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DETERWINALME

Development of determinants took place when mathematicians were trying to solve a system of simultaneous
linear equations.

ax+byy=c b,c, =b,c 3,C, —a,C
e i 1}: x=29721% gng - 292785
a,x+b,y=¢, a,b, —a,b, a,b, —a,b,
;s : a, b ; .
Mathematicians defined the symbol as a determinant of order 2 and the four numbers arranged in row
a
2 V2

and column were called its elements. Its value was taken as (a,b, —a,b,) which is the same as the denominator.

. . . . a b :
If we write the coefficients of the equations in the following form then such an arrangement is called a

determinant. In a determinant, horizontal lines are known as rows and vertical lines are known as columns. The
shape of every determinant is a square. If a determinant is of order n then it contains n rows and n columns.

2 bl P b, ¢

Eg. [t Y, a, b, c,| aredeterminants of second and third order respectively.
% b g B e
3 M3

Note: (i) No. of elements in a determinant of order n are nZ (ii) A determinant of order 1 is the number itself.

1.1 Evaluation of the Determinant using SARRUS Diagram

%1 ‘3 g3
If A=|a, a,, a,; | isasquare matrix of order 3, the below diagram is a Sarrus Diagram obtained by adjoining

d3; a3 ag

the first two columns on the right and draw dark and dotted lines as shown.

The value of the determinant is (a;;8,,833 +8,,8,383; +8;33,13;,) —(8138,831 +3;13,383;, +3;,3,1353) -

www.acpsludycirclc.comjz’:; AEPSTUDY CIRCLE
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Figure 17.1

3 2 5
Illustration 1: Expand [9 -1 4| by Sarrus rules. (JEE MAIN)
2 3 -5

Sol: By using Sarrgs rulei.e. A =(a;;a,,8;; +8;,8383; +3,38,3;,) — (8;33,,3;; +3;;3,33;, +a,,a,,3;3) We can expand
the given determinant.

Figure 17.2
3 2 5

Here, A=19 -1 4 = A=15-36+90+16+135+10=230
2 3 -5

=l xe=1

Illustration 2: Evaluate the determinant : (JEE MAIN)

x+1 X+1

Sol: By using determinant expansion formula we can get the result.

2— —
we have, % =kl el = (x2—x+1)(x+1)—(x+1)(x—1) =3 X2 =X = x4+ x+1-x2+1= x> -x%+2

x+1 Xx+1

2. COFACTOR AND MINOR OF AN ELEMENT

Minor: Minor of an element is defined as the determinant obtained by deleting the row and column in which that

81 9, 3y 5 B
element lies. e.g. in the determinant D = |a,; a,, a,;|, minor of a;, is denoted as M;, =| ?* ~#| and so on.

a,, a
31 933
433 a3 ag

Cofactor: Cofactor of an element Y is related to its minor as Cij =(-1)* Mij, where ‘i’ denotes the i" row and
'j' denotes the j"column to which the element a,; belongs.

Now we define the value of the determinant of order three in terms of ‘Minor’ and ‘Cofactor’ as

D = a;M;; —a;,My, +a;3M;; or D = a;Cy; +a;,Cy, +a3C;

\mrw'\\f.ac.:pstut:ly(:irclc.-.(:om‘;_7‘:'1 A E P STU DY C|RCLE
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Note:

(a) A determinant of order 3 will have 9 minors and each minor will be a determinant of order 2 and a determinant
of order 4 will have 16 minors and each minor will be determinant of order 3.

(b) a,;Cy; +a;,C,; +3,3C,3 =0, ie. cofactor multiplied to different row/column elements results in zero value.

Row and Column Operations

(@) R o Rj orC & Cj , when i # j; This notation is used when we interchange i"" row (or column) and j" row (or
column).

(b) R < C; This converts the row into the corresponding column.
() R — Rk orC — kC; k e R; This represents multiplication of i*" row (or column) by k.

(d) R >Rk +RorCi— Ck+C;(i=j) This symbol is used to multiply i" row (or column) by k and adding the
j® row (or column) to it.

2 -3 5
Illustration 3: Find the cofactor of a , in the following |6 0 4 (JEE MAIN)
1 5 -7

Sol: In this problem we have to find the cofactor of a,,, therefore eliminate all the elements of the first row and
the second column and by obtaining the determinant of remaining elements we can calculate the cofactor of a,,.

Here a,, = Element of first row and second column = -3
> IO TN ~

4

. : 6
M,, = Minorof a,,(-3)=6 0 4 | = ‘1 7

l = 6(=7)-4(1) = —42 -4 = —46.
i 5 -7
Cofactor of (-3) = (-1)'*%(—46) = —(-46) = 46
Illustration 4: Write the minors and cofactors of the elements of the following determinants:
(ii)

(i) ’f) (JEE MAIN)

ac’

3‘ b d

Sol: By eliminating row and column of an element, the remaining is the minor of the element.
b |

(i) ’(2) _:‘ M,, = Minor of element (2) = | =3; Cofactor of (2) = (-1)'*'M,; = +3
0 3
2.4
M,, = Minor of element (-4) = i'=0: Cofactor of (=4) = (-1)}*? M, =(-1)0=0
0 3
2 -4
M,, = Minor of element (0) = |: =-4; Cofactor of (0) = (-1)**'M,, = (-1)(-4) = 4
0--- 3
2 4
M,, = Minor of element (3) = H=2; Cofactor of (3) = (-1)**°M,, = +2
0--- 3

ww.acpnudycircle.comn AEPSTUDY CIRCLE
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a--C
(ii) E ; ; M;; = Minor of element (a) = :l=d;  Cofactor of (a) = (-1)}**M,; =(-1)’d=d
b d
a---c
M,, = Minor of element (c) = ‘| =b; Cofactor of (c) = (-1)**’M,, = (-1’b=-b
b d
d i€
M,; = Minor of element (b) =|: =c; Cofactor of (b) = (-1)**'M,, =(-1)’c=—c
b---d
a ¢
M,, = Minor of element (d) = ‘l=a; Cofactor of (d) = (-1)**’M,, =(-1)*a=a
b---d
2 -2 3
Illustration 5: Find the minor and cofactor of each element of the determinant {1 4 5/. (JEE ADVANCED)
2 1 -3

Sol: By eliminating the row and column of an element, the determinant of remaining elements is the minor of the
element. i.e. M, ;and by using formula (—1)‘“Mixj we will get the cofactor of the element.

The minors are M, = j 2’ =-17, M, = ; 2‘ =-13 , M;; = ; i’ =-7
-2 3 2! B 2 =2
M,, = 1 _3l =i M,, = > _3’ =-12, M,; = b 1‘ =-6
-2 3 3 -2
M;, = 2 5‘ =-22, M;, = 5‘ =7, M;; = . 4‘ =10

The cofactors are:

An = (_1)1+1M11 =M;; =-17, A;; = (_1)1+2M12 =-M;, =13, A3 = (_1)1+3M13 =My =—7
Ay = (_1)2+1M21 =My =-3,A,= (-1)*? My, =My, =12, Ay = (_1)2+3M23 =-M,; =6

As = (_1)3+1M31 =My, =-22, A;;, = (_1)3+2M32 =M, =-7, Ay = (_1)3+3M33 =M;; =10

3. PROPERTIES OF DETERMINANTS

Determinants have some properties that are useful as they permit us to generate the same results with different
and simpler configurations of entries (elements).

(a) Reflection Property: The determinant remains unaltered if its rows are changed into columns and the
columns into rows.

(b) All-zero Property: If all the elements of a row (or column) are zero, then the determinant is zero.

(c) Proportionality (Repetition) Property: If the all elements of a row (or column) are proportional (identical)
to the elements of some other row (or column), then the determinant is zero.

(d) Switching Property: The interchange of any two rows (or columns) of the determinant changes its sign.

www.aepstudycircle.com AEPSTUDY CIRCLE
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(e) Scalar Multiple Property: If all the elements of a row (or column) of a determinant are multiplied by a non-
zero constant, then the determinant gets multiplied by the same constant.

a+b, ¢ d| |la ¢ d| |b
(f) Sum Property: la, +b, ¢, d,[=la, ¢, d,|+|b, ¢, d,
a;+b; ¢; dy| |a; ¢ dif |b

a, by | |ag+ab +Bg by ¢
(g) Property of Invariance: |a, b, ¢,|=a,+ab,+Bc, b, c,
a; by | |ag+aby+Bc; by ¢

That is, a determinant remains unaltered under an operation of the form C, - C, + aCJ. +BC,. where j, k #i,
or an operation of the form R, - R, + aR; +PBRy, where j, k #i

(h) Factor Property: If a determinant A becomes zero when we put x = o, then (x—a) is a factor of A.

(i) Triangle Property: If all the elements of a determinant above or below the main diagonal consist of zeros,
then the determinant is equal to the product of diagonal elements. That is,
a a, al |y 0 O
0 b, bsj=l|a, b, 0|=ab,yq
0 0 c a

3 ; by g

a5 3 a3 Cn G G
(j) Determinant of cofactor matrix: A=|a,;, a,, ay|then A =|C,; C,, C,l= A*
d3; 83 d33 Gy G Gy
where C; denotes the cofactor of the element a; in A.

ConC IS

By interchanging two rows (or columns), the value of the determinant differs by a —ve sign.

If A" is the determinant formed by replacing the elements of a determinant A by their corresponding
cofactors, then if A =0, then A =0,else A’ = A", where n is the order of the determinant.

Vaibhav Gupta (JEE 2009 AIR 54)

a b c
Illustration 6: Using properties of determinants, prove thatlb ¢ a|=(a+b+c)(ab+bc+ca— . c2)
c ab (JEE MAIN)

Sol: By using invariance and scalar multiple property of determinant we can prove the given problem.

a b ¢ [a+b+c b ¢
A=|b c a|=|b+c+a c a [OperatingC; - C, +C, +G;]
c a bl |cta+b a b
1 b c 1 b C
=(@+b+c)l c a=(@a+b+c)0 c-b a-c|[Operating (R, >R, —-R; andR; - R; —R;)]
1 a b 0 a-b b-c

=(a+b+c){(c-b)b-c)-(a-b)a-c)} =(a+b+c)(bc-b%-c?+bc-(a® —ab-ac+bc)) =(a+b+c)ab+bc+ca-a% -b%-c?)

=) www.aepstudycircle.com AEPSTUDY CIRCLE
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—o Ba  ya
Hlustration 7: Prove the following identity | af —B% VB |=4a?p?y? (JEE MAIN)
ay By -v°
Sol: Take a, B, y common from the L.H.S. and then by using scalar multiple property and invariance property of
determinant we can prove the given problem.
—a? Ba  ya
A=lop —B* B

ay By —¥°
-0 o a

Taking a, B, y common from C,, C,, C; respectively A=afy(f - B

Y Y -
-1 1 1
Now taking a, B,y common from R;,R,,R; respectively A =a’p’y?[ 1 -1 1
1 1 -1

-1 11
Now applying R, - R, +R; and R; >R, +R; we have A=a’p%?| 0 0 2
020

Now expanding alongC,,A = a? x B (1) x v (= 1)‘ —azﬁz(—l)y2(0—4) =4012BZy2

:
Hence proved.

a B oyl [P u ¢
Illustration 8: Show that (6 ¢ wy|=|la A © (JEE ADVANCED)

A pov oy v oy
Sol: Interchange the rows and columns across the diagonal using reflection property and then using the switching
property of determinant we can obtain the required result.

a B oyl o 6 A
LHS. =6 ¢ wy|=|B ¢ p| (Interchanging rows and columns across the diagonal)

A povl oy vov

a A 0 B o [Bu ¢
=B p ¢ =C12le 2 O|=|a A 6] =RHS.
Y vy Yy vyl |y vy

a a2 1+a°

Illustration 9: If a, b, c are all differentand if b b? 1+b%|=0, prove that abc = -1. (JEE ADVANCED)
2 3
c ¢ 1l+c

Sol: Split the given determinant using sum property. Then by using scalar multiple, switching and invariance
properties of determinants, we can prove the given equation.

a a¢ 1l+a° a a 1 la & & a a1 1 a a2
D=b b? 1+b3}| =|b b® 1+b b? b} =|b b? 1+abcjl b b?
c & 1+¢2 c e é c ¢ 1 1 ¢ 2

www.tcpsludycirclc.comn A EPSTUDY CIRCLE
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a’ a a a '
= (1! b2 bl+abcll b2 [C, & C;inlst det ]
1 ¢ © i ¢ ¢
1 a a° a a
= (-1°[1 b b%[+abc[l b b? [C, <> C;inlstdet.]
1 ¢ & 1 ¢ ¢
1 a a 1 a a’ 1 a a
=1 b b?+abcll b b?* =1 +abc)fl b b?
1 ¢ & 1 ¢ ¢ 1 & &

1 a a?
=(1l+abc)|0 b-a b®-a’| [R, >R,-R;andR; ->R;-R,]

0 c=a i =g

b~a bf=a" . 1 b+a
= (1 + abc) (expanding along 1% row) = (1 + abc) (b —a) (c—a)

c-a c’-a 1 c+a
=1 +abc)(b-c)(c—a)(c+a—-b-a)=(1+abc)(b—-a)(c—a)(c-b)
=D=@0+abc)(@a=-b)(b-c)(c-a); But givenD =0
= (1+abc)(@a=-b)(b-c)(c—a)=0; S (1+abc)=0
[since a, b, c are different a#b,b#c,c#a]; Hence, abc = -1

a+b+2c a b
Illustration 10: Prove that € b+c+2a b =2@+b+c) (JEE ADVANCED)
C a c+a+2b

Sol: Simply by using switching and scalar multiple property we can expand the L.H.S.

a+b+2c a b
Given determinant = C b+c+2a b
C a c+a+2b

Applying C; = C, +(C, +C;), we obtain

2(@+b+c¢) a b ol a b
2@+b+c) b+c+2a b =2@+b+cfl b+c+2a b
2(a+b+c¢) a c+a+2b 1 a c+a+2b

R, »R,—-R; and R; - R; -R; given

1 a b
2@+b+c) |0 b+c+a 0 = 2(@+b+c)-1{(b+c+a)(c+a+b)-(0x0)} = 2(a+b+c)3
0 0 c+a+b

Hence proved.

w.acpsludycirclc.comE} A E P STU DY C'RCLE
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a’+1 ab ac
Hlustration 11: Prove that | ab  b?+1 bc |=1+a’ +b? +¢? (JEE ADVANCED)
ac bc Z+1
a’+1 ab ac
Sol: Expand the determinant | ab b?+1 bc | by using scalar multiple and invariance property.
ac bc ?+1
e+1 ab ac
LHS.=| ab b?+1 bc |; Multiplying G, G, G by a, b, c respectively
ac bc ?+1
a@’+1) ab’ ac?
= % a’b  b(®*+1) bc® |;Now taking a, b, c common from R, R,, R, respectively
abc
a’c b’c c(c +1)
a4l B e 14a +b*+& b* &
=a_l;c a’ b2+1 & = l+a?+b%*+c2 b?*+1 ¢ IC, »C +C +G]
abc
a’ b? ?+1 1+a° P+ b° 41
1 b - 1 b ¢

=1+a’+b’+c?) 1 b?+1  |=@+a’+b?+c?) |0 1 0 [R, >R, -R, andR; ->R; —R;]

1 b2 A+1 0 0 1
=(L+a’+b%+c?) (1.1.1) =1+a® +b? +c% = RHS.

Hence proved.

T S

|AB| = |A]|B]
The value of the determinant is the same when expanded by any row or any column. Using this property
it is easier to expand determinant using a row or column in which most zeroes are involved.

Vaibhav Gupta (JEE 2009 AIR 54)

4. SYMMETRIC AND SKEW SYMMETRIC DETERMINANTS

4.1 Symmetric Determinant

-~ T =
N -~ Q

a
A determinant is called Symmetric Determinant if a;=2a;,V i, jeg.|h
g

A EPSTUDY CIRCLE
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4.2 Skew Symmetric Determinant

A determinant is called a skew symmetric determinant if a;=-a; Vi for every element.

0o 3 -1
Eg. -3 0 5
1 -5 0
Note: (i) det |A| = 0 = A is singular matrix (i) det |A|#0 = Ais non-singular matrix

|cowc )

The value of a skew symmetric determinant of an even order is always a perfect square and that of an
odd order is always zero.

Vaibhav Krishnan (JEE 2009 AIR 22)

5. MULTIPLICATION OF TWO DETERMINANTS

(a) Multiplication of two second order determinants as follows: (as R to C method)

a, b, y L my| |a +byl, am, +bm,

a, b,

L, m,| l|a)4 +b,l, a,m; +b,m,

(b) Multiplication of two third order determinants is defined.
a by oo (4 m n

a, b, o[x|, m, n, (as R to C method)

a3 by G| |5 my ng

al, +b,, +¢l; am, +bym, +cmy  an, +byn, +¢n,
= |ayly +byl, + ¢l a,my +b,m, +c,m;  a,n, +b,n, +¢,n,
ashy +byl, +c3ly  azm; +bym, +c;my  ajn, +byn, +¢5n,
Note:
(i) The two determinants to be multiplied must be of the same order.

(ii) To get the T (term in the m™ row n" column) in the product, Take the m™" row of the 1% determinant and
multiply it by the corresponding terms of the n'" column of the 2" determinant and add.

(iii) This method is the row by column multiplication rule for the product of 2 determinants of the n order
determinant.

(iv) If A’ isthe determinant formed by replacing the elements of a A of order n by their corresponding co-factors
then A’= A", (A’ is called the reciprocal determinant).

2
0 cb
Illustration 12: Reduce the power of the determinant |c 0 a| tol. (JEE MAIN)

b a 0
Sol: By multiplying the given determinant two times we get the determinant as required.
0 c bllo ¢ bl PP+ ab ac

0 c b2
c 0 al =|c 0 allc 0 a = | ba 4> bc
b a 0 b a O a 0 ca cb az+b2

e www‘aepstudycircle.comr s AEPSTUDY CIRCLE
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a’+x> ab-cx ac+bx x ¢ -bf
Illustration 13: Show that [ab+cx b? +x*> bc-ax| = [-c x a| . (JEE ADVANCED)
ac—-bx bc+ax +x° b -a x

Sol: By replacing all elements of L.H.S. to their respective cofactors and using determinant property we will obtain
the required result.

x ¢ -b
letD=|-c x a
b —-a x

Co-factors of 1% row of D are x° +a’,ab + cx,ac —bx. Co-factors of 2" row of D are ab — cx, X2 + b? ax + bc and

co-factors of 3 row of D are ac+bx,bc—-ax, X2 +c2

.. Determinant of cofactors of D is

2

x> +a’ ab+cx ac—bx| [|a®+x* ab-cx ac-bx

D= lab—cx x*+b? ax+bc| = |ab+cx b%?+x?> bc-ax| =D?

ac+bx bc-ax x*+c?| |ac—bx ax+bc x®+c?
2
X ¢ -b
(Row interchanging into columns) = [-c  x a| (D= D?, D is third order determinant)

b -a x

a’+x? ab-cx ac+bx x © bl
Hence |[ab+cx b?+x? bc—-ax| = |- x a
ac-bx bc+ax c+x° b -a x

6. SOME STANDARD DETERMINANTS

1 @ @ a b c|l |1 1 1
ML b b?=(@-b)b-c)c-a) (i)a® b® c?|=[a® b® c?|=(a-b)b-c)(c-a)ab+bc+ca)
1 ¢ &2 bc ca ab| |32 b2
a bc abc |a a’ a 1 1 1
(iii) [p ca abcl=|b b? b3|=abc (@-b)(b-c)(c-a); (iv)|a b c|=(@-b)b-c)(c-a)(a+b+c)
¢ ab abc Cc c2 c3 a3 b3 c3
a b c
Vb ¢ al=-a®-b*>-c+3abc
c a b

\/5*'\/& 2 r

Illustration 14: Evaluate the determinant A = \/a+\/5 r 2r|, where p, g and r are positive real
numbers. q+pr  Nar r (JEE MAIN)

Sol: Taking \/F common from C, and C; of the given determinant using scalar multiple property and then
expanding it using the invariance property we can evaluate the given problem.
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\/E*‘\/E 2 1
Weget A = rlfgr+2p Vr 2
a+Jpr o

Applying C; - C, - \/aCZ — \/EC3

~Ja 2 1
WegetD=r| O NENCIE —r\/a(r—\/ﬁ) =r(q«/§—r\/a).
0 g
a b c
Illustration 15: Let a, b, ¢ be positive and not equal. Show that the value of the determinant [b ¢ a| is negative.
c ab
(JEE ADVANCED)

Sol: By applying invariance and scalar multiple properties to the given determinant we can get the required result.

a b c a+b+c b ¢
D=|b c¢ a|;thenD=|a+b+c ¢ a| [C; >C +(,+G]
c a b a+b+c a b
1 b ¢
= (@a+b+0fl c a [Taking (a + b+ ¢) common from the first column]
1 a b
1 b €
= (@+b+0c)0 c-b a-c [R, >R, =R, and R; ->R; —-R,]
0 a-b b-c¢

= (@a+b+c+)[(c=b)(b-c)-(a=-b)@-c)] = (@a+b+c+)[bc+ca+ab-a®—b?-c?]
= —(@a+b+c) @ +b? +c? —bc—ca-ab) = —%(a+b+c)(2a2+2b2+2c2—2bc—2ca—2ab)

= —%(a+b+c) [(@% +b? —2ab) + (b? + c? — 2bc) + (c? + a® — 2ac)]

= —%(a+b+c)[(a—b)2+(b—c)2+(c—a)2] ...... (i)
= a, b, ¢, are positive =a+b+c>0
“+ a, b, c are unequal = (a-by+b-c’ +(c-a¥>0 . (ii)

. From (i) and (i), A <O0.

1 cos’(a—P) cos*(a—7)
Illustration 16: Show that A = |cos?(B — a) 1 cos’(B—-7y)| =2sin(B-7)sin’(y — a)sin’(a—B) (JEE ADVANCED)
cos’(y—a) cos(y—B) L

Sol: By Putting B—y=A, y—a=B,a—p =C and then by using switching and invariance properties we can prove
the above problem.

1 cos’C cos’B
We can write A as, A =|cos®C 1 cos’ A (Notethat A+ B+ C=0)
cos’B cos’A 1

www.aepstudycircle.com (2} i AEPSTUDY CIRCLE
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Using C, - C,-C;, C, - C;-C, we get

1 —sin’C —sin’B 1 —sin’C —sin’B
A =|cos’C sin’ C cos’ A—cos’C| |cos®C sin’ C sinBsin(C—A)
cos’B  cos’ A—cos’B sin’B cos’B sinCsin(B—A) sin’B
1 sin® C sin’B
= (—1)2 cos’ C —sin’C sinB sin(-A)
cos’B sinCsin(B—A) —sin’B
[+ cos’ A—cos’B =sin(A+B)sinB-A), A+B=-C,C+A=-B]; = sinC sinB [A, ]
1 sin’ C sinB

where A = cos’C —sin’C  sin(C—A)| Using R, >R, -R; and R; - R; —R, we get
cos’B sinB-A) —sinB

il sinC sinB
A, =|-sin’C -2sin’C sin(C—A) —sinB
—sin’B sin(B—A)-sinC —2sin’B

Butsin (C=A)-sinB=sin(C-A) +sin(C+A)=2sinCcosA andsin(B-—A)-sinC=2sinBcosA
1 sinC sinB
Therefore, A; =sinCsinBA, where A, =|sinC 2 —2cosA
sinB —2cosA 2

ApplyingR, =R, —sinC R, and R; — —sinB R, we get

1 sinC sinB
A, =0 2-sin’C —2cosA —sinBsinC| = (2-sin?B)(2-sinC) - (2cosA + sinBsinC)?
0 —2cosA—sinBsinC 2-sin’B

= 4—25in2B—25in2C+sin2Bsin2C—[4coszA+4cosAsinBsinC+sin2Bsin2 @
= 4sin® A-2sin’B—2sin’ C - 4cosAsinBsinC
= 25in2A—2[sin2B+sin2C—sin2A+2cosAsinBsinC]

But A + B + C = 0 implies; sin?B +sin? C —sin? A = —2cosAsinBsinC
A, =2sin’A; Hence, D = sinCsinBA, = sin’ Csin’ BA,

= 2sin’ Asin?Bsin’ C = 25in2(a—B)sinz(B—y)sinz(y—a).

Illustration 17: Prove that the following determinant vanishes if any two of x; y; z are equal

sinx  siny  sinz (JEE ADVANCED)

A=|COSX COSy (COsz

C053 X COS3 y COS3 Z

Sol: Taking cosx, cosy, and cosz common from first, second and third column using scalar multiple and then using
the invariance property we can prove the given statement.
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tanx tany tanz
Here, A =cosxcosycosz| 1 1 1
cos’x cos’y cos’z
tanx  tany-—tanx tanz—tany
=cosxcosycosz| 1 0 0
cos’x cos’y—cos’x cos’z—cos’y
tany —tanx

Expanding along R,; A =—COSXCOSYyCOSZ
sin(y —x)

= —COSXCOSYyCOSz| COsXcosy
2

sin(z-vy)
COSy.cosz | =

x—siny sin’y—sin’z

sin

cosz
sin(x+y) sin(y+2)

=sin(x—y)sin(y —z) cosx

= %sin(x —y)sin(y — z)[{sin(y + 2z) + siny} — {sin(y + 2x} + siny}]

= %sin(x —y)sin(y — z)[sin(y + 2z) —sin(y + 2x)] = %sin(x —y)sin(y —z)2cos(x +y + z)sin(z — x)

=sin(x—y)sin(y —z)sin(z — x)cos(x +y + z)

Clearly, A is zero when any two of x, y, zare equalorx +y + z =

Hence proved.

7. SYSTEM OF EQUATIONS

7.1 Involving Two Variables

a;x+by+c; =0
ax+b,y+c, =0

I

C,—C -G 6—=C-G)

tanz —tany

cos’y —cos’x cos’z—cos’y

cosz.sin(x—vy)
sin(x +y).sin(x—y) sin(y +z).sin(y —z)

=sin(x —y)sin(y — z)[sin(y + z)cosz — sin(x + y) cos x)]

MATHEMATICS

cosx.sin(y —z)

. ()

i
=

‘

Consistent
System of equation has solution

Unique solution Infinite solution
a; by _ a_b _g
Lz or ab,-ab; =0 L=
a; by -k, a, b, ¢
(Equation represents (Equation represents
intersecting lines) coincident lines)

Figure 17.3
. : e A, A,
Solution to this system of equations is given by x = e y = 3
b, ¢ c, a a, b
where A, =1 1, A, =" lland A=|t I
2 © Cy 3 a, b,

www.aepstudycircle.com ©

or x

v

Inconsistent
System of equation has no solution
LT
a b, ¢
(Equation represents parallel disjoint lines)

_bi6—bye,

_ 894G 96
sy =
a;b, —a,b,

a,b, —a,b;
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7.2 Involving Three Variables

ax+by+cgz=d a,x+by+c,z=d, a;x+byy+c;z=d,

To solve this system we first define the following determinants

a b, ¢ d b ¢ a d ¢ a, b, d
A=la, b, ¢|, A =|d, b, |, A, =la, d, ¢|, A;=la, b, d,
a; by ¢ d; by g a; d; g a; by d;

Now following algorithm is followed to solve the system (CRITERION FOR CONSISTENCY)

Check value of A

I
. .

AIO A=0
Consistent system and Check the values of A}, A,and A,
has unique solution
AL By A v v
=—=jy=-—=;z=-=
A A A Atleast one of A;, A,and A, A=A, = A=0

is not zero {
$ Put z = t and solve any two equations
Inconsistent system to get the values of x and y in terms of t

Figure 17.4

This method of finding solution to a system of equations is called Cramer’s rule.
Note:
(@) If A=0 and A, =A, =A; =0, then system of equation may or may not be consistent:

(i) If the value of x, y and z in terms of t satisfy the third equation then system is said to be consistent and
will have infinite solutions.

(ii) If the values of x, y, z don't satisfy the third equation, then system is said to be inconsistent and will have
no solution.

(b) If d, =d, =d; =0, then system of linear equations is known as Homogeneous linear equations, which always
possess at least one solution i.e. (0, 0, 0). This is called trivial solution for homogeneous linear equations.

(c) If the system of homogeneous linear equations possess non-zero/nontrivial solutions, and A = 0. In such case
given system has infinite solutions.

We can also solve these solutions using the matrix inversion method.

We can write the linear equations in the matrix form as AX = B where

a b, ¢ X d,
A=la, b, ¢,|,X=|y|landB=|d,
a; by ¢ z d,

Now, solution set is obtained by solving X = AB. Hence the solution set exists only if the inverse of A exists.

Illustration 18: Solve the following equations by Cramer'srulex + y + z=9,2x + 5y + 72 = 52, 2x+ y—z = 0.
(JEE MAIN)
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Sol: Here in this problem define the determinants A, A, , A, and A, and find out their value by using the invariance
property and then by using Cramer’s rule, we can get the values of x, y and z.

11 1
Here A=2 5 7| (Applying C, - C,-C, and (G - (G -C))
21 -1
1 0 O 91 1
A=]2 3 5/=1(-9+5)=-4 A =525 7 (ApplyingC, - C, +GC3)
2 -1 -3 01 -1
9 2 1 1 9 1
A =52 12 7|=-1(108-104) =—4;A, =12 52 7|(ApplyingC, - C, +2C;)
0 0 -1 2 0 -1
3 9 1 11 9
A,=[16 52 7|=-1(156-144)=-12and A; =2 5 52| (ApplyingC, - C, -2C,)
0 0 -1 21 0
-1 1 9
A;=|-8 5 52 (ApplyingC; - C, -2C,) =-1(-52+72) =—
01 O
A A - A -
By Cramer's rule N e S y=—2=£—3 and z=22-720 5
A -4 A -4 A —4
x=1ly=32z=5
4 3 6 6
Illustration 19: Solve the following linear equations: —+ =-1 and —— =-5 (JEE MAIN)
+5 y+7 X+5 y+7

Sol: Here in this problem first put LS = aand L = b and then define the determinants A, A, and A,. Then by
X+ y+7

using Cramer’s rule we can get the values of x and y.

1 : :
Let us put LS = aand T b then the 2 linear equations become
X+

y+
4a+3b=-1 ()
and 6a-6b =-5 . (il);
Using Cramer's Rule, we get,

x oy 1 - _a _ b 1
-1 3 |4 -1 |4 3 6+15 -20+6 -24-18
-5 -6 |6 -5 |6 -6

i:i:i 3a=._1 andbzl

21 -14 -42 2

a=—l :>L=—l = 2==-x-5 = x=-7

2 X+5 2

b=l :Lzl >3=y+7 >>y=-4

3 y+7 3
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Illustration 20: For what value of k will the following system of equations possess nontrivial solutions.
Also find all the solutions of the system for that value of k.

x+y-kz=0;3x-y-2z=0;x-y +2z=0.

Sol: Here in this problem first define A. As we know that, for non-trivial solution A=0.

So by using the invariance property we can solve A =0 and will get the value of k.

For non-trivial solution, A=0

1 1 -k 2 D ka2
> B-1-2=0 = [2 0o -4=0
T =1 2 1 <4 2

Expanding along C, .=
Putting the value of k in the given equation, we get,
X+y—-6z=0
3x-y-2z=0
X-y+2z=0
(i) + (i) = 4x-8z=0

Putting the value of zin (i), we get x + y—3x =0

W L=

N | X

[R; > R; +R;, R, =R, —R,]

1) [8-22-K1=0 = 2k-12=0

Yy =2x

y
) 1iT-EE

MATHEMATICS

(JEE ADVANCED)

= k=6
(D)
... (i)
... (iii)

Thus when k = 6, solution of the given system of equations willbex =t,y = 2t, z = % when tis an arbitrary number.

Illustration 21: Solve the following equations by matrix inversion.

2Xx+y+2z=0 2x-y+z=10 X+3y—-z=5 (JEE ADVANCED)

Sol: By writing the given equations into the form of AX = D and then multiplying both side by A™ we will get the
required value of x, y and z.

2 1 2||x 0
In the matrix form, the equations can be writtenas [2 -1 1{|y|[=|10
1 3 -1f|z 5
2 1 2 X 0
AX=DwhereA=[2 -1 1|, X=|y|,D=]10
1 3 -1 z 5
> A'AXY)=AD = Xx=AD . (i)
. 2 1 2
= d_]A
Now A :ﬁ' |Al=]2 -1 1|=21-3)-1(-2-1)+26+1)=13
1 3 -1
2 3 7 2 7 i -2
The matrix of cofactors of |Alis| 7 -4 -5(.So,adjA=| 3 -4 ;A’1=§ 3 4 2|
3 2 4 7 -5 -4 7 -5 -4
2 7 3o 10+70+15’ 85/13 | [x]| [ 85/13
from(l),X:% 3 4 2|/10|=-—=|0-40+10|=|-30/13|; |y|=|-30/13].
7 -5 4|5 0-50-20| |-70/13] |z -70/13
_85 -30 -70
Y= —,Z2= —
13 13 13
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In general if r rows (or columns) become identical when a is substituted for x, then (x —a) ™ is.a factor
of the given determinant.

Anvit Tawar (JEE 2009 AIR 9)

7.3 Some Important Results

The lines: a;x+b,y +¢; =0 e (i)

ax+by+c, =0 ... (i)

a;x+byy+c; =0 .. (i)
a b ¢

are concurrent if, fa, b, ¢,|=0
a; by g

This is the condition for the consistency of three simultaneous linear equations in 2 variables.

(@) ax’+2hxy +by? +2gx+2fy +c =0 represents a pair of straight lines if

a h g
abc+2fgh-af? -bg? -ch? =0=|h b f
g f c
5 X, y; 1
(b) Area of a triangle whose vertices are (x.,y,);r=1,23is:D = =[x, y, 1|.If D =0 then the three points
are collinear. 2 X Vi 1
x y 1
(c) Equation of a straight line passing through (x;,y,) & (x,,y,) is [x; y; 1/=0.
X, y, 1

(d) If each element of any row (or column) can be expressed as a sum of two terms, then the determinant can be
expressed as the sum of the determinants.

a+x by+y ¢ +z la by ¢| [x y z
Eg. | a, b, C, |=la, b, ¢l+ja, b, ¢,
a3 b, G a; by ¢ fa3 by g

It should be noted that while applying operations on determinants at least one row (or column) must remain
unchanged i.e.

Maximum number of simultaneous operations = order of determinant — 1

conc g

Always expand a determinant along a row or a column with maximum zeros.
To find the value of the determinant, the following steps are taken.

Take any row (or column); the value of the determinant is the sum of products of the elements of the row
(or column) and the corresponding determinant obtained by omitting the row and the column of the
elements with a proper sign, given by (-1)P*9 where p and q are the no. of row and the no. of column
respectively.

Vaibhav Krishnan (JEE 2009 AIR 22)
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8. DIFFERENTIATION AND INTEGRATION OF DETERMINANTS

f(x) g,(x)

Let A(x) = £00 6,00

 where f,(x), f,(x), g;(x) and g,(x) are functions of x. Then,

fLx) g,(x)
le(x) gzl(x)

f.0 g,/ (x)
f,(x) g, (%)

f'(x) g,(x
f, (%) g,(x)

Thus, to differentiate a determinant, we differentiate one row (or column) at a time, keeping others unchanged. If we
write A(x) =[C, C,], where C, denotes the i" column, then A'(x)=[C," C,]1+[C; C,'], where C/ denotes the

£ 6

A'(xX) =
(3 9,(x)

+ Also, A'(x) = +

R J R
column obtained by differentiating functions in the it" column C,. Also, if A(x)= [Rl}' then A'(x) = [Rl :|+|:Rl}

R ’
- ; : : . 2
Similarly, we can differentiate determinants of higher order. . .

Note: Differentiation can also be done column wise by taking one column at a time.

If f(x), g(x) and h(x) are functions of x and a, b, ¢, o, B and y are constants such that

f) g(x) h(x) [foodx  [gtxydx  [hix)dx
AX)=| a b ¢ |, then the integration of A(x) is given by IA(x)dx = a b C
a B v a p Y
sin’x logcosx logtanx 2
Illustration 22: If A(x) = | n? 2n-1 2n+1 |, then evaluate J. A(x) dx. (JEE MAIN)
1 -2log2 0 0

Sol: By applying integration on variable elements of determinant we will solve the given problem.

/2 /2 n/2
5 J' sin? x dx J' log cosx dx I logtanx dx
sin“x logcosx logtanx i 0 0 0
We have, A(x)=| n? 2n-1 2n+1 |; I A(x) dx = n’ 2n-1 2n+1
1 —2log2 0 0 1 —2log2 0
T T[
2z g R 1 —2log2 0
=2 2n-1 2n+1 =% 2n-1 2n+1 =%x0=0

1 -2log2 0 41 —2log2 0

X" sinx  cosx

dn

Xn

Illustration 23: If f(x) =|n! sinn??t cosn?Tt , then show that {f(x)} =0 atx = 0. (JEE ADVANCED)

a az a3

Sol: By applying integration on variable elements of the determinant we will solve the given problem.

n n n
a : d—(x") d—(sinx) g (cosx)
x"  sinx  cosx dx" dx" dx"
n
We have, f(x) =|n! sinn—7t cosn—n : d {f(x)} = n! sinn—n cosM
2 2 B 2 2
a a a a a? a’
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n: siN| X+— COS| X+— n! sin— cos+—
2 2 : 2
. Nm nm d" . Nnm
=|n! sin— cos— |; {f(x)} =[n! sin— cos— (=0
2 dx" 0 2 2
X=
a a? a a a a°

PROBLEM-SOLVING TACTICS

f.x) f,(x) f(x)

f'x) £'(x £
let AX)=|b, b, b,

. then A'(x) =| b, b, b, | and in general

G G QG G ) G
£'x) ") £"(x)
A"(x) = b, b, b, | where n is any positive integer and f(x) denotes the n" derivative of f(x).
G ) G
f(x) g(x) h(x)

, where a, b, ¢, [, m and n are constants.

b b b
jf(x) dx Ig(x)dx jh(x) dx
=% IA(x) dx = I a | b ’

If the elements of more than one column or rows are functions of x then the integration can be done only
after evaluation/expansion of the determinant.

FORMULAE SHEET

a, b, c
, E h @ b, ¢, a, ¢ a, b,
(a) Determinantoforder3 x3 =la, b, ¢,| = a - +C
by ¢ a3 G by b,
a, b, ¢
3 U3 4
a1 9 a3 5. &
(b) Inthe determinantD = |a,; a,, a,|, minorof a, is denoted as M, = 21 "23| and so on.
& B & d3; a3
31 932 933
() Cofactor of an element a; = =G, —( 1)t M

www.aepsludycircle.comn
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(d) Properties of determinants:

MATHEMATICS

(i) Reflection property: \A

|A

ixj jxi

(ii) All-zero property: If all the elements of a row (or column) are zero, then the determinant is zero.

(iii) Proportionality (Repetition) Property: If all the elements of a row (or column) are proportional
(identical) to the elements of some other row (or column), then the determinant is zero.

(iv) Switching Property: The interchange of any two rows (or columns) of the determinant changes its sign.

(v) Scalar Multiple Property: If all the elements of a row (or column) of a determinant are multiplied by a
non-zero constant, then the determinant gets multiplied by the same constant.

a+b, ¢ d| [a ¢ d [b, ¢ d;

(vi) Sum Property: a, +b, ¢, d,|=la, ¢, d,|+|b, ¢, d,

a;+b; ¢ dy| la; ¢ dy| by ¢ d

a by ¢| |a+ab,+Bc; b, ¢
(vii) Property of Invariance: |a, b, c¢,[=|a,+ab,+Bc, b, ¢,
a; by ¢ |ay+aby+Pc; by ¢

That is, a determinant remains unaltered under an operation of the form C, — C, +aC; +pC,, where j, k #i,
or an operation of the form R, - R, + aR; +BRy, where j k #i.
a a, a |3 0 O
(viii) Triangle Property: |0 b, bs|=la, b, O0f=ab,c,
0 0 ¢ |ag by ¢

A A A
(e) Cramer'srule:if ajx+b,y+c,z=d,, a,x+b,y+c,z=d,and a;x+b,y +c;z =d, then x = —A—l—, y = —Ai,z = —i—
where
a b ¢ d b ¢ a d ¢ a by d
A=la, b, ¢|, A =[d, b, ¢|, A =la, d, ¢,|and A;=la, b, d,|.
a; by ¢ d; by ¢ a; dy ¢ a; by d,
. A, A
And if ajx+b,y+c, =0 and a,x+b,y+c, =0 then X=X y=f.
b
Where A, = “ s “ %) and a=[t P
a2 & Co & a, b,
a b ¢
(f) (i) lines ajx+b,y+c;, =0 ,a,x+b,y+c, =0 and a;x+b,y+c; =0are concurrentif, la, b, ¢,|=0
a; by ¢
a hg
(ii) ax? + 2hxy +by? + 2gx + 2fy + c = 0 represents a pair of straight lines if [h b f| =0
g f c
i X, y; 1
(iii) area of a triangle whose vertices are (x.,y,);r=1,23is:D = 3 X, ¥y, 1
X3 Y3
x y 1
(iv) Equation of a straight line passing through (x;,y,) & (x,,y,) is |[x; y; 1/=0
X, Yy, 1
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f.00 g;(x) , £'x) g,/ (%)
If A(x)=|} 171 thenA'(x) =|1 1A% 4
® Ba0=leon g0 " £(x) g,(x)
f(x) g(x) h(x)
(h) If A(x)=| a b c | then IA(x)dx= a
a B Y o

JEE Main/Boards

Example 1: Prove that

pa gb rc a b c
qc ra pb|=pgric a b|.Usep+q+r=0.
rb pc qa b c a

Sol: By using the expansion formula of determinants we
can prove this.

pa gb rc
LHS.=|gc ra pb|=
rb pc qa
s ra pb| bac pb+rcqc ra
pc ga rb qa rb  pc

= pa(a’qr — p®bc) — gb(g%ac — prb?) + rc(pqc? —r?ab)
= a’pqr —p’abc —g*abc + b’pgr — rlabc
=pgr@ +b* +3)—abcp® +q* +r)

- p+q+r=0 .. (given)
(p+q+r3=0
>p+g+r-pqr=0=>p3+q®+r®=3pqr
= LHS. = pqr(a3 +B? 4+ c3)—abc(3pqr)

= LH.S. =pqr(a® +b? + ¢ —3abc) 0
a b c b c a
R.H.S. = ria - +C
B [ c a b a b c]

= pgrla(a® — bc) - b(ca—b?) + c(c? —ab)]

= pqr[a3 —abc-abc+b? +c —abc]

www.aepstudycircle.comm

f,(x)
£, (x) g, (x)

If(x)dx Ig(x)dx Ih(x)dx

i) 1T-iEE

MATHEMATICS

fi) g,/ (x)
f,(x) g, (x)

f'(x) g;(x)
f,(x) g,(x)

(x)
% or +

b C
B Y

= RH.S. = par(@® +b? +c —3abc) (D)

From eq. (i) and (ii), we get

< LHS. = RH.S.

Example 2: Prove that the determinant

X sin® cos0
—-sin®  —x 1
cos0 1 X

is independent of 0.

Sol: Simply by expanding the given determinant we can
prove it.

X sin® cos0
We have, |-sin®@ —x 1

cosO 1 X
=X—x 1 L. e—sme 1 +cosh —-sin®  —x
X cos6 cosO 1

X(—x° —1) — sinO(=xsin® — cos0) + cos O (—sin® + x cos 0)

= x> —x+xsin’ 0 +sin® cosO —sin® cos O + xcos’ O

3

= =X 3

—X+X(sin 0 +cos® 0) = —x> —x + X

Thus, the determinant is independent of 6.

X+a X X
Example 3: Solve the equation | x x+a x [=0,
az0. X X x+a

Sol: We can expand the above determinant by applying
the invariance and scalar multiple properties, and hence
we can easily solve this problem.
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X+a X X
Wehave, | x x+a x |=0

X X X+a

Operation: C; > C; +C, +C5

3x+a X X 1 X X
3x+a x+a x |=0= (3x+a)l x+a x |=0
3x+a X X+a 1 X X+a

Operating R, - R, —R;, R; > R; —R;

1 x x
We get 3x+a)|0 a 0[=0
0 0 a
a 0 5
= (3x+a)0 =0 = a“(3x+a)=0
a

= 3x+a=0, [raz0]=> x=—§

Hence Proved.

Example 4: Solve, using Cramer’s rule 3x - 2y + 4z = 5;
X+y+3z=2,-x+2y-z=1

Sol: By defining D, D,, D,, D, and by using Cramer’s
Rule we will get required result.

3 -2 4
D=1 1 3|=-5
-1 2 -1
5 2 4 35 4
D=2 1 3=-33,D,=[1 2 3=-13
1 2 -1 -1 1 -1
3 -2 5
D,=[1 1 2=12
-1 21
D, -_
By Cramer’s Rule, x = — Wi =£,
D -5 5
D _-13_ 13 Dy 12 -2
D -5 5 D -5 5

Example 5: Solve the following system of equations by
Cramer’s Rule

2x-y+3z2=9; Xx+y+z=6; x-y+z=2
Sol: By definingA,Ax,Ay,AZ and by using Cramer’s

Rule we will get the required result.

www.aepstudycircle.com ‘ J
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2 -1 3
Here, A=[1 1 1
1 -1 1

=21+1)+1(1-1)+3(-1-1)=-2,

9 -1 3
A=6 11 =91 +1)+16-2)+3(-6-2)=-2
2 -1 1
2 9 3
Ay=1 6 1=26-2)-9(1-1)+32-6)=-4
1 21
2 -1 9
A,=11 1 6/=22+6)+1(2-6)+9(-1-1)=-6
1 -1 2
By Cramer’s Rule
A A A
x=—X=1,y=—y=2,Z=—z=3
A A A
Example 6: Show that
a+b+2c a b
C b+c+2a b =2(@a+b+c)?
C a c+a+2b

Sol: By using invariance and scalar multiple property
we can expand given determinant and can prove it.

2(@+b+c) a b
A=|2(a+b+c) b+c+2a b
2(@+b+c¢) a c+a+2b

[C, =»C +C,+C]

1 a b
=2(@a+b+c)l b+c+2a b

1 a c+a+2b

1 a b
=2(@a+b+c)|0 b+c+a 0

0 a c+a+b

[by R, >R, -R; and R; - R; —-R; ]
=2(@+b+0)[1{(b+c+a)® -0}]

=2(@a+b+c)@+b+c¥=2@+b+c)

Example 7: Using determinants, show that the points
(11, 7), (5, 5) and (-1, 3) are collinear.
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Sol: If these points are collinear then the area of a
triangle made by joining these points will be zero.

The area of the triangle formed by the given points

11 7 1
==|5 51
-1 31

Operate: R1—>R1—R2;R2—>R2—R3
6 2 0
=g 2 0=%-0=o
-1 3 1

(~+ R, and R, are identical)

Hence, the given points are collinear.

Example 8: If A and B are two matrices such that AB =
B and BA = A, then A? + B2

Sol: By using the multiplication property of matrices we

can solve given problem.

A? +B? = AA+BB

= A(BA) + B(AB) [Given AB = B and BA = A]

= (AB)A + (BA)B

[Matrix multiplication is associatively]=BA + AB

[Given AB = B and BA = A] =A+B

[Given AB = B and BA = A]
12 22 32 42
22 32 42 g2
32 42 52 g2
42 52 g2 72

Example 9: Find the value of

Sol: By applying the invariance property we can find
the value of the given determinant.

12 22 3% 4 |1 4 9 16/ |1 4 9 16
22 3% 4% 5 14 9 16 25 35 7 9
32 42 52 g2 |9 16 25 36| [5 7 9 11
42 52 g2 72 16 25 36 49 7 9 11 13

[Applying R, - R, —=R;,R; > R; -R,, R, =R, =R, ]

1 4 9 16
B 57 9

2 2 2 2

2 2 2 2
[Applying R, ->R, =R;, R; >R, -R,]
=0
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Example 1: Without expanding, evaluate the determinant

sina cosa  sin(a + )
sin  cosB sin(B+3)

siny cosy sin(y+3d)

Sol: By using the formula sin(A+ B) = sin A cos B + cos
A sin B and invariance property of determinants we can
expand the given determinant.

cosa  sin(o + 8)
cosP sin(B+9d)
cosy sin(y+9d)

sina
Let A =|sinp
siny
sino. cosa  SiNLCOS3 + cosasind
= A=|sinf cosB sinfcosd+cosPsind
siny cosy sinycosd+cosysind

sinaa cosa O
= A=|sinf cosp O
siny cosy O
[Applying C; —» C; —cos8.C, —sind. C,]

= A=0 [+ C; consists of all zeroes]

Example 2: By using properties of determinants prove

that

1 x %

X 1 x|=@1-x)?

x x* 1

Here in this problem by using invariance and

scalar multiple properties we will expand the given
determinant and we will prove it.

1 x x° X X
Sol: LHS. = [x¥* 1 x| =[1+x+x> 1 x
x x° 1 1+x+x> x2

[Applying C; - C, +C, +C;]

2

1 x X
=(1+x+x2)1 X
X 1

1 X x?

=(1+x+x2)0 1-x x-x°

—x 1-x*

o
[N}
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[Applying R, =R, —R; and R; - R; —R, ]
=1 +x+x)W{A-x)A=x%)=(x* =x)(x = x?)}
=1 +x+x2)Q =% {1 +x+x?}

={1-x)1+x+x3) =1-x3>)? = RH.S.

Example 3: Show that x=—(a+b+c) is one root of

x+a b c
the equation: | b x+c a |=0 and solve the
C a x+b

equation completely.

Sol: We can expand given determinant using the
invariance and scalar multiple properties and by solving
we will find out required result.

By C; - C +C, +C5, we get

x+a+b+c b C
X+a+b+c x+c a =0
X+a+b+c a X+b
1 b c
= (x+a+b+c)l x+c a |=0
1 a x+b
1 b €
= (x+a+b+c)0 x-b+c a-c |=0
0 a-b Xx+b-c

R, R, —R;; R; = R; =R,

On expanding by first column, we get
(x+a+b+o[(x—-b+c)(x+b—-c)—(a—b)(@a-c)]=0
= (x+a+b+0)[x° —(b-c)® —(@@*> —ac—ab+bc)] =0
= (x+a+b+c)(x* =b? —c? +2bc—a® +ac+ab—bc] =0
= (x+a+b+c)(x*-a’> -b?>-c? +ab+bc+ca)=0
Eitherx +a+b+c=0= x=—(a+b + ¢

or x*—a>-b®-c>+ab+bc+ca=0

= x=~_h/a2 +b? +c% ~ab-bc—ca

Example 4: If the area of a triangle is 35 sq. units with
vertices (2, —6), (5, 4) and (k, 4), then find k.

Sol: As we know that the area of the triangle =
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a b 1
1

3 c d 1| where (a, b) (c, d) (e, f) are the vertices of
e f 1

triangle. Therefore by substituting the value of vertices
we will get required result.
Let the vertices of triangle be A(2, —6), B(5, 4) and C(k, 4).

Since the area of the triangle ABC is 35 sq. units, we

2 61 " 2 -61
have, =[5 4 1|=4#35 = =| 3 10 0|=435
k 4 1 k-2 10 O

[Applying R, =R, —R; and R; >R; -R,]

= %‘kiz 18’ =35 [Expanding along C,]
1

= 5{30-10(k-2)} =435

= 30-10k+20=+70 =
= k=+12o0ork=-2

10k =50F70

Example 5: Solve the following system of equations by
using determinants: x+y+z=1,

ax+by+cz=k; a’x+b?y+c?z=k?

Sol: Here in this problem first define D, D,, D, and D..
then by using Cramer’s rule we can solve it.

1 1 1
We have, D=|a b ¢
a® b?

0 0

1
=la b-a c—a
2

a® b2-a2 A-a°
[Applying C, > C,-C,and C; - C,-C,]

1 0 0
=(b-a)(c—a)la 1 1

a° b+a c+a

1

=(b—-a)(c—a).l.
b+a c+a

[Expanding along R, ]
=(b—-a)(c—a)(c+a—-b-a)
=(b-a)(c-a)(a—b) . (i)
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L. o 1
D,=|k b c|=(b-c)(c-k)k-b)
k2 b2 C2

[Replacing a by k in (i)]

1 1 1
D,=|a k c|=(k-c)c-a)a-k)
a? Kk ¢
[Replacing b by k in (i)]
1 1 1
and D;=la b =(a—b)(b-k)k-a)
a’ b? K?

[Replacing c by k in (i)]

_ & (b—c)(c—k)(k-b) _ (c—k)(k —b)
D (b-c)c-a)a-b) (c-a)a-b)’
_D; _(k-9(c-a)a-k) _ (k-c)a—k)
YD “b-oc-a)a-b) (b-c)a-b)
_D; _ (a-b)(b-k)(k-a) _ (k—a)(b-k)
D (b-c¢)c—-a)a-b) (c—a)(b—c)
Example 6: Show that
l+a,+b, a +b, a, +by
a,+b, 1l+a,+b, a,+b,
a3+b a;+b, l+a;+b,
=1+ Z(a +b)+ D (3 -a;) (b; b))
1<i<j<3

Sol: By puttinga. =a, -a, p=a,-a,, thena + B =a, -a,
u=b,-b,v=>b,-b, thenu +v=>b, -b, Using the
invariance property expand the given determinant, and
then comparing it to the R.H.S. of the given problem
we can prove it.

Let Now RH.S.
_1+Z(a +b)+ > (3 -2;)(b;-b)
1<i<j<3
=1+(a; +b; +a, +b, +a; +b;) +(a, —a,)(b, —b,)

+(a, —a3)(b; +b,) +(a; —a;)(b; —b,)
=1+(a, +b; +a, +b, +a; +b;) —au—pv—(a+p)(u+v)

=1+(a; +b; +a, +b, +a; +b;)-2au-2Bv-Pu-av .

. (i)

l+a oa-1 o
Now LHS. =| B 1+ p-1
a;+b, a;+b, 1l+a;+b,
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R; —R; ~Ry; R —5R;~Ry]

2 -1 o
=-1 2 -1
u v-1 l+ay+b,

[C =G -G, 6 G -G

0 -1 o
= 3 2 -1
u+2v-2 v-1 l+a;+b,

[C, > C, +2C,]

=[B1+ay+by)-(u+2v-2)(B-1)]

+a,[3(v-1)-2(u+2v-2)]

= 3+3(a; +B,)-up—-2vB+2p+u+2v

=2+ o(=v+1-2u)

= 1+3(a; +b;)+2B+u+2v+a—-up —2vB-av—2ua
= 1+3(a; +B;)+2(a, —a;)+b; —b, +2(B, -
+a—a—2au-2Bv-up-va

= 1+(a, +b; +a, +b, +a; +b;)-2au —2Bv-up-va

= RHS [From (i)]

Example 7: Find values of ¢ for which the equations
2x+3y =3;(c+2)x+(c+4)y=c+6

(c+2%x+(c+4)%y
solve the equation.

=(c+6)° are consistent and hence

Sol: Here in this problem first define given equations as
A and solve it as A = 0 by using the invariance method.

The equation will be consistent, if

2 3 3
c+2 c+4 c+6 |[=0
(c+2? (c+4)? (c+6)

Applying C; —» C; -C,, we get

2 3 0
c+2 c+4 2 =0
(c+2)? (c+4) 4(c+5)

Solving, we get ¢? +10c =0

or c¢=0,-10 (1)
If ¢ = 0, the system of equations becomes
EEN =2 s im—d P 3 ... (i)
2x+4y =6
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If ¢ = -10, then system of equations becomes

2x+3y =3 1 4
D X=—=,y=— ... (110)
—-8x -6y =4 2 3
16x +9y =4

Hence the solutions are given by (ii) and (iii).

Example 8: If (a, b), r = 1, 2, 3 be the vertices of a
triangle, prove that

a,—a; b,-b; a)(a,-a;)+b;(b, —bs) .
A=la;—a, b;-b;, a,(a;-a)+b,(b;—b,)|=0 - (i)

a, —a, b,-b, aj(a —a,)+bs(b, -b,)

and hence show that the altitudes of a triangle are
concurrent.

Sol: Using the invariance method we can expand the
given determinant and using the equations of altitude
we can prove it

a,-a; b,-b; a (a,-a;)+b,(b,-b,)
A=la;—-a, by;-b, a,(a;-a)+b,(b;—b,)=0
a,—a, b, -b, aj(@ —a,)+bs(b, -b,)

[Applying R; —»R; +R, +R,]

0 0 0
A=|a;—a; by;-b;, a,(a;—a;)+b,(b;-b,)
a,—a, b, -b, aj(a, —a,)+bs(b, —b,)
A(a,, b,)
F E
B(a, b,) D C(ay by)

. Equation of altitude AD is:

3 —a3
bz 'ba

or x(a, —a;)+y(b, —b;) =a,(a, —a;) +b, (b, —b;) ... (ii)

V=B =— (x—a;)

Similarly equation of altitudes BE and CF are

x(@; —a;)+y(by; —b;) =a,(a; —a,;) +b,(b; —b;) ... (iii)

x(a, —a,) +y(b; —b,) =2a;(a; —a,) +bs(b; —=b,) ... (iv)

Altitudes (i), (iii), (iv) are concurrent, since the

determinant given by LH.S. of (i) is zero.
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Example 9: Let Land a be real. Find the set of all
values of A and a for which the system of linear
equations Ax+ (sina)y +(cosa)z =0

X+ (cosa)y +(sina)z =0 —x +(sina)y —(cosa)z =0 has
a non-trivial solution. If L =1, find all values of o.

Sol: Here in this problem first define the given equations
as A and as we know that for non-trivial solution A=0.

For non-trivial solution, conditionis A=0.

A sina  cosa
A=|1 cosa sina |=0
-1 sina —cosa
or k[—cosza—sinza] —sina [-cosa +sina]

+cosa [sina+cosa] =0

or A=sin2o+cos2a aeR;|k|$\/§
If A =1, then 1 =sin2a + cos2a
s 1 b4
cos| 2a.—— | =—= =COS—
( 4) 2 4

=> 2a—£=2nﬂ:i£ tnel = a = nni£+£: nel
4 4 8 8

Example 10: For a fixed positive integer n, if

n! (n+1)! (n+2)!
A=|n+1)! (n+2) (n+3)!
(n+2)! (n+3)! (n+4)!

then show that i—4 is divisible by n.
(nt)?

Sol: By using the scalar multiple property of
determinants we can take (n!)3,(n+1) and (n + 2)
common and using the invariance property we can
solve the given problem.

1 n+1 (n+2)(n+1)
n+1 n+2)(n+1) n+3)(n+2)(n+1)
n+2)n+1) (N+3)(n+2)(n+1) (n+4)(n+3)(n+2)(n+1)

A= (n!)?

Taking (n+1) and (n + 2) (n + 1) common from C, and
C, respectively, we get

A=0)P’n+2)MNn+1)

1 1 1
n+1 n+2 n+3
n+2)(n+1) (N+3)(n+2) (n+4)(n+3)

[Apply C; - C;-C, and C, - C, -C, then
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n P 0 0

n+1 a 2

(n+2)(n+1) 2(n+2) 4n+10

=)’ (n+1)?(n+2)[4n+10-4(n +2)]

Exercise 1

2 X

.1 Find x, if
Q.1Findx, i . 4

-1 2
8

Q.2 It matrix A = [(1) ﬂ find [A].

4 -1 0
Q3Given [2 1 4] find (i) My, (ii) Cs,.
1 0 3

Q.4 Area of a triangle with vertices (k, 0), (1, 1) and
(0, 3) is 5 sq. units. Find the value(s) of k.

Q.5 Find the area of a triangle, whose vertices are (0, 3)
(=1, 4), (2, 6).

3 39 ap;
Q.6 Given determinant (a,; a,, ay;|.
33 33 a3

Find the value of a,,C;, +3,,C,, +3,5C;5;.

Q.7 Find the value of p, such that the matrix [—1 24}
is singular. 4 p

Q.8 Given I, . Find |12| . Also find |312|.

Q.9 Find the value of x, such that the points (0,2), (1, x),
(3, 1) are collinear.

Q.10 For two given square matrices A and
B of the same order, such that |A| = 20 and |B| = =20,
find |AB|.

www.aepnudycircle.comn

i) i7-sEE

MATHEMATICS

A =M +2n+1)2n+4) = (n)*(2n° +8n? +10n+4)

A—4 =2n° +8n? +10n,
(n1)?

2n(n® +4n+5), which is divisible by n.

Q.11 Find the adjoint of matrix A = { : i]

Q.12 Find the inverse of matrix [ ; 1:] if possible.

31 8
Q.13 Without expanding, find the value of |4 2 16|.

-5 3 24
x 0 1

Qlalfa=|2 -1 4
1 20

is a singular matrix, find x.

Q.15 Find the area of the triangle whose vertices are
(3, 1) (4, 3) and (-5, 4).

Q.16 Find the value of x, if area of triangle
is 35 square cms with vertices (x, 4), (2, —6) and (5, 4).

Q.17 Show that the following determinant vanishes:

5 15 -25
7 21 30|.
8 24 42

Q.18 Using properties of determinants, prove that :

1 a b+c
1 b c+al=0.
1 ¢ a+b

Q.19 If points (2, 0), (0, 5) and (x, y) are collinear, then

show that 5+X=1.
2 5

Q.20 If for matrix A, |A| = 3 find [SA|, where matrix A is
of order 2 x 2.
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a, a
" 12] such that |A| = -10. Find

.21 Given A =
Q [321 ax»

a;Cyp +a,Ch,-

Q.22 Without expanding prove that, the value of
determinant

1 a b+c
1 b c+alis zero.
1 ¢ a+b

Q.23 Ais a non-singular matrix of order 3 and |A| =
Find |adj.Al.

Q.24 Is it possible to find the inverse of a matrix
21
-1 0

Q.25 Given a square matrix A of order 3 x 3, such that
|A] = 12, find the value of |A.adj. A|.

2} ? Given reasons.

Q.26 Compute Al for the matrix [i ;) and show

that A1 -
19
I -2 1
Q27 LletA=|-2 3 1
1 15

Verify that (i) (adj A)* (ii) (A ) 1=A.

Q.28 Using matrix method, examine the system of
equations: 2x + 5y = 7, 6x + 15y = 13 for consistency.

a b

Q.29 Find the inverse of matrix A= i 1+bc| and
show that aA™ =(a® +bc+1)[-aA. a
Q.3OIfA=I: ! ta”"},

—tanx 1
show that A’A™? =[c952x —sunZX].

sin2x  cos2x

2 0 -1
Q31IfA=|5 1 0/ provethat Al =A% -6A+111.

01 3
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2 21 1 3 2
Q32If A=|-2 1 2|andB=|1 1 1],
1l =2 2 2 =3 =1

verify that (AB)™? =B AL,

(33-38) Using properties of determinant, prove that

a b c
Q33 b ¢ al=(@+b+c)(ab+ bc+ca-a’?-b?-c?
c ab
= 3abc-a*-b’*-c.
y+z Xy
Q.34 [Z+X Y Xl=(x+Yy+2z)(x—2)?>
X+y z z
-bc  b%?+bc ?+bc
Q.35 [a’+ac  -ac ¢ +ac|= (ab+bc+ca)’.
a’+ab b?+ab -ab

b+c? a® bc
Q.36 |(c+a)’ b?
(@a+b)? & ab

=(a-b)(b-c)(c-a)(a+ b +c)
(@* + b* + ).

a b-c c+b
Q37 |la+c b c-a
a-b a+b ¢

= (a+b+c) (a?+b?+c?).

a b ax +by
Q38| b C bx +cy| =(b*- ac)(ax?+2bxy+cy?)
ax+by bx+cy 0

Q.39 Write the minors and cofactors of the elements of
second row of the following determinant:

1. 2 3
-4 3 6.
2 -7 9

Q.40 Find the quadratic function defined by the equation
f(x) = ax? + bx + ¢, if f(0) = 6(2) = 11 and f(-3) = 6, using
determinants.

Q.41 Examine whether the system of equations:
2x—y =5, 4x -2y = 10 is consistent or inconsistent.

Q.42 Verify, whether the system of equations: 3x—y — 2z
= 2,2y -z =-1, 3x—=5y = 3 is consistent or inconsistent.
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Without expanding the determinants, show that

1 a bd |1 aa
Q431 b ca=[1 b b?.
1 c ab|] 1 ¢ &2
aa b I & &
Q44 b b? ca=[1 b’ b
c c abl I & &
0 p-q p-r
Q45|g-p 0 q-r=0
r-p r-q O
x> 0 3
Q.46 Solve forx, | x 1 —4|=11.
12 0

Q47 If [2 ij,verifythat A2—4A—I=O=((1) (1’]

and O = (g 8] and hence find A™.

1/a a° bc
Q.48 Evaluate: [1/b b® «cal.
1/c ¢ ab

Q.49 Show that {—(a + b + c)} is root of the following

equation:

x+a b C
b x+c a |=0.
C a x+b

Q.50 Using properties of determinants, prove

X+4 X X
that: | x x+4 x |=16(3x+4).
X X X+4

Q.51 Using properties of determinants, prove that:

b+c a-b a
c+a b-c b|=3abc-a®-b*-¢.
a+b c-a c
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Q.52 Show that A= B _ﬂ satisfies the equation
x2=6x+17 =0.
Hence find A

_ 12 4] |0 2| |1 6
Q.53 Find matrix A if, 1 3 A 1 31713 -1l

50 4 13 3
Q.54 Given A|2 3 3| and B!|1 4 3|.Compute
(AB)™. 12 1 13 4
=1 1
Q.55 For the matrix A=|-1 2 -1/{, verify that
i -1 2

A3 —6A% +9A—41=0, hence find AL,

Exercise 2

Single Correct Choice Type

Q1 If a, b, c are all different from zero and

l+a 1 1
1 1+b 1 [=0,thenthevalueof at+bt+c?
1 1 1+c
is:
(A) abc (B)atb2c?
(©-a-b-c (D) -1
i & a1
Q.2 If a, b, c are all different and |b b®> b*-1/=0,
then c & *-1

(A)abc(ab+bc+ca)=a+b+c

(B) (@ + b + ¢) (ab + bc + ca) = abc
(C)abc(a+b+c)=ab + bc +ca

(D) None of these

Q.3 If (sin? x + sin? w) (sin?t y + sin? z)=p? then
X YN

N N

; (N Ny, Ny N, eN)

4
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(A) Has a maximum value 2.

(B) Has a minimum value 2.

(O) In independent of N,,N,,N,,N,
(D) None of these

2n

Q4 If (L+x+ x2)" = a, +a;x+ azx2 + wnn + 35, X" then

an—3 an—1 an+1

an~6 an—3 an+3 is
an—14 an—7 an+7
(A)1 (B) 2 o (D) -1
Q.5 The absolute value of the determinant
-1 2 |
3+2v2 2+242 1is
3-242 2-242
A)16v2 (B 82 (08 (D) None of these
a b c be=a* ac-b® ab-¢
Q6D,=b c a,D,=lac-b?® ab-c® bc-2a%|,
c a b ab-c bc-a® ac-b®
a®+b*+c ab+bc+ca ab+bc+ca

ab +bc+cal then
2

D, =|ab+bc+ca a’ +b% +¢?

ab+bc+ca ab+bc+ca a+b%+c
(A) D, <0, ifa+b+c>0
(€) D} =D, =Dy

(B) D3 =D,
(D) Dy, =D, =0F

1 1 1 1 1 1
Q7|a b c|=la b
bc ca ab| |32 p* 3

c|,where a, b, care distinct

positive reals, then abc is always less than
1 1
I _= C) = D) <=
()243 ()729 ()27 ()81
Q.8 The value of ‘a’ for which the system of equations,
(@a+1Px+(@+2>%y =(a+3)°,

log, xyz log,y log, z

Iogy Xyz 1 Iogy z| and x + y = 1 are consistent is
log, xyz log,y 1
(A) -2 (B) 1 o (D) None

www.tcpsludycirclc.comn
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Q.9 The following system of equations 3x— 7y + 5z = 3;
3x+y+5z=7and 2x + 3y + 5z =5 are

(A) Consistent with trivial solution
(B) Consistent with unique non-trivial solution
(C) Consistent with infinite solution

(D) Inconsistent with no solution

Q.10 The system of equations (sin@)x+2z=0,
(cosO)x +(sinB)y =0, (cosO)y +2z =a has

(A) Non unique solution
(B) A unique solution which is a function of a and 6
(C) A unique solution which is independent of a and 6

(D) A unique solution which is independent of 6 only

Q.11 The equation

Q+x? @1-x? —2+x%)
2x+1 3x 1-5x |+
x+1 2x 2-3x

L+x)? 2x+1
1-x)? 3x 2x [=0
1-2x 3x-2 2x-3

x+1

(A) Has no real solution
(B) Has 4 real solutions
(C) Has two real and two non-real solutions

(D) Has infinite number of solutions, real or non-real

Q.12 The system of equation :

2xcos? 0+ysin20-2sin6=0;

xsin20 +2ysin 0 = —2cos0 ;
xsin®—ycos0 =0, for all values of 0, can
(A) Have a unique nontrivial solution

(B) Not have a solution

(C) Have infinite solutions

(D) Have a trivial solution

Q.13 If x, y, z are not all simultaneously equal to zero,
satisfying the system of equations (sin30)x -y +z =0;
(cos20)x+4y+3z=0; 2x + 7y + 7z = 0, then the
number of principal values of 0 is

(A) 2 (B) 4 (O (D) 6

A EPSTUDY CIRCLE
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Q.14 For a non-zero, real a, b and ¢

a® +b?
c C
C
B* 4.2
a a =a abc
a
b b c? 4@
b

then the value of a is

A4 (B0 €2 (D) 4

Q.15 Number of value of ‘a’ for which the system of
equations, a’x+(2—a)y =4 +a%; ax+(2a-1l)y=a -2
possess no solution is

(A)O B)1 2 (D) Infinite

Previous Years’ Questions

Q.1 The determinant

Xp+y X y
yp+z y z. |=0
0 Xp+y yp+z

(A) x,y, zare in AP

(1997)

(B) x, y, zare in GP

(@) x,y,zarein HP (D) xy, yz, zx are in AP

1 X
Q.21If f(x)=| 2x x(x—=1) (x+1)x |,
3x(x—=1) x(x=1)(x—-2) (x+1)x(x-1)

x+1

then f(100) is equal to
(A)O B)1

(1999)
(C) 100 (D) -100

Q.3 If the system of equations x — ky — z = 0,
kx—y—-z=0,x +y—z= 0 has anon-zero solution, then

possible values of k are (2000)
(A) -1, 2 B®)1,2 ©o0,1 (D)-1,1
Q.4 The number of distinct real roots of (2001)
SinX COSX COSX

cosx sinx cosx| =0 in the interval ——Z— <X s% is
COSX COSX Sinx
(A)O (B)2 1 (D) 3

Q.5 If the system of equations x + ay = 0,az + y = 0 and
ax + z = 0 has infinite solutions, then the value of a is

(2002)
(A) -1

<o

(B) 1

(D) No real values

www . aepstudycircle.com
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Q.6 The number of values of k for which the system of
equations (k + 1)x + 8y = 4k, kx+ (k + 3)y = 3k —1 has
infinite solutions.

Assertion Reasoning Type

(A) Both assertion and reason are true and reason is the
correct explanation of Assertion.

(B) Both assertion and reason are true and reason is not
the correct explanation of assertion.

(C) Assertion is true but reason is false

(D) Assertion is false but reason is true.

Q.7 Consider the system of equations x — 2y + 3z = -1,
Xx=3y+4z=1land x+y-2z=k

Statement-I: The system of equation has no solution
for k = 3. and

1 3 -1
Statement-II: The determinant |-1 -2 k|=#0, for
1 4 1
k#0. (2008)

Q.8 Given, x = cy + bz, y = az + ¢x, z = bx + ay, where
x, y, z are not all zero, prove that a®> +b? +c? +2ab =1
(1978)

Q.9 If a be a repeated root of a quadratic equation
f(x) = 0 and A(x), B(x) and C(x) be polynomials of
degree 3, 4 and 5 respectively, then show that

A(x) B(x) C(x)
A(a) B(a) C(a)
A'(a) B'(a) C'(a)

is divisible by f(x), where prime

denotes the derivatives. (1984)

Q.10 If matrix A= , where a, b, c are real

n T o

b
C
a

T o 0

positive number, abc = 1 and ATA =1, then find the
value of a +b® +¢c3. (2003)

Q.11 The number of values ofk , for which the system
of equations:(k +1)x+8y = 4k kx+(k+3) =3k —1Has
no solution, is: (2013)

(A) Infinite  (B) 1 (€):2 (D)3

Q12If a,B=0,and f(n)=a"+p"
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3 1+f(1) 1+f(2)
1+g(1) 1+f(2) 1+f(3)
1+f(2) 1+9(3) 1+f(4)

then K is equal to:

—K(1-a)’ (1-B)(a-B)’"

(2014)

(A) op ®

1
p

(D) -1

Q.13 The set of all values of A for which the system of
linear equations:

2X; — 2%, + X3 = AX;

2%y = 3%y +2X3 = AX,

=Xy + 2%, =AX;

Has a non —trivial solution. (2015)

(A) Is an empty set

i)  i7-sEE

MATHEMATICS

(B) Is a singleton
(C) Contains two elements

(D) Contains more than two elements

Q.14 The system of linear equations (2016)
X+Ay—-z=0
Ax—-y-z=0
X+y—-Az=0

has a non-trivial solution for:
(A) Infinitely many values of A
(B) Exactly one value of A

(C) Exactly two values of A

(D) Exactly three values of A

Exercise 1

Q.1 Solve the following using Cramer’s rule and state
whether consistent or not.

(@ x+2y+z=1 (b) x+y+z-6=0

3X+y+z=6 2X+y-z-1=0

Xx+2y =0 X+y—-2z+3=0
() 7x-7y+5z=3

3x+y+5z=7

2x+3y+3z=5

Q.2 For what value of K do the following system of
equations possess a non-trivial (i.e. not all zero) solution
over the set of rational Q? x + Ky + 3z =0, 3x + Ky — 2z
=0, 2x + 3y — 4z = 0. For that value of K, find all the
solutions of the system.

Q.3 The system of equations ox+y+z=oa-1
Xx+ay+z=a-1; x+y+az=a-1has no solution.
Find o.

Q.4 If the equations a(y + z) = x, b(z + x) =y, c(x + y)
= z have non-trivial solutions, then find the value of
1 1 1
+ + .
l1+a 1+b 1+c

www.aepstudycircle.comB

Q.5 Given x = cy + bz, y = az + ¢x; z = bx + ay where x,
y, z are not all zero, prove that a® +b? +c? + 2abc =1

Q.6 Given a= A : b= y ; €=
y—-z zZ—X X—y

are not all zero, prove that 1 + ab + bc + ca = 0.

where x, y, z

Q.7 If sing#cosq and ¥, y, z satisfy the equations
Xcosp—ysinp+z=cosq+1

xsinp+ycosp+z=1-sinq
xcos(p+q)—ysin(p+q)+z=2

Then find the value of x? +y? +z°.

Q.8 Investigate for what values of A, the simultaneous
equations x + y + z = 6, x+ 2y + 3z = 10 and
X+2y+Aiz=pn have;

(@) A unique solution
(b) An infinite number of solutions

(c) No solution

Q.9 For what values of p, the equations: x +y + z = 1;
X + 2y + 4z = p and x + 4y + 10z = p? have a solution?
Solve them completely in each case.

Q.10 Solve the equations : Kx + 2y — 2z = 1; 4x + 2Ky
—z =2, 6x + 6y + Kz = 3 considering specially the case

A EPSTUDY CIRCLE




A= P HT-NEET-CBSE
S'TU’D>Y cr'l R~C'Lra

when K = 2.

Q.11 (a) Let a, b, ¢, d are distinct numbers to be chosen
from the set {1, 2, 3, 4, 5}. If the least possible positive
ax+by =1
b cx+dy =2
can be expressed in the form q where p and q are

solution for x to the system of equation

relatively prime, then find the value of (p + q).

(b) Find the sum of all positive integral values of a for
which every solution to the system of equations x + ay
= 3 and ax + 4y = 6 satisfy the inequalitiesx > 1,y > 0.

Q.12 If the following system of equations (a — t)x + by +
iz=0,bx+(c—-tly+az=0and cx + ay + (b -tz =
0 has non-trivial solutions for different values of t, then
show that we can express product of these values of
t in the form of determinant.

Q.13 Show that the system of equations3x —y + 4z = 3,
X + 2y — 3z = =2 and 6x + 5y + Az = -3 has atleast one
solution for any real number A. Find the set of solutions
of L =-5.

Q.14 Solve the system of equations:
z+ay+a’x+a =0
z+by +b*x+b3=0

z+cy+cx+c =0

Q.15 (a) Consider the system of equations
oX—y+z=a

X—ay+z=1

X-y+oaz=1

If L, M and N denotes the number of integral values
of a in interval [-10, 10] for which the system of the

equations has unique solution, no solution and infinite
solutions respectively, then find the value of (L— M + N).

(b) If the system of equations is

2x+3y-z=0
3x+2y+kz=0
4x+y+z=0

have a set of non-zero integral solutions then, find the
smallest positive value of z.

(c) Givena, b €{0, 1, 2, 3, 4,......, 9, 10}.

Consider the system of equations

www.aepstudycircle.com '3"‘3 jx
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X+y+z=4

2x+y+32=6

X+2y+az=>b

Let L: denotes number of ordered pairs (a, b) so that the
system of equations has unique solution,

M: denotes number of ordered pairs (a, b) so that the
system of equations has no solution and

N: denotes number of ordered pairs (a, b) so that the
system of equations has infinite solutions. Find (L + M —N).

Q.16 (a) Prove that the value of the determinant

-7  5+3i Z—4i
3
5-3i 8 4 +5i| is real.
Z+4i 4 —5j 9
3

(b) On which one of the parameter out of a, p, d or x value

1 a a’
of the determinant |cos(p—d)x cospx cos(p+d)x
sin(p—d)x sinpx sin(p+d)x

does not depend.

a4l ¥ x
©Ifly>+1 y? y|=0 andx,y, z are all different then,

741 2% z

prove that xyz = —1.

a®+2a 2a+1 1
Q.17 Prove that (a) [2a+1 a+2 1|=(a-1)°

3 3 1
1
b)) [x y z|=[x=y)y-2)(z-x)(x+y+2)]
o y3 B
X 1 _—3
2
Q.18 (a) Let f(x)=| 2 2 1|Find the minimum
1 o5 1
x—1 2

value of f(x) (given x > 1).

(b) If @® +b?+c® +ab+bc+ca<0 Va, b, ¢ R, then
find the value of the determinant

A EPSTUDY CIRCLE
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(@a+b+2)? a® +b? 1
1 (b+c+2f b+
£ gt 1 (c+a+2)2
a b c
Q191fD=|c a b| and
b c a

b+c c+a a+b
D'=la+b b+c c+a| then prove that D' = 2D.
c+a a+b b+c

Q.20 Prove that

1+a? -b? 2ab -2b
2ab f—a*+h* 2a
2b —2a 1—a*—p*

=(+a*+b%)?3

Q.21 Let

sinx sin(x+h) sin(x + 2h)
f(x) = |sin(x + 2h) sinx sin(x+h)|.
sin(x +h) sin(x+ 2h) sinx

If klngf:‘z) has the value equation to k(sin3x + sin®x)

find k eN.

Q.22 Prove that

B+y-a-3)*
(y+a+B-3)*
(a+B-y-9)*

= —64(a —B)(a — y)(o. = 8)(B - v)(B - 8)(y - 8)

B+y-a-87° 1
(y+a-p-387° 1
(a+B-y-8)P° 1

Q.23Ifa, band caretheroots of the cubic x> —3x? +2 =0
then find the value of the determinant.

(b+c)? a’ a*
b? (c+a)? b?
c c* (a+b)?

Q.24 Solve for x

X+2 2x+3 3x+4
(@) [2x+3 3x+4 4x+5|=0
3x+5 5x+8 10x+17

www.aepnudycircle.com
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x—2 2x-3 3x-4
(b) x—4 2x-9 3x-16/=0
x—8 2x—-27 3x-64

Q.25Ifa+ b + c =0, solve forx:
a-x b
c b-x a|=0
b a c—x
Q.26 Let a, b, ¢ are the solutions of the cubic
x> -5x> +3x-1=0, then find the value of the
a b C
determinant [a—b b-c c-a
b+c c+a a+b

a’+L. ab ac
Q.27 Showthat, | ab b?»  bc
e A

is divisible by 22
ac bc

and find the other factor.

Q.28 Prove that

32 b2 C2 a2 b2 CZ
(@a+1® (b+1)? (c+1)?|=4la b ¢

@-1?% (b-1? (c-1y 1 1 1

Q.29 In a AABC, determine condition under which

A B C
cos— cot— cot—
2 2 2
tan£+tanA

2 2

tanE+tanE tané+tanE =0
2 2 2 2

1 1 1

Exercise 2
Single Correct Choice Type

Q.1 Let m be a positive integer &
2r-1 e 1

r

D =|m?-1 2m

r

m+1 O<t<m),

sin(m?) sin’(m) sin’(m+1)

m
then the value of > D, is given by
r=0
(B) m? -1 (D) 2™sin?(2™)

(A)O © 2"
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Q.2 If a,p and Y are real numbers, then

1 cos(B—a) cos(y—a)
D =|cos(a—P) cos(B—y) cos(y—P)|=
cos(o—7) il 1
(A) -1 (B) cosa.cospcosy

(C) cosa +cosB+cosy (D) Zero

Q.3 If a, b and c are non-zero real numbers, then
b’c? bc b+c

D=|c?a®> ca c+a|l=0
a’b? ab a+b

(A) abc (B) a’b’c?
(C) bc + ca + ab (D) Zero

mx mx —p mx + p
Q.4 If f'(x) = n n+p n-p |,

mx+2n mx+2n+p mx+2n-p

then y=f(x) represents

(A) A straight line parallel to x-axis

(B) A straight line parallel to y-axis

(C) Parabola

(D) A straight line with negative slope

x-1 (x-172 X
Q5IfDX)=|x-1 x*  (x+1)},
x  (x+1)?% (x+1)

then the coefficient of x in D(x) is
(A) 5 (B) =2 Q)6 (D)0

Q.6 The number of integral solutions of |D|=8, where

y+z z y
D=| z Z+X X |is
y X X4y
(A) 3 (B) 8 (©) 16 (D) 24
1+sin®x  cos® x 4sin2x
Q.7 Let f(x)=| sin®x 1+cos’x  4sin2x |,
sin® x cos’x  1+4sin2x
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then the maximum value of f(x) is equal to
(A) 2 (B) 4 ©6 (D) 8

Q.8 If px* +gx’ +rx* +sx+t

x> +3x x-1 x+3

x+1 2-x x-3| thentis equal to
x-3 x+4 3x

(A) 33 (B)O (© 21 (D) None
a?+1 ab ac
Q9IfD=| ba b’+1 bc |,thenDisequal to
ca b S41

(A) 1+a° +b? +c? (B) a® +b% +c?

(C) (@a+b+ c)2 (D) None of these

Q.10 If o+ B +7y ==, then the value of

sinfc+pB+y) sinB  cosy

—-sinf 0 tanal is
cos(a+pB) —tana 0
(A)O (B)1
Q) 2 (D) 2.sinf.cosy.tana

Q.11 If the entries of 3 x 3 determinant are zero or one
then the value of the determinant

(A) Cannot be 3 (B) Cannot be 2
(C) Can be -2 (D) Is essentially zero

Q.12 In a third order determinant, each element of
the first column consists of sum of two terms, each
element of the second column consists of sum of three
terms and each element of the third column consists of
sum of four terms. Then it can be decomposed into n
determinants, where n has the value

(A) 1 (B)9 (C) 16 (D) 24

Q.13 If the system of equations x + 2y + 3z = 4, x +
py + 2z =3, ux + 4y + z = 3 has an infinite number of
solutions, then

Ap=2p=3
@ 3p=2u

B)p=2 n=4
(D) None of these
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Q.14 Number of triplets of a, b and ¢ for which the
system of equations, ax —by = 2a—b and (c + 1)x + cy
= 10 — a + 3b has infinitely many solutions and x = 1,
y = 3 is one of the solutions, is

(A) Exactly one (B) Exactly two

(C) Exactly three (D) Infinitely many

Q.15 If the system of equations ax + y + z = 0,

X+by+z=0&x+y+cz=0(a,b, c#1)hasanon-

trival solution , then the value of 1 + 1 4 1 is
l-a 1-b 1-c

(D) None of these

(A) -1 (B)O o1

Q.16 The determinant

cos(0+¢) —sin(0+¢) cos2d
sin® cos6 sing | is
—cos0 sin® cosd
(A) O

(B) Independent of 6
(C) Independent of ¢
(D) Independent of 8 and ¢ both

Q.17 The values 6,1 for which the following equations
xsin@—ycosO+(A+1)z=0; xcosO+ysin0—-Arz=0;
AX+(h+1)y+zcosO=0 are consistent with infinite
solution, are

(A) O=nm, A e, L eR—-{0}
(B) 6 =2nm, A is any rational number
(©) 0=(2n+1)r, A eR*, nel

(D) 9=(2n+1)g,xeR,ne1

Q.18 If the system of equations, a’x—ay=1-a and
bx +(3-2b)y =3+a possess a unique solution x = 1,

y = 1 then
(A)a=1b=- B)a=-1,b=1
(©Qa=0b=0 (D) None of these
n+2C n+3c n+4c
n n+l
Q19 Ler D="MC., "¢ ™5C..3| and neN
n+4C n+5C n+6C
n+3
then the value of D is equal to
(A) -1 (B0 O1

DO)N+2)(n+3)(n+4)(n+5)(n+6)

www.tcpsludycirclc.comn
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Q.20 The set of equations Ax-y+(cos0)z=0
3x+y+2z=0; (cosO)x+y+2z=0, 0<0<2mn, has
nontrivial solution(s)

(A) For no value of A and 0
(B) For all values of A and 0
(C) For all values of A and only two values of 6

(D) For only one value of A and all values of 6
Multiple Correct Choice Type

Q.21 The determinant

cos(x—y) cos(y—z) cos(z—x)
cos(x+y) cos(y+2z) cos(z+x) =
sin(x+y) sin(y+z) sin(z+x)
(A) 2sin(x —y)sin(y —z)sin(z —x)
(B) —2sin(x —y)sin(y — z)sin(z — x)
(C) 2cos(x—y)cos(y —z)cos(z —x)

(D) —2cos(x—y)cos(y —z)cos(z —x)

Q.22 The value of 6 lying between —g andg and

-0<Ac< g and satisfying the equation

1+sin’A cos? A 2sin40
sinf A 1+cos’A  2sin40 | are
sin® A cos’A  1+2sin40
(A) A=Z, g2 (B A=l
4' 8 8
©A=299=-2 (D)A=E=9=ﬁ
5 8 6 8
1 a a
Q23If |1 x x?[=0
b? ab a’
1 a
(A)x=a @B)x=b (C) x== (D)x =—
a b
a b ao+b
Q.24 The determinant | b c ba +c

aoc+b ba+c 0
is equal to zero, if

(A) a, b, c are in AP
(B) a, b, c are in GP
(C) ais a root of the equation ax’ +bx+c=0

(D) (x —a) is a factor of ax’ + 2bx + ¢

A EPSTUDY CIRCLE
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Q.25 The set of equations x—y+3z=2, 2x—-y+z =4,
X —2y +0z =3 has

(A) Unique solution only for a.=0
(B) Unique solution for o # 8
(C) Infinite number of solution of o =8

(D) No solution for o =8

Q.26 Which of the following determinant(s) vanish(es)?

1 ab 1+—1-
1 bc be(b+c) i tl)
(A) 1 ca ca(c+a) (B) 1 bc E+_
1 ab ab(a+b) 1 ;
1 ca —+-—
c a
0 a-b a-c log, xyz log,y log, z
@lp-a 0 b-c (D) |log, xyz 1 log, z
c-a c-b 0 log, xyz log,y 1

Q.27 If the system of equation a’x—by=a’-b
and bx-b%y =2+4b possess an infinite number of
solutions then the possible values of ‘a’ and ‘b’ are

(A)a=1b=-1 B)a=1b=-2
Qa=-1b=-1 (D)a=-1b=-2

Q.281Ifp, g, r,sarein AP, and

p+sinx q+sinx p-—r+sinx
f(x) =|q+sinx r+sinx —1+sinx |such that
r+sinx s+sinx s—qg+sinx

2
If(x)dx = -4, then the common difference of the A.P.
0

can be

(A) -1 (B) ¥2 <1 (D) None of these

Q.29 If the system of equations x+ y -3 =0, (1 + K)x +
(2+Ky-8=0andx—(1 + K)y + (2 + K) are consistent
then the value of K is

(A1 (B) 3/5 (©-5/3 (D)2
d: 1 _(x+y)
z z 22
Q301 D=|-Y *22) 1 1| hen
X X X
_y(y+z) _x+2y+z _y(x+y)
x°z Xz xz°

MATHEMATICS

(A) D is independent of x (B) D is independent of y

(C) Dis independent of z (D) D is dependent of x, y, z

Previous Years’ Questions

Q.1 The parameter, on which the value of the

determinant

1 a a
cos(p—d)x cospx cos(p+d)x| does not depend
sin(p—d)x sinpx  sin(p +d)x
upon, is (1997)
(A) a (B)p d (D) x

Q.2 Let A and o be real. Find the set of all values
of A for which the system of linear equations
AX+(sina)y + (cosa)z =0

X+ (cosa)y + (sina)z =0and
—X + (sina)y — (cosa)z = 0 has a non-trivial solution.

For » =1, find all value of . (1993)

Q.3 Let a, b, ¢ be real numbers with a® +b% +c? =1.
Show that the equation

ax—by-c bx +ay cx+a
bx+ay —ax+by-c cy+b |=0
cX+a cy+b —ax—by+c

represents a straight line.

Q.4 For what value of k does the following system of
equations possess a non-trivial solution over the set of
rationals x + y—2z=0; 2x-3y +z=0and x -5y +
4z = k. Find all the solution. (1979)

Q.5 For what value of m does the system of equations
3x + my = m and 2x — 5y = 20 has a solution satisfying

the conditions x > 0,y > 0. (1979)
Q.6 Prove that for all values of 0

sin® cos0 sin20
sin(9+23—n) cos(9+%) sin(29+? =0 (2000)

NN A

sin 9—2—“ cos G—E sin 29—4—7t
3 3 3
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Q.7 The total number of ways in which 5 balls of Q.9 The total number of distinct x eR for
different colours can be distributed among 5 persons g 3B i
so that each person gets at least one ball is (2012)

(A) 75 (B) 150 (C) 120 (D) 243

which [2x 4x*> 1+8x [=10is (2016)
3x 9x? 1=27%

Q.8 Which of the following values of a satisfy the
equation

(1+a) (1+2a) (1+3a)
(2+a) (2+20) (2+3a)’|=-648a?  (2015)
(3+a)’ (3+2a) (3+3a)

(A) -4 (B9 @ -9 (D) 4

Essential Questions

JEE Main/Boards JEE Advanced/Boards
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Exercise 1

Single Correct Choice Type

Q1 x= +242 Q21 Q.3 (i) 1 (ii)-16 Q.4 —%, % Q.5 % sq. units
Q.60 Q.7 -96 Q819 Q.9 % Q.10 400
4 -1 . 5 19 ;
Q.11 £ 3 Q.12 Not possible Q130 Q.14 x == Q.15 T sqg. units
Q.16 -2 Q.20 75 Q.21-10 Q.23 16 Q.24 No
251728 26Aat=-1|? 3 28 Inconsistent
Q. Q. 95 o Q.28 Inconsisten
1+bc i
Q29| a Q39 M,,=39, M,,=3,M,,=-11,C, =-39,C,,=3,C,,=11
—C a
15 3 . .
Q.40 f(x)= Ex - EX +6 Q.41 Consistent Q.42 Inconsistent
7 -1 2
.46 x =——orl 47 AL = .48 0
Q 2 Q [ : _3} Q
1[49 -18 P B
Qs2 At- [ : 3] Q53 Z{—z.a 10] Q54 7|4 18 >
-3 2 4 29 27
i 31 -1
Q.55 Z 13 1
-11 3
Exercise 2
Single Correct Choice Type
Q1D Q2A Q3A Q4C Q5A Q6 C
Q7C Q8A Q98B Q108 Q11D Q128
Q13C Q14D Q15C
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Previous Years’ Questions

Q1B Q2A Q3D Q4cC Q5 A Q61
Q7A Q104 Q118 Q12C Q13C Q14D

JEE Advanced/Boards

Exercise 1
Ql(@)x=1y=2z=3;consistent (b)x=2y=-1z=1; consistent (c) Inconsistent
Q.2K=3—;,x:y:z=—%:1:—3 Q3-2 Q42 Q72
Q8 (a) A =3 (b) A=3, p=10 (c) A=3,p=10
Q9x=1+2K y=-3K z=K whenp =1;x=2K y=1-3K z=Kwhenp = 2; where KeR
Q.10 1If K# 2, A S S Z L ,IfK=2,thenx=k,y=1_2)‘ and z = 0 whered eR
2K+6) 2K+3 6(K-2) 2(K*+2K+15)
a b c
Q.11 (a) 19 (b) 4 Ql2 b c a
c ab
Q.13 If AL # -5, then x=;;y=—§ andz =0;If A =5then x= 4—75K;y=13K7—9 and z = Kwhere KeR.
Qldx=—(a+b+c),y=ab+bc+caz=-abc
Q.15 (a) 21 (b) 5 (c) 119 Q.16 (b) p Q.18 (a) 4 (b) 65
Q.213 Q.23 -108 Q24 (a)x=-lorx=-2;(b)x=4
Q25X =0or xi,@(a%b%cz) Q.26 80
Q27 22 +b* 2+ 1) Q.29 Triangle ABC is isosceles.
Exercise 2
Single Correct Choice Type
Q1A Q2D Q3A Q4 A Q5A Q6D
Q.7 C Q.8C Q9A Q10 A Q1l1cC Q12D
Q13D Q148 Q.15C Q.16 B Q17D Q.18 A
Q19A Q.20 A
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Multiple Correct Choice Type

Q.21AD Q22A,B,CCD Q23AD Q.248,D Q.258,D Q.26 A, B, C, D
Q27A,B,C D Q28A,C Q29A,C Q30A, B,C

Previous Years' Questions

Q18 Q.2 Zero Q.4 k = 0, the given system has infinitely many solutions
Q.5 m<—% orm > 30 Q7B Q8BC Q.92

JEE Main/Boards

Exercise 1

= |-2k + 3] =10
=-2k+3=100r2k-3 =10

=k = il ork = =
2 2
Sol 1: =L & = & ' .
4 8 x -4 Sol 5: Vertices of triangle (0, 3) (-1, 4) (2, 6)
-8-8=2(-4)x*=-8-x? 1 1 0 3
=x=++/8 =22 B 9 L=l 8| = _|[_1(6) 8]+3[2+1]|
1 2 6
Ao |l 2 _ 1 1, 5 .
Sol 2: A = {0 } |Al = 1[1]-2(0) = 1 = E|_14+9| = E|5\ == 9. Unit
o 1 95 9% 9
Sol3:(2 1 4|, Sol6:D= |a, a,, a,
1 0 3 a3 8 a3
()M, = 4 -1 =0-(-1)=1 a,Cy +a,Cy, + a0,
1 0
= a, a3 3 , B el o [0 G (=1)?*3
= 2+3 —
T a3 33 a3; a3 a3 33
(i) G, = (13 = ‘ ‘2" - ‘ =-16 =aylaa,-aa,] +a,[a,a,,-a5a,]-a 58,2, -a,8,]
4

Sol 4: Area of triangle, [(k, 0), (1, 1), (0, 3)] = 5 unit?

