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% & 1 INVERSE- bjectives
| TRIGONOMETRIC ::t::)ls;ut((i)y:ingthe material of this chapter you should

| e Understand the definations of inverse-

€5 PP | | FUNCTIONS trigonometric functions.

Understand the domains and ranges of inverse-

% trigonometric functions with the help of their
| graphs.

% Understand the principal values of inverse-
1 trigonometric functions.

% -2 g Understand the properties of inverse trigonometric
| » Mathematics, in general, is functions.

% Sfundamentally the science of self- Understand the application of inverse

| evident t/)ings trigonometric functions.

‘  —Felix Klein
&3

T | X Chapter at Glance
% PX INTRODUCTION ‘ PAGES
€3 * CONCEPTS 2-6, 9-11

{ * ILLUSTRATIVE EXAMPLES

% 6-7, 11-18
1 + EXERCISES & ANSWERS

% Ex. 2(a) 7-8
| Ex. 2(b) 18 - 21

% N Revision Exercise 27

* HINTS TO SELECTED QUESTIONS

' X )
% . Ex. 2(a) 8
" 3 Ex. 2(b) 22-23
% ! Revision Exercise 28
| * HOTS

‘ (Higher Order Thinking Skills)
% Y 14, 16 - 17, 20

* NYTRA 2,4-5
* NCERT-FILE

T Inverse trigonometric functions play a vital role in Calculus and help us to
g define several integrals. This concept is widely used in Engineering. Geometry Questions form NCERT Book

1 and Physics. The restrictions on domains of trigonometric functions ensure the 23 - 26
% existence of their inverses. Questions form NCERT Exemplar

] Inverse trigonometric functions are the inverse functions of the trigonometric 27 - 28
% functions. They are not the reciprocals of the trigonometric functions. * CHECK YOUR UNDERSTANDING

| In this chapter we will study the following concepts : 29
% . Inverse trigonometric functions and their graphical representations * CHAPTER SUMMARY 30

| . Domain and Range of Inverse trigonometric functions * MCa Nn-u
% L e * CHAPTER TEST 2 34

: . Properties of inverse trigonometric functions

| * EXCLUSIVEY FOR JEE - (ADVANCED)
% 35 - 38

| UNIT TEST - 1 39
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% m INVERSE-TRIGONOMETRIC FUNCTIONS x
% SRR : ...
The inverse-sine function is defined as :
y=f-1(x)=sin"! x X< % ' » X
- e = el [\ Sl :
o x=an yandye [-2.5] d
-7/2
The graph of sin™' x is as shown. ¥ y = sin-1x
5. KEY POINT
j% |
> : . nTow
3 ( Domain of sin™! x = [~ 1, 1] and Range of sin~! x = [—;,7]. )
| AY PREPARATION OF IMAGE
1 AY
j‘g 0} (m -l (1/2,1)
' l'.
-1 %
% » 4 _ .
A o e Y I % : : :
T 2 4 2 < 1 T T T T T T T L
-t x =gm i 2R FE N
% vy */_1 i
(=22.-0)" " Ty
% () (V) (Restrict to bijective region)
AY
b ¢ B(1 '%)
B . 2 (0.707, <) -
- T T T U T - I Becesscscecsscsesssesa
X 27 —I}? T 3‘1 21 x _;'.
1 _ % o) i
% X -1 -0.707 4 0.707 1 X
s | Coron D TE| s
..... _... .............é
= -1, =%,
1% ol | AC1ZD) s M
% (Visualