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The process of calculating the sides and angles of triangle using given information is called solution of triangle.

In a AABC, the angles are denoted by capital letters A, B and C and the length of the sides opposite these angle
are denoted by small letter a, b and c respectively.

1. SINE FORMULAE :
In any triangle ABC

a b c 5= abc
sinA  sinB  sinC 2A
where R is circumradius and A is area of triangle.

=2R

lilustration 1 : Angles of a triangle are in 4 : 1 : 1 ratio. The ratio between its greatest side and perimeter is
@ — B =2 o2 o —
2++/3 2+3 ' o3 2+4/3
Solution : Angles are in ratio 4 : 1 : 1.

= angles are 120, 30, 30.
If sides opposite to these angles are a, b, ¢ respectively, then a will be the greatest side. Now from

. ¢ | a B b _ c

sine formuia "4n120°  sin30°  sin30°
a _ b _c

= J3s2 172 172

~ A5y ey
g3 1 1 "W

then a = f3k, perimeter = (2 +/3)k

3k J3

required ratio = 2+ 13 )k = 2+\/§ Ans. (B)
Hlustration 2 : In triangle ABC, if b = 3, ¢ = 4 and £B = n/3, then number of such triangles is -
A 1 (B) 2 ©) 0 (D) infinite
sinB  sinC
Solution : Using sine formulae b = o
sint/3 sinC 3 inC 2
3 = 1 = % = sn; = sinC-= E > 1 which is not possible.
Hence there exist no triangle with given elements. Ans. (C)
lilustration 3 : The sides of a triangle are three consecutive natural numbers and its largest angle is twice the
smallest one. Determine the sides of the triangle. A
Solution : Let the sides ben, n + 1, n + 2 cms. 1
n
iee. AC=n AB=n+1, BC=n+ 2 y
Smallest angle is B and largest one is A.
C n+2 B

Here, ZA = 2B

Also, ZA + ZB + ZC = 180

= 3/B+ /C =180 = C =180 - 3/B
We have, sine law as,

sinA  sinB  sinC sin2B  sinB  sin(180 — 3B)

n+2 n  n+1 = n+2 n n+1
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sinZB  sinB  sin3B
n+2 n  n+1
(i) (ii) (iii)
from (i) and (ii);
Z2sinBcosB  sinB B n+2 (iv)
— COs —
- +2 - g 2n ......... ny
and from (ii) and (iii);
sinB _SSinB—4sin3B ~ sinB_sinB(3—4sinzB)
n n+1 n n+1
ntl s 40-cos?B) (v)
n
from (iv) and (v}, we get
2
1 4
n+1=_1+4[n+2] - n+ 1_(11 + 2n+4]
n Z2n n n
2n+1 n®+4n+14 g 5
— = 2 = 2n“+n=n"+4n + 4
n n
= 2_-383n-4=0 = n-4)n+1) =
n=4o0r-1
where n # -1
n = 4. Hence the sides are 4, 5, 6 Ans.
Do yourself - 1 :
T
(i) If in a AABC, 4A:g andb:c=2: /3, find £B.
(ii)  Show that, in any AABC : a sin(B — C) + b sin(C — A) + ¢ sin(A — B) =
sinA  sin(A —B)
(iii) If in a AABC, sinC = sin(B —C) ’ show that a?, b%, c? are in A.P.
; . . 1 [3b—a
(iv) If in a AABC, £ZA = 3ZB, then prove that sinB =E S
2. COSINE FORMULAE :
2 2 2 2 2 2 2 2 2
(a) (:osA:b +o d (b) cosB:u (c) cosC:u
2bc 2ca 2ab
or a? = b? + ¢Z - 2bc cosA
[lustration 4 In a triangle ABC, if B = 30 and ¢ = ,f3 b, then A can be equal to -
(A) 45 (B) 60 (C) 90 (D) 120
2 2_b2 3b2+a2wb2
Solution : We have cos B = H;T = ? = m
= 2_-3ab+2b2=0 = (a-2b)(a-Db)=
= Either a =b = A = 30
or =2b = a?=4b2=b2+c2 = A =090. Ans. (C)
liIT-MATHEMATICS | \ 12
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lllustration 5

Solution

Hlustration 6

Solution

lllustration 7

Solution
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In a triangle ABC, (a® -b? - c? ) tan A + (a%Z - b% +c?) tan B is equal to -
(B) (a2 + b2 + ¢?) tan C

(D) none of these

(A) (@2 + b% —¢?) tan C
(C) (b2 + ¢? -a? tan C

Using cosine law :

The given expression is equal to -2 bc cos A tan A + 2 ac cos B tan B

sinA sinB
= 2abc| — + b =0 Ans. (D)
2cosA cosB 2cosC a b
If in a triangle ABC, + + =—+—, find the ZA =
b c bec ac
(A) 90 (B) 60 (C) 30 (D) none of these
We have 2cosA+cosB+2cosC=i 1
a b C bc ac
Multiplying both sides of abc, we get
= 2bc cos A + ac cos B + 2ab cos C = a? + b?
2 2 12
= B+ -a)+ “'J‘*‘;—b’ﬂaz +b2 —c?)=a? + b2
= c? +a? - b? = 2a% - 2b? = b*+c?=2a?
AABC is right angled at A. = ZA = 90 Ans. (A)

3
A cyclic quadrilateral ABCD of area

is inscribed in unit circle. If one of its side AB = 1,

and the diagonal Bp = ./3 , find lengths of the other sides.

AB =1, pp=.3,0A=0B=0D-=1

A ABD
= R =1 for AABD

a
sin A
and hence C = 120

=2R = A =60

D
The given circle of radius 1 is also circumcircle of
= ‘ C
A /
B

Also by cosine rule on AABD,(\/g)Z =17 + x% —2xcos60°

= x =2
Now, area ABCD = AABD + ABCD

3V3 1

4 2
=cd=1,0rcd?=1

Also by cosine rule on triangle BCD we have

(1.2.5in60°) + %(c.d.sin 120“)

2
(JE) —c? +d? —2cdcos120° =c? +d? +cd

=c?+d*=2o0orecd=1
= ¢? and d? are the roots of t? = 2t + 1 = 0
~c¢?=d*=1 .. BC=1=CD and AD = x

IIT-MATHEMATICS||
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Do yourself - 2

(i) Ifa:b:c=4:5:6, then show that £C = 2£A.
(ii) In any AABC, prove that

cos A " cosB i cosC a® +b% +c?

a b c 2abc
b2 2 2 4, bt 4
(b) D S AT o5 B Co s (e I G

a b c 2abc

(a)

3. PROJECTION FORMULAE :

(a) bcosC+ccos B=a (b) ccosA+acosC=>b (c) acos B+bcos A=c

= —, then show a, b, ¢ are in A.P.

A C 3b
Hlustration 8 : In a AABC,ccos” ?+ acos’ 2°3

Solution : Here, %(1 + cos A) +%(1 +cosC) =

w
I l\:\|c_

= atc+(ccos A+ acosC)
= atc+b=23b
= a+c=2b

which shows a, b, ¢ are in A.P.

3b

{using projection formula}

Do yourself - 3
. ) T 5m
(i) In a AABC, if ZA =7 ZB:E’ show that a +¢+/2 = 2 .
(ii) In a AABC, prove that : (a) bla cosC — c cosA) = a2 — 2 (b Z(b cos? %+ ccos”® E] —a+b+c

4. NAPIER'S ANALOGY (TANGENT RULE) :

B-C b—c A C-A c—a B _ _
] = cot— (b) tan[ ] = cot— (c) tan A-B _a b cotg
2 b+c 2 2 c+a 2 o a+b 2

(a) tan[

lilustration 92 : In a AABC, the tangent of half the difference of two angles is one-third the tangent of half the

sum of the angles. Determine the ratio of the sides opposite to the angles.

A-B 1 A+B
Solution : Here, tan[ )z—tan( b ] ........ (i)
2 3 2
ing Napiot' 1 tan[A_B] 2D cot[gj i
using Napier's analogy, 2 ath o) e (ii)

from (i) & (ii) ;

1 [A +B] a—b (c] 1 [cj a—b [c)
—tan —.cot| — = —cot| —| = .cot| —
3 2 a+b 2 3 2

a+b 2
B+C
{fas A+ B+C=m .. tan( ]=tan[£—9]—cot£}
2 2 2 2
i O 3a-3b=a=+b
a+b 3 amohTa

IIT-MATHEMATICSl I I—\ !TUI!Y
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2a = 4b or —=— = —=—

Thus the ratic of the sides opposite to the angles is b : a =1 : 2.

Properties Of Triangle
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Ans.

Do yourself - 4 :

are altitudes from vertices A,B,C respectively.

B-C
tan
i) I AABC fip 228 = ( 2 j
i n any , prove that - == (BJrCJ
tan
2
i)  If AABC is right angled at C that oni e | S sin(A —B) =2 =0
. an——: = r—
(ii) is right angled at C, prove that : (a) > b (b) 7 b
7 G
(iii) If in a AABC, two sides are a = 3, b = 5 and cos(A — B) =55 find tan-é_ ;
5. HALF ANGLE FORMULAE :
a+b+c

s= s - semi-perimeter of triangle.
(a) @ sin2- [e=bls-c i) sinB = [8—cls—a) o G [ls—a)ls—b)
a) U 2 be (i) 2 ca (i) ab
(b) ) cos= s(s —a) @ co B _ [s(s—b) (i) cos< s(s—c)

' 2 be " 2 ca H ab

A (s —b)(s—c) B (s —c)(s—a) (s —a)(s—Db)
(c) (i) tan E = i) tan— =,/ ———7— (iiiy tan—=
s(s —a) 2 s(s — b} 2 s(s —c)
_ A _ A 3 A
s(s —a) s(s —b) s(s—c)
(d) Area of Triangle
1 1 1
A= \/s(s—a)(s—b)(s —c) = Ebc sin A = Eca sinB = EabsinC = %ap1 = %bp2 = %cpg , where p.,p,,p,

HMustration 10

& a+b cos B 2ab sing . 2ab COSE
(A) 2ab 2 B) a+b 2 ©) a-+ 2
Solution ACAB = ACAD + ACDB

lb'C“leD'[E]+l CD'(E]
= 5 absinC = =b.CD.sin{ o] + 5 2. sinl 5

n(§) -ab 230 5 oo 5)
= CD(a + b) sin E =ab| 2sin > cos 5

2abcos(C /2)
So CD = —(a+b)
d in ACAD __° by si le)
andim ' sin /DAC  sin ZCDA (by. sine rule
bsin ZDAC
= CD=GuB+C/2)

IIT-MATHEMATICS||

: If in a triangle ABC, CD is the angle bisector of the angle ACB, then CD is equal to -

DsinzDAC,
D) sin(B+C/2)

. (C,D)
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Hlustration 11 : If A is the area and 2s the sum of the sides of a triangle, then show A <

2

343
Solution : We have, 2s=a+b+c, A =s(s - a)(s - b)(s - ¢)

Now, A.M. =2 G.M.

(s—a)+(s—b)+(s—c)

> s —a)s—b)s—c)}"*

3s5—2s (Az ]1/3
or Z| —
3 s
g \1/3
. 3 [A_J
3 )

or

< 27 3\/5 Ans.

Do yourself - 5

(i) Given a = 6, b = 8, ¢ = 10. Find

A A A
(a) sinA (b) tanA (c) sin— (d) cos— (e) tan— f) A
2 2 2
A B . C 2
(ii) Prove that in any AABC, (abcs)sin E.sm E.smE = A",

(iii)  Show that if (tan%”an %J :gcot%, thenTaSb e A E

6. m-n THEOREM : A
o
(m+n) cot ®=m cot oo —n cot B B

(m+n)cot ®=ncot B-m cot C. o 0 .

= m D n

lllustration 12 : The base of a A is divided into three equal parts. If t,, t,, t; be the tangents of the angles sub-

1 1 1 1 al1 1
tended by these parts at the opposite vertex, prove that : t_+t_ t—+t_ = +t—2
1 2 2 3 2

Solution : Let the points P and Q divide the side BC in three equal parts :
Such that BP = PQ = QC = x
Also let, A
ZBAP = a, Z/PAQ =B, ZQAC =y an
and ZAQC =6 0
From question, tana = t,, tanp = t,, tany = B P c
Applying
m : n rule in triangle ABC we get,
(2x + x) cot® = 2x cotlaw + B) - x coty ... (i)
from AAPC, we get
(x + x)cot = xcotp - xcoty .. (ii) I_ I
||T-MATHEMAT|CS: 1 \ST-UDY '“'s
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dividing (i) and (ii), we get

K‘ IE I:l _— Properties Of Triangle

3 _ 2cot(a+B)—coty
2 cotP —coty

4(cota.cotﬁ—1)
cotf + cotal

or 3cotP—coty =

or 3cot’ B —cotPcoty +3cota.cotP —cota.coty =4 cota.cotp—4

or 4 + 4 cot’B = cot’P + cota . cotp + cotp . coty + coty . coto

or 4(1 + cot’B) = (cotp + cota)(cotp + coty)
or 4[1+l]=[l+l][i+l]
t; ot /\ty t

Do yourself - 6 :
(i) The median AD of a AABC is perpendicular to AB, prove that tanA + 2tanB = 0

7. RADIUS OF THE CIRCUMCIRCLE 'R' :

A
Circumcentre is the point of intersection of perpendicular bisectors
of the sides and distance between circumcentre & vertex of triangle R

C,
; : T O
is called circumradius 'R'. R R
a b c abc
— D a_sC

N 2sin A - 2sinB ZZSinC T 4A

8. RADIUS OF THE INCIRCLE 'r' :

Point of intersection of internal angle bisectors is incentre and
perpendicular distance of incentre from any side is called inradius 'r'.

r =é=(.s—a)tarlé:('s—b)tanE =(s—c)tang=4Rsinésin55in£.
s 2 2 2 2 2 2
. B . C A . .
sin —sin — sin —sin — sin —sin —
—a_ 2 2 _y 2 2 _._ 2 2
cos — cos — cos —
2 2
Hustration 13 : In a triangle ABC, if a: b: c =4 :5 : 6, then ratio between its circumradius and inradius is-
n 2 B) 2 o - D) =
(A) 7 (B) 9 © 16 (D) 7
Soluti R_zbe /4 _febek 2 b 0
olution v 4A[ s 4A? = v 4(s—a)is—b)s—c) .
bic=4:5:6 228 )
a:b:c : 5 = 245 6 say
= a=4k, b=D5k, ¢c=6k
S_a+b+c:_15k _ 7k b—% _ 3k
T2 T2 0 tTAT g STRT st eT
(4k)(5k)6K) 16

= Ans. (A)

using (i) in these values — = =
BICICE I
IIT-MATHEMATICS; , 2) 2 ‘\lzl
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Hlustration 14 : If A, B, C are the angles of a triangle, prove that : cosA + cosB + cosC = 1 +%.

Solution : cosA + cosB + cosC = 2COS[A;B].COS[A;B) +cosC
=25in£.cos(A_B]+1—25in22 = 1+25'm£ COS[A_B)_Sin(E]
2 2 2 2 2 2
- C A+B
= 1+25in£|:cos(A BJ—COS(A-I-B)J '.‘—:900—[ ]
2 2 2 2 2

1 +25in£.251n£.sinE =1 +45ini.sin5.sinE
2 2 2 2

2

1 +é {as, r = 4R sin A/2 . sinB/2 . sinC/2}

= cosA + cosB + cosC = 1 +é. Hence proved.

Do yourself - 7 :
(i) If in AABC, a=3,b =4 and c = 5, find
(@) A (b) R © r
(ii) In a AABC, show that :
ag= b3 A B C A abc

=2Rsin(A —B — —CcOos— = — +b+c=
= sin( ) (b) I COS > cos > cos SRaR (c) a C oRE

A B C
(iii) Let A & A' denote the areas of a A and that of its incircle. Prove that A : A' = (COtE'COtE'COtEJ: T

9. RADII OF THE EX-CIRCLES :

Point of intersection of two external angles and one internal angle bisectors is
excentre and perpendicular distance of excentre from any side is called exradius. If

r, is the radius of escribed circle opposite to ZA of AABC and so on, then -

aCOSECOS9
C 2 2
2

A A B
(a) n = =stan?=4RsmEc055cos
s—a cos -

A C
C bcos—cos—

(b) r, = =StanE=4RcoséSin—cos— -2 2
s—b 2 272 2
cos —
CCOS—Ccos—
C A B
() rm= =stan§=4RcosEcosEsinE :%
oe cos

I, I, and I, are taken as ex-centre opposite to vertex A, B, C repsectively.

b-¢ c—a a-b

lllustration 15 : Value of the expression + + is equal to -
h I T3
Aa) 1 (B) 2 (C) 3 (D) O
IIT-MATHEMATICS, | A\ E P o
| STUDY CIRCLE
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(b—c) " (a—Db)

1 I, Ty

(c—a)+

Solution :

_ -b
= (b —c)(S a]+(c—a) [SA

(s—a)b—c)+(s—b)c—a)+(s—c)a—Db)

Properties Of Triangle

IIT-MATHEMATICS

A
slb—c+c—a+a—b)—[ab—ac+bc—ba+ac—bc] _9_0
A A
b-— - -b
Thus, ——+=24+22 -9 Ans. (D)
n r, Iy
lllustration 16 : If r; = r, + r, + r, prove that the triangle is right angled.
Solution We have, r, - r =1, + 1,
A A A A s—s+a s—c+s-—b
—_—_ = + =
= s—a s s—-b s-c = s(s—a) (s—b)s—c)
a _ 2s—(b+c)
= s5—2) [s—DbHE—2) {as, 2s = a + b + c}
@ - a 2 = (b + be = §°
= ds—a) (s—b)s—al = s° — | c) s c =58 - as
b+c— +b+
= s(-a + b + ¢) = bc = L aga C)=bc
= (b + ¢)? - (a)® = 2bc = b%Z + ¢ + 2bc - a? = 2bc
= b% + c? = a®
ZA = 90 . Ans.
Do yourself - 8 :
(i) In an equilateral AABC, R = 2, find
(a) ® @ @
(ii) In a AABC, show that
1 22(1 131 1)1 1) r+n+r,—15
= —r |l |12 3 _
(a) nr, torr, o s (b) 4 ° (r rlJ[r Iy J[r r3] 4 cosC 5
(C) IrYorg =A
10. ANGLE BISECTORS & MEDIANS :
An angle bisector divides the base in the ratio of corresponding sides. A
Bb.e BD- 2~ & CD- S b
ch b " b+ " b+
. i B C
If m and B, are the lengths of a median and an angle bisector from the D
angle A then,
2bccosé

m, =%\]2b2 +2C2 —a2 and Ba =

b+c

“\ 212 o
STUDY CIRCLE
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3
Note that mf +m§ +mf = Z(a2 +b% +c?)

11. ORTHOCENTRE : A

(a)

(b)

(c)

Point of intersection of altitudes is orthocentre & the triangle KLM which is

formed by joining the feet of the altitudes is called the pedal triangle. |

The distances of the orthocentre from the angular points of the AABC are
2R cosA, 2R cosB, & 2R cosC. B

The distance of P from sides are 2R cosB cosC, 2R cosC cosA and
2R cosA cosB.

(i)

(ii)

(iii)
(iv)

Do yourself - 9 :

If x, vy, z are the distance of the vertices of AABC respectively from the orthocentre, then prove
a b c¢ abc

thatSisatimelin =iy
X Y z Xyz

If p;, Py, P are respectively the perpendiculars from the vertices of a triangle to the opposite sides,

prove that

2,2 2
a“b“c 1
(@)  PyPyP; = (b) A—,ngpmzps

In a AABC, AD is altitude and H is the orthocentre prove that AH : DH = (tanB + tanC) : tanA

In a AABC, the lengths of the bisectors of the angle A, B and C are x, y, z respectively. Show that

1 A 1 B 1 © il il a %2
—COS—+—C0S—+—CO0S— =—+—+— Also show that =1 —-——
X 2 vy 287 ZEalRbaNc b+c be

12. THE DISTANCES BETWEEN THE SPECIAL POINTS :

(a)

The distance between circumcentre and orthocentre is = R\/1 —8cosA cosB cosC

(b) The distance between circumcentre and incentre is = vR? —2Rr
(c) The distance between incentre and orthocentre is =\/2r2 —4R? cos A cosB cosC
(d) The distances between circumcentre & excentres are
A B C
Ol; = R\/l + 8sin Ecos;cos; = \/Rz +2Rn; & so on.
lllustration 17 : Prove that the distance between the circumcentre and the orthocentre of a triangle ABC is
R+1-8cosA cosBcosC -
Solution Let O and P be the circumcentre and the orthocentre respectively. If OF is the perpendicular

to AB, we have ZOAF = 90 - ZAOF = 90 - C. Also ZPAL = 90 - C.

Hence, ZOAP = A - ZOAF - ZPAL = A - 290 - C) = A + 2C - 180

=D
IIT-MATHEMATICS) | I_\l_l
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=A+2C-(A+B+C)=C - B.
Also OA = R and PA = 2RcosA.
Now in AAOP,

OP? = OA% + PA? - 20A. PA cosOAP

= R? + 4R?cos® A - 4R? cosAcos(C - B)
= R® + 4R? cosA[cosA — cos(C - B))

= R? - 4R? cosAlcos(B + C) + cos(C - B)] = R? - 8R? cosA cosB cosC.

Hence OP = RJl—BcosAcosBcosC . Ans.

Do yourself - 10 :

(i) Show that in an equilateral triangle, circumcentre, orthocentre and incentre overlap each other.

(ii) If the incentre and circumcentre of a triangle are equidistant from the side BC, show that
cosB + cosC =1.

13.

SOLUTION OF TRIANGLES :
The three sides a,b,c and the three angles A,B,C are called the elements of the triangle ABC. When any three
of these six elements (except all the three angles) of a triangle are given, the triangle is known completely; that
is the other three elements can be expressed in terms of the given elements and can be evaluated. This process
is called the solution of triangles.

A —b)(s —
If the three sides a,b,c are given, angle A is obtained from tan— (5=bls=c)

s(s —a)
b? +c —a’
or CosA = Z—bc .B and C can be obtained in the similar way.
* If two sides b and ¢ and the included angle A are given, then tan B-C = E_C cot% gives —C . Also
+c
B+C s A sin A
=90°—-— so that B and C can be evaluated. The third side is given by a = b —;
2 2 sinB
or a? = b? + ¢ - 2bc cos A.
* If two sides b and ¢ and an angle opposite the one of them (say B) are given then
. c . bsin A
sinC = Esm B, A=180°-(B+C) and a= “nB given the remaining elements.

Case I :
b < ¢ sin B.
We draw the side ¢ and angle B. Now it is obvious from the figure that

there is no triangle possible.
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Case II :
b = ¢ sin B and B is an acute angle, there is only one triangle possible.

and it is right-angled at C.

Case III : I

b > ¢ sin B, b < ¢ and B is an acute angle, then there are two triangles possible

for two wvalues of angle C.

Case IV :

Case V :

b > ¢ sin B, ¢ > b and B is an obtuse angle.

For any choice of point C, b will be greater than ¢ which is a contradication as
¢ > b (given). So there is no triangle possible.

Case VI :

b > csin B, ¢ < b and B is an obtuse angle.

We can see that the circle with A as centre and b as radius will cut the line only

in one point. So only one triangle is possible.

Case VII :
b>cand B =90.
Again the circle with A as centre and b as radius will cut the line only in one

point. So only one triangle is possible.

Case VIII :

b<cand B =90.

The circle with A as centre and b as radius will not cut the line in any point. So  ===========+
no triangle is possible.

This is, sometimes, called an ambiguous case.

Alternative Method :

. . a? +c? —b?
By applying cosine rule, we have cosB = 2—
ac

= a’? - (2ccos Bla+(c?-b%)=0= a=rc cosB -i_-\/((:(:osB)2 —(c2 —bz)

= a=c cosB £ ,/b? —(csinB)2
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This equation leads to following cases :

K‘ IE IDI . Properties Of Triangle

Case-] : If b < ¢sinB, no such triangle is possible.
Case-II: Let b = ¢ sinB. There are further following case :
(a) B is an obtuse angle = cosB is negative. There exists no such triangle.
(b) B is an acute angle = cosB is positive. There exists only one such triangle.

Case-Ill:  Let b > ¢ sin B. There are further following cases :
(a) B is an acute angle = cosB is positive. In this case triangle will exist if and only if ¢ cosB >
b? —(c sinB)2 or ¢ > b = Two such triangle is possible. If ¢ < b, only one such triangle is
possible.
(b) B is an obtuse angle = cosB is negative. In this case triangle will exist if and only if
b? —(c sinB)2 > |c cos B| = b > c. So in this case only one such triangle is possible. If b < ¢
there exists no such triangle.
This is called an ambiguous case.

asinB asinC
c= .
. ? .
sin A sin A

* If one side a and angles B and C are given, then A = 180 - (B + C), and b=

If the three angles A,B,C are given, we can only find the ratios of the sides a,b,c by using sine rule (since

there are infinite similar triangles possible).

lllustration 18 :In the ambiguous case of the solution of triangles, prove that the circumcircles of the two triangles
are of same size.

Solution : Let us say b,c and angle B are given in the ambiguous case. Both the triangles will have b

and its opposite angle as B. so =2R will be given for both the triangles. So their

sinB

circumradii and therefore their sizes will be same.

fllustration 19 : If a,b and A are given in a triangle and c,c, are the possible values of the third side, prove that

c,” + ¢,” - 2c,c, cos2A = 4da’cos’A.
b” +c* —a’
Solution : COSA = ——/—
2bc

= ¢? - 2bc cosA + b - a% = 0.
¢, + ¢, = 2bcosA and c,c, = b* - a’.
= (:12 + (:22 - 2c¢,c,c082A = (c, + (:2)2 - 2c1c2(1 + cos2A)

= 4b% cos’A - 2(b% - a%)2 cos’A = 4a’cos’A.

A, —Azj_ csinB
b

Hlustration 20 : If b,c,B are given and b < ¢, prove that COS[ 2

Solution : ZC,AC, is bisected by AD.

AI—AZJ AD  csinB

= In AAC,D, cos[ > = AC, b

B GG,
Hence proved. I: I: s
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Do yourself - 11 :

_ a4 —ay

(i) If b,c,B are given and b<c, prove that sin(A1 ;Az J ==

(ii) In a AABC, b,c,B (c > b) are gives. If the third side has two values a, and a, such that

4b% —&?

a
3c?

, = 3a,, show that sinB =

14. REGULAR POLYGON :
A regular polygon has all its sides equal. It may be inscribed
or circumscribed.
(a) Inscribed in circle of radius r :

(i) a=2h ‘[anE =2rsinE
n n
(ii) Perimeter (P) and area (A) of a regular polygon of n sides inscribed in a circle of radius r are given

by P =2nrsinE and A =lnr2 sinz—ﬂ
n 2 n

1 4

(b) Circumscribed about a circle of radius r :

~,
-

-

.
.
.
i,
s

TT £ \
(i) a = 2rtan— ny N

n 1Y %
(ii) Perimeter (P) and area (A) of a regular polygon of n sides é

p y : ; ; i n 2 T
circumscribed about a given circle of radius r is given by P =2nrtan— and A =nr”tan—

n n
Do yourself - 12 :
(i) If the perimeter of a circle and a regular polygon of n sides are equal, then
tan L
f the circl @
e e area of the circle _ n
area of polygon n
n

(ii) The ratio of the area of n-sided regular polygon, circumscribed about a circle, to the area of the
regular polygon of equal number of sides inscribed in the circle is 4 : 3. Find the value of n.