N )
o R x

0
.y | =1|1[3-01+k(1—3)| =5
2 5 2

www.ncpsludycirclc.comn
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It can be directly said as it is a property

Sol 7: = A (assume)

.
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A = ’ P ‘z—P—4(24)=—(96+P)=0

=P =-96

SO TR

312=310=30,
01 0 3
30

3L = =9

-]t

Sol 9: (0, 2), (1, x) and (3, 1) points are collinear

10 2
Sofl 1 x|[=0
131

=[1-3x]+2[3-1]=0=>1-3x+4=0
=>3x=5=>x= =
3
Sol 10: |A| = 20, |B| = - 20
|AB| = |A] |B| = 20(-20) = —400
Sol11: A = 8 A

-5 4

C,=4C,=5C,=-1,C,=3

11
=
Gy G, 5 3

Sol 12: A = X 2
-6 -18

|A| =-18-[3][-6] =-18 + 18 = 0

So, A does not exist

3 1 8 3 11
Sol13: |4 2 16|=8) |4 2 2
-5 3 24 -5 3 3

Two columns are same, so determinant is 0

x 0 1

Sol1l4:a=|2 -1 4] issingular
1 2 0

www.tcpsludycirclc.comn
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Sola|=0
= x[-8] + 1{2(2) «=1)(L)}] =-8x +4 +1 =0

:>8x=5—>x=§
8

Sol 15: Vertices — (3, 1) (4, 3) and (-5, 4)

i 1 3 1
Area=§ 1 4 3
1 -5 4

[16 +15+3[3-4]+1[-5-4]]

NI N

[31-3-9] = % sq. unit

Sol 16: Vertices (x, y) (2, -6), (5, 4)

1 x 4
Area=% 1 2 —6|=1[8+30+x-6—-4] +4[5-2]]
15 4

38-10x +12=70 = 10x =50-70 =-20

-20
DX= — ==
10
5 15 -25 5 5 =25
Soll17:|7 21 30 (=@3)|7 7 30
8 24 42 8 8 42

Two column are same so Determinants is 0

1 a b+c
Soll8:|1 b c+a|C,»>C,+C,
1 ¢ a+b

1 a+b+c b+c
= |1 a+b+c c+a
1 a+b+c a+b
1 1 b+c
=(a+b+c) |1 1 c+a|C,»>C,-C
1 1 a+b
0 1 b+c
=(@+b+c)|0 1 a+c| =0
0 1 a+b

Sol 19: (2, 0), (0, 5) and (x, y) are collinear

1 20
=|1 0 5| =0
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1[-5x] + 2[5 -y] =
-5x+10-2y =0

5x+2y=10—>%+y—5=1

Sol 20: [A| = 3, As order —» 2 x 2
[SA| = (5)?|A| =25 x3 =75

4. @
SoI21:A='i11 12},|A|:—
) a9y
|Al = a

1GCyy + a,,C,, (along first row) = |A] = =10

1 a b+c 1 a b+c
Sol22: 1 b a+c—ReRrRs R g pb_a a-b
1 c a+b 0 c—-a a-c
1 a b+c
=(a-b)(a-c)0 -1 1
0o -1 1

Since the columns are linearly dependent, hence the

value of determinant is zero.

Sol 23: |A| =
Orderof A =3
ladjA| = |AP? = (—4) = 16

Sol 24: Nl
-1 0 3

It is not a square matrix, so inverse not exist

Sol 25: |A| = 12, As order 3 x 3
|A. adjA| = |A| AP = |12 = 1728

Sol 26: A = 2 3 ,A‘1=iA
5 =2 19

C11 ==2, C12 ==5, C21 ==3,C; =

~ adjA 1 -2 -3 112 3
A1 = = = — = —A
| A (4-15) |-5 2 19|5 -2
1 =2 1
Sol27:A=|-2 3
1 1 5

www.aepstudycircle.com 'S“\,I
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C,=15-1=14
Cy=1+10=11

C,=-2-3=-
C,=1+10=11
C,=5-1=4
Cy=—2-1=-3
C, =-2-3=-5
C,=-2-1=-3
C,=3-4=-1
|A] = 1[14] - 2[11] + 1[-5]
=14-5-22=-13
14 11 -5
AdiA= 11 4 -3|,
5 -3 -1
A'l—IAladJA
14 11 -5
A-1=_L11 4 -3|,
=5 =8 =1
A= o = 3
For adjA,
cu=‘_43 j‘ =—4-9 =-13,
C,=15+11=26
C,, = —-33 + 20 = -13,
C, =15 + 11 = 26,
C,, = -14-25=-39
Y A I
C,, = —55 + 42 = -13,
C, = 56— 121 = —65
-13 26 -13
So|alt= ——26 -39 -13
l|_13 —13 65
L [13 26 13 1 -2 1
=3/ 26 -39 -13|=|-2 3 1|=A
-13 -13 -65 1 1 5
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Sol 28: 2x + 5y = 7, 6x + 15y = 13
= B =30-30=0
6 15
D = 0. So system is inconsistent

a b
¢ (1+bc)/a

Sol 29: A =

|A|=a(1+ach —bc=1+bc-bc=1

awA=’?1+bd/a —b]

=C a

a1 8dA _(@+bg/a b
[A] —C a

(@>+ bc+ 1)I-aA

_{a® +bc+1 0 _a[a b
0 a’ +bc+1 ¢ (I+bc)/a

B {a2+bc+1—a2 -ab J

—-ac a’ +bc+1-(1+bc)

:arl+b9/a —b]zaA_1
=€ a

RH.L = LHS.

—tanx 1

Al = 1 —tanx
tanx 1

|A] = 1 + tan’ =

Sol30:A:=[ . tanx},

2

Cos” x
: 1 -tan
adjA = X
tanx 1
i = sinx
pet = BHA _ o cosx
|A] sinx 1
CosX

cos’x  —sinxcosx
sinxcosx  cos’x

www.aepstudycircle.com 'S“\,I
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1 —tanx|| cos®x
tanx 1

—SinXxcosx
AlAL = 5
SINXCOSX cos” X

_ [ cos? x —sin’ x

—sin’ x + cos? x

—SIiNXCOSX —SiNXCOSX
SINXCOSX + SINXCOS X

_ c?52x —sin2x = RH.S.
sin2x  cos2x
2 0 -1
Sol31:A=(5 1 0|, N
0 1 3
Assume A-xI=0 . (i)

A, -x]| = 0

= 2-x)[x¥*+3-4x]-1[5]1=0
=>-C=-3x+42+2X%+6-8x=5
=x-6x2+1lx=1
=>x2-6x+11= L = x1
(A-x)=0 "

= A?-6A + 111 = A?

2 21 1 3 2
Sol32:A=|-2 1 2|=|1 1 1
1 -2 2 2 -3 ~1

2+2+2 6+2-3 4+2-1
AB=|-2+1+4 -6+1-6 —4+1-2
1-2+4 3-2-6 2-2-2
6 5 5
=13 -11 -5
3 -5 -2
For A
C,=2+4=6
C,=2+4=6
C;=4-1=3
C,=-2-4=-6
C,=4-1=3
C,=2+4=6,
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C,=4-1=3,
C,=-2-4=-6
C,=2+4=6

|A] = 2(6) + 2(6) + 1(3) = 27

. 6 -6 3
A‘1=a|]dTJT=21—76 3 -6
3 6 6
12 -2 1
=§2 1 -2
1. 2 2
For B
Ci=~l+3=2,
C,=2+1=3,
C,=-3-2=-5
C,=-6+3=-3
C,=-1-4=-5
C,=-3-6=-9
C,=3-2=1,
C,=2-1=1,
Cyy =5 1=3=-2

B| = 1[2] + 3[3] + 2[-5] = 11-10=1

. F =8 7
pr=2B_l3 5 4
B -5 9 -2
NGl A=Bed  Peb42
BAl==|6-10+11 -6-5+2 3+10+2
“10-18=2 16-8-4 =5+18-4
1. -5 10]
1
== -3 -9 15
9
-30 3 9|
6 5 5|
AB=[3 -11 -5/,
3 -5 -2

|AB| = 6(=3) + 5(-9) + 5(18) = -18 =45 + 90 = +27
C,=22-25=-3

C,=-9

C,=-15+33=18

C, =-25+10=-15

o] ~ T

C,=~12~15 =27
C,, =30 + 15 = 45

C,, =-25+55 =30
C,, =-30 + 15 = 15,
C,, =—66-15=-81

-3 =15 30
So (AB)*=|-9 -27 15
18 45 -81
-1 -5 10
=% -3 -9 15| = BA?
-30 3 9
a b c
Sol33:|b c a
c ab

= (a+b+c) (@b + bc + ca—a?-b?*-¢?
=3abc-a*-b*-¢c
GG # G +0
a+b+c b ¢ 1 b e
=|a+b+c ¢ a|=(a+b+0|l c a
a+b+c a b 1 ab
R1—>R1—R3,R2—>R2—R3

0 b-c c-b
(a+b+c) |0 c—-a a-b
1 a b
= (a+b+¢)[(b-a) (a-b) — (c-a) (c-b)]
= (a+b+c) (@b + bc + ca—a?-b?-¢?
=a’b—-a%b + ... +3abc-a*-b’-¢?

=3abc-a’-b*-¢

C
a

y+z Xx vy

Sol34: | z+x z X|=(X+Yy+2) (x-2)7
X+y y z

Ro>R, +R, +R,

2Xx+y+2z) X+y+zZ X+y+z

Z+X z X
X+y y z
2 11
= (Xx+y+z) | z+X z X
X+y y z

MATHEMATICS
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C1_)C1_C2_C3 Rl—)R1+R2
2-1-1 1 1 =(c-a)b-0)
= (x+y+2) | Z+X-Z-X Z X a+2b+(-2a-b+c) -a-c+b+c b-a
REY-Y-x ¥y =% —(2a+b+c¢) b+c ~a
0 11 (a+b)? & ab
= (X+y+z 0 z X
e b-a b-a b-a
X—-z y z
= (c-a)(b—) | -2a-b-c b+c -a
=(x+y+2)(x-2)(x-2) (a+b)? 2 ab
-bc  b?+bc +bc 0 1 1
Sol 35: | a® +ac —ac c? +ac| = (ab + b + ca)® 0 b+c -a
a’+ab b®*+ab -ab a+b?+ & ab
€ €, s 166 ~5C € Y B o

c? (b + c)2 c® +bc ={e-a)b-glb-0)

(a+cf ¢ c? +ac z—Z 1 1

o2 b2 - -2a-b-c+b+c+2a b+c -a
a’+b?+2ab+c?-2ab ¢ ab
= c?[-abc? — b?(c? + ac)] +

(b+c)? [a%(c?+ac) + ab(a+c)?] ==ia-ib-c)le-a)

(¢ + b) [b¥(a + ¢)? - c?a?] Z—Z 1 1
-2a-b-c+b+c+2a b+c -a

= [abc* — c*b? — cb?a + (b+c)? (a?c? + a’c + a’b + abc? Labfatabe=0dh & ab

+ 2a’bc] + (c? + bc)[b?%a? + b?c? + 2acb? — c?a?]

This on simplification comes out to be equal to = ~(@-b)(b—¢) (c-a) (a*+b*+c?)(-a-b—c)

(ab + bc + ca)? = (a-b)(b—c)(c-a)(a’+b?*+c?)(a+b+c)

(b+c)® a® bc a b-c c+b
Sol 36: | (c+a)® b’ ca| = (a—b) (b—¢) (c-a) Sol37:|a+c b c-a
(a+b)® ¢ ab a-b a+b ¢
R,»>R,-R,R,>R,-R, =(@ab+c)@+b?+c?
(b-c?—(a+by? a?-c? bc—ab a b-c c+b 0 b-c c+b
=la b c—-al|+| c b c-a

=[(c+a) -(@a+b)® b’ -c®* ac-ab
for b 2 ab a at+tb ¢ -b a+b ¢
1 b-c c+b 0 1 c+b

(c-a)[c+a+2b] (c-a)(-a—c) b(c-a) =ult1 b e-slsle 1 e—m

=|(b-c)f-c-b-2a] (b-c)(b+c) -alb+c)

2 2 1 a+b ¢ -b b <«
(a+b) C ab
0 -c c+b
a+2b+c -a-c b +|lc¢c 0 c-a
=(c-a)(b-c) | —(Ra+b+c) b+c -a -b a C
(a+b)? 2 ab
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1 b-c c+b 0 1 c+b
=all b <c-al+blc 1 c-a

1 a+b ¢ b 1 ¢

0 -c b 0 -c c
+/c 0 -a|+|c O

-b a 0 -b a

Using, G, —C,=C, and C, > C~C,
in (i), (i), (iii)

1 b-c c+b 0 1 c+b
al0 ¢ -a-b|+|c 0 -a-b
0 a+c b -b 0 -b

0 - 1

+c| c c 0
-b a+c O

=ala+b+cl+bla+b+c+c?a+b+

=@ +b?’+c)(@a+b+0)

a b ax+by
Sol 38: b c bx + cy
ax+by bx+cy 0
R,—2»R~-XR ~-yR,
a b ax + by
0=|b c bx +cy
0 0 (ax’ +byx+byx+cy?)
0 = —(ax? + 2bxy + cy?) (ac — b?)
0 = (b?—ac) (ax? + 2bxy + cy?)

1 b-c c+b 0 1 c+b
al0 ¢ -a-b|+blc 0 -a-b
0 a+c b -b 0 -b

0 - 1
+c| ¢ c O
b a+c O
1 2 3
Sol39: |4 3 6
2 -7 9
2 3
=M, = =18 + 21 =39
-7 9

www. aepstudycircle.com F_EE )
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13
29

22

M =‘ ‘=9—6=3
‘12

=—7-4=-11
5

23
C,=-39,C,=3C,=11

Sol 40: f(x) = ax? + bx + ¢, f(0) = 6
f(2)=11,f(-3) =6

(
0> 0 1| a 6
4 2 1|b| =11
9 3 1|lc 6
D=-12-18 =-30
6 0 1
D=[11 2 1
6 -3 1
= 6[2+3]+1[-33-12] = 30-33-12 = -15
D, _-15_1
D -30 2
0 6 1
D,=[4 11 1
9 6 1

=6[9-4] + 1[24-99] = 30 + 24-99 =45

b 30, o 3
30 2
00 6
D=|4 2 17|=6[-12-18]=-30x6
9 3 6
. e, —S0RE .
D -30

X 3
Equation — ax?+bx+c = 7+5x +6

Sol41: 2x-y =5

4x -2y =10
p=]% -0

4 -2

E o 2 5
D,=110 -2{=%0,=|4 10[=0

So system has infinite solution (consistent).
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Sol42:3x—-y—-2z=2

2y-z=-1
3x-5y =3
3 -1 -2
D=|0 2 -1
3 50

=3[-5]-1[-3]1-2[-6] =-15+3+12=0

z =1 -2
D,=|-1 2 -1
3 5 0

=3[1+4]-5[2+2]=15-20=-5%0

So system is inconsistent.

1 a bc 1 a &

Sol43: |1 ca|=|1 b b’
1 ¢ ab 1 ¢ c2
1 a bc a a’ abc
LHS. = |1 ca =-{;—b b? abc
1 c ab S c & abc
a a
= E 2 C, o C,
abc 5
c €
o2
_ 2
=—|b 1 b G; €,
C oot
1 a a
=121 b b*| =RHs.
i & &
a a> bc 1 a2 a°
Sol44: |b b? ca|=|1 b*> b’
e & ab 1 & &
a a> bc
LHS. = |b b? ca xa_bc
5 abc
c ¢ ab
a®> a abc a® a
_ _%;- b2 b’ abc| = 9{§5 b2 b3
abc abc
2 A abc e

www.aepstudycircle.com
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1 a° a°
=1 b?> b3|=RHS.
1 & &

C,eCandthenC & C,

0 p-q p-r
Sol45: |g-p 0 qg-r
r-p r—q 0
- -r - 0
=—m—q)q k. +(p-n sl ‘
r—p 0 r-p r—q

=+(p-q@-nN@r=-p)-(p-9 (@=-n(r-p)=0

x> 0 3
Sold46: | x 1 4| =11
1 2 0

= x?[8] + 3[2x-1] =11
=4x2+3x-7=0
=>x-1)@4x+7)=0
=>x=-1)@x+7)=0

A = lor—Z
4

Sol 47: A = B e ,A2—4A-1=0
2 1

Assume A-xI =0 —

-x 2
{32 1—x}:0
B-x1-x-4=0
3+x2—-x-3x-4=0
=>x?=-4x-1=0
A-xI=0
= A’?-4A -1 = 0 Hence proved.
=>AA?-4A-11=0
A-4I-A1=0

Btz [ 2|z U
2 1 01

- 3-4 2] [1 2
|l 2 1-4| |2 -3
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1/a a® bc a/a a abc
Sol4g:|1/b b* ac|= ——|b/b b abe
1/c < ab s cle & abe
" 1 @ 1
- (:bz) 1 bj =0
1 ¢ 1
x+a b ¢
Sol49:| b x+c a =0
G a x+b

Have to show thatx = —(a + b + ¢)

R,—>R +R, +R,

X+a+b+c x+a+b+c x+a+b+c

b X+C a =0
C a Xx+b
1 1 1
(x+a+b+c) |b x+c a =0

c a x+b

X+a+b+c=0=>x=—-(a+b+0)

X+4 X 2
Sol50:| 2 X+ 4 X
X X X+4

€ 6 650 366

4 0 X
0 4 X
-4 -4 x+4

= (4x+16 + 4x)+16x = 48x+64

b+c a-b a
Sol51: |c+a b-c b| =3abc-a*-b3-¢
a+b c-a ¢

Cl—)C1+C3
a+b+c a-b a

=|a+b+c b-c b|=(a+b+0)
a+b+c c—-a c

e
n T o
o AT
n T o

R, >R -R,R,—>R,-R,

www.aepstudycircle.com ‘,'-_'f ‘j:
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0 a+c-2b a-b
=(@+b+c)|0 b-2c+a b-c

L c-a C
=(@+b+c[(b-cfa+c—-2b)-(a-b)b + a-20)]
=a’b + b’a—-b%a—-a%b + .... + 3abc-a*-b*-c

=3abc-a’-b*-¢
Sol52:A= |2 3
3 4

Assume |A =xI| =

E e P

’{2—x— -3}
=

3 4 —x
=Q2-X@4-x+9=0

=8+ x-4x-2x+9=0
=x—-6x+17=0and |[A-X]| =

=

=10 =0

So, A satisfied this equation
=A’-6A+171=0
AA?-6A + 171] =
=A-6l+17A1=0
-17A1 = (A-6I])

oo 3[4 ]
17 17 (|13 4 01

pao_1[2-6 37]__1[4 3
17| 3 4-6] 17|3 -2

2 4 0 2 1 6
Sol 53: 1 3 A 1 3013 2
Assume BAC = D

2 4

IB| = =6-4=2
13
-4
AdjB= |3
4, @

gi-1[3 4
2|1 2
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BBAC = BD
Ac=gD= 1|3
2|1 2

1[3-12 18+4] 1[-9 22
AC = = ==

2|-146 —-6-2] 2|5 -8
=|? % ==

13
adics= |2 |, cr=d|? #

-1 0 21 0

ACC = BDC

All—922 -3 2
2 2|5 8|1 0

1 27+22 -18 1149 -18
-15-8 10 4/-23 10

Sol 54: A =

= N oW,
N WO
= w N

@

i

|
el
w A w
A W w

(AB)* = BIA"
C,=3-6=-3,
C,=3-2=1,
C,=4-3=1,
C, =8
C,=5-4=1
C,, = -10,

C,, =-12,
C,=8-15=-7,
C, =15

A = 5(-3) + 4(1) = -15 + 4 = -11

3 8 <12

Al = ﬁade - ;—i 1 1 -7
1 -10 15

13 3][3 8 12
B*A*=—£i 14 3|1 1 =7
13 4||1 -10 15

www.tcpsludycirclc.comn
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-3+3+3 8+3-30 -12-21+45 3 -19 12
_—1—3+4+3 8+4-30 -12-28+45 =_—14 -18 5
. -3+3+4 8+3-40 -12-21+60 4 -29 27

2 -1 1
Sol55:A=|-1 2 -1{,
1 -1 2

Assume (A-XI) =0

2-x -1 1
=| -1 2-x -1 (=0

ik -1 2-x
R-x)[2-x?-1[-1+2-x]+1[1-2+X] =
= 2-xM4+x2-4x-1]-1+x-1+x=0
=6-x3+2x2-8x—-3x+4x2-2 + 2x =0
=>-x3+6x2-9x+4=0
=X -6 +9x-4=0
|A =xI| = 0, so this equation satisfied A

=> A-6A? + 9A -41 = 0 = A[A’ - 6A? + 9A - 4]] =
Al0=0

=> A’-6A +91-4A1 =0

2 -1 1 2 -1 1
A2=(-1 2 -1|[-1 2 -1
1 -1 2 1 -1 2

4+1+1 -2-2-1 2+1+2
=|-2-2-1 +1+4+1 -1-2-2
24142 -1-2-2 1+1+4

6 -5 5
A2=|-5 6 -5,
5 -5 6

4A = A2 6A + 91

6 -5 5 2 -1 1 100
4At=1-5 6 -5/-6|/-1 2 -1|+9/0 1 0
5 -5 6 1 -1 2 0 01

6-12+9 -5+6 5-6

4At=| -546 6-12+9 -5+6
5-6 -5+6 6-12+9
3 1 -1

B 1

A1=Z 1 3 1
-1 1 3
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Exercise 2

Single Correct Choice Type

l+a 1 1
Soll:(D)| 1 1+b 1 |[=0
1 1 1+c
1., 1 1
a a a
abc L 1+l 1. =0
b b b
i1 1.,
C e
R,—=> R, +R, +R,
1+l+l+l 1+l+l+l 1+l+l+l
a b c a b ¢ a b c
abc 1 1+l 3 =0
b b b
1 1 1+1
c C ¢
1 1 1
1+1+1+1 l1-¢~l l =0
a b c)lb b b
11 ;.1
C ¢
G 8=e; 6, ~E,
1 00
1+1+1+1 = 1 0 =0
a b c)lb
1o
(S
[1+1+1+l)-0 =al+bl+cl=-1
a (&

a a at=1
Sol2:(A) b b® b*-1/=0

¢ & &-1

a a at a a@ -
=b b b+ b -1 =0
c & ¢ c @ =1

www.acp:ludycirc!e.comn
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1 a° a° a a 1
=abcfl b2 B} = b 1
1 & ¢ c & 1

R, >R —R,R,—>R,—R,

1

0 a’-c? a-c| |a-c &= 0
=abc |0 b?-c b*-c|=|b-c b®-3 0

1 & & (o ¢ 1
= abc [(@*—c?) (b* =) - (b?-c?) (@ - )
=[@-0 (P’-c)-(b-¢)(@-c)
=abc(a-c) (b-0)[(a + c) (b? + 2 + bc)
—(b+c¢) (@ + c? + ac)
=@-c)(b-c)[b?+ c?+ bc—(a%+ c? + ac)]
abc [ab? + ac? + abc + cb? + & + bc?
—ba? - bc? —abc - ca? - ¢ - ac?
=b?+c?+bc-a’-c*-ac
=(b-a)(b+a+c)
= abc (b -a) [ab + c(b + a)]
=(b-a)@+b+c

= abc[ab+bc+cal]=[a+b +]

Sol 3: (A) (sinx + sin"'w) (sinly + sin"'z) = n?

N N2
D—>X y

N3 N4

z w

-1<(x,y,w,2)<1

My — ZN3yN4
fx=y=7=w=-1
N N2
X Y 5 (_1)N2+N4 _ (_1)N2+N3
N3 . Ny
z w

For max value

N, +N,=2n.N,+ N, =2m + 1

=nmeN

Value (-1)2n — (=1)2"— (=1)2m+1
-(-1) =

Minvalue > -1-1=-2

Dependent of N, N, N,, N,
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Sol4: (C) (1+ x +x)"=a,+ax+ax +.+..a,x"

%3 3, 3
an—6 an—3 a
a a a

n+1
n+3
n-14

n-7 n+7

A+x+x)=x+x+1)r

an—1=an«1
a,=a,
a_,=a _ 0<r<n

n-3 an—1 an—1

So determinate —» |a _, a a

n-3 n-3

14 7 3y
Ci=» =Gy
a3 0 a1
a,s 0 a3 =0
a4 0 2.,

= | 2 1
Sol 5: (A) 3+2v2 2+2V2 1/ C,»C,-C,-C,

3-~22 2-242 1
=1 ~2~1 2 1
1P 3+2V2-2-22-1 2+242 1

3-22=2402-1 2-22 1

s 2 1
=0 2422 U=+4p4+ 22 -0~237
0 2-242 1

= +4[42] = 162

Sol 6: (C) D, =

n T o
0O N T
O o 0

bc-a? ac-b? ab-c?
D, = [ac-b? ab-c® bc-a’
ab-c2 bc-a? ac-b?
b ¢
c a
a b

2

2
D] =

Nn T o

b
C
a

Nn T o
O o 0

a?+b?+c® ab+bc+ca ab+bc+ca

= lab+bc+ca a®+b’+c® ab+bc+ca

ab+bc+ca ab+bc+ca a?+b%+c?

www.aepstudycircle.comm

i) 1T-EE

MATHEMATICS

= D, (given)
inD,»C, —»C-C,C,»C-C

and assume T = a?+b? + c?—ab—-bc—-ca

T 0 ab+bc+ca
+0 T ab+bc+ca

-T =T a?+b%+c?
1 0 ab+bc+ca
=T?|0 1 ab+bc+ca
- =1 @b e
T?[a’+b?+c?+ab+bc+ca+ab+bc+ca(l)]
=T?[a? + b? + ¢ + 2(ab + bc + ca)]
bc-a? ac-b? ab-cJ
D, = lac-b? ab-c? bc-a’
ab-c?2 bc-a®? ac-b?

