sin90° k =k
Whatisi. (j xk)?

T.(Gxk)=7.7=(1) (1) cos0° =1
Under what condition will the equality: |A xB| =A. B hold good?
As |AxB]| =
AB sin 6 = AB cos 6 or tan6=1 => 0 =45°

What is the angle between (A + B) and (A x B)?
The resultant vector (A + B) lies in the plane of A and B, while the cross product (A x B) is perpendicular to this plane. So
angle between (A + B) and (A x B) is 90°.

SHORT ANSWER CONCEPTUAL PROBLEMS

Sol.

Sol.

State for each of the following physical quantities, if its is a scalar or a vector: volume, mass, speed, acceleration,
density, number of moles, velocity, angular frequency, displacement, angular velocity.

Scalars: volume, mass, speed, density, number of moles and angular frequency.

Vectors: Acceleration, velocity, displacement and angular velocity.

State with reasons, whether the following algebraic operations with scalar and vector physical quantities are

meaningful:

(a) Adding any two scalars. (b) Adding a scalar to a vector of the same dimensions.
(c) Multiplying any vector by any scalar.  (d) Multiplying any two scalars.

(e) Adding any two vectors. (f) Adding a component of a vector to the same vector.

(a) No, Only two such scalars can be added which represent the same physical quantity.

(b) No, A scalar cannot be added to a vector even of same dimensions because a vector has a direction while a scalar has
no direction e.g., speed cannot be added to velocity.

(c) Yes, We can multiply any vector by a scalar. For example, when mass (scalar) is multiplied with acceleration (vector),
get force (vector)i.e., F=ma

(d) Yes, We can multiply any two scalars. When we multiply power (scalar) with time (scalar), we get work done (scalar) i.§.

W = Pt.

(e) No, Only two vectors of same nature can be added by using the law of vector addition.

(f) No, A component of a vector can be added to the same vector only by using the law of vector addition. So the additio
of a component of a vector to the same vector is not a meaningful algebraic operation.

Read each statement below carefully and state, with reasons and examples, if it is true or false:

A scalar quantity is one that

(a) is conserved in a process (b) can never take negative values

(c) must be dimensionless (d) does not vary from one point to another in space

(e) has the same value for observers with different orientations of axes.

(a) False, Kinetic energy (scalar) is not conserved in an inelastic collision. Moreover, vector quantities like linear
momentum, angular momentum, etc., are also conserved.

(b) False, Scalar quantities such as electric potential, temperature, etc., can take negative values.

(c) False, Scalar quantities like mass, density, energy etc., are not dimensionless.

(d) False, Density (scalar) varies from point to point in the atmosphere.

(e) True, the mass (scalar) of a body as measured by different observes with different orientations of axes has the same
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Q. 10.
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Read each statement below carefully and state with reasons, if it is true or false:
(a) The magnitude of a vector is always a scalar.
(b) Each component of a vector is always a scalar.
(c) The total path length is always equal to the magnitude of the displacement vector of a particle.
(d) The average speed of a particle (defined as total path length divided by the time taken to cover the path) is either
greater or equal to the magnitude of average velocity of the particular over the same interval of time.
(e) Three vectors not lying in a plane can never add up to give a null vector.
(a) True, the magnitude of a vector is a pure number and has no direction.
(b) False, Each component of a vector is also a vector.
(c) False, The displacement depends only on the end points while the path length depends on the actual path. The two
guantities are equal only if the direction of motion of the object does not change. In all other cases, path length is greate
than the magnitude of displacement.
(d) True, This is because the total path length is either greater than or equal to the magnitude of displacement over the
same interval ot time.
(e) True, This is because the resultant of two vectors will not lie in the plane of third vector and hence cannot cancel its
effect to give null vector.
Three girsl skating on a circular ice ground of radius 200 m start from a point P on the edge of the ground and reach a
point Q diametrically opposite to P following different paths as shown in Fig. What is the magnitude of the displaceme
vector for each? For which girl is this equal to the actual length of path skated?

Q

4,

Displacement of each girl = P_(>1
Magnitude of displacement vector for each girl = |?b| =2 xradius =2 x 200 =400 m

For girl B, the magnitude of displacement vector = actual length of path.

A vector has magnitude and direction. Does it have a location in space? Can it vary with time? Will two equal vectord
and b at different locations in space necessarily have identical physical effects? Give examples in support of your answ.
In addition to magnitude and direction, each vector also has a definite location in space. For example, a velocity vector h
definite location at every point of uniform circular motion.

A vector can vary with time. For example, increase in velocity produces acceleration.

Two equal vectors a and b having different locations may not produce identical physical effects. For example two equal
forces (vectors) acting at two different points may not produce equal turning effects.

A vector has both magnitude and direction. Does it mean that anything that has magnitude and direction is necessarit
vector? The rotation of a body can be specified by the direction of the axis of rotation, and the angle of rotation about
the axis. Does that make any rotation a vector?