15. IMPORTANT POINTS :

(a) (i) If a cos B =0 cos A, then the triangle is isosceles.

(ii) If a cos A = b cos B, then the triangle is isosceles or right angled.
(b) In right angle triangle

(i) a® + b? + ¢? = 8R? (ii) cos®? A+ cos? B+ cos? C=1
(c) In equilateral triangle

O R=-o2r @ ro=r,=-r-3R

2
J3a? g

(i) r:R:r=1:2:3 (W) area == W) R:ﬁ

(d) (i) The circumcentre lies (1) inside an acute angled triangle (2) outside an obtuse angled triangle &
(3) mid point of the hypotenuse of right angled triangle.
(ii) The orthocentre of right angled triangle is the vertex at the right angle.

(iii) The orthocentre, centroid & circumcentre are collinear & centroid divides the line segment joining
orthocentre & circumcentre internally in the ratio 2 : 1 except in case of equilateral triangle. In
equilateral triangle, all these centres coincide

(e)  Area of a cyclic quadrilateral =.[s(s —a)(s — b)(s —c)(s — d)

a+b+c+d
are lengths of the sides of quadrilateral and s = \ - I)

where a, b, c,

; d
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Hlustration 21 : For a AABC, it is given that cosA + cosB + cosC = 3/2. Prove that the triangle is equilateral.

Solution : If a, b, ¢ are the sides of the AABC, then cosA + cosB + cosC = 3/2
b? +c?—a? a?+c?-b? af+bi-c? 3
ey + + e, T
2bc 2ac Zab 2
= ab? + ac® — a® + bc® + ba® — b® + ca® + cb® — & = 3abe

2 2 2 2 2 2 3 3 3
ab“+ ac” + bc® + ba” + ca® + ¢cb® — 6babc = a’+ b” + ¢” — 3abc

U

— a(b_c)2+b(0—a)z+c(a—b)2ZH(EWZEM{(

a—b)2+(b—c)2+(c—a)2}
= @+b-cda-bl+b+c-ab-cf+c+ta-blc-ar¥=0 ... ()
as we knowa+b>c, b+tc>a ct+ta>b

each term on the left side of equation (i) has positive coefficient multiplied by perfect
square, each must be separately zero.

= a=b=c
Hence A is equilateral. Ans.

Hlustration 22 : In a triangle ABC, if cos A + 2 cosB + cosC = 2. Prove that the sides of the triangle are in A.P.

Solution : cosA + 2 cosB + cos C =2 or cosA + cosC = 2(1 - cosB)
= 2cos(A+C].cos(A;C) =4sin*B/2
(A C] 2 B as cos[AJrC)—cos[E—E)—sinE
= 2 siny 2 2 2 2
cos i C] 2cos[A+C]
= 2 2
A C A C A C A C
= cos—.cos— + sin—.sin— = 2 cos —.cos — — 2 sin —. sin —
2 2 2 2 2 2 2 2
A _C_, s(s—a) ss=c)_ _,
= T = \e-bis—o G -als-b)
= ® _3=>s=3s-3b= 2s=23b
(s —b)
= a+ c=2b, a, b, c are in A.P. Ans.

ANSWERS FOR DO YOURSELF

1: @ 90
iy L
q . (iii) 3
33 Rl 3L
5: 0 @F ® 3 © fo @ g5 @3 () 24
5
7 (i) (@6 (b) > (c) 1
8: () (@l (b)3 © 23
12 : (i) 6
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Properties Of Triangle
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PRACTICE SET

ach of these questions has 4 choices (a), (b), (¢) and (d) for its answer, out of which ONLY ONE is correct.

Ina AABC ifry <ry<r;, then 6. If a, b, ¢ be the sides of a triangle and
fos ) e .
©) o ) ase ab+bc+ca’
If the sint?s ot‘:hf angles 4 and B of a triangle AB{w satisfy @ Pe[l2] (b) Pe[3.9)
the equation c“x=— c(a + b) x + ab = 0, then the triangle is Pii(o.d d Bl
(a,b,c, are sides of A) © (4] () Tons:of.tese
(a) acute angled 7. In an obtuse angled triangle, the obtuse angle is i and
(b) obtuse angled 4
(c) right angled the other two angles are equal to two values of 0 satisfying
(d) no such triangle is possible a tan 0+ b sec O =c, where | b|< N thena®—c?is
P |t
InAABC, a=2b>c  If & +h +o =7, then D
sin® 4+ sin® B+sin’ C @ ac (b) 2ac
the maximum possible value of a is a :
(c) — (d) none of these
@@ 7 (b) 49
| 8. Leta, b and 4 are given and ¢, and c, are two values of
© 37 @ = ¢ then the value of ¢,? + ¢,2 - 2¢,c, cos 24=
‘/7 (a) asin’4 (b) a*cos?4
Two sides of a triangle are given by the roots of the © 2d*+b?) (d) 4a’cos’4
. ) 9. With the notations of the previous question and suppose
2
SRR § _2‘/3“'2 = 0. The angle between the sides that B, is the acute angle value of the two values of B
& obtained then |c, — ¢,| =
is 3 The perimeter of the triangle is (a) 2asinB, (b) asinB,
(¢) 2acos B, (d) acos B,
(@) 6+43 ) 243+46 10.  If the angle C be the right angle in the A4ABC,
-1 a P b
then tan™' ——+ tan™! — =
(c) 2\/§+m (d) none of these entan btc an ——
Ifin a triangle ABC, sin4, sinB, sinC are in 4.P., then
(a) thealtitudes are in 4.P. (b) thealtitudes are in H.P. (@ — (b) r () n (d) i
(c) thealtitudes arein GP. (d) the mediansareinA.P. 4 2 4 3
MARK YOUR L @O |2 @OO@ |3. @OV | 4 O@O®OQ |5 @O®OWO
kel ¢ ©000 |7 @EEEO |8 @O | % @O | 10. @EO@
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11.

12.

13.

14.

16.

The cosine of the obtuse angle formed by medians drawn
from the vertices of the acute angles of an isoscles right
angled triangle is

3 4 2 1

(a) 73 (b) 73 () —= (d) 73

ABC is a triangle with incentre /. Let P and Q be the feet of
perpendiculars from 4 to B/ and CI respectively.

Then — & — Q =
BI (I
A
(a) cotA (b) cot E
A B C
tan — =% ==
(c) > (d) tan 5 tan 5

The area (5) and angle 0 of a triangle are given, when the
side opposite to the given angle is minimum, then the length
of the remaining two sides are

2A 3A b 2A 2A
\'sin®” \/sin® ®) sin® Vsin®
4A 2A d 6A 6A
Vsine’usinf) @ sin® \sin®

The median AD of a triangle ABC is perpendicular to AB.
Which one of the following relations is correct :

(@) tanC+2tanA4=0 (b) tanA+2tanB=0

(c) tanB+2tanA4=0 (d) tanB+2tanC=0

O is the circumcentre of the trinagle ABCand R, R,, Ry are
the radii of the circumcircles of the triangles OBC, OCA

and OAB respectively. Then 1908 B, P! equal to
1 Ry Ry

abc abc

(a) R (b) e

a+b+c d a® +b* +c?

R (d) —R2
The radius of the circle passing through the centre of the
in-circle of A4BC and through the end points of BC is
given by

(c)

(a) %cos A (b)

gsinA d asecﬁ
(¢) > (d) 5

17.

18.

19.

20.

21.

22.

Properties Of Triangle

IIT-MATHEMATICS

In-circle of radius 4 cm of a triangle 4BC touches the side
BC at D. If BD = 6 cm, DC = 8 cm, then the area of the
triangle ABC is

(a) 42cm? (b) 84cm?
84 5
(¢) 3 cm (d) none of these

If the smallest side of a right triangle with integer sides is
23 the perimeter of the triangle is

(@ 22x23 (b) 23x24

(c) 23x13 (d) 23x32

Let AABC be equilateral. On side 4B produced, we choose
a point P such that A4 lies between P and B. Denote ‘a’ as
the length of sides of A4BC ; r, as the radius of incircle of

APAC ; and r, as the exradius of APBC with respect to
side BC. Then r| +r, is equal to

V3 V5

(b) e (c) 0 J2a
ABC is a right angle triangle in which /B =90° and
BC=a.lfnpoints L, L,,L,.... L, on AB are such that 4B is
divided in (n + 1) equal parts and L M, L,M,, ....., L M, are
line segments parallel to BC and M|, M,, M, ... M are on
AC. Then the sum of the lengths of the sndes of LM,
LM, ...... L M is

278 n

(@) 2a

a(n+1) a(n—1)
2 ( 2

(a)

an an(n+1)
() — (d) Y

o)

+b
v >-sin(A—B)=1 and Cisnota

®) 2 4
cos(£+£) sin(g—l)
© 273 @ 273

If in triangle ABC, r| = 2r, = 3r5, D is the middle point of
BC. Then cos (£ADC) is equal to

In a triangle ABC, |f

right angle, then cos (.4 -B)=

(a) tan(g + EJ
2 4

7 7 24 24

(a) 25 (b) 25 (c) 25 s

9
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24,

26.

27.

28.
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Ifin a right angle traingle ABC, 4 sind cosB — 1 =0 and tan
A is real, then

(b) anglesarein GP.

(d) none of these

In a triangle ABC, which of the following is possible

(a) sin24+sin2B+sin2C=0

(b) cos24 +cos2B +cos2C=-1

(c) sind+sinB+sinC=0

(d) cosd+cosB+cosC=1

If a, b, ¢ are the sides of a triangle such that b. ¢ = A2, for
some positive A, then

(a) anglesarcinA. P,
(c) anglesarein H.P.

(@) a22ksin§ (b) bz?.?tsing

. C
(¢) c=2hsin B (d) allarecorrect

If O is point inside the triangle ABC such that

ZOBC = g, Z0CA= %, ZOAB = %then

sin(A—C/2)sin(B—A4/2)ysin(C-B/2) .
sin A/2sinB/2sinC/2

(a) cos A/2 cos B/2cos C/2 (b) sinAsinBsinC

© 1 (d) cosAcosBcosC

Given the height 4 and the angle bisector / dawn from the

vertex of the right angle of a triangle, then an acute angle 0

of the triangle is given by

h+I?2 - h?

is equal to

h—1? —h?

c0s0 = b) cosO=
@ J2h ®) NGY
coso 1 cmezﬁ:_fjﬁi
© T @ 21

The angles of a triangle ABC are in A.P. The largest angle
is twice the smallest and the median to the largest side
divides the angle at the vertex in the ratio 2 : 3. If the length
of the median is 2\/5 cm, then the length of the largest
side is

(a) 2cos42° (b) 4sin32°

(d) 8cos42°

(c) 8sin42°

29.

30.

31.

32.

33.

Properties Of Triangle

IIT-MATHEMATICS

A quadrilateral ABCD in which AB=a, BC=h, CD=cand
DA =d is such that one circle can be inscribed in it and
another circle circumscribed about it then cos 4 =

ad + bce b ad —be
(@) ad —dc ®) ad + bc
ac +bd i ac —bd
© ac—bd () ac + bd

If A, B, C, D are the angles of a quadrilateral, then

tan A+tan B+tan C +tan D

cot A+cotB+cotC+cotD

(a) tan 4 tan B tan Ctan D

(b) cotAcotBcotCcotD

(c) ta? 4 +tan? B+ tan? C+tan2D

(d) Ztan A4 tan B tan C
A cyclic quadnilateral ABCD 1s inscribed in a unit circle. If side

AB =1 and the diagonal BD = V3, thenthe length of the side
ADis

is equal to

Ve

— @ 2
2

Two flagstaffs stand on a horizontal plane. A and B are two
points on the line joining their feet and between them. The
angles of elevation of the tops of the flagstaffs as seen
from 4 are 30° and 60° and as seen from B are 60° and 45°,
If AB is 30m, then the distance between the flagstaffs in
metres is

@ 30+1543 (b) 45+1543
(©) 60-1543 (d) 60+1543

A vertical pole of height h is placed at a point on an inclined
plane of angle 15° at distance ‘%’ from its base. When the
angle of elevation of sun is 30°, the shadow of pole falling
along the line of the greatest slope just reaches a point
which is at a distance ‘@’ away from the base of the plane.

@ 1 (b) 2 (c)

Then < =
cn E—
46 +3+43 46 +3-23
@) 342 a2
4J6-3++3 V6-3+1
© TSE @9 T g
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Two vertical poles 20m and 80 m high stand apart on
horizontal plane. The height of the point of intersection of
the lines joining the top of each pole to the foot of the
other is

(a) 15m (b)y 16m (c) 18m (d 12m
OAB is a triangle in the horizontal plane through the foot P
of the tower at the middle point of the side OB of the triangle.
If0OA=2m, OB=6m. AB=5mand /40OB is equal to the
angle subtended by the tower at A4 then the height of the
tower is

11x39 y [Hx39
@ {25x3 ® V252
11x25

(c) (d) none of these

39%x2

A pole 50 m high stands on a building 250 m high. To an
obsever at a height of 300 m, the building and the pole
subtend equal angles. The horizontal distance of the
observer from the pole is

(a) 25m (b) 30m

(© 25/6m @ 25/3m
In a cubical hall ABCDPQRS with each side 10 m, G is the

cenre of the wall BCRQ and T is the mid point of the side
AB. The angle of elevation of G at the point T is

(@ sin”! % (b) cos”! %
T o =
© 6 @ 7

Two objects P and Q subtend an angle of 30° at 4. Length
of 20 m and 10 m are measured from A atright angles to AP
and AQ respectively to points R and S at each of which PQ
subtends angles of 30°, the length of PQ is

@ 4/300-20043 (b) /500-20043
(© /50043 200 @ 4300

If each side of length @ of an equilateral triangle subtends
an angle of 60° at the top of a tower 4 metre high situated
at the centre of the triangle, then

(@) 3a?=24 (b) 2a%=317

(c) a?=3h? (d) 3a2=h?