=G> C+C # G
-T ac-b? ab-¢?

D,=|-T ab-c® bc-a’
-T bc-a? ac-b?

-1 ac-b? ab-c?
D,=T|-1 ab-c® bc-a’
-1 bc-a®? ac-b?
R, >R -R, R,—>R,-R,
0 ac-b?+a’-bc ab-c?+b?-ac
D,=T 0 ab-c*+a*=bc bc-a®+b*~ac
-1 bc - a? ac-b?

D, =-T[(ac - b? + a> - bc) (bc - a? + b?
—ac) - (ab—-c? + b?-ac) (ab - + a2 - bc)]
D,=CT (T[T +3(ab + bc + ca)]

D, = T?[a? + b? + ¢ + 2(ab + bc + ca)]

. N2
:.D}=D, =D,

3 A4, 1 1. 1
Sol7:(C)|a b «c|=]a b ¢

bc ca ab a2 b 3
LH.S.=(@a=-c)(b-¢c)(b-a)
inLHS.C 5 C~-C,C,>C,~C
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=(@+1)(@+3)[a?+1+2a-a’-9-6a]

0 0 1
a-c b-c ¢ =(@+1)(@+3)(-4a-38)
a-c p’-c & =-4@+2@+1)(a+3)
D=D =D, =0
0 0 1 Y o
=(a-0) (b-0) 1 1 & = a = -2 (common solution in all)

2 2

a’+c?+ac b2+ +bc &

Sol9:(B) 3x—-7y +5z2=3,3x+y+5z=7
=(@-¢) (b-0[b?+ 2 +bc-a?2-c?-ac

2x+3y+5z=5
=@-c(b-c)(b-a)(b+a+c)
3 -7 5
—>a+b+c=1 D=3 1 5
=(@-¢c (-0 ((b-a) 2 35
abc=a+b+c =3[5-15]-7 [10-15] + 5 [9—2]
AM.>GM =-30+35+35=40%0
a+b+c 1 ; : : . i ;
5 > (abc)¥3; E > (abc)3 So system is consistent with unique non trivial solution.
%2 abc — abc is always less than 1/27 Sol 10: (B) (sin O)x + 27 =0
(cosO)x +sinby =0
Sol 8: (A) (a + 1)°x + (@ + 2)’y = (a + 3) (cos )y +2z=0
A+x+(@+2y=(a+3) sind 0 2
x+y=1 D = |cos® sin6 0O
Here for two variable thus equation 0 coso 2
SoD=D, = Dy=0 for consistent D = sin 0 (sin 0.2) + 2(cos?0)
) @+1)} (a+2) = 2 (sin%0 + cos?0) = 2 Constant
(a+1) (a+2) 0 0 0 2
5 " C=10[,D,=10 sinb6 O
=@+ @as+g (@D @+ 0 a cosd 2
1

1
So system has a unique solution which is a function of

=@+l (@+2)@°+1+2a-a-4-4al=(@+1) aand 0
(@a+2)(2a=3) 0
A+x)? A=0* R+

b - |@+3 (a+2y Sol11: (D) | 2x+1  3x  1-5x
T @+3) (a+2) x+1 2x 2-3x
=(a+2)(+3) (a+3) (a+2y @Q+x? 2x+1 x+1

- 1 fla-x2 3x 2| =0
=(@+2)@+3)@+9+6a-al-4-4a) 1-2x 3x-2 2x-3
=(@+2)(@a+3)((5+2a) ... (i)

In 2" determinate R, - + R, + R,

(a+1y @+2
(@a+1) (a+3)

1 +x)? 2x+1 x+1
(=" 3x 2x =-|B| ww 1=2x + (1 + x)
H24%2) -(1-5%) 3B%—2

y

(@a+1)? (@+3)?
1

=(@+1)(a+3)
1

=2+X+2X=2x=2+x?

www.acpstudycirclc.comiﬁ} AEPSTUDY CIRCLE
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R3 — - R3
L+x)? (2x+1) x+1
=|Al- | @-x) 3x 2x |=|B|
-2+%) 1-5% 2-3x

Now all rows of A is equal to columns of B
= (B = - |A

|A] = |A| = 0 (always)

For every valued of x

|A] + |B| is zero

Therefore infinite solutions

Sol 12: (B) 2x cos? 0 + y sin 20 —2sin 6 = 0 . ()
X sin 20 + 2y sin? 6 = — 2 cos 0 ...(ii)

xsin @ —y cos 6 =0 ...(iii)

for (i) & (ii)
S 2cos’®  sin20
sin20  2sin’ 0

=4 sin%0 cos?0 -4 sin?0 cos?0 =0
= (sin2 6 = 2 sin 6 cos 0)

2sin0 sin20
—-2cos0 2sin’0

X

=4 sin*0 + 4 sin 6 cos? 6

= 4 sin O(sin? O + cos? 0) = 4 sin x
for consistent D, =0 —>4sin6 =0
Oenmnel

2sin’0 2sin0
sin20  —sin0

¥

=4 cos’0 — 4 sin%0 cos 0

=—4cos 0 [sin?0 + cos?0) =—4 cos O
Dy=09=(2n+1)7r/2,ne1

Sin 6 and cos 0 both are not zero for same 0, so for
every value of 6 system has not a solution

Sol 13: (C) (sin30)x—-y +z=0
(cos20)x + 4y + 3z =0
2x+7y+7z=0

0

o o

www.lcpsludycirclc.comn
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SoD,=D,=D,=0

sin306 -1 1
D= |cos20 4 3
2 7 7

X, ¥, z are not all simultaneously equal to zero so for
solution (not-trivial), D = 0

sin 30 [28 — 21] — 1[6 — 7cos 26]
+1[7cos20-8]=0

= 7sin30-6+7cos’® +7cos20-8=0
= 7sin 30 + 14 cos 20 = 14

= Sin 30 + 2 cos 20 = 2

= Sin 30 + 2 cos 20 = 2

= 3sin0—-45sin’0 + 2[1 -2 sin?0] = 2
= 3sin0-4sin0 + 2-45sin?0 = 2
assume sin 6 = x

=43 +4x*-3x=0

= X[4x* +4x-3]=0

= X[4x> + 6x—2x-3]=0
x=0o0or2x(2x+3)-1(2x+3)=0
2x+3)(2x-1)=0=>x=1/20r-3/2
x=0,%,-3/2but-1<sin06<1
sin 0 #-3/2

sin 0 € {0, ¥2}, x = 0, n/6, 57/6, m, 127
between [0, 2]

No. of principle value = 5

a’ +b?
C C
C
2, 2
Sol 14: (D) a b +c a = o abc
a
2, .2
a‘ +c
b b
b
2 4.2
a+2b 1 1
(e
D o D
abc il b';C 1
a
2 D
1 1 a‘ +c
bZ
2 1.2 2 . D572 D
b a+2b (b +c2)(2 +c)_1
s a‘b
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[£a2 {22

(@%b? + ac? +b* +b%c?)(a% + ?)-b*a? - a*b?
a’b’c?

(2 +-b? | a®-b*-C?
b? " a

a'b? +a*c® + a%b* + a’b%c? + a’b%c? +ac*

:abc[

abc
T +b*c? + b’c* —a’b?? -atc? -a’c? +a*c?b?
a‘b‘c
sb*a*c? =b*c? -b’cY -a'h? -a'b?
1
= —[4a2b2c2 +a'h® + a2b4] = 4abc =2abc
abc
>a=4

Sol 15: (C) a’x + (2-a)y =4 + a°
ax+ (2a-ly=a"-2

a? 2-a
a 2a-1

D= =a’2a-1)+(@-2)a

=2a—-a*+a*—2a
ForD=0=2a(a*-1)—» +1,-1,0
4+a°> 2-a
a-2 2a-1
=(4+a’)(Ra-1)+@-2)@-2)
=8a-4+2a°-a’+a*-2a°-2a+4

ata=0D, =0

D =

X

a? 4+a%

So D= |o 4+0

0 0-2

a a-2

So at a = 0, system has infinite solution
Ata=-1,+1,D=0,andD, D #0

= No solution, no. of values = 2
Previous Years Questions

Xp+y X y
Sol 1: (B) Given |yp+z y z

0 Xp+y yp+z

I
o

Applying C; - C, = (pC, +GC;)

www.-cpnudycircle.comB
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0 X y
— 0 y z |=0

—(xp2+yp+yp+z) Xp+y yp+z
= —(xp® +2yp+2)(xz-y?) =0
. Either xp? +2yp+z=0 or y? =xz

=X, Yy, zarein GP.

Sol 2: (A) Given
1 X x+1
f(x)=| 2x X(x=1) (x+1)x
3x(x-1) x(x-1)(x-2) (x+1)x(x-1)

Applying C; - C; -(C; +C,)

1 X 0
=] 2x x(x=1) 0|=0
3x(x-1) x(x=-1)(x-=-2) 0

S fx) =0 = f(100) = 0

Sol 3: (D) Since, the given system has non-zero solution.

1 k -1
“fk -1 -1j=0
1 1 -1

Applying C;, »C, -C,, C, »C, +C;

f4k =1 =1
Mk =2 <U=0
6 B =1

= 2(k+1)-(k+17° =0
= k+1)2-k-1)=0
=k=+1

Note: There is a golden rule in determinant that n one's
= (n-1) zero's or n(constant) = (n —1) zero's for all
constant should be in a single row or a single column.

SinX COSX COSX
Sol 4: (C) Given |cosx sinx cosx|=0
COSX COSX Sinx

Applying C;, - C, +C, + G

SiNX+2COSX COSX COSX
=|[sinX+2cosx SiNnX COSX
SinX+2COSX COSX sinx

A EPSTUDY CIRCLE
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1 cosx
= (2cosx +sinx)|1

COSX
sinx cosx|=0

1 cosx sinx

Applying R, - C, -R;,R; - C; —R;

1 COSX CosX
= (2cosx+sinx)[0 sinx—cosx 0 =0
0 0 SiNX —Ccos X

= (2cosx +sinx)(sinx —cosx)? =0
= 2cosx+sinx=0 or sinx—cosx=0

= 2COSX = —SiNnX Or SinX = COSX

3 o :
= cotx = -3 gives no solution in —— < x <— and sin

.2 EL)
4 4

X=cosx = tanx=1

T
= X=—
4

Sol 5: (A) Given equations
x+ay=0az+y=0andax+z=0

has infinite solutions.

=0 = 1l+a>=0ora=-1

0 O
o = o
= o O

Sol 6: (1) For infinitely many solution, we must have

k+1 8 4k
k  k+3 3k-1

=k=1

Sol 7: (A) The given system of equation can be
expressed as

1 -2 3||x -1

1 -3 4l|ly|=| 1

-1 1 -2||z k

Applying R, =R, -R;,R; - R; +R;

[1 2 3][x]| [ <1
= ~[0 -1 1]||ly|=| 2
_O -1 1_ |z _k—l
(1 -2 3[x]| [ -1
= ~[0 -1 1f|ly|= 2
0 0 of|z| [k-3

)  1T-iEE

MATHEMATICS

When k =3, the given system of equation has no
solution.

= Statement I is true. Clearly, Statement II is also true
as it is rearrangement of rows and columns of

1 -2 3
1 -3 4
-1 1 -2

Sol 8: Given systems of equation can be rewritten as
—X+cy+bz=0
cx—y+az=0andbx+ay—-z=0

Above system of equations are homogeneous equation.
Since, x, y and z are not all zero, so it has non-trivial
solution.

Therefore, the coefficient of determinant must be zero

-1 ¢ b
c -1 a=0
b a -1

= -1(1-a%)-c(-c—ab)+b(ca+b)=0

a’ +b% +c? +2abc-1=0

U

= a’+b?+c? +2abc=1

Sol 9: Since a is repeated root of f(x) = 0.
- f(x) = a(x —a)z, a econstant (= 0)

A(x) B(x) C(x)
Let ¢(x) =|A(a) B(a) C(a)

A'(a) B'(a) C(a)
[To show ¢(x) is divisible by(x—a)z, it is sufficient to
show that ¢(a) and ¢'(a) =0].

A(a) B(a) C(a)
Soo(a)=|A(a) B(a) C(a)| =0

A'(a) B'(a) C'(a)

[*- R, and R, are identical]

A'(x) B'(x) C'(x)
Again, ¢'(x) = [A(a) B(a) C(a)
A'(a) B'(a) C'(a)
A'(a) B'(a) C'(a)
¢'(a) =|A(e) B(a) C(a)|=0

A'lar) B'(a) C'(a)
[*- R, and R;are identical]
Thus, a is repeated root of ¢(x) =0

Hence, ¢(x) is divisible by f(x).
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a b c
Sol 10: (4) Given A=|b ¢ al,abc=1
c ab
and ATA=1 .. (i)
Now, ATA=1
la b cl|[la b ¢ 1 00
=|b ¢ af|lb ¢ a|=|0 1 0
c a bllc a b 0 01
(22 +b?+c? ab+bc+ca ab+bc+ca
— [ab+bc+ca a?+b%+c® ab+bc+ca
ab+bc+ca ab+bc+ca a’+b?+c?

I
o o =
Q= O
= O O

= a’+b’+c?*=1andab +bc+ca=0 ... (ii)
We know, a* +b? +¢® —3abc
=(a+b+c)@® +b% +c? —ab-bc-ca)
= a+b>+ =(a+b+c)(1-0)+3
[from equation (i) and (ii)]
na+bP+3E =(@+b+0)+3 ... (iii)
Now, (@a+b+c¢)? = a® +b% +c? +2(ab +bc +ca) =1... (iv)
. From equation (jii), a® +b®> +c =1+3

> a+b’+ =4

sol11: B) A=t 8 |_k2iak+3-sk
k k+3
=k%?-4k+3
=(k-3)(k-1)
A, = = =4k? +12k - 24k +8
3k-1 k+3

= ak?-12k+8 =4(k* -3k+2) =4(k-2)(k-1)

k+1 4k
k 3k-1

2

\:318 g2k=1~ Al

=42 +2k-1=—(k-1)°

As given no solution = A; & A, #0
A=0

=k=3
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1+1+1 l+a+p 146°+p°
Sol12: (C) | 1+a+p 1+a?+p* 1+a+p°

1+ot2+[}2 1+oz3+B3 1+oa"+|33

1 1 1( 1 1 1 11 1
=1 a o?|x1 a o?|=1 a o?
1o Bl L p B LB B
=(1-a)’ («-B) (B-1)

K=1

Sol 13: (C) (2-1)x, —2x, +X; =0
2x1—(3+k)x2+2x3=0
—X; +2X, —AX3 = 0
Non-trivial solution
K=
-2 -2 1
2 -3-x 2|=0
-1 2 &
(1-2){3n+22 -4} +2{-22+2}+(4-3-2)=0
:>(6x+zxz-8-3x2-x3+4x)-4x+4+1-x=0
=-A2-A%-5,+3=0
= RE 4202 -2~ A43=0
= A?(A?-1)+22(r-1)-3(r-1)=0
= (r-1)(a?+2-3)=0
= (A-1)(r+3)(r-1)=0
4=11:-3

Sol 14: (D) x+Ay—-z=0

Ax-y-z=0

X+y-Az=0

For non-trivial solution = A =0
1 2 -1

= -1 -1/=0
1 1 -2

=5 x+1-x{-x2 +1}-(x+1)=o
- x(xz —1):0

A=0,+1
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JEE Advanced/Boards D. 10
y:—zz—:z
D 5
Exercise 1 i 4 q
D,=[3 6 1|=1[1-6]=-5
Soll:(@)x+y+z=6 1 00
2x+y-z=1 D "
y y:—y-=—5:—1
X+y—-2z=-3 D 5
11 +1 121
D=l2 1 41 € 5€ ~C, D,=|3 1 6|=1[6-1] +6[0] = 5m,
1 1 ~2 120
D
01 +1 7=22_.5%_4
D 5
=111 -1|=1[+2+1]=3
01 -2 () 7x=7y +5z =3
3x+y+5z=7
6 1 +1 " 3 E &
D,=|1 1 -1| ¢, ¢+ XSy oz=
=3 1 =2 7 =7 5
D=3 1 5 R,—R,-R; R, = R,~R,
6 1 2 & @
=1 1 0|=16-1]+21+3)=-5+8=3
. . | 5 -10 0
i & g 1 =2 0|=5-10+10]=0
2 3 5
D=2 1 -1
1 -3 =2 3 -75
=1[-2-3]+6[-1+4] +1[-6-1] =-5+18-7=6 Bp= (7 L 5 Ryw Ro= Ryl -+ Ry=R,
5 3 5
1 1
o i’ -2 -10 0
2" 14 8 2 -2 0|=5[4+20=120%0
5 3 5

=1[-3-1]+1[1+6]+6[2-1]=—4+7+6=9
[ Il =g ] D = 0 but Dx # 0, so, system is inconsistent

Dx 3 Dy 6 Dz 9
X —=—= P =—=—=2,Z=—=§_

D 3 D 3 D Sol2:x +ky +3z=0 ()
Here, it is consistent 3x+ky-2z=0 .. (i)
(b)X+2y+Z=1 2X+3y—42=0 (III)
3x+y+2z=6 Equation has non-trivial solution.

X+2y=0 So,D=Dx=Dy=DZ=0

121 1 k 3
D=3 1 1|=1[6-1]1+1[0]=5 D=1|3 k -2

120 2 3 4

1 2 1 = 1[4k + 6] + k[-4 + 12] + 3[9 - 2k]
D,=(6 1 1|=2[6-1]=10, =4k + 6 + 8k + 27-6k =33-2k =0
020
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K= ? assuming x =t

From equation (ii) — (i)

2x—-5z=0
2x 2t
—, (x=t
3 (x=1

In (iii)
=2t+3y-4z=0—->3z=4z-2t

5= (zstj oy 8t-10t -2t

5 5
ye ot
Y= 15
-2t 2t
’ ’ tl_l_ t R
Xy z):( 15 5) €

Sol3:ax+y+z=0-1
X+ay+z=a-1

X+y+oaz=a-1

a 1 1
D=1 a 1
1 1 o

D=ofo?-1] + 1[1-a] + 1[1 -]
=od-a+2-20=03-3a+2
-3a + 2,
Ata=1=>1-3+2=0
So (o —1) is a factor of o> — 30 + 2
Now, o = 3a. + 2 can be witten as
S>dP-a?+ol-a-20+ 2
=d(a-1) +afoo=-1)=-2(a—1)
= (a—-1) (0 + o —2)
D=(a-1) (o + o= 2)
=(oa-1)(®+2a-a-2) (a—-1)
= (o= Dofo + 2) = 1(a + 2)]
D=(a-1)(a+2)(ax—1)
ForD=0,a=10r-2

Fora =1,
011
D ,=|{0 1 1| =0, soconsistent
011
SoonDyandD'=O Lazxl=a=-2
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Sol4:aly +z) =x—>x—-ay—-az=0
bz+x)=y—>bx-y+bz=0
cx+y)=z—>cx+cy-z=0

0
c=10 ,soDx=Dy=DZ=0

0

So for non-trivial solution, D = 0

1 -a -a
D=|b -1 b |C —»C~C;C—>C,~C,
c ¢ -1
l+a 0 -a
D=| 0 -1+b) b
l+c 1+c -1

1 1 1
— + + =0
l+a 1+b 1+c

or from equation

a= X ’szlcz &
y+z X+2Z X+y
1+a=m; S it il
y+z X+2Z
lsco Xty+z
X+Yy
1 i 1 1 X+y+y+z+Z+X
l+a a+b 1+c X+y+z
_ 2Ax+y+z)
(x+y+2)

Sol5:x=cy+bz—>x-cy—-bz=0
y=az+coxx—>cx—-y+az=0

z=bx+ay—>bx+ay-z=0

0
c=|0]| >
0
D, = Dy =D, =0,
But system has solution. So D = 0
1 ¢ b
D=|c -1 a | =1[1-a% + c[-c—ab)-blac +b] =
b a -1

l-a?-c?’—abc—-abc-b?=0

a?+b?+c2+2ab=1
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X
Sol6:a= —— o x-ay+az=0
b= —>bx+y-bz=0

zZ-X
c= —>cx—-cy-z=0
X-y
0
c=|0|,s0D,=D, =D, =0,
0

For solution > D =0

1 -a a
D=|b 1 -b
c —c -1

= 1[-1 - bc] — a[-bc + b] + a[-bc—]
=-1-bc + abc—ab —-abc-ac
=-l@b +bc+ca+1)=0

=ab+bc+ca+1=0

Sol 7: sing # cosq

Xcosp —ysinp + z = cosq + 1 sl
... (i)
... (i)

xsinp + ycosp + z = 1 —sinq

xcos(p + q)—ysin(p+q)+z=2
cos(A + B) = cosA cosB — sinAsinB
sin(p + q) = sinpcosq + cosp sinq
equation (i)? + equation (ii)?

= X?(sin’p+cos?p) + y*(cos’p+sin?p)
—2Xy cospsinp + 2Xcospz — 2yzsinp + 2xysinpcosp

+ 2xzsinp + 2z? + 2yzcosp

=z + 1-2sinq + 2cosq

= x? + y? + 72 + 2xycosp — 2yzsinp

+ 2xzsinp + z? + 2yzcosp

=2+ 1-2sinq + 2cosq

From equation (iii) and (i)

=x2+y?+27z2+ 2z (1 + cosq-2) + 2q(1 —sinq—2z) Z2
= 3 - 2(sinq — cosq)

= x?+y?+7% + 2z(2 + cosq — sinq — 22)

= 3 + 2(cosq - sinq)

For equation (iii)

= 2z(2 + cosq —sing —2z) = 1 + 2 |cosq — sinq|

Xy ezt=d
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Sol8:x+y+z=6
X+2y+3z=10
X+2y+Az=

(a) A unique solution, D # 0

1 I @
D=1 2 3

1 2 2
=1[2L-6] + 1[-L + 3] + 0
=2A-6+3-A=A1-3%0
A#3
(b) Infinite solution
SoD=0,Dx=Dy=Dz=0

D=0->A=3
6 1 1 6 11
D,=(10 2 3|=(10 2 3
M 2 A u 2 3
= 6[0] + 1[3p—30] + [20 — 2y]
= (u-10)5=0
p=10
(c) No solution - D =0,D,_#0
A=3,u%10

Sol 9:x+y+z=1
X+2y+4z=p
X + 4y + 10z = p?