No, anything that has both magnitude and direction is not necessarily a vector. It must obey the laws of vector addition.
Rotation is not generally considered a vector even though it has magnitude and direction because the commutative law,
However, infinitesimally small rotations obey commutative law and hence an infinitesimally small rotation is considered
vector.

Can you associate vectors with (a) the length of a wire bent into a loop, (b) a plane area, (c) a sphere? Explain.

Out of these, only a plane area can be associated with a vector. The direction of this area vector is taken normal to the
plane.

Which of the followmg quantltles are independent of the choice of orientation of the coordinate axes:

a +% 3%,( + 2by, ? b= c/ angle between b and c, Aa, where A is a scalar?

A vector, its magnitude and the angle between two vectors do not depend on the choice of the orientation of the
coordinate axes,soa+b, la+b—cl , angle between b and c and Aa are independent of the orientation of the coordinat
axes.

But the quantity 3ax + 2by depends upon the magnitude of the components along x- and y-axes, so it will change with the
change in coordinate axes.

Given a + b + ¢ + d = 0, which of the following statements are correct:

(a) a, b, c and d must each be a null vector,

(b) The magnitude of (a + c) equals the magnitude of (b + d),

(c) The magnitude of a can never be greater than the sum of the magnitudes of b, ¢, and d,

(d) b + c must lie in the plane of a and d if a and d are not collinear, and in the line of a and d, if they are collinear?
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Sol. (a) a, b, c and d need not each be a null vector. The resultant of four non-zero vectors can be a null vector in many ways
e.g., the resultant of any three vectors may be equal to the magnitude of fourth vector but has the opposite direction.
Hence the statement a, b, c and d must each be a null vector, is not correct.

(b) Because,a+b+c+d=0o0ra=-(b+c+d). Hence, magnitude of vector a is equal to magnitude of vector (b + c + d).
The sum of the magnitude of vectors b, c and d may be greater than or equal to that of vector a (or vector b + c + d). Hence
the statement that the magnitude of a can never be greater than the sum of the magnitudes of b, c and d is correct.

(d) Becausea+b +c+d=0, hence (b +c) +a+d=0. The resultant sum of three vectors (b + ¢, a and d can be zero only if b
+ cisin plane of a and d. In case a and d are collinear, b + c must be in line of a and d. Hence the given statement is correct.

Q.11. Doa+banda-blieinthe same plane. Give reason.

Sol. Yes, because a + b is represented by the diagonal of the parallelogram drawn with a and b as adjacent sides. The diagona
passes through the common tail of a and b. However, a — b is represented by the other diagonal of the same parallelogra
not passing through the common tail of a and b. Thus both a + b and a — b lie in plane of the same parallelogram.

Q.12. Can we apply the commutative and associative laws to vector subtraction also?

Sol. (i) No, we cannot apply commutative law to vector subtraction becausea —b # b —a.

(ii) Yes, association law can be applied to vector subtraction because (a +b) —c=a+ (b—c).

Q. 13. Can three vectors not in one plane give a zero resultant? Can four vectors do so?

Sol. No, three vectors not in one plane cannot give a zero resultant because the resultant of two vectors will not lie in the pla
of the third vector and hence cannot cancel its effect.

The resultant of four vectors not in one plane may be a zero vector.

Q. 14. What s the difference between the following two data?

(i) 8 (5 km/hr, east) (ii) (8 hr) (5 km/hr, east)

Sol. (i) It is the product of a pure number and a vector (velocity), hence the unit of product is the same as that of vectorii.e., t
product is a velocity of 40 km/hr, towards east.

(i) It is the product of a scalar (time) and a vector (velocity). Hence the unit of the product will be hr x (km/hr). Thus the
product is a displacement of magnitude 40 km, towards east.

Q.15. Is|a+b| greater than or less than |al+|bl|? Give reason.

Sol. la+bl2=(lal + |bl)2=1al2+|bl2+2 |al bl cos0-lal2=|bl2=2 |al b

=—2lallbl (1-cos0)
=—2lallbl sin?6/2=a negative quantity
Hence |a+bl < |al + [bl.

Q.16. Is|a-b| greater than or less than lal +|b]?
Sol. la—bl2—(lal + [bl)2
=lal?+[bl>-2 |al bl cos 0-lal?>~ |bl?-[al |b]
=—4lallbl cos26/2=a negative quantity
Hence |a—bl> |al + [b]

Q.17 Two vectors of magnitudes 3 and 4 give a resultant of magnitude 5. What is the dot product of the two vectors ?
Ans. 52 =32 + 42, So, the given vectors are perpendicular. Thus, their dot product is zero.

Q.18 Two vectors of magnitudes 2 and 3 give a resultant of magnitude 5. What is the cross product of the given vectors
Ans. 2 +3 =5. So, the given vectors are parallel. Thus, their cross product is zero.

Q.19 What is the basic condition for the composition of vectors?
Ans. The vectors to be added must represent quantities of same physical nature. As an example, we cannot add displacement
and momentum vectors.
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