40.

41.

42.

43.

44.

45.

46.

Properties Of Triangle
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In a triangular plot ABC with BC=7m, CA =8 mand 4B =
9m; a lamp post is situated at the middle point £ of the side
AC and subtends an angle tan~'3 at the point B, the height
of the lamp post is

(@ 2lm (b) 24m

(©) 27m (d) can not be determined
At each end of a horizontal base of length 24, the angular
height of a certain peak is 15° and that at the mid point of
the base is 45°, the height of the peak is

(@) 2\/5 (b) 21/3
B-1 34 V3-1
(c) T?J a 6 a

In a triangle ABC, if sin A4, sin B, sinC are in A.P. then the

i B .
maximum value of tan = is

1
® B ©F @

U | —

(@)

: . 4R? A
For a triangle ABC, the minimum value of e cos 2

cos B cos % is

@ 1 ®) 2 © 4 @ 16
Ifina AABC, /B = Z?R then the cos 4 + cos Clie in
@ [—3.3] b (~V3.43)

3 3
@)bﬁ} (@bﬁ}

X is the circumcentre of triangle ABC, and Y is a point on
the side BC, within the circumcircle. If ¥ approaches to C
then the circumradius of triangle CXY approaches to value
(a) Rcosd (b) Rsecd

R
(c) — sec A (d) 2ZRsecA
. . A B C ]
Ifin a triangle ABC, tan —,tan —, tan — arein H.P, then

2° 2 2

B
the minimum value of cot > is

1
@ 5 ©®I © 3 @ 3-1
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47. Ifthe angles of a triangle ABC areinA.P.and A4 : C=4:1,

hen Cis equal 1-— -

then C is equal to (a) 2a (b) P
T T 2z 21

@ -z by — © == d — 1+-5 1+-5
15 5 15 5 © I+ @ I+

48. In a triangle ABC, if sin A sin B sin C = p, cos 4 cos B p B

cos C = g, then tan 4, tan B, tan C are the root of the 51.  Ina triangle ABC, the maximum value of tan = tan —
equation 2 2

@ g+p’-(1+g)x+p=0 C .
(b) g5 =p2+(1+qQ)x—p=0 maE
© g—(1+pw’+gx—p=0
@ ¢ —(1+p)x’+(1+g)x—p =0 @ = 0~ © = @ =
49. Ifthe angles 4, B, C of a triangle 4BC, are the solution of 2R 2s 2r 2s
the equation tan®x — 3ktan’x — 3 tanx + k = 0, then the T
triangle 52. Inarightangled triangle ABC, with 4= 5o circle is drawn
(a) Floes 0t exist (b) %S acute angled touching the sides AB, AC and the incircle of the triangle.
(c) isequilateral (d) is isosceles Its radius is equal to
50. If sin 0 and — cos O are the roots of the equation
ax?— bx — ¢ = 0, where a, b, ¢ are the sides of a triangle (a) (2_‘/5)" (b) (3—\/5)r

ABC, then cos B is equal to

fa)

VTG 47 @O®O@ | 8.@000 | 49-@®OW | 50.@®O@ | 51. @OO@
RESPONSE 52.@®O@

COMPREHENSION TYPE

This section contains groups of questions. Each group is followed by some multiple choice questions
based on a paragraph. Each question has 4 choices (a), (b), (c) and (d) for its answer, out of which ONLY
ONE is correct.

(©) (3— 2\/5)1” (d) None of these

If sides are given then the angles of the quadrilateral can be

at+b?-c?-d?

PASSAGE-1

obtained by usingtheformula cosB =

Suppose ABCD be a cyclic quadrilateral inscribed in a circle of 2(ab+cd)
dius R. Angles of th drilateral ivenby 4, B, Cand D. ) .
T?h;ﬁ,s gt gg:eﬁs, j: D:e ?Eua Haleral arcpvetl iy 4, 2, Lan The area S of the quadrilateral is given by
+b+c+d
A S= Js—a)(s—b)(s—c)(s—d) , wheres= %

1. If a quadrilateral with side lengths a, b, ¢, d can be inscribed
in one circle and circumscribed about another circle then
its area is

ac+ bd
(@) ~Jabcd (b) 2
BWC a® +b* + et +d* —abed
(© a

We represent the side by 4, b, ¢, d in a cyclic manner as shown in
figure.

fa

MARK YOUR
I.
©000

(d) Such a quadrilateral is not possible
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2. The sides of a quadrilateral which can be inscribed in a circle
are 3, 3, 4 and 4 cm, then the radius of the incircle of the

quadrilateral is
5 12
(a) > om (b) — om
6 . :
(©) = cm (d) Incircle does not exist
3. In the previous problem, the radius of the circumcircle is
5 12 6
a) —cm b) —cm c) —cm d) Scm
(a) 2 (b) 7 (©) 7 (d)
PASSAGE-2

When any two sides and the angle opposite to one of them are
given then either no triangle, or one triangle or two triangles are
possible.

Let the sides a, b and the angle 4 be given

b? +c* —a?

Then, cos 4=
2bc

= c? —(2«E)cosA)c+b2 —a’=0
This is a quadratic equation in ¢. So, two values of ¢ will be obtained
real, coincident or imaginary. Values of ¢ from the above equation

are given by ¢ =beos A+ va® - b sin’ 4 ,say ¢ and ¢,

The discriminant of the above equation is

D= 4b% cos® A—4(b* —a?) = 4(a® —b*sin® A)

We can have following cases :

(i) If D <0, i.e. a < bsin 4, then no triangle is possible

(i) IfD=0,i.e., a=bsin 4, then only one triangle is possible
provided A is acute. In case 4 is obtuse then no triangle is

possible as then ¢; and ¢, will be negative.

() IfD=>0,1e.,a> bsin A4, then two triangles are possible
provided ¢; and ¢, are both positive.

4. If A 1s acute then two different triangles are possible if and
only if
(a) a<bsind (b) a>bsindanda<b

(¢) a»bsndanda>b
5. If a> b sin A and a = b then

(a) No triangle is possible

(b) Only one triangle is possible

(c) Two distinct triangles are possible

(d) Any of'the (a), (b), (¢c) may be true

(d a=bsindanda=>b

Properties Of Triangle

IIT-MATHEMATICS

6.  Ifa=2y2,b=6andA=45°then
(a) No triangle is possible
(b) One triangle 1s possible
(c) Two trianlges are possible
(d) Either no triangle or two triangles are possible

PASSAGE-3

Let ABCbe atriangle and AD, BE, CF be the altitudes from 4, B, C
respectively to the opposite sides. Let the triangle DEF be com-
pleted. Then the sides of the triangle DEF are respectively EF =a
cos A, FD=bcosB, DE=c cos C.

7. Ratio of areas of ADEF and AABC is
(a) 2cosAcosBcosC (b) 2sindsinBsinC
(c) 2tan A tan B tan C (d) none of these
8. Circumradius of ADEF is
(a) 72 (b)
() (r+R)4 (d)
9. In-radius of A DEF is

R2
none of these

A B C
(a) 2R cos— cos—cosE (b) 2RcosAcosBcosC

2 2

.4 . B . C .
() 2R sin = sin > sin o (d 2RsinAdcosBcosC

10.  Ratio of the perimeters of ADEF and AABC'is
(@ 12 (b) 2r/R (c) ¥R (d) Rir

PASSAGE-4

Let » and R represent the in radius and circum radius of a triangle
ABC of which |, r,, r, are respectively the radii of excircles oppo-
site to vertices 4, B and C. Perimeter of triangle is 2s.

11.  The cubic equation with 7|, 7,, 7
@ xX-xPR+r) +sx— rs2—0
(b) x —x2 (R-2¥H+s2x—rs?=0
(€) X¥-x2(4R+r) +sx—-rs?=0
(dy ¥*—4x2(R+r)+s2—rs?=0

12.  The expression (s + 7)) (s + r,) (s + ;) equals to
(@) 2s2(s+r+2R) (b) 2s*(s+2R)
() R(s*>+1) (d) none of these

13.  Letr,, r,, r, are three consecutive terms of an A.P. then

, as three roots is given by

(4R+7)>
——5  Is greater than or equal to
rs
@ 8 (b 27 © 1 (d) 4

— &

2. @O | 3. @O

4. @EO@| 5 @O®O® |6 @EOW
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REASONING TYPE

In the following questions two Statements (1 and 2) are provided. Each question has 4 choices (a), (b), (c) and

(a)
(b)
() Statement-1 is true but Statement-2 is false.
(d) Statement-1isfalsebut Statement-2 is true.

(d) forits answer, out of which ONLY ONEis correct. Mark your responses from the following options:
Both Statement-1 and Statement-2 are true and Statement-2 is the correct explanation of Statement-1.
Both Statement-1 and Statement-2 are lrue and Statement-2is not the correct explanationof Statement-1.

Statement-1 : If4, B, C, D are angles of a cyclic

quadrilateral then
sin A+sinB+sinC+sinD =0

: If 4, B, C, D are angles of Cyclic
quadrilateral then

Statement-2

cos A+cosB+cosC+cosD=0

Statement-1 : The orthocentre of the given triangle is

coincident with the incentre of the pedal
triangle of the given triangle

Statement-2

the given triangle.

: Pedal triangle is the ex-central triangle of

A circle is inscribed in an equilateral triangle of side e and a
square is inscribed in this circle.

2

. a ;
Statement-1 : Area of the square is ~ Square unit

Statement-2 : Length of the side of square is equal to

the radius of

A circle is inscribed in a right angled triangle with right angle
at B.

Statement 1 : The diameter of the circle equals to
AB+BC-AC
Statement 2 : Radius of circle 1is equal to

area of triangle
semiperimeter

fia)

L @O | 2. @®O@

3. @O

4. @O

MULTIPLE CORRECT CHOICE TYPE

Each of these questions has 4 choices (a), (b}, (c) and (d) for its answer, out of which ONE OR MORE is/are correct.

Ifthe sides @, b, ¢ of a triangle 4BC form successive terms
of G.P. with common ratio # (>1), then which of the following
is / are correct

\@H

@ r< (b) A<B<~;E
© B> @ C>7

Sides of a triangle ABC are in A.P. If ¢ < minimum {b, c},
then cos A may be equal to

4b-3c¢ 3c—4b
@ — ® =5

4e—3b g de=3
© =5 @ —5

3.

Which of the following ina A4BC is/ are true?

(@ cosA+cosB+cosC>1

(b) cosA+cosB+cosC <1
. A . B . C>0
SN —Ssin—=Ssin —

(© sinzsiosing

d cosAcosBcosC>0

@ 2 2 2

Ina AABC | the incircle touches the sides BC, CA, and AB
at P, O and R respectively and its radius is 4 units. If the
lengths BP, CQ and AR are consecutive integers then

(a)
()
(©)
(d

sides are also consecutive integers
Sides are in 4_P.

Perimeter of the triangle is 42 unit
diameter of the circumcircle 1s 65 unit

L @O | 2. @O

3. @O

4. @O

fIT-MATHEMATICS ;)
||

_I:

A!

Sinca Z0O01...

[ i7-s2E | neeT | case |

STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS



A

ACCENTS EDUCATIONAL PROMOTERS

Sim:a 2001...

I I
IIT-JEE | NEET | CBSE

STUDY CIRCLE

Properties Of Triangle

IIT-MATHEMATICS

5. Inatriangle ABC,if(a+b+c)(b+c—a)=xbcthenxcan 11. Inatriangle ABC, ifsec 4, sec B, sec C are in H.P. then
be equal to (a) a, b careinH.P.
@ 1 (b) 2 © 3 d 4 p 3 c
. . 5,43, 2 (b) cot Z,cot =, cot = arein H.P.
6. Ifinatriangle ABC, a® + b*+c*=ca+ab /3 then 5 P
(@) A4,B,CareinA.P. (b) triangle is isoceles (©) r,ryryareinAP.
(c) triangle is right angled (d) a=2c¢ .
7. If in triangle ABC, CD is the angle bisector of the angle (d) cot 2, cot E cot € areinA.P.
ACB, then CD is equal to 2 2 2
a+b +b ; ; A B 3c
= Z 12. Ifinatriangle ABC, b cos? — +a cos? — =, then
@ Zap 92 ®) —279%5 2 2
2ab C bsin A (@ c*=zab () 2¢>Jab
() cos— d) ———
+b 2 sin(B+£] . atc  btc <4 () _+ +b>3
2 ? 2-a 2c-b b
8. Inatriangle ABC,ifsin 4. sin (B — C)=sin Csin (4 — B), then
: 13. InAABC,if €14 _a+b _b+c ey
(a) tand,tan B, tan C are in A.P. 12 14 18
(b) cotA,cotB, cotCareinA.P.
(c) C-()S 24, 095 2B, (fos 2C an.e inA.P. @ n=—r ®) r=11r
(d) sin24,sin2B,sin2CareinA.P. 7
9.  There exists a triangle satisfying 80
- © n=7,r @ R=-7r
(@) bsnd=a, A<— (b) bsind>a, A>— o _
2 2 14. Ifsin 4, sin B are the roots of the equation ¢%x> — ¢ (a + b)x
+ab =0 where A, B, C are the angles and a, b, ¢ are the sides
(c) bsind>a, A<g (d) bsind<a, A<g,b>a of a A4BC then the triangle
(a) 1is obtuse angled
10. A semi-circle is described with its diameter lying the side on (b) is acute angled
AB of the triangle ABC. If this circle touches the sides AC L -
d CB, then its radius is (¢) s right angle
an ’ (d) satisfiesc(sin4d+cosd)=a+b
@ é ®) é 15. Ifinatriangle ABC, tan 4 +tan B +tan C =10, then AABC
c 5 (a) cannot be acute angled
b) i t led
5k 2abe i B C (b) 1is acute angle
(c) @b COSECOSECOSE (c) cannot be obtuse angled
a+b sla (d) is obtuse angled

5. @O@ | 6. @O@

7. @®OO@

8. @O |9 @®O@D

MARK YOUR

10.@OO@ | 1. @O

RESPONSE

12.000@

3.0 | 14 @®OO

15.@®O0Q

MATRIX-MATCH TYPE

darkening of bubbles willlook like the given.