1
D= 4

=R e
SN =
=
o

D=1[20-16] + 1[4-10] + 1[4-2] =4-6+2=0

So for solution, D, =D =D, =0

1 1
D=|p 4

p 10
= 1[20 - 16] + 1[4p? — 10p] + 1[4p — 2p?] = 0
=4 +4p’-10p +4p-2p? =0
2p’-6p+4=0

(N]
AN

p’-3p+2=0
p’-2p-p+2=0
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(p-2)(p-1)=0=>p=1lor2

Forp=1
=>x+y+z=1 . ()
X+2y+4z=1 zai(1l)

X+4y +10z=1 .. (i)
Assume that x = k
Equation (ii) —ii(i)

X+ 2z=-1
=2z=x-1=z= k%l

Soy=1—z—x=1—k—@

g 2m2kkel _ 3-3

2 2
3-3k k-1
(xy.z) = [k'T'TJ
Atp=2
X+y+z=1 s (L)
X+2y+4z=2 o (2)
x+4y +10z =4 i (3)

Assume x = k
Equation (2) — 2(1)

X +2z=0

:>x=22=k:>z=§

k
=1-x-z=1-k- =
y X—z >
L3k _2-3k
2 2

Sol 10: Kx + 2y -2z =1
Ax + 2Ky —z = 2
6x + 6y + Kz = 3
K 2 =2
D=4 2K -1|atK =2 (given)
6 6 K
2 2 -2
=4 4 -1|=0
6 6 2
=2x+2y-2z=1 ses (1)
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Ax + 4y -z =2
6x + 6y + 2z = 3

.. (i)
... (iii)
Assume x = |

Equation (iii), (ii) — (iii).(ii)

72=0—>2z=0

2y =1+2z-2x=1-2\

(x ¥, 2) = (A, 1-2A, A)

IfK=2
K 2 -2
D=4 2k -1
6 6 K

= K[2K? + 6] + 2[-6 — 4K] — 2[24 — 12K]

= 2K3 + 6K — 12 — 8K — 48 + 24K

= 2K3 + 22K - 60 = 2(K? + 11K - 30)

AtK =2

=28 +11(2)-30) =0

So (K- 2) is a factor

K +11k-30 _
k-2

D =2(K-2) (K> + 2K + 15)

Kz + 2K + 15

1 2 -2
D =[2 % -1
3.6 K

= 2K? + 6 + 2[-3 — 2K] — 2[12 - 6K]

=2K? + 6 -6-4K-24 + 12K

= 2K? + 8K —24 = 2[K? + 4K - 12]

= 2[K? + 6K — 2K — 12] = 2[K(K+6) — 2(K + 6)]
=2(K-2) (K + 6)

Similarly, Dy =(K-2) (2K + 3) and D, = 6(K - 2)?
if K#2,

X oy z _ 1
2(K+6) 2K+3 6(K-2) 2(K%+2K+15)

Sol 11: (a) a, b, ¢, d are distinct no.
a;b,c.d e {1,2,3,4,5}
ax+by=1

cx+dy =2
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ab
D= & i = ad - bc
D. = L B =d-2b,
X 2 d

« d-2b
x= X

D ad-bc

for least possible +ve value of x

d - 2b =1 (least natural number)

(d, by > (3,1)or(5 2

ad — bc should be maximum for least x
(a,b)—(3,1)(ad —=bc) » (3a—-0¢)
ace {7 4,5}

Max. - 3(5)-2=15-2

1
X= —

13
Ifa, b - (5, 2),
ad - bc — 5a-2c,
a,cefl, 3 4}
Max. 5a—2c — 5(4)-2(1) = 18
> X= l = B(min.)

18

p+q=1+18=19

(b)x+ay=3and ax+4y=6—>x>1y>0

1
p=|" ?|=4-a,
a 4
p.=|3 ¥ =12-6a
x 6 4
D.= LS =6-3a,
y a 6
D =
x>0’_x>1_)M.
D (2-a)(2+a)
6
2-a) "

2+a<6—->a=13

Dy 32-a 3 1
y: —_— = —=— 4 Ve
D 6(2-a 6 2

Soaisland3
1+3=4
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Sol12: (a—-t)x + by +cz=0
bx + (c—tly+az=0
cx+ay+(b-t)z=0

Has non-trivial solution,

SoD=0
a-t b

D=| b c-t a |=0
C a b-t

AssumeD =at* + bt +ct+d; =0
-d
Sottt, = —2
ao
Att = =d,
a b
Sod,=|b ¢
c a

T o 0

And a is coefficient of t* = (-1)(-1)(-1) = -1

b
c
a

—
~
—
I
K
|
o
1
Nn T o
T o 0

Sol13:3x—-y +4z=3
X+2y-3z=-2
6x + 5y + Az = =3,

3 -1 4
D=|1 2 -3
6 5 A

= 3(2) + 15) =1[-18 = 1) + 4[5 - 12]
= 6L +45+ 18 +1—28=7A+35=7( +5)
D=7(\+5)

3 -1 4
D=|-2 2 -3
3 5 A

= 3[2\ + 15] + 1[-21 - 9] + 4[-10 + 6]
=6\ +45-21-9-16
=4\ + 20 = 4(L + 5);
&=4(k+5)=i
D 7(A+5) 7

3 3 4
D,=(1 -2 -3

6 -3 A
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=3[-2L-9] + 3[-18 = A] + 4[-3 + 12]
—6L—27-54-3) + 36
=-9L-45=—(A + 5)

D, —9(+5) -9
:y:—:—:_
D 7(.+5 7
3 -1 3
D,=|1 2 -2
6 5 -3

= 3[-6 + 10] + 1[-3 + 12] + 3[5-12]
=12+9-21=0,
D

z=—-2=0

D
So X, y, z is not dependent on A

(if L =-=5)
Atr =-5
3x-y+4z=3 .. ()
.. (i)
... (iii)

X+2y-3z=-2

6x + 5y -5z = -3
Assume z = k, (iii) — (ii)(i)
7y-13z=-9

_ 13k-9
7

=

So,x=32—2y—z=3k—;(13k—9)— = 4_—5k

7
*y, Z)(4—_5k’ 13k—9,kJ

¥4 7

Soll4:z+ay+ax+a*=0
z+by+bXx+b3>=0
z+cy+cXx+c3=0

3

a
Now, ¢ = b3
C3
1 a a?
D=|1 b b?|=@-b)(b-0) (c-a)
1 ¢ &
x:& y:D_yzz&
D’ B" D
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1 a
D,=|1 b -b’
L ¢
=—a@a+b+c(@a-b)(b-c)(c-a)

X=—a+b+0

1 & &
D,=|1 -b® b?
I & &

=(@b+bc+ca)(@a-b)b-c)(c-a)
-y = [ab + bc + ca]

—a3 a a2
D,=|-b’ b b?
—63 C C2

=—-abca-b) (b-c) (c-a)

..z =-abc

Soll5: (@) ax—-y+z=a

x—ay+z=1

Xx=-y+az=1

D=oa[-0?+1]-1[1-0a] + [-1+a]

=—o*+a—-2+2a

= (-0 +3a-2)=—@-3a + 2)

Ata=1

D=-1-3+2=0

So (a.—1) is a factor

o —3a+2
a-1

SoD==(a-1) (e +a-2)

=—(a-1)(a? + 20— . — 2)

=—(a - ofa + 2) = 1(a + 2)]

=—(o-1)(a-1) (a + 2)

a € [-10, 10]

So, a has an integral value

=?+a-2

a -1 1
D=1 -a 1

1 -1 «
Sox=1,

D, = «(a - 1)(a + 2)
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a o 1
Dy= 1 1 1 =0,
1 1 a
-1 a
D,=|1 -a 1[=0
1 -1 1

(a) Unique solution,

So D#0 —a #1, -2
Number of values for a in
[F10,101=21-2=19=1L

(b) Number solution is not possible for every value of a,
system has atleast one solution. So M = 0

(¢) Infinite solution - D =0
a=1-2->N=2
L-M+N=19+2=21
(b)2x +3y-z=0
3x+2y+kz=0
4x+y+z=0
Has non-trivial solution

2 3 -1
SooD=0= (3 2 k

4 1 1
=2[2-k] + 3[4k-3]-1[3-8] =
4-2k +12k-9+5=10k=0

=k=0

=2x+3y-z=0 .. (i)
3x+7y=0 .. (i)
4x+y+z=0 (1))

(i) = Gi) (i) —>
-5y +32=0-3z=5y

3X==2y > x= —2_y
3
z= EY:Y=Y
3
X, ¥y, z are integer , so at for x and z to be integer x = n
o 2
= -3—y

—>ys= i—g (also an integer)

Soatn=-2-7y =3,z =5 (minimum +ve value)
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(abef012 ... , 10}
X+y+z=4
2x+y+3z2=6

Xx+2y+az=Db

D =

=N
N R
L W

=1(a-6)+1(3-2a) +1(4-1)
=a-6+3-2a+3=-9

D=

X

T o b
N R
L oW e

= 4(a-6) + 1(3b—6a) + 1(12-b)
=4a-24 +3b-6a+12-b
=-2a+2b-12

D =

y

=N e
T o b

1
3
a

=ba-3b+4[3-2a]+b-6
=6a-3b+12-8a+b-6
=-2a-2b+6

D =

z

=N e
N =
T o b

=b-12+6-2b +4[4-1]
=b-12+6-2b + 12
=-b+6

(i) Unique solution so D # 0

—>a=0

L=10x 11 =110

(ii) Number solutionD =0,a =0
D#0—->2b#12>b=#6,
andD #0—>b=3
M=1(11-2) =

(iii) Infinite solution D=0 — a=0,
D,=D,=D,=0
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ButD, and D, can’t be zero at same times, so no possible
common solution N =0

L+M-N=110+9-0=119

-7 5+3i 3—4i
3
Sol 16: |5-3i 8 4 +5i
2.4 4-5 9
3
(a)Assumezl=5+3i,zz=§+4i
z,=4 +5i
(Z2)?=4%?+52=41
-7 z; 22

=>|zn 8 2z

z, z3 9

-92,1+2,[z, z;-82)]

= —7[72—=z, ;3 I+z,[z,z,

= —7[72-41] + (5 + 3i)

(3t
(34 oo

=—=7(31) + (5 + 3i)

§+16i+£i—20—6+36i
3 3

. (%—MJ [20—15—12i—25i—?—32i}

=-mj+(5+m)[7° 16@]+(3—m)[—1-6m]
3 3 3 3

Coefficient of i

—70+¥ 46+% - 106 + 804

1 a a
(b) |[cos(p—d)x cospx cos(p+d)x
sin(p—d)x sinpx  sin(p +d)x
= 1[cos px sin (p+d)x — cos(p+d)x sin px]
+ a[cos(p+d)x sin (p — d)x —ws(p — d)x sin (p + d)x]
+ a?[cos (p —d)x sin px — cos px sin (p —d)x]
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= [sinx (p+d—p) + a[sinx (p—d —p —d)]
+ a’[sinx (p—p + d)]
=sinxd + asin (- 2d) + a? sin dx

It dose not depend upon p

x+1 x* x X X% x 1 x° x

@Y’ +1 y? y| =y y* y[+[L ¥y y

23l 2F = 2 =z 1 2 =z
¥ x 1 1 x* x
=xyzly? y Y +[L y*y
= z 1 1 22 =z

=xyz+1)(x=y)(y—-2)(z=x) =
(given) x, y, z are all different

So(xyz+1)=0=>xyz=-1

a®+2a 2a+1 1

Soll7:(a) [2a+1 a+2 1 =(@a-1)°
3 3 1
R,->R-R,;R,=>R,—R,
a*+2a-3 2a+l1l 0
2a-2 a-2 0
3 3 1
=(a—-1) @+ 2a-3)-4(a-1)>
=(@a-1)[(@*+3a—-a-3)—-4(a-1)]
(@-1[@-1)(@+3)-4@@-1)
=(@-12a+3-4]=(-1)
1 1 1 0 0 1
b)x y z|=>|x-2 y-2 2
3 y3 -2 3, % y3—z3 3
0 0 1
=(x-2)(y—2 1 1 2

x2+y2+xz y2+zz+yz 7
-b®*=(a-b) (a* + b? + ab)
=(x-2)(y-2) (> + 22+ yz—x* - 22— x2)

=x=2)(y-2)[z(y—x) + (y*—x?)
=x=-y)y-20@z-x)(x+y+2
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x 1 =3/2
Soll18: (a)f(x)=| 2 2 T | el
1
— 0 1/2
x=1 /
f0 = x[1—=0] + 1| ———1| + 3|2
x=1 2| x-1
=X+ 1 -1+ 3
x=1 x-1
_1\2
= (x=1)+ 3 _ &x=1)+3
x—1 x-1

X% +143-2x _ xX*-2x+4
x=1 x=1

2 sl —2

F(x)=1- =
(X) (x=1)? (x=1)?

= (x-12=3=x=1++3
Butx.sox = li\/§

f(x) =

=" Latx=1+ 43
(x-2)}

33

1+ \B) =8 +—= =243
3

But if x is integer for min. volue of f(x)
=>x=[1+ J§] =2

F(x)=f(2)=l+%=4

()= > 0 so minima

(bya? + b?+c?+ab+bc+ca<OVabceR

(@a+b+2)? a%+b? 1
1 b+c+2® b*+c?
c? +b? 1 (c+a+2)°

(@+by+(b+12+(c+a)3?=20

(always & square is +ve)
=2(@+b?+c+bc+ca+ab)

Its given that a?+b?+c? + bc + ca + ab<0
So0<a’?+b’+c?+ab+ca+ab<0
=@+bl+b+12+(c+a)32=0

=g = b=:c=0
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i) 17-EE

MATHEMATICS

2 0 1
1 2° 0| =4[16] +[1] = 65
0 1 2?
a b c b+c c+a a+b
Sol19:D=|c a b|,D'=la+b b+c c+a
b c a c+a a+b b+c

b c+a a+b c c+a a+b
D'=|la b+c c+a|l +|b b+c c+a

c a+b b+c a a+b b+c
C,»C,+C-C,C,»C,-C,
C,=>C=CC —=C,-C,

b c a c a b
D'=la b cf+|b ¢ a
c ab a b c

After swapping rows according to D

a b c a b c
D'=|c a bl +|c a b =2D
b ¢ a b ¢ a
1+a%-b? 2ab -2b
Sol 20: 2ab y [ 2a
2b -2a 1-a*—-b®
C, > C,-BC,C,—>C, +AC,
1+a%+b? 0 -2b
0 1-a% +b? 2a

béb+a’bsh® -a+e®=ab® 1=a° b

R, > R, + aR, - bR,

1+a° +b? 0 -2b
= 0 14@% 4 b* 2a
0 0 1+a° +b?

=(1+a’+b?»

sinx sin(x +h) sain(x + 2h)
Sol 21: f(x) = |sin(x + 2h) sinx sin(x + h)
sin(x+h) sin(x+ 2h) sinx

sin (A + B) =sin Acos B + cos Asin B
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sin (x + nh) = sin x cos (nh) + sin nh cos x

= rllina sin (x + nh) = (sin x ) 1+ (nh) cos x

sinx sinx+ncosx sinx + 2hcosx

=f(x) |sinx + 2hcosx sinx sinx +hcosx

sinx+hcosx sinx+ 2hcosx sinx

CC, =26, C—»C~C,

—2hcosx —hcos, x sinx+2hcosx

f(x) = | hcosx —-hcosx sinx+hcosx
COSX 2hcosx sinx
—-2cosx —cosx sinx+2hcosx
f(x) = h2| COSX  —COsX sinx +hcosx
COSX  2CosX sinx
—2COSX —COSX Sinx
. f(x) :
lim —===| cosx —cosx sinx
h—0 h2 .
COSX  2COSX Sinx

R,—->R,R, R,—>R,-R,

—-3cosx -3cosx O
= 0 —3cosx O
COSX 2cosx  sinx

sin x (9 cos?x) = sin x (9 = 9sin?x)

=9 sin x —9sin®x = 3 (3sin x — 3 sin’x)
= 3 [sin 3x + sin®x] = k(sin 3x + sin3x)
=K=13

B+y-o-8)" B+y-a-3)

Sol 22: [(y+a—-B-8)* (y+a-B-35)°
(@+B-y=8)" (a+B-y-9)

R, >R -R,R,—>R,-R,

1

B+y-o-8)"-(a+p-y-8)*' B+y-a-8)"'-(a+p-y-3)° 0
(y+o-B-8)* —(a+B-y-8)* (y+a-B-8°-(a+p-y-3° 0
(@+p-y-9)°* (@+p-y-5)° 1

=(B+y-a-8-(a+B-y-0)
-(y+a-B-08PF—-(a+B-y=-98))

B+y-0a-38+(a®+p-y-25)° 1 0
(y+a-B=8)° +(a+p-y-35)° 1 0
(a+B-y-28)* (a+B-y=87° 1

2B~y —B-8"—(a +p~-y—0))
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{F+a-p—8F -G +B-y—8))

(B +y—oa-8F +@F+F—y—3)
y+a-B-38F-(a+p-p-9)]
==2(-P)2(-72(@-72B-72
B-90)2 (-9 (-1)°

= —64(a - B)(a - )(a =P -1(P -1 -9)

Sol23: x*-3x2+2=0
Atx=1=1-3+2=0.

So(x—1)isafactorof x*-=3x*+2 =0

(b+c)? a’ a’
b? (c+a) b?
o c? (a+b)?

=>x-3x+2=x-1)(x*-2x-2)

a=1landbc=-2,b+c=2

—bc=1++3,cb2=4+23

22 1 1

=4+2d3 2-V32 4+2\3

4-243 4-23 (@i\BY
4 1 1

=[4+23 7-43 4+23
4-23 4-23 7+43

=4[49-48]-[16-12] -1 [16 + 12) + 28
+3043 + 24]1+[16 — 12— (28 + 24 3 (30) =-108

X+2 2x+3 3x+4
Sol 24: (a) [2x+3 3x+4 4x+5| =0
3x+5 5x+8 10x+17

X+ 2 4x+6 3x+4
2x+3 6x+8 4x+5
3x+5 10x+16 10x+17

Il
N | =

CG—=>C-C—G

X+2 0 3x+4
= %2x+3 0 4x+5
3x+5 -3x-6 10x+17
[3"; 61 ((3x + 4) (2x + 3)~(x + 2) (4x + 5)]= 0
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= (3x + 6)[6x* + 17x + 12 —4x?—13x-10]=0
=0Bx+6)[2x*+4x+ 2] =0
=S>X+2)(x*+2x+1)=0
=>KxX+2)x+1)2=0
=>x==-2,-1

x—2 2x-3 3x-4
(b)|x-4 2x-9 3x-16/ =0
x—8 2x-27 3x-64
R,—>R,-R, R,»> R, =R,

1

6 24 60
=| 4 18 48 =0
x—8 2x—-27 3x—64

1 4 10
=| 2 9 24 =0
x—8 2x-27 3x—-64

= 9(3x — 64) — 24(2x — 27) + 4 [24 (x - 8)
-2 (3x—64)] + 10 [2(2x — 27) = 9(x — 8)]
=(6-48 + 96 —24 + 40— 90) (x—4) = 0

=>x=4

Sol25:a+b+c=0

C—X
GG TG+

a+b+c—x C b
a+b+c—-x b-x a

a+b+c—x a c—xX
1 c b
=(@+b+c—-x)1 bx a | =0
1 a c—-x
a+b+c=0@+b+c-x)==-x=0
1 C b
1 b-x a
L a c—X

=(b-x)(c-x)—a?+c(a—-c+x)+b(c-b+x]=0
bc—xb+1)+x*—-a’?+a(-c?+cx+ba-b?+bx=0

¥ +x(b+c—-b-c)=a?>+b?+ c?—(ab + bc + ca)
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x> =a’+ b?+ c?—(ab + bc + ca)

La+b+c=0=>@+b+0c?=0

a’+b?+c?+ 2 (ab + bc + ca)

~a* +b* +JA)
2

—=ab + bc+ca=

a2 +b* +c
2

x¥=a2+b?+c2+

X =+ 1’%(a2+b2 +¢%)

3
= =@+b*+c?
2( )

a cb
x=0|c b a|=a®+b®+c-3abc=0
b c a
a+b+c=0
a
Sol 26: *-5x*+ 3x—-1=0 b
(&
a b C

a=b b=c c=a| ¢ —>»C;* C+C
b+c c+a a+b

a+b+c b C
0 b-c c-a
2(@+b+c) c+a a+b

1 b c 1 b C
500 b-c c—-a| =50 b-c c-a
2 c+a a+b

2 a+c a+b

=5[b-c)(@a+b)+(@a-c)(@a+c) +2(bc—ab-bc + c?)]
= 5[ab—-ac + b?-bc + a? —c?-2ab + 2¢?]

5[a? + b? + c2— (ab + bc + ca)]

a2+ b?+c?=(@+ b+ c)?-2@b + bc +ca)
25-2(3) =19
5[19-3]=5.16 = 80

a’+A ab ac
Sol27:| ab b?+A1 bc
ac b? 4%
@ +%) ab? ac?
=1 | a% b(b? +1)  bc?
abc g 2 3
a‘c b“c c(c” + 1)
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a+A b? c?
azc a2 b2 +2 2
abc
a? b? o N

R, >R, —R, R, >R, R,

1

A0 -L 1 0 -1
=0 A A |=2%0 1 -1
8 B 2 a> b? 2+

=0 (2 + A+ b?2=1[-2a?))

=N (a2 + b2+ +))

a> b?
Sol28:=4|a b c
1 1 1

B 0, 6, 3~
a* b*-2* &-a°
4|la b-a c-a
1 1. 1
= 4|:(b2 —az)(c—a)—(c2 —az)(b—a)]
=-4 (c—a)(b—a)(b—c)

=4(c-b)(b-c)(c-a)

Sol 29:

cot A cot > cot 5
2 2 2

tanE+tanE tanE+tanA tané+tanE =0
2 2 2 2

1 1 1

c,»C-C,C,»>C,-C,

cotA - cotE cotE = cotE cotE
2 2 2 2

tanS - 'cané tanE - tanE tané + tanE
2 2 2 2 2 2

0 0 1

= tang— tanE coté—cotE
2 2 2 2
- cotE—cotE tanE—tanA
2 2 2 2

. )
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= tanEcoté—l - tanEcotA + tanEcotE
2 2 2 2

- cotEtanE + tanﬁcotE +1- tanécotE
2 2 2 2 2 2
We know that tané — 1
A
cot—
2
tanE tanE tanE tanA
= 2 —— 2 .. 2 4 2
tanA tanA tanB— tanB
2 2 2 2
tané tan—
- 2 y1-1+ =0
C
tan— tan—
2

1 tang—tanE + 1 'cané—tanE
A 2 2 B 2 2
tanE tan_

+ 1 tanE—tanA =0
C 2 2
tan—
2

It can only happen when two angles are equal.

= AABC is isosceles

Exercise 2

Single Correct Choice Type

r-1 Mg 1

Sol1: (A)D,= | m’°-1 2" 1+m

sin2(m2) sin’m sinz(m +1)

2D, =
r=0
i(Zr—l) i"‘c, m+1
r=0 r=0
(Mm+1)(m?>=1)  (m+1)2™ (m+1)°

(m+1)sin’(m?) (M+1)sin’m (m+1)sin’(m+1)

(m+1)(m-1) 2m (m+1)

= [(m+1)(M?-1) (Mm+1)2™ (m+1)?

2

(m+ 1)sin2 m- (m+ 1)sin2 m (m+ l)sinz(m +1)
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Common (m + 1) from C, C, and R,

m-1 2m 1
= (m+1)3 m-1 2m 1 =0
sinm? (m+1)sin°m sin’(m+1)

1 cos(B—a) cos(y—a)
Sol 2: (D) D = |cos(a.—B) 1 cos(y—p)
cos(a—v) cos(B-y) 1

D=1-cos(B—-y)cos(y—p)+ cos(p—a)
[cos (y — B) cos (o —y) — cos (o — B)]

+ cos (y—a) [cos (o —B) cos (B-17)

—cos (a.—7)]

D=1-cos*pB—y) +cos(B—a)cos (y—p)

cos (o —7) —cos? (B—a) + cos (y—a)

cos (o —B) cos (B —y) —cos? (y —a)

D=1+2W[cos(y—ﬁ)+cos

(y =B —2a)] —cos? (y — a) — cos?(B — a) —cos?(B—y)

D = 1+cos2(By)+ [cosZ(ﬁ —a)+cos2(y- a)}

2

— cos?(B—y) — cos?(y — o) — cos? (B — o)
=1+ %(ZCOSZ(B—G)—1+2c052(y—a)—1)
—cos? (B —a) — cos?(y —a)

—cos’(B-a)—cos’(y—a)=1-1=0

b’c> bc b+c
Sol3:(A)D = |c’a’> ca c+a
a’b? ab a+b

ab’c® abc a(b+c)

a i A2 b b(a+c)
abc 5.3
ca‘b® abc c(a+b)

bc 1 alb+c)

abc.abc
= 5 ac 1 b(a+c)
ane ab 1 c(a+b)
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€ C+C

bc 1 ab+bc+ca
= abclac 1 ab-+bc+ca
ab 1 ab+bc+ca

bc 1 1
= (abc) (@b + bc + ca)lac 1 1| =0
ab 1 1
Sol 4: (A)
mx mx —p mx + p
f'(x) = n n+p n-p
mx+2n mx+2n+p mx+2n-—-p
Cy=» G #G,
mx 2mx mx +p
f'(x) = n 2n n—-p
mx+2n 2(mx+2n) mx+2n-p
G % C,~2C,

mx 0 mx +p
f'(x) = n 0 n-p =0
mx+2n 0 mx+2n-p

y = f(x)
¥y =9
y=K

It is a straight line parallel to x—axis.

x-1 (x-1> %
Sol 5: (A) D(x) = [ x-1 x>  (x+1)
x  (x+1)* (x+1)

Assume D(x) a, + a,x + ...
D'(x) = a, + 2ax
Atx=0D'(0) = a,

+1 (x=1% x5 x-1 2(x-1) x3
D'x)=[+1  x° x+17° +[x-1  2x  (x+1)

1 (x+1° (x+1)° X 2(x+1) (x+1)

x=1 (k=17 B
2 3(x+1°| atx=0
X  (x+1)? 3(x+1)

+ [x-1 X
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110 -1 20 -1 10
Do=1 01 +-1 0 1/ +|-1 0 3
1 1 3 0 2 1 0 13

=1-1] +1[1-1]-1[-2]-2 (1) -1 (-3) + 1[3]
==1+0+2-2+3+3=-1+6=5
y+z z y
Sol6:(D)D=| z z+x x |[,|D]=8
% X  X+y
Ry R =Ry=Ry

Rz_’Rz—R3
0 -2x -2x
D=|z-y z -y
y X X+y
0 1 1
D=(2x)|z-y z -y
y X X+y
C, ¢, ~¢;
0 0 1
D=(2x) |z-y z+y -y |=(2xX)[-y(z-y)-y (z+y)
y -y X+y

== 2x [-yz + y? — y?*—yz] = }4xyz| = 8 given |xyz| = 2
For-2—-5(2,1,1(21-1)(2-1-1)
3! 3!