Each question contains statements given in two columns, which have to be matched. The
statements in Column-I are labeled A, B, C and D, while the statements in Column-IT are
labelled p, q, r; $ and t. Any given statement in Column -1 can have correct matching with ONE
OR MORE statement(s) in Column-II. The appropriate bubbles corresponding to the
answers to these questions have to be darkened asillustrated in the following example:

If the correct matches are A—p, s and t; B-q and r; C—p and q; and D-s and t; then the correct

P qQr s t

OO0
®OOGO
®OOOO
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1. In a triangle ABC, AD is perpendicular to BC and DE is 3
perpendicular to AB. (C©) Inatriangle 4BC. 4, B, C are o7
Column-I Column-II
mA.P.and a, b, ¢ are in G.P. then
(2]
(A) Areaof A ADB p. LT sin2C R
ST is equal to
a +b +c
( 2 .
®) Arcaof AADC i LT cos2 Bsin2B (D) Intriangle ABC, the least s. 4
abc(a+b+c) |
value of \[———— is
(& A
(C) Areaof AADE I LT sin2B
4.  Match the following column:
( cz\ Column-1 Column-11
(D) Areaof A BDE s. L 2 J sin’ Bsin2B
3
(A) Ifinatriangle 4BC, 3 l p. -
no4 4
2. Inatriangle ABC,a=7,b=8,¢=9,BD isthe median and BE then the value of
is the altitude from the vertex B, then
Column-T Column-TT tan A (tan il +tan 9} is equal to
(A) Length of BD s p. 2 2\ 2 2
(B) Length of BE'is q- 6 (B) In atriangle the least value of qg- 1
(C) Lengthof EDis L .45
] nnn .
(D) Length of CE is s. 7 3 3
3. Match the following columns : (C) Ifthesides a, b, c of a triangle r 3
Column-I Column-II ABC are in A.P. then the ratio
(A) If a, B, v be the lengths of p. 1
medians of triangle ABC then o Can be equal to
a?+p2+y? . (D) Let P be an interior point s. 27
——————— isequalto .
a2 +b2 +c of the triangle 4BC and
) o ) the lines AP, BP and CP
(B) Letthe point P lies interior of q. ﬁ when produced meet the
an equilateral triangle ABC of opposite sides in D, E and
side length 2 and its distances F respectively then
from the sides BC, C4 and 4B
are respectively x, y and z, then &0 + i + 2L is equal to
x+y+zisequal to 4D BE CF
1 P qr s 2 P qQr s 3 P qQr s 4 P qQr s
A[GOOE AGOOG Al@@OOE A[®@OE
MARK YOUR B(®OOG B(®OO® B[@OO® B(®O@OOE
RESFONSE ClOO@OG ClOOOG® ClOO@OG ClO@OO
D|[®OOE D[®OOE D[®@OE D[®@OOE
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6. In a triangle ABC, right angled at A, the radius of the in-
.Column-I. Column-IT scribed circle is 2 cm. Radius of the circle touching the side
(A) ifthe medians fromBand Care p. 0 B Isosi B 1 Match th
perpendicular to each other, the Cand also sides AB and AC produced is 15 cm, Match the
minimum value of cot B + cot Cis entries of column 1 with corresponding entries in column I1.
_ 13 o) Column-I Column-11
(B) 1fR=7:,»=2 andr =3,then q. 3 (A) Length of BCis p. 5
its area in square units is 13
1 Perimeter of the friangle is o =
©) ifa(bc?+ca®+ab?) L3 ® s L
=b2c + 2a + ab + 3abe (C) Radius of circumcircle is r 13
then cos 4 is equal to (D) sec B +sec Cis equal to s. 30
(D) ifsin44 +sin4B +sin4C s. 30
+ 8 cos 4 =0, then cos 4 is equal to
5 P qQr s 6. P adQr s
Al@OOE AlGOOE
MARK YOUR B|®@®E B|®@OE
Resronse |POOR| OO
D|IE@OE D[EAOOG
NUMERIC/INTEGER ANSWER TYPE
The answer to each of the questions is either numeric (eg. 304, 40, 3010 etc.) or a single-digit gggg
integer, ranging from0 to 9. eele
The appropriate bubbles below the respective question numbers in the response grid have to  [Q|P|Q|®
be darkened. %%%%
For example, if the correct answers to a question is 6092, then the correct darkening of bubbles [®|®|®[®)
will looklike the given. DD DD
Forsingle digitinteger answer darken the extremeright bubble only. % ((?) g %

DE

1. Let ABCbe aright angled triangle, rightangle at B. If Dand 2.
E be the points on CB such that £LADB = 2/ACB and

LAEB=3/4CBand K :6’ then [K] is equal to ([K]

represents the greatest integer less than or equal to K)

The diagonals of a parallelogram are inclined to each other
at an angle of 45°, while its sides @ and b (a > b) are inclined

to each other at an angle of 30°. The value of the least

integer greater than or equal to % is equal to

£

1. @O0

[o][o][0)©]

[el[e)©]®)
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RESPONSE %%%%
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3. Let ABC be a triangle of area A and A'B'C’ be the triangle

X‘ I: |)I o Properties Of Triangle

formed by the altitudes of AABC as its sides with area A' 5, In a triangle 4BC, L,(r2 ks 1'12 -+ /'22 + r32 +a% +b? +c2)
and A"B"C" be the triangle formed by the altitudes of R

AA'B'C as its sides with area A". IfA'= 30 and A" =20 then isequalto

the value of A is 6. For a triangle ABC, with altitudes A, , A,, h3 and in radius 7,

4. If p,, p,, py are the altitudes of a triangle which

h+r h+r hy+r .
=t is

the minimum value of
. . . I 4 . h] - /12 -7 /13 -r
circumscribes a circle of diameter — units, then the least

3
value ofpl + Pyt Py is equal to
#9
. |OIOI®®] 4. |OOOIO]5. OIOOO| 6. OOOIO
DOOD]  |[OIODIO  |OOID|D [o)[o)(o)(e)
. OO0 [QOR0 [P (PO
MARK ORI PRIV ORI [elle]e)(e)
YOour [Elel©)©] ©le)©)©] ©J)©)©] ©J[o)©)©]
NN 000 [QO00 QOB QOB
OO OBl |O®®|O ©|®®|©
[0)(0)(0)(©) 0)(0)(0](©) 0][0][0]©] [0)[0)(©)[©)
®OIOI® OO OI®®®) B®®®®
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SINGLE CORRECT CHOICE TYPE
1 (a) 10 (a) 19 (b) 28 (d) 37 (a) 46 (c)
2 (c) 11 (b) 20 (c) 29 (b) 38 (b) 47 (c)
3 (c) 12 (b) 21 (b) 30 (a) 39 (b) 48 (b)
4 (b) 13 (b) 22 (b) 31 (b) 40 (a) 49 (a)
5 (b) 14 (b) 23 (a) 32 (d) 41 (c) 50 (c)
6 (b) 15 (b) 24 (b) 33 (d) 42 (c) 51 (b)
7 (b) 16 (b) 25 (a) 34 (b) 43 (b) 52 (c)
8 (d) 17 (b) 26 (c) 35 (b) 44 (c)
9 (©) 18 (b) 27 (d) 36 (c) 45 (c)
COMPREHENSION TYPE
1 (a) 4 (b) 7 (a) 10 (c) 13 (b)
2 (b) 5 (b) 8 (b) 11 (c)
3 (a) 6 (a) 9 (b) 12 (a)
REASONING TYPE
L1 ] @ 2] @ [3] © | 4] @ |
IEIE MULTIPLE CORRECT CHOICE TYPE
1 (a,b.d) 4 (a,b.c) 7 (c, d) 10 (c,d) 13 | (a,b,d)
2 (a,d) 5 (a,b,c) 8 (b, ¢) 11 (b, c) 14 (c,d)
3 (a,c,d) 6 (a,c,d) 9 (a, d) 12 (a, b, d) 15 (b,c)
IEIE MATRIX-MATCH TYPE
1. A-r;B-p;;C-s;D-q 2. A-s;B-r;C-p;D-q
3. A-r;B-q;C-p;D-s 4, A-p;B-s;C-p,q:D-q
5. A-q;B-s;C-nq;D-p 6. A-r;B-s;C-q;D-p
NUMERIC/INTEGER ANSWER TYPE
o | 2 | 2 | 3| 45 | 4 | 6 | 5 | 16 6 | 6 |
A 1= 1P
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SINGLE CORRECT CHOICE TYPE

. A A A
1. (@ Givenn<mn<np= < <
s—a s-b s-c

=s—-a>s-b<s—-c=>-a>-b>-c=>a<b<c

2.  (¢) Sum of the roots of the equation is given by

cla+b) a+b sinA+sinB
2 e sinC
sinC=1

sin A+sin B =

= the triangle is right angled
3. (¢) If D is the diameter of the circumscribed circle of
AABC,thena=Dsind,b=DsinB,c=DsinC
3 3 3 3 .3
a’ +b’ +c D7 (Zsin” 4
' 3 (.3 )=7-'-D=%ﬁ
Zsin” 4 Zsin” A4

Since no side of triangle can exceed the diameter of the

circle, the maximum possible value ofa is 3/7 .

4. (b) Letthesidesaand B be the roots of 2 -23x+2=0

Then a+b=2\/§ and ab = 2. Also C=§

a® +b% - c? 1 a?+b2-¢?
. cosC = = —=
2ab 2 2ab

::>a2 +bz—c2 =ab
" (a+b)* -2ab-c* = ab
=12-c2=3x2=c=4/6

.. Perimeter=a+b+c= 2\/§+ \/6

5. (b) Let the altitudes from 4, B, C be p, g, r respectively.
Then
p=bsinC,g=csind,r=asinB

spig:r=bsinC:csind:asinB

B . c

=sinBsin C:sinCsinA :sinA4sin B
R

"~ sind sinB sinC

.. sin 4, sin B, sin C are in A.P.

= p,q,rareinH. P.

IIT-MATHEMATICS ,
||

b)

@

a, b, ¢ are sides of a triangle

Latb>ce b+c>a,cta>b
sa>|b-cl|,b>|c—al, c>|a—b|square and add
a*+ b2+ ¢? <2 (ab+ bc+ ca)

= a’+b%+ct+2(ab+ bc+ac)<4(ab+ bc + ca)

(a+b+c)’
ab+bc+ca

Again (a—b)* +(b-c)? +(c—a)* =0

<4=>P<4

(a+b+c)2
ab+bc+ca
L 3<P<4or pel3 4)

23=> P23

atan0+bsecO =c = b° s¢<:29=(c—atan6‘)2
:>b2(1+tan20):c2 —2catan0+ a” tan® 0

::>(a2 —bz)tanz9—2(:atan9+c2 —pr=0 ..(1)

Roots of equation (1) are tano and tanf}, where o
and [ are the two angles of the triangle.

2
We have tan o + tanf = 2ca2 and
a“-b
tanatanﬁuﬂ
- a*-b?
2ca
2_ ;2 )
. -b ca
. tan(o+p) = & =
l_cz_bz a2 —¢2
a’-b*
in 2ca
tan[n——)=ﬁ:>a2—c2=2ca
4/ a*-¢
b2+l —g?
cos A= i
2bc

=2 —(2bcosA)c+b2 —a?=0
It is a quadratic in ¢, whose roots are ¢, and c,, so

€| +cy =2bcos A and ¢y =b*-d’

c,2 + c22 —2¢jcycos2A4

=(c +¢ )2 —2¢1c5(1+cos24)

= (2bcos A)* - 2(b* — a*)(2cos” A)

= 4b% cos? A—4b% cos® A+4a® cos? A =4a? cos’A.
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2 2
—¢)" =(q +¢3)" —4cey

9. (© (g
= 4b% cos® A—4b* + 4a®

= 4a® - 4b? sin® 4 = 44> - 4a? sin’B
(b sind = a sinB) = 44 cos’B
Therefore |c, —¢,| = 2a cosB,, where B, is acute.

10. (a) We have tan bL+tan

+c ct+a

a b

_+_

-l b+tc cta _ 0
b be+c

- 7

b+c c+a

1 ac+a’ +b* +bec

2+ac

= tan

-1 C(.:1+b)+(a2 +b2)

2 +c(a+b)

= tan

2
- cga+b)+c =tan_1(1)=£
¢ +cla+b) 4

= tan

[ cis90° . a®+ b2 =(?]
Let £ABC be the right angled triangle, with
AB = BC=a so that

1. o

AC = \/Ea . Let the medians AD and CE intersect at O.

2
Then, CO= 4O =2 AD =2 2+“_=ﬁ
3 3 4 3
A
E
B D cC
5; %‘2" 4
L ocos(ZA0C) =——FF———=——
Vsa_f5a
2x——x——
3 3
. B AP
12. (b) [I‘IAAPB, SIHE=E
In A AQC, smE—AQ
nAAQC, sino =70
Now, in A ABI, we have
BI AB _ 4B
sini_ ( £ E)_cos£
5 sin(m 773 2

IIT-MATHEMATICS,
||
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A
A
2"

and in A ACI, we have & = AC
sin A cos 2
2 2

AP A4Q sinacosi sin ECOSE

So, -+ ==
> Bl CI y . A
sin — sin —
2 2
Sll’l[ +%) COSA
= i =C0t3
sin — sin —

13. (b) Let O be the angle opposite to side c of A ABC
= ¢® =a® +b* - 2abcos = (a— b)2 + 2ab(1 - cos0)

Also A ——absme = 2ab —ﬁ
2 sin

=c? =(a- b) +4A cos@

—(a—b)2+4Atan%

For minimum of ¢, a = b

—2ab=2a =28 - | 2B
sin® sin 0
14. (b) ADismedian, .. BD=CD

ZCAD = A-90° and
From AABD, we have

BD AD AD
- =——=BD=—- ..
sin90° sinB sin B
From the AACD, we have
cD _ AD _ ADcos A
sin(4-90°) _ sinC sin(4+8) @
A
o0°
B D C
* BD=CD— z_4D __ ,.lecosA
sin B sin(4+ B)
= sin(A4+ B) =—cos Asin B

=sin AcosB=-2cosAsinB=>tan A+2tanB =0

I-\ =P
STUDY CIRCLE
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15. (b)

16. (b)

Properties Of Triangle

IIT-MATHEMATICS

ALTERNATE SOLUTION B c
A 17. () Wehave £ZIBD = 2’ ZICD = 3
BD=6cm,CD=8cm
= BC=a=14cm.
Also ID=r=4cm
0
B 2
B D C Now, tanzzgzg
Use m —n cot rule in AABC, we get
(1+1)cot®=1.cot90°—1.cot(4—-90°) cC 4 1
=l.cotB—1-cotC and tan?=—=—
=tanA=cot B—cot C
—>tan 4 +tan Btan C=tan C—tan B (s—a)(s—c) (s—a)(s—b) s—a
=tan A +tan B+tan C=tan C—tan B tan tan (5—b) X -0 =
=tanA+2tanB=0 Ss= sts—c §
We know that R=%. Let A}, A, and A, represent ;,%xézs_M:;s:z]cm
s

the areas of triangles OBC, OCA and OAB respectively.
Then

a.RR a

l=_ _—

18. ()
45

R2

19. ()

Similarly,

_ abc
R3
ZBOC =2n—(n+ A)

o Area, A=rs=4x21=84cm?

Let the other side be @ and hypotenuse b, then
b -a?=232=(b-a)(b+a)=232
~b-—a=1andb+a=232

. Perimeter=a+b+23=24x23

See the figure, we have Z7T,0\R = 60°, since it is the

supplement of Z7} AR =120°,
(exterior angle of A ABC)
Hence, ZAO\R = 30°

Similarly, ZBO,§ = 30°

B+C n A
w ZBIC =1 =n-
[ ” 2 2} K=

= a®>=R>+ R?2-2R? cos (n— A)

=2R%(1+cos ) R=—nt =1

sec

[ 272
2.2c052§

20. (c)

T, A B

Further, 7,7,=T,4+AB+BT,=RA+AB+SB

IIT-MATHEMATICS,
||

- n+n
=r tan30°+a+r tan30° = —==+a
1 1 5
and 7,'7,'=T,'"C+CT,'=CR+CS
ni+tn
=(a—RA)+(a—-SB)=2a——F—=
3
Since, common external tangents to two circles are equal
hL=h'L'=n+n =%-
We have
AL, LM LM
—]= 1 13 ! = 1 |:>LIM1=—a
AB  BC n+1 a n+1
\ - I : Slnnnzﬂlﬁ
S T uby C[RC LE
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A
LM,
'-exl\’bMB
Lo i
|
Ln}- M,
B C
A LM
AL _L 2:>L2M2=2—“,...:21,‘(:
AB BC n+l
. 23. (a)
Required sum
O L B I O S i
n+l n+l n+1 n+1 2
a’ +b?
21. (b) 3 sm(A B)=1
at—
= 2 2 2
sm2A+ssz sin(A—B)=1
sin“ A—sin” B
- 2 - 2
- -sm A+jsm B xsin(A—B)=1
sin(A4+ B)sin(A4-B)
:>sin2A+sinzB=sin(A+B)=sinC 4. ©
=>1-cos24+1-cos2B =2sinC
=>c0s24+cos2B=2(1-sinC)
= 2cos(A4+ B)cos(A—B)=2(1-sinC)
— cos(A4— By = =SnC (if C;i]
—cosC 2
2
[sin——cos%] sini—cos%
=cos(4—-B)= - SC = c
sin“ ——cos” —  sin—+cos—
2 2 2
tan(C/2)-1 [C TE]
=—— —=tan| ———
tan(C/2)+1 2 4
2. b)) r=2r,=3, - 28 _38 A,
s—a s-b s—-c k
thens—a=k,s—b=2k,s—c=3k 25. (@
=3s—(a+tb+c)=6k=s5=06k
D£=2=E=k
5 4 3

IIT-MATHEMATICS,
||

Properties Of Triangle
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so that a?=b%+ 2

= ABC is right angle triangle with 4 = 90° since D is
the middle point of BC

AD = DC (radius of the circumcirle)

= /ZDAC=C = ZADC =180°-2C
= c0s ZADC = cos(180°-2C) =—-cos2C
=—[2c0s?C—1]= 1-2c0sC

x0T

|: from AABC cosC = 2 = i}
25 5

a

Since 4 sin 4 cos B =1, so 4 and B can not be g

[As if B=§,thencosB=0and if 4=Z then tan A

2
is not defined]

S0 C:E:B:E—A:MlsinAcos[E— J:I
2 2 2

DsinzA=lésinA=l:>A=E:>B=E
4 2 6 3

6 3 2 whlcharemAP

For (a)sin24 +sin2B+sin2C=0

= 4 sin4 sin B sin C= 0 which is not possible as sine of
any angle of the triangle can not be zero.

For (b) cos 24 + cos 2B+ cos 2C=-1
—>—-l-4cosdcosBcosC=-1
=>cosAcosBcosC=0

Which is possible if the triangle is right angled.
For(c)sind +sinB+sinC=0

so angles are —

A B
= 4cos—cos—cos£ =0
2 2 2

Which is again not possible as no angle of the triangle
can be integral multiple of 7.
For (d) cos 4 +cos B+cos C=1

. A. B .C . A. B .C
=1+ 4sin—sin—sin—=1=>sin—sin —sin— =0
2 2 2 2 2 2

Which is again not possible, as no angle of the triangle
can be an integral multiple of 27
b+ : +c > \/—

We have, A2 = b+c=20

b+c

a b ¢
sinB+sin C

Now,

sind sinB sinC

a b+c
- =

2sin ﬁcas é
2 2

B—C

COS—/——
| n-se€ | NEET | case |
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. A
b+ —
(b+c)sin 5

(B—C)
cos

2

=>a=

0<cos

<land b+c22L=>a 22Xsin§

26. (¢) We have from A OAC
: C)
7 |
w49 o
: (B) 0A
sin| -
2
A
-3
Similarl Sm( % o
T (c) OB
sin| —
2
29. ()
; B)
] sm[C 2) o
= _ (A) oc
sin| —
2
so that the given expression is equal to 1.
27. (d) Let ABC be the triangle right angled at 4
AD=h,AE=I,
Let ZEAD =a.
Then cosa = ?
* ZDAC=45°-a B E D c
C=90°-(45°-a)=45°+a
and B=45°-a
So, cos C=cos (45° + )
30. (a
1 tcosasinay L[ A=V “
V2 V2 L ! J
and cos B =cos (45° - )
V2 V2 L ! J
28. (d) A4,B,CbeinA.P.Then2B=A4+Cand4+B+C=180°

= B=60°and 4+ C =120°
LetA=2C=4=80° C=40°

Let AD be the median of length 243 cm

IIT-MATHEMATICS, |
||

Properties Of Triangle
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480\32
2/3

60° 400
B D c

Then £BAD + ZDAC = 80°
Since ZBAD : ZDAC =3:2
s £LBAD =48°, ZDAC =32°

FromABAD, —m_ =40
rom > sin48°  sin60°
L pp - 2P3sind8 g
3

2

.. BC=8sin48° = 8cos42°

Since a circle can be inscribed in the quadrilateral, we
havea+c=b+d

and since the quadrilateral is cyclic, C=n -4

a® +d? - BD?
2ad

CosA=

B
= 2ad cos A= a® +d* —[b* +c* - 2bccos C]
=a?+d*—b* -+ 2bc cos 4
= 2 (ad + bc) cosd = a*> + d? — b> - c2
P +b=bt =c?
2(ad +bc)

Now,a+c=b+d=>a-d=b-c

=>Ccos A=

ad —bc

=>a?+d?>—b2—c2=2(ad-bc) and cos 4 =
ad +bc

We have,
tan(A4 + B) = tan(360° - C — D) = —tan(C + D)

tan A+tan B _ tan C + tan D
l—tan Atan B I-tanCtan D

= (tan 4 + tan B)(1 — tan C tan D) +

(I1-tan Atan B)(tanC +tan D) =0
=> tan A+ tan B+ tan C + tan D = X tan A tan Btan C

tan A + tan B + tan C + tan D
tan A tan Btan Ctan D

1 & 1 i 1 % 1
tan4 tanB tanC tanD

=
=
— WT-JEE | NEET | CBSE
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tan A+ tan B + tan C + tan D a atan30°
cot A+ cot B+cotC +cot D :>a+hc0515°=h+hsin15°
= tan A tan Btan C'tan D
31. () Let ZBAD =0 ad AD=x, then
BD _op= 3 g
sin 0 sin O D

~sin0="2 oro=60°. ,
2 = —(a+hcos15°) = h(l +sin15°)

3

Applying cosine rule in AABD, we get J3(1+5in15°) 15
= +sin15°) —cos15°

12 +x2 - (3)
cos 60° = X Z B B-1] B+l Jo-B+l
2.1x =3[ 14 -
oz | T V2
=>x*-x-2=0=>x=2
32. (d Letxand y be the heights of the flagstaffs at P and Q ( 3 J341)
; *sinl5°= ——, cos15°= ———
respectively k WA 272
Then, AP =xcot60°=——, AQ = ycot30° = y\/3 34. () Let PQ and RS be the poles of height 20m and 80m
V3 subtending angles o and B at R and P respectively. Let
h be the height of the point 7, the intersection of OR
BP = xcot45° = x, BQ = ycot 60° = % and PS.
Then PR = hcoto+hcotf3 =20cota =80cotf
— AB=BP-AP=x-—— [ AB =30 m)] coto
\/5 = cota =4cotf or =
cotf
=303 =(B-Dx=x=153+3) Again hcota+hcot = 20cota

= (h—-20)cota=-hcot

S
80
Q
T
h 20
R \Y : P
Similarly 30 = y[\/i—i] = y=153
V3
y St B h=80-4k=h=16m
so that PQ=BP+BQ=x+7_~ cotfp 20-h
3 35. (b) Let PQ be the tower of height 4 at the middle point P
=153 ++/3)+15=(60+15v/3)m. of the side OB of the triangle OA4B, where

0A4=2,0B=6,AB=5

33. (d) CDisthe pole on an inclined plane PBD. Triangle
and ZAOB = ZPAQ = o. Then AP=hcota, OP=3

APR is similar to triangle ABC.
AP _RP 22+62-5% 5

, —=— i cosQ=————=—
1B BC From triangle OAB, 2% 276 3

ACCENTS EDUCATIONAL PROMOTERS
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5m

22 +32 —p?cot’a

and from A OAP, cosa =
2x2x%x3

25
13-h*x=> 5
39 25h 15 11
> = ——=13-—=—
8 12 39 2 2

~11x39

 25x2

Let PQ be the pole on the building OR and O be the
observer.

Then, PO=50, 0R=250 = PR=300

so the observer is at the same height as the top P of the

pole. Let OP =x. Then fromright angled triangles OPQ
and OPR,

= h?

36. (c)

x P

250 m

tan0 = ﬂ and tan20 = w
x x

2tan0 ﬁ@
l—tarl29 X

=33

so that

50
x__300

-
x
2
:>[ﬂ] =E:>x=M=25\f6

X 3 2

Let A be the mid point of BC since
ZTBH =90°, TH?>=BT*+ BH? =5+ 52 =50

2 x
s

}=1

37. (a)

Also since

ZTHG =90°, TG?=TH?*+ GH*=50+25=175

IIT-MATHEMATICS,
||

38. (b

39.

Properties Of Triangle

IIT-MATHEMATICS

n
Al

O

A T B

Let 0 be the required angle of elevation of G at T.

Then, sinezﬁ— i ]

TG 53 3

1

Ng)

Since PQ subtends the same angle of 30° at each of the
points

A, R and S, the points P, O, 4, R and S lie on a circle
And AR L AP and AS L AQ

ZRAS =90°- ZRAQ = ZPAQ = 30°

=0=sin"

Alsoitis given AR =20m, AS=10m.

Then PQ and RS are chords of the same circle making
an angle of 30° at a points

on the circumference of the circle and hence are equal
in length.

Now from ASAR,

RS?=207+107-2 % 20 x 10c0s30°

= PO* =500-20033 = PQ =+/500-200:/3

Let O be the centre of equilateral trianlge 4BC and OP

be the tower of height /&

Then each of the triangles P4AB, PBC and PCA are

equilateral and thus

PA=PB=AB=a

In triangle ABC, OA is the bisector of angle 4, so
=P

- NTIEE [N L ose
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= 0A4= 2

a
3 3

SRR

¢ A

Now, from right angled triangle POA.

=PA2=0P2+ 042
2 2
S JUP AN S YO W T V1.
3 3
40. (a) Intriangle ABC
a?+b*-c?  49+64-81 2
cosC = = ==
2ab 2x7x8 7
; 2
In triangle BEC, BC="7, CE=4and cos C= 7
A P
9 E
8
B 7 C
7
sothat BE2=42+72-2x4x7x =49
—=>BE=T7
if 4 is the height of the lamp post EP at E then
FE b = tan(tan™ 3) 3
BE
=>h=21m.
41. (c) Let OP be the peak of height 4.
AB be the horizontal base of length 2a with C as its
middle point
then AC = CB = a Also /PAO = /PBO =15° and
ZPCO =45°
then OA=0OB=hcot 15°, OC=hcot45°=h

Since OAB, is isosceles. OC is perpendicular on 4B
and from right angled triangle

OCB,, OB*>=0C?+BC?