= = +3l+ = =12

2! 2!
For - -2— (2,1-1), (-2-1-1), (-2,1,1) = 12
3+6+3 =12

Total solution = 12 + 12 = 24

2

1+sin“ x cos® x 4sin2x
Sol 7: (C) f(x) = | sin?x 1+cos’x  4sin2x
sin’ x cos? x 1+4sin2x
Ri—->R,—R,R,—3R,— R,
i) 0 -1
fx)=1| 0 1 |

sinx cos’x 1+4sin2x

=1+ 4 sin 2x + cos?x — 1(- sin’x)
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=1 + (sin?x + cos?X) + 4 sin2x = 2 + 4 sin2x
For max value

Sin2x =1

=2+4sin2x=2+4=6

x> +3x x-1 x+3
Sol8:(C) | x+1 2-x x-—3|= px*+qx3+rx? +5x+t
x—3 x+4 3x

Atx=0

0 -1 3
1 2 3=t
-3 4 0

t=1[-9]+3[4+6]=30-9=21

a°+1 ab 7
Sol9: (A)D=| ba 1+b®> bc
ca cb  Z+1

a+a a’b a’c

=2 % Beb® b
abc 5 5 5
c‘a c’b c+c

R, —»>aR, R, > bR, R, > cR

3

1+a? a? a’
D= % b2 1+4b% b2
abc
&? © f1ad

¢ 38 -0 8 »E~€

i 0 9
0 1 b? | = 1[1 + 2 + b?] + a2 [+1]
-1 -1 1+¢

=1l+a’2+b?+c?

Sol10: (A) o +B+y=m

sin(fa+B+7y) sinB cosy
sinB 0 tana
cos(a+B) tana 0

sint=0

a+pB=mn—y cos(t—y) =—cosy
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0 sin  cosy
—-sinf 0 tana
—-cosa —-tana O

’ sina . sina
sunB[—( )cosy +cosy{smﬁ( H
cosa ] cosa

sinBsina.cosy
cosy

91 3 a3

Sol11: (C) fa,; @y, ayl,a, {01}
a3 83 axn

1 01

1 1 =1[-1]1+1[-1]=-

1 10

01 1

10 1 =-1[-1]1+1[1]=

1 10

111 i P P |

111 =01011

1 1 1 110

=1[-1]-1[-1]+1[-1]

Cannot be —» 3

D= all a22 a33 " alZ a23 a31 = a21 a32 a a31 aZZ al3 - a32
a,a

23 711 a21 a12 a33 <3

As, for it to be 3, atleast one terms must be 0 but there
sum would not be 3

Sol 12: (D) Order 3 x 3

First column consists of sum of 2 terms
2nd 3

3rd4"

Total no. of determinats = 2.3.4 = 24

Sol13: (D) x +2y +3z=4

X+py+2z=3
pux +4y +z =3
1 2 3 4
D=1 p 2[,C=|3
n 4 1 3

D=p-8+2[2u4-1]+3[4-pp
D=p-8+4u-2+12-3pu=p+4u-3pu+2
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For infinite solution D=0, D,_ = B =0=0
P+4p-3pu+2=0
4 3 3
D ,=|3 p 2|=4[p-8] + 2[6-3] + 3 [12 - 3p]
3 41
=4p-32+6+36—9p:0
—->p=10/5=2
1 4 3
D,=[1 3 2| =1[3-6] + 4[2p-1] +3[3-3p]=0
p 31
-3+8u-4+9-9u=0
2=
For equation (i) p +4(2)-3p (20 +2=0
P+8-6p+2=0

—->p=10/5=2
1 2 4
D=1 p 3
uw 4 3

=3p-12+2(3u-3)+4 (4-pp)
=3p-12 + 6u—-6 + 16 —4pu
=3p + 6pu—4pu-2
Atp=2,nu=2

=3(2) + 6(2) -4(2) 2) -
=6+12-16-2=0

At p = 2, n = 2, system has infinite solutions.

Sol 14: (B) ax—by = 2a-b
(c+1)x+cy=10-a+3b

For infinitely many solution

=0ac+b(c+1)=

a -b
c+1

ac+bc+b=0..%)

2a-b -b
10—-a+3b ¢

x=0

=c(2a-b)+b(l0-a+3b)=0

2ac—bc + 10b-ba + 3b?=0 ... (i)
N 2a-b
y=0 lc+1 10-a+3b
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=a(l0-a+3b)+(2a-b)(-1-¢c)=0
= 10a-a’+3ba-2a-2ac+b+bc=0
Atx=1y=3

a-3b=2a-b

o=a+2b=>a=-2b
c+1+3c=10-a+ 3b(w —a=2b)
4c=9+2b+3b=9+5b

4c=9+5b

In equation ()ac + bc + b =0

(- 2b) (9+45b) +b (9+45b)+b:0

—18b - 10b% + 9b + 5b? + 4b =0
-5b2-5b =0

b2+ b=0

b=-1oro

a=2or0

c=1or9/4

(a, b, ) > exactly = (-1, 2, 1) or (0, 0, 9/4)

Sol15:(C)ax+y+z=0

x+by+z=0
Xx+y+cz=0ab,c=1
all 0
D=11 b 1,C=0
L 1 ¢ 0

So,D,=D =D,=0
But system has nontrival solution
So,D=0anda b, c#1

all
D=1 b 1
1 1 €

€ »6~EC —3C~E

a-1 0 1
D=|0 b-11
l-c 1-c c

-1 0 L

1-a

1

=(1-a@l-by(l-¢|0 -1 —| =0

(1-a)(1-b)(L-0) =

1 1 S

1-c

www.acplludycirc!c.comB
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Anda, b,c#1,So

-1 0 —1
l-a

0 -1 L =0
1-b

1 ]_ L
1-c

=0
l1-a 1-c 1-b
1 1 1 (1-c¢)
= - =
l-a 1-b 1-c¢ (@1-¢
1 1 1 =i
l-a 1-b 1-c
cos(0+¢) —sin(0+¢) cos’
Sol 16: (B) | sin® cos0 sing

—-cos0 sin® cos¢d

= cos (0 + ¢) [cos O cos ¢ —sin O sin ¢] +
sin (0 + ¢) [ sin © — cos ¢] + sin ¢ cos 0]

+ €cos2¢ (sin’0 + cos?0)

= cos? (0 + 0) + sin? (0 + ¢) + cos 2¢
=1+ cos 2¢

So determinant is only dependent of ¢

Sol 17: (D) xsinO -y cos O + (AL + 1)z=0
XcosO+ysinO-1.z=0
Ax+(A+1ly+zcos®=0

sind -cos® A+1
D =|cos® sind -x

A A+1 cos6

D=sin0[sin0cosO+ A%+ ]
+ cos (cos®® + A% + (A + 1) (L cos O + cos O — A sin 0)
D = (sin’0 + cos?0) cos O + sin 0 (A% + A
A=A+ cosO M+ M2+ A+ A+1)
D=cosO (2 A2+ 2L +2)=cosO[A?+ 1+ (A + 1)
SoforD=0 (. System has infinite solution)
cos0=0,0e@n+1)n/2, LeR nel
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Sol 18: (A) a’x—ay=1-a

bx+(3-2b)y=3+aC= [1‘6‘}
3+a

Unique solutionx =1,y =1
_ a? -a

Jatite =1, 1
RN IR

a?-a=1-a
a?=z=l=a=+%1
Andb+3-2b=3+a
3-b=3+a

a=-b

So(a, b)=(1,-1)or(-1,1)
At(-1,1)=>x+y=1-(-1) =

X+y=2
Andx +(3-2)y=3-1=2
X+y=2

Both equations are same so, D =0 at (-1, 1)
So it is not unique solution
(al b) # (_11 1) Se? (al b) = (14 - 1)

+2 +3 +
n Cn n C n 4C
Sol19: (A) D = | "3C,,;, ™*C.., "°C..
(n+4)c n+5C n+6C
A+n)n+2) (M+3)(n+2) (h+4)(n+3)
2 2 2
D= n+3)n+2) (n+4)n+3) (+5)(n+4)
2 2 3
N+4)n+3) (N+5M+4) (+6)(n+5)
2 2 2
Atn=1
3 6 10
D=|6 10 15
10 15 21

= 3 [210 - 225) + 6 (150 — 126) +10(90-100)
=—-45 + 144 -100 = -

There is only one option (A)

Which satisfied the ans.

Using, C, - C,-C,C, > C,-C,

R, = R, - R,, we get
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(n+3)(n+2)

—(n+2) 2 +3
-1 n+3 1. | =1
0 1 0

Sol 20: (A) Ax—y + cos0z=0
3x+y+2z=0
cosx+y+2z=0
0<06<2n

0

SoD,=D,=D,=0

A -1 cos6
D=| 3 1 2
cos6 1 2

For non-trivial solution
D=0..D,=D,=D,=0
A[2-2]+1[6 — 2 cos 0]+cos O [3 —cos 0] =
=6-2cos0 + 3 cos0—-cos?0 =0
= cos%0 —cos’0 -6 =0

= cos’0—3cos 0 +2cos0-6=0
= cos 0 (cos0—-3) +2(cos0-3) =
= (cos©—3)(cos O + 2) =
=cosO=30rcosQ=-2
But—-1<cos6<1

SocosO#3,-2

There is no solution for non-trivial solution

Multiple Correct Choice Type

cos(x—y) cos(y—z) cos(z—x)
Sol 21: (A, D) |cos(x+Yy) cos(y+2z) cos(z+X)
sin(x+y) sin(y+2z) sin(z+x)
cos (A—B) =cos AcosB +sinAsinB
sin (A + B) = cos Bsin A + sin Bcos A
cos (A + B) = cos Acos B—sin Asin B
= cos (x—y) [cos (y + z) sin (z + X) — cOs (Z + Xx)

sin (y + z)] + cos (y —z) [cos (z + X) sin (X + y) —sin (x + 2)
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cos (x + y)] + cos (z—x) [cos (x + y) sin (y + z) — cos (y
+ z) cos (x +y)]

=cos (x—y) [sin (z+ x—y—2)]+ cos (y —2) [ sin (x +
y—z=X)]+ cos (z=x) [sin(y + z=x—-Y)]

= cos (x—y) sin (x—y) + cos (y —2z) sin (y —2z) + cos
(z=x) sin (z=x)

[sin 2 (x —=y) + sin (2(y — 2) + sin 2(z = X)]

| = Nll—'

[2 cos (x + z—=2zy) sin (x + z) — 2 sin (X —z) cos (X —z)]

sin (x — z) [cos (x + z—2y) — cos (x — z)]

(x-y) sin(y-z)]

NIFR

= sin (x — 2sin
in (x z)|: i > >

= 2sin (x —y) sin (y — 2) sin (z = Xx)

Sol 22: (A, B, C, D) _T’t <0< g—,OSASn/Z

1+sin’ A cos’ A 2sin40
sin A 1+cos’A 2sin40 | =0
sin’ A cos’ A 1+ 2sin40

R,->R,-R,,R,>R,-R,

1 0 -1

0 1 -1 =0
sin A cos’A 1+sin’0
=1 + 2sin40 + cos’A—1 [-sin?A]
=1+ 2sin 40 + sin’0 + cos? 0
= 2 + 2sin 40 = 0 (only depend on 6)
=sin40=-1=40e-n/2+2nt,nel
Oe—-n/8 +nn/2,n el
(A) O > —-7/8
(B) O — 31/8 sin 40 = —
(CO)0=-n/8sin40 =-1

(D) 0 = 31/8
1 a a?

sol23:(A,D) |1 x x* =0
b’ ab a’

= xa’ - x%ab + a [x?b? — a?] + a? [ab — xb?]=0

= x [a?—a%b?] + x? [ab’—ab]-a®*+ a’b =0

www.aepstudycircle.comm
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=xlab(b-1)+ax(1-b)+a’(b-1) =
=xab-ax(1+b)+a*(+1)=0

= xlab-x (@ +a%b)+a*=0

= x?ab—-a’x—-a?(bx—a) =

= (bx—-a)(ax—-a?) =0

=bx—a=0orax—-a’=0
2

a a
=X=—o0rx=— =a
b a
a b ao+b
Sol 24: (B, D) b C ba +c¢

aa+b ba+c 0

R, > R,—aR, -R,

a b aa+b

b ¢ ba +c

0 0 —(aa” +ba+ba+c)

= (aa? + 2ba + ¢) (b?—ac) =0
So(b’—-ac)=0

b? = ac —» b is GM of a, c —» ab, c are in GP
or(ac? +2ba +¢) =

=>x=a—>X-a)

= ax? + 2bx + ¢, (x — o) is a factor of this)

Sol 25: (B, D) x—y + 3z =2

2x-y+z=4
X—2y +o0z=3
1 -1 3
D=2 -1 1
1 -2 «

=l[~a+2]-1[1-2a]+3[-4 +1]
=—a+2-1+20-9=a -8

D#0—>a=#8

Ifa=8D=0

2 -1 3
D=4 -1 1

3 =2 «
=2[a+2]-1[3-4a]+3[-8 + 3]

==20+4-3+40-15 =20-14 =2(a—-7)
=Ata=8(0=0),D, #0

So, at a. = 8, system has no solution.
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1 bc beb+c)
Sol 26: (A,B,C.D) 1 ca ca(c+a)
1 ab ab(a+b)

a abc abc(b+c) a1 b+c
= ;b abc abc(c+a)|= ) b 1 c+a
¢ abc abc(a+b) c 1 a+b
3 By % G
a l a+b+c all

=(abc) b 1 a+b+c=(@bc)@+b+c)jb 1 1
c 1 a+b+c ¢ 1 A

C=e~c

=(@abc(@a+b+c

A O o

o o o

[ i
In
o

+

V|~ ARk TR

1 ap 1.1 ¢ abc ¢
a

abc a

|
+
|
I
Q
+

(B)[1 bc

o
)
o
A
Al Tk |

1
L b abc b

+

+

abc

C,>c +cC
abc 3 3 2

+ -
n|lon|lo T|0

T|Tolo n|n
o |To|low o0

-

O|l— T|V T
+

N

+
+
NlRL 0o|lkL ol
S
O o 0
e i
o o N

1.1 .1
+=+
(a b c]

+

Ok R |-
+

e

)

0

I
(a]

1

0 a-b a-
) |lb-a 0 b-
c-a c-b 0

0 (a=-b) (a-c¢)
=|-(a=b) 0 (b=c¢)
—(a=-c) —(b-0¢) 0

C
=C

This is stew symmetric matrix so value of determinate
is zero.
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log, xyz log,y log, z
(D) log,xyz 1 log,z

log,xyz log,y 1

logxyz logy logx
logx logx logx
logxyz logy logz
logy logy logy
logxyz logy logz
logz logz logz
111
_ (logxyz)(logy)(logz) 111 <0
(logx)(logy)(logz) -
(~C=¢=0¢)

Sol 27: (A, B, C, D) a’x — by = a> -
no. of solution

bx=b% =2+ 4b

a’ -b
b -b?
=>b%(l-2a%)=0

—-b=0o0ra=%1 .. (i)

b?posses an infinite

SoD=0=> =-b%?+b’=0pP

a’-b -b
2+4b -b?
=-b?(a?-b) + b (2 +4b) =
—a’b? + b +2b +4b*=0
b(b? + 4b + 2 - a’b) =

D=0=

X

=b=0orb?+4b+2=2a’b ... (i)
2 2

D,=0= 7 ¥ 7B _a224+4b)+bp-a)=0
b 2+4b

2a? + 4a’b + b? —ba? = 0 ...(iii)

All option are satisfied equation (i, ii, iii)

Sol 28: (A, C) p, q, 1, s arein AP
P=pg=p+dr=p+2d,s=p+3d

D is common difference of the A.P.

p+sinx q+sinx p-r+sinx
f(x) = |gq+sinx r+sinx —=1+sinx

r+sinx s+sinx s—q+sinx
Cop6 1G, (GG =Gy
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1 X+y+z —(x+Yy)
-1 0 X
y(x=2z) X[(y=2z)(x+y+2z)=2yz] —=xy(x+Yy)
R, =R, +R,
_ (x+y+2)
°- x1z*
0 X+y+z -y
-1 0 X
y(x=2) x[(y-2)(x+y+2z)(=xyz) —xy(x+y)
X+y+2
x*+4

[(x+—y—+z)(xy4—y)—-xy(x——z)4—yx(—xyz)(xa—y-rz)(y——z)]

Previous Years Questions

2

1 a a
Sol 1: (B) Let A =|cos(p—d)x cospx cos(p+d)x
sin(p—d)x sinpx sin(p + d)x
Applying C;, - C, +C;
1+a® a a?
= A =|cos(p—d)x+cos(p+d)x cospx cos(p+d)x
sin(p—d)x+sin(p+d)x sinpx sin(p +d)x
1+a° a a?

= A =|2cospxcosdx cospx cos(p+ d)x

2sinpxcosdx  sinpx  sin(p + d)x
Applying C; —» C, —2cosdx C,
1+a® —2acosdx a a8
= A= 0 cospx cos(p +d)x
0 sinpx  sin(p +d)x
= A=(1+a’-2acosdx)

[sin(p + d)xcospx — sinpx cos(p + d)x]
— A =(1+a’ —2acos dx)sindx

Which is independent of p.

X 1
Sol 2: Since, A|y |=|0| is linear equation in three
z 0
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variables and that could have only unique, no solution
or infinitely many solution.

~. It is not possible to have two solutions.

Hence, number of matrices A is zero.

ax—by—c bx + ay cx+a
Sol 3: Given | bx+ay —ax+by-c cy+b |=0
cx+a cy+b —ax —by +c
a’x —aby —ac bx + ay cx+a
:% abx+a’y -ax+by-c cy+b [=0
acx +a’ cy+b —ax—by +c
Applying C; = C, +bC, +cC;
(@®+b?+c*)x  ay+bx cx+a
- %(a2+b2+c2)y by—-c—ax b+cy [=0
a® +b% 4 b+cy c—ax—by
1x ay + bx cx+a
= =—|ly by-c-ax b+cy |[=0
a1 b+cy c—ax—by

(- a®+b?+c% =1)

Applying C, - C, -bC; and C; - C; —cC,

X ay a
= i y —-Cc-—ax b =0
1 cy —ax —by
X  axy ax
= s y —c-ax b =0
11 cy —ax —by

Applying R; =R, +yR, +R,

x*+y?+1 0 0
1
= — y —C—ax b =0
ax 1 cy —ax — by

1
= 5[(x2 +y? +1){(—c —ax)(—ax —by) —b(cy)}] = 0
=N al[(x2 +y? +1)(acx + bey +a’x? +abxy —bcy)] = 0
X
= ai[(x2 +y? +1)(acx +a®x? + abxy)] = 0
X

sy l[ax(xz + y2 +1)(c+ax+by)]=0
ax
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= (x> +y? +1)(@ax+by+c)=0 = ax+by+c=0

Which represents a straight line.

Sol 4: Since, the given system of equations posses non-
trivial solution, if

0o 1 -2
0 -3 1=0k=0
k -5 4

On solving the equations x =y =z = A (say)

. Fork = 0, the system has infinite solutions for A eR .

Sol 5: Given system of equations are

3x + my = m and 2x — 5y = 20

i) T-IEE

MATHEMATICS

Applying R, =R, +R,

sin® cos0 sin20

sin 9+2_1t cos 9+ﬁ sin 29+ﬂ
3 3 3
+sin G—E +COoSs 9_2_n +sin ze_ﬂ
3 3 3
sin 6—ﬁ cos 9_2_n sin 2(9—ﬁ
3 3 3
Now, sin 6+-2—1t +sin e_ﬂ
3 3
27 27

6+—2n+6—2nr 0+—-0+—
3 3 3

Here, A = E m’ e S-S
m m 3 m

and A = =-25m; A.= =60-2m
20 -5 Y 12 20

= 2sin

— 2$in6cos%

2

Cos

= 2sinOcos

2

If A =0, then system inconsistent i.e. it has no solution.

IfA+#0 ie. m=# % then system has a unique solution

for any fixed value of m.

A =
We have, x = —% = 25m _ 25m
A -15-2m 15+2m

Ay 60-2m _2m-60
A  =-15-2m 15+2m
25m

_—

15+2m

and y =
For x>0,
:>m>00rm<——12é ()

and y >0, m—0

>

=—25in6cosE
3
2n 2n
and cos| 0+— |+cos| 6 ——
[0+ 5 Jreno-3)
6+2n+6—27t 6+2n—6+27t
= 2cos E cos > 3

= 2cosecos(2?n] — 2C059(—%) =—cos0

and sin(ZB + ?) + sin(ze —%)

4n

29+—+26—? .. -

20 + 20+ —
3 3

2m+15

= m>30o0r m< —%

From equation (i) and (ii) we get

m< —E orm > 30
2

sin® cosO

Sol 6: Let sin[9+2?n) cos[6+2?nJ

www.acplludycirc!c.comB

... (i)

sin20

sin(29+ﬂ]

3

sin(Ze—ﬂ)
3

= 2sin

2

Ccos

2

= 25in29cos% = 25in26cos[n - gj

= —25in29cos§ =—sin20

sin® cos0 sin20
—sin® —cos0 —sin20

sin O—E cos 6—2—7t sin 29—ﬂ
3 3 3

= 0 (Since, R, and R, are proportional).

A=
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Sol 7: (B) Method I
Total no. of ways =3° - C;3-1° +> C,3-1°

=243-3x32+3=246-96 =150

Alternative Method

System I
Boxes I II I
Balls I 2 2

For this system no. of ways

=(in)x[MJxezgo
212111 21

2x2x2
System II
Boxes I I I
Balls I 3 1

For this system no. of ways

|
=(%x%)x3!=10x6=60

Total no. of ways =90 +60 =150

Sol 8: (B, €)
(1+a)’ (1+2a) (1+3a)
(2+a)’ (2+2a) (2+30)’|=-6480
(3+a)’ (3+2a) (3+3a)

1+o?+20 1+40®+4a 1+9a° +6a
4+0’+40 4+40’+8a 4+9a’+12|R, >R, R,
9+0a?+60 9+40’+120. 9+9a’ +18a

R, - R, R, = —648a

1+a’+20 1+40®+4a 1+9a?+6a
3+2a 3+4a 3+6a
5+ 2a 5+4a 5+6a

C, »C,-C, =648,

G ->G-G
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a’-4 40’-4 90°*-4

2 i -2 |=-648a
542 5+40 5+6a
o’ -4 4a’-4 9d’-4
2] 4 1 1 |=648a
5+2a 5+4a 5+6a
o’ -4 3a° 8ad?
31 1 0 0 |=-648a
5420 20 4o
—2(12(13 - 16(13) — —648a.
5 2(—4a3) - —648a.
:a(a2—81)=0
= a=0,9,-9
11 1+%
Sol9:(2) 2 4 1+8%|=10
3 9 1+27%°
i 1 1 11 1
2 4 1|+x%]2 4 8|=10
391 3 9 27
10 0 10 0
2 2 -1+x%2 2 6|=10
36 -2 3 6 24

63 +x>-5=0=6x° +6x> -5x> -5=0
(6x3 —5)(x3 +1)=O

5 .
3 = 5 orx® = -1 Two real distinct values of x.
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