= h? cot? 15° = h? + a2

= h2[cot?15°— 1]=a?

|!IT-MATHEMATICS||

Properties Of Triangle

IIT-MATHEMATICS

_ a2 _az(\/g_l)z
(1) - 223)
V-1

=>h=3-1)——+ —Ex

3/4
31/4 g 0 &

A-C
2

COS

42. (¢) Here2sinB=sinA4+sin C =2sin

A-B

. B B B
or 4sin—cos— = 2¢0s—cos
2 2 2

. B 1 A-C
= sin—=—CcoS———
2 2 2

= tan—=
2

5 A=
2

2B 24-C_,B

= COS

B B B 1
or 4tan® —<1+tan’— = tan®? —<—
2 2 2 3

43. (b) We know that

g2 4B C
R €S 7 Cos — €08 -
R2

=T (sin 4 + sin B +sinC)

_R2R A+sinB+

ST (sin sin sinC)

_R@+b+c) =R_2S=£>2
2A 2A

\ - I: Since Z001...
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44, (c) Given £B=T:> A+C=§

A-C
2

C
cos

A
Now cosA+cosC =2cos A

,(B3)

e L-—-Jcos
Now 05A—C<%:>§<cos%sl

A-C A-C
=+/3cos

- cosA+cosC e(%, \/ﬂ

45. (o)
Let £YXC = o. Apply sine rule to AXYC then

R _ XY _ Yc 2R,

. b1 E sino
51n[(1+——a) sm(——AJ
2 2

where R, is the circumradius of AXYC.
When ¥ — C, a — 0 and hence

2R = R = RA
sin[E—A] cos
2
R
=R =EsecA

C .
COtE are inA.P.

46 Si cotﬁ COtE
. (¢) Since 5ot

B A C [ 4 _C
2cot — =cot — +cot =—>2 ,/cot—cot—
col ) co 5 co 5 2 2

B A B B
= 2cot—2= ZJcot—cot—cotE\/tan —
2 2 2 2 2

B \/ A B C\/ B
or cot— =, /cot—+cot—+cot—, [tan —
2 2 2 2 2

B_[, B[ B B
or cot 3cot5 tan = orcot;zﬁ_

IIT-MATHEMATICS||

T
The circumradius XC makes angle 3 A with BC.

47. (o)
48. (b)
49. (a)
50. (c)

Properties Of Triangle
IIT-MATHEMATICS

4
Here 2B = A+Candc 1
A C A+C 2B
or —=—= =" =k(sa
4 1 5 5 (say)
S5k ork=2—n=

So that 4k + k+7=11:

We have

tan A +tan B +tan C =tan 4 tan B tan C =£
q

and tan 4 tan B +tan B tan C + tan C tan 4

_ sin Asin Beos C +sin Bsin Ccos 4 +sin AsinCcos B

cos Acos BecosC

_ sin Bsin(A4 + C) +sin Asin C cos B
q

_ sin? B +sin Asin Ccos B
q

: 1 —cos? B+sin Asin Ccos B
q

_ 1+cos Bcos(A4+C)+sin Asin Ccos B
q

_l+cosAcosBeosC  1+¢
q q
Hence, tan 4, tan B, tan C are roots of the equation
g3 -px*+(1+q)x—p=0
We have
tan 4 +tan B +tan C =3k
and tan 4 tan B tan C=—k
= tan 4 +tan B +tan C=-3 tan 4 tan B tan C
which is not possible.

b c
We have sin 0 — cos 0 =; andsin9c059=z

2
=1 —25in9(:05€:1=—2

a® +c2 —p? 2a::+.':2 c

Hence cos B = 1+ -

2ac
\ I- I II'IJEEIE\
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(b)

(@)

However in the cyclic quadrilateral C=m— A4 and
D=n-B,so

[ B A) ( A B)
b=r|cot—+tan—|, ¢ =r| tan—+tan—
2 2 2 2

dd= r(tan£+cotﬁ)
an = > )

IIT-MATHEMATICS ,
||

51. (@) ForatriangleBC Hence O0'=r,+r=A40-A40' = x/f(r—r,)
A B C
tanEtangtan? :>r|(|+\/§)=r(\/§—l)
(s=b)(s—c) [(s—a)(s—c) |(s—a)(s—b) r(N2-1)
= =———>=r(2+1-2v2)=r(3-2v2
\/ s(s—a) s(s—b) s(s—c) ol 1++2 ek V2)=r(3-242)
z\/s(s—a)(s—b)(s—c) =A=£ Sﬁ 4
s s s 25"
52. (c) Let O be the incentre of the given triangle ABC. Let O’ (
be the centre of the circle touching the incircle and the
sides 4B and AC. Let r, be its radius. We have
A0'=rlcosec?:\/§r] 'O
A
andA0=rcosecE =2 r B C
COMPREHENSION TYPE
1. (@ In AAOE, So,
A OE _a+b+c+d_ t A tA t B tB
tanE=E:AE=rcot— (OE =r) S=—— _=rifangy ot +lan—_+cot=
Similarl = : s—a—r(tanﬁ+tan£)—c
imilarly BE=rcot5 o > > )
y B similarlys—b=d,s—c=aands—d=b.
a= r[c0t5+ cot E) , similarly Therefore Area of the quadrilateral

= \/(s—a)(s—b)(s—c)(s—d) =Jabcd

The area of the quadrilateral can be given by

1
E(ra +rb+rc+rd) , where ris the radius of desired

circle
-‘.lr(a+b+c+d)= abcd:>r=ﬂ
. a+b+c+d

Putting the values of a, b, ¢, d in the formula obtained

2\/3><3><4><4_2><3><4_Ecm
3+43+4+4 14 7

AABD and ABCD are isosceles, so, the diagonal AC
is the diameter of the circumcircle.

A

in(2),weget r =

0

Since Z0O01...

\/D
C |
A IZ 1P
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10. (¢) Perimeter of ADEF=acosA+bcosB+ccosC

No = 2 2: 4
% AC=NITFAT=S =2R (sin A cos A+ sin B cos B + sin C cos C)

5 _ . . .
Therefore radius of the circumcircle = — =R (sin2A+sin 2B +sin 2C)
. 2 ) =4 RsinAd sin Bsin C
4, () Forrealrootsc,andc,, D>0,ie,a>bsind
Consider the smaller root, say . A B . C A B C
=32 Rsin — sin = sin —— C0S— c0S — COS ——
¢, = bcosAd — 2 b2 sin A 2 2 2 2 2 2

c1>()ifbcos,/1>\/a2 —p%sin? 4 ,1e,1f _ A B ¢

=8rCOS —— COS — COS —

b2 cos® 4> a* —b*sin® 4 and cosd > 0 2 2 2

orif > a2 and cos 4> 0. =2r(sind +sin B+sin C)

Hence, two different triangles are possible if

a>bsind, b>a and A4 is acute. =L(a+b+c)

ALTERNATIVELY R

The equation ¢ — (2bcos A)c + b? — a* = 0 has two

distinct positive roots ¢, and c, if and only if 1. (© b= A[ 1 N 1 . 1 l}
discriminant>0, ¢; +¢y >0 and ¢jc; >0 2 s—a s$-b s-c s

= a>bsind,2bcos A>0and b2—a?>0
=a>bsindandb>a —A[ 2s—a-b +s—s+c}
5. () Ifa=b,then g% =p>(cos? 4+sin’ 4) (s—a)s—b) s(s—c)
2 422 42 2
=a“—b"sin“ A=b“cos”“ 4 e s(s—¢)+ (s —a)(s - b)
s(s—a)s—-b)s—c)

a?-b?sin® A=bcosd=G=0
but ¢, > 0. So, only one triangle is possible.

6. (@) WehavebsinA=6sin4S°=3\/E ACI:25 —s(a+b+c)+ab:| a—bc:4R
A? A

So, a = 2+/2 < bsin 4 , 50 no triangle will form.
1 e =r+4R
7. (a) Area of ADEF =— acosA. bcosB. sin(n-2C)

2 nry Tt
1
=— ab cos A cos B sin 2C _ A2 L + 1 + 1
2 (s—a)(s=b) (s—-b)s—c) (s—c)s—a)

=2cos A cosBcosC.—c-g3 sin C

_ Az(s—c+s—a+s—b) 2

=2 cos 4 cos B cos C x area of AABC. (s—a)(s-b)s—c)

8. (b) Circumradius of DEF = acos Abcos BeoosC
darca ofA DEF A2
rorr, = =As=rs"
_abccos Acos BeosC c R P23 (s—a)s—b)(s—c)
"~ 2abcos 4 cos Bsin 2C 4sinC 2 S ¥, Fy, 1y are roots of the equations
9, () Inradius of ADEF = _AréaOfADEF B =2 (ry+ry ) Fx (ryry Hryry rgr) <1 =0
semi-perimeter of ADEF =3 -2 (A4R+1) +x (s —-rs2=0
_ 2abcos Acos BeosCsinC 12. (a) We have

—(AR+1) X+ sx—rs?=(x—r) (x—71,) (x— r)
= (=5)> = (4R +7) (=5 + 52 (=s) — rs?
=(s-r)(s-—r)(=s-r;)

(acosA+bcosB+ccosC)

2abcos Acos BeosCsinC

2R(sin Acos A+ cos Bsin B +sin Ccos C) S () (s+r) (s+r) =257 (s+r+2R)
_8R2cosAcosBcosCsinAsinBsinC 0 _ _4R+r
R(sin 24+ sin 2B+ sin 2C) - O nnpacinAP ==
_ 8R cos Acos-B cos' Csm. Asin BsinC Also, r,> \/rlT =g f”z S i = rs?
4sin Asin BsinC 5

=2Rcos Acos BcosC @Ry 227 _ :
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REASONING TYPE

1. @d A+C=180; B+D=180
cosA=—cosC=>cosB+cosD=0
cosA+cosC=0
=cosA+cosB+cosC+cosD=0
but4+C=180°=sin4=sinC
B+D=180°=sinB=sinD
only II is correct

The incentre of the pedal triangle of the given triangle
is coincident with the orthocentre of the given triangle.
Since pedal triangle is formed with the feet of the
altitudes of the triangle so the given triangle is the
excentral triangle of the pedal triangle.

A i 4. (a)

3. (c) =;=m

2
Now PQ?+ QR? =472 = PQ? =%

_ac(a+c—b)

=a+c-b

1
7 =é o ac ( A= Eac)

s 23 " a+b+c

_ acla+c-b)
(a+c)2 b g4l +2ac—b?

(- a2+c2=b2)

MULTIPLE CORRECT CHOICE TYPE

-

Let the sides of a triangle be a, ar, ar?
- ar®is the greater side (r>1).

.'.a+ar>ar2

) 1-5 1+/5

cre—-r-1<0> <r< >
1+J§

=>l<r< >

Therefore (a) is correct.

Also r? < %(6+2\/§):%(3+\/§)

and r* <%(14+6\/§) =%(7+3\/§)

1 1
.'.1+r2—r4<1+5(3+J§)_5(7+3J§) 2. (a,d)
=-1-V5<r
i rr—art T¥rf=¢* 1
cosC = = S
2a%r 2r 2

T L
cosC<cos§:>C>—

3

Therefore (d) is correct.

IIT-MATHEMATICS,,
||

Also, cos B = a2 +a2r4—azr2 _ 1+r4—r2
2a%r? 22
2
1[ 2 1 1( 1] 1
=— — 1| =={r—=| +1|>—=
z[’ T ]] 2[ 2 2

T T
cosB>cos§:>B<—

3
Also,

a<ar<ar2:>A<B<C3A<B<§<C

Hence (b) is also correct and (c) is incorrect.

Sides are in A.P. and @ < minimum {b, c}
= Orderof AP.canbe b,c,a,orc, b,a
Casel:If2c=a+b
B2+c?—a?> bB?+c?-(2c-b)* 4b-3c
CosA= = =
2bc 2bc 2b

Casell : If2b=a+c

b +c*)-(2b-c)* _
2bc

4c—3b

\ - I: Since Z001...
| n-se€ | NEET | case |
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B

C
3. (a,cd) Inatrlangle N

A B C
cos—cos—cos— >0 and
2 2 2

2

=]+4sin£sin£sin£>l
2 2 2
4. (abe) LetBP=n,CQ=n+1,AR=n+2
Then BP=BR=n
CO=CP=n+1landAR=AQ=n+2

. BC=2n+1,CA=2n+3,4AB=2n+2 and

S=%[2n+1+2n+3+2n+2]=3n+3

A =4J(3n+3)(n+2)(n)(n+1) and inradius

n(n+2)
3

So, the sides are 13, 14, 15. and perimeter

=25=42 unit
A=+31x8x6x7 =Tx3x4 =84 unit
*. radius of circumcircle

=l3x14x15:6_5 em
4x84 8

5. (abg) (a+tbtc)(btc—a)=xbc = 2s(2s—2a)=xbc

N 4s(s—a)
bc

6. (acd) a?+b*+c? —ca—ab3=0

2
\Bb+b2 3a 3’i+c2
4 4

=>4%-2a

(s (2 0

IIT-MATHEMATICS||

are acute angles.

A . B
sin —sin ?sin% > 0. Also, cos4 + cosB + cosC

—4=>n’+2n-48=0=>n==6

A
=x Or deos?S=x =>0<x<4

Properties Of Triangle

IIT-MATHEMATICS

a 2 a ;_5
wZ£A=90°, ZB=60°, Z£C=30°

CD 4D
sind . C
sin —
2
12C/
sin— b a
AD=CD—2
sin A
smE
BD=CD—2 2 A D B
sin B
AD+BD=¢=> CD.sing[ _1 - _] ]:c
2\sind sinB
sin A.sin B
CD=c
(sin 4 +sin B) sing

sin A.sin B. cos%

c
(sin 4 +sin B)sin C

C
2c.abcos 2 2ab

(@+be _a+b "2

CD BC
L B -
sm sin{rc—(B+§]}

asin B bsin A

- CD= =
sin(B+£] sin(B+£j
2 2

The given equation can be rewritten as

sin (B +C) sin (B— C)=sin (4 + B) sin (4 — B)

or sin’B — sin’C = sin’4 — sin’B

= 2 sin’B =sin’4 + sin’C

l-cos24 N l-cos2C

2 2

= 2c082B =c0s24 +cos2 C

Hence cos 24, cos 2B, cos2Cin A.P.

Now the given equation can also be written as

sin 4 sin B cos C—sin 4 sin C cos B =sin C sin A
cos B —sin Csin B cos 4

Dividing by sin A4 sin B sin C, we get

cot C—cot B=cot B—cotA

=cotd+cotC=2cotB

= cot 4, cotB, cot C are in A.P.

I_\ 1= 1P e
STUDY C[RCLE

ACCENTS EDUCATIONAL PROMOTERS

Also

or (l—cos2B) =



- |
KI = g
STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS

9. (a,d) b sin A4 =thealtidue from the vertex C to the
opposite side and hence b sin 4 cannot be greater

than a whether A4 >§ or A -:g.

bsinA=aonlyif B =§.

a

b
Al =
50 sinB  sin A4

1
:>bsinA=asinB<aforB¢5

=q for B:E
2

T
Moreover, for B> A4, A<5, B<g sin B > sin A

and hence bsind=asinB>asind=b>a.
10. (c,d) Let P be the centre and x the radius of the semi-
circle.

A B

P

Area of AABC= A= area of APCB + area of AAPC
1 1
A=—xa+—xb
or 2 2

o 2A  2abc
a+b 4R(a+b)

_ abc (a+b+c)
2R(a+b) 2s

abc

=———(sin A+sin B+sinC)
2s5(a+b)

A B C A B
4 -2
abc cos > cos 5 cos ) abccos 5 cos 5 cos 2

2s(a+b) s(a+b)
11. (b,c) Here cos A4, cos B, cos C are in A.P.
= 2cos B=cos 4 +cos C

A+C A-C
COS
2 2

=2cos

. 2 B . B A-C
:’>(]—251H2 E] = Smicos 5

IIT-MATHEMATICS||

12. (a,b,d)

Properties Of Triangle
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B . B[ . B
or €Os" —=SIn— Sin—+ CoS
2 217 2

A-C
2

) B[ A+C A-
= SIn—| COs +CO0s
2 2

A C
2c0s—cos —
= cot—= 2 2

2 . [A+C]
Sin .
2

2cos 4 cos L
2 2

. A C A.C
Sin—cos — + oS —Sin—
2 2 22

:>c0t£— 2
2 tan£+tan£
2 2

A C B
=> tan —+ tan — = 2tan —
2 2 2

‘)

= 25in£(:0$£cosE
a 272 '

2

:>tan£ tanB tang inA.P
5 > > arein A_P.

N \/(s—b)(s—c)+ J<s—a)(s—b)

s(s—a) s(s—

_, [6=axs=9)
s(s—b)

A A ’ A

c)

4 =
s(s—a) s(s—c) s(s—b)

orry +ry=2r,=r,r,ryareinAP.

A B
bc052—+acosz—=3—c
2 2 2

:%(l+cosA)+%(]+cos B)

= b+a+(bcosA+acosB)=3c

=bt+a+c=3c=>a+b=2c

Thus g+ 5> 2Jab
= 2¢ > 2Jab > Jab

Also 2c22\/5 =c?>ab

A E P s
STUDY CIRCLE
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at+c b+c _a+c+b+c

+ =
Moreover, e—a 2e_b b P
( 2 \1/4
=E+£+2+c >4| < ab >4 and
b a a a’b?
1/3
a ¢ b (acb\

PRI ol Bt

c+a_a+b_b+c_i
12 14 18 11

13. (a,b,d)

18
b+c=—
= b+c=17s

18 7
=>2s-a=—s =>s—-a=—S¢
11 11

A _la_11
s—a Ts 7

similarly, »,=11rand r, = 3

Properties Of Triangle
IIT-MATHEMATICS

Further
n+rn+rn—-r=4R

:>[11+11+u—1)r=4R
7 3

> R=—r
21

14. (c,d) Given that sin 4 +sin B

_clatb) a+b sinA+sinB
c2 C sinC
=sinC=1=C=n/2

o
= A+B=n/2= B=E_A
= sinB=cos 4

a+b
c

Thus we have sin 4 + cos 4 =

15. (bye) In A ABC, tan A. tan B. tan C=tan A + tan B + tan

C=10(given)
= tan 4, tan B, tan C are positive = A4BC is
acute angled.

EE MATRIX-MATCH TYPE

A-r;B-p;C-s;D-q
ZADE=B,AD=csinB =bsin C,BD=ccos B,
DC=bcos C

1. 2)
(A) Areaof AdBD= - csin Bccos B :LCT J sin2B

2
(B) Areaof AADC= %.b sinC.bcosC = L%J sin2C

A

@

B D

2
(C) Areaof AADE= %sinz B.sin2B

[since AE = AD sin B = c sin’B, ED = ¢ sin B cos B]

1 .
(D) Areaof ABDE= 5.c2 cos? B.cos B.sin B .

[ 2} cos? Bsin 2B

IIT-MATHEMATICS||

A-5;B-r;C-p;D-
a=7,b=8,c=9 AB?+BC? =2(4D? + BD?)

= 81+49=2(16+BD?*)=130= 16+ BD* = 65

= BD*=49=BD=7
B

m c
A E D C

ABD is an isosceles triangle,

:>ED=ATD=2, BE =\BD? - ED* =\J49-4 = /45

=CE=CD+DE=4+2=6
A-r;B-q;C-p;D-s

(A) a=— \/2b +2¢2 [3_ 2¢% +2a% - b2,
V2a? +2b% - ¢?

(3a® +3b% +3c%)

1
2

. ‘12+[32+72 _

7 =

2 2
a“+b” +c -
\ I -_— I ||1 JEE |E\
A STUDY CIRCLE
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1
4
a2+B2+72 _2
4
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B) ar(AABC)=ar(APBC)+ar(ACPA) + a(AAPB)
NE)

TX4 =%[xx2+yx2+zx2]

© 2B=A+C :>B=% and A+c=%"

b= ac = sin’B = sind sinC = sind sin C = %

; A:C:A:B:c:g
so the triangle is equilateral.

D) —W:% [4RA 25

A
4. A-p;B-s;C-p,q;D-q

(A) We have,
. A . B.C
r 4Rsm§sm§sma —tanﬁtang—l
7 . A B C 2 2 4

4R sin—Ccos—cos —
2 2

2

A[ B C]
. tan— | tan— + tan —
2 2 2

B C 1
=l-tan—tan—=1-—
2 2 4
(B) We have, (r|r2r3)”3 2%=3r
n n n
438 > 77
r3

© a+b>c =2b-c+b>c :>£>%
c

Also, b+c>a =>b+c>2b-c :>9<2

[4
IIT-MATHEMATICS||

o cos(A—-C)—cos(A+C) = % =cos(A-C)=1

- [BRs _ R 3-4
,

Properties Of Triangle

IIT-MATHEMATICS

b (2
Again,c+a>b=>2b>b - EE -2

3
(D) We have, — PD M, ________ efc.
AD  ar(ABAC)
PD PE PF
L—t—t—
AD BE CF
_ar(ABPC) +ar(ACPA) + ar(AAPB) 1
- ar(AABC) -
A
F E
B D C

A-q;B-s;C-rq;D-p

(A) Letthe medians BE and CF meetat P. Let EP=y
= PB=2y
Let FP=x= PC=2x

X X
Now, tan «£FBP =5 and tan £CPB = 5
2y 2y

Also B= ~FBP + ~CPB

x.x
2 3
Hence tan B = Y 2y= zxyz
12X 2y° —-x
2_1)2
2 2
2y° —x
=cotB = 4
3xy

Similarly, cot C =

+ =-— 2=
cot B+cot C E 3y

(B) Sincer, +r,+r;=r+4R,

x2+y2>2xy 2
3

13
rytr, = 4x?+2—3=25

Also, l=l+i+l

rFR n n

\ - I: Since Z001...
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> L 2,040 o 1502 7,=10,r,=15
2 3 nn

nrnr 3x15x10
Moreover, s = o =225=>5=15.

2
Hence, A = rs =30 sq. units
(C) The given equation can be written as
(a+b—c)(b—c)*+(b +c—a)(c—a)
+(c +a—-b)(a-b)*=0
Since all the terms are non negative,
(a+b+c)(b—c)?=0,(b+c—a)(c—a)*=0,
(¢ +a-b)(a—b)*=0
= b= c=a = the triangle is equilateral.
(D) We have
0=sin4 A+sin4B+sin4C+ 8 cos 4
=—45sin24sin2Bsin2C+ 8 cos 4
=8 [~sinA4sin2Bsin2C+ 1] cos 4

Properties Of Triangle

IIT-MATHEMATICS

A-r;B-s;C-q;D-p

r=—=2and =——=15
S s—a
Thus g 3 §= 5a
s 15 13
So,é=2:>A=£a
s 13
r—bc=£a or bc=—0a .......... (1)
2 13 13
17
Also,b+c=2s—a _Ea ........ ?2)

Solving (1) and (2) we get b = —ia and c= ia

- 13
= eithercos4=0ie., 4 =
2 bc
A B3 bc 2
orsmAsm2351n2C—1:>A—2,3—4,C—4 e GIDIE athro = 2 13a:>a 13
2
EE NUMERIC/INTEGER ANSWER TYPE

1. Ans: 0
Let LACB=0,then ZADB =20 and Z4AEB =30
. LEAD = Z/DAC =0

Gi E =k
iven — ~
Now, on applying m — n cot theorem, we get

(k+1)cot(180°—260)=kcot0-cot O

k+1 tan26 2
1-k  tan® |—tan20
A
B E D C

= l—tan26=M :>tam29=£>0:>k>l
1+k 1+k 3

+
_ 3 _ 2
and tan39=3tan9 te;n 6:tan93 tan29
1-3tan“ 0O 1-3tan“ O
3 3k -1
3k-1  k+1
k+1 33k
k+1

_ P14 1 [3k-d
k+1 41-2k) (1-2k)\ k+1

IIT-MATHEMATICS,
||

*0<30< g , therefore, tan30 >0

= 1—2k>0:>k<%

Thus, k e(l,l) =[k]=0
32

Ans : 2

Let the sides be a and b, a > b and diagonals d; and

dy, d,>d,

Then,

df =a® +b* —2abcos150° =a® +b% +\3ab  ...(1)
d? = a® +b* —2abcos30° = a® + b* —[3ab :1(0)

Equating area of parallelogram

—dldz sin45° = 2(2 absin 30°j

= dyd, =\ 2ab .0
From (3) d?d? = 2a*b*

= (a? + b2 +3ab)(a? + b* —\3ab) = 2a*b>
[from(1)and (2)]

I_\ 1= 1P e
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= (@* +8%)? -3a%? =24°p* = a* +b* -34°H? =0

(a2)? S
= —| =3| —=|+1=
LbZJ LbZJ
a? 3+«f§
b_2 = Taking positive sign (as a > b)
2 6+25  (1+45)° _a_ J5+1
b2 4 4 b 2
3. Ans: 45
Leth,, hy, h_ besidesof AA'B'C" and &, ", hy ' k. ' be
sides of A"B"C"
Then —l-ah ——l—bh ——l-ch =A 4)) >
2 a 2 b — 2 c
A] 1 1 1 1 1 ' ' 2
80, Ehaha=5hbh =5hchc=A ()
2A" 2A" aA’
‘ L— — = — fr 1
Ry h 2_A om(1)
a
Now A2 =[h'a+h'b+h'c) [h'a+h'b—h'c)
2 2
[h'a—h'b+h'c] [—h'a+h‘b+h'cj
2 2
1|:aA' bA' cA':|[aA' BA' cA'}
= —t—t || —
Ml A A AJlA A A

; ') (a+b+c)(a+b-c)a-b+c)

4,2
AV A
(—a+b+c)=( )4
A
AZ—(M4 _ (30 3% x10?
@aHY @o? 22
2
A2 ;10=45
4, Ans: 6
2A 2A 2A
pl:—=p22—3p3:_
a b

IIT-MATHEMATICS||
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1/3
pL+p2+p3 23(pipaps)

1/3 1/3
@Ay [ (L
{ abc } _6A[abc]

1/3 1/3
:6”(“}”] =6ra+b+c[m1m]

abc 2 abc
—9r[“+b+cj(i)1/3>9r AM /GM =1
3 abe =7« 1)

(Equality occurs when p, =p, =p,anda=b=c,ie.
when AABC is equilateral)

. p1+p2+p3 29)(%:6

Ans 16

Here 12 + i + 18 + 1 +a” +b% +c

=P+ (ritrytr)-2(nrtryr )
+(a+b+cP—2(ab+bc+ca)

=2+ (4R + ¥y - 252+ 452 -2 (ab+ bc + ca)

=2r+ 16R*+ 8rR+ 2522 (ab + bc + ca)

+%+252 —2(ab+bc+ca)

2

2
2A
= —2+16R2
S

2 2(s—a)s—-b)s—c)+2abc
5

=16

+2s2 —2(ab+bc+ca)

s> —s*(a+b+e¢)+s(ab+be+ca)]

=16R? +
K3
+252 —2(ab+bc+ca)
3 5.3
_16R2 2B 2] g2
s
Ans: 6
1
We have Eah;:A=rS
h 28 a+b+c
- =—=
roa a
h1+r_2a+b+c_2(a+b+c)_1
h—r b+c b+c
h+r 1 1
=2a+b+ + -
Hencezhl_ (a C)[lﬂ—c c+a a+b}
3
22(a+b+¢)3 -
(b+c)+(c+a)+(a+b)

(AM.2HIM)

ie., ZZ t: 26
s

\ - I: Sinee Z001...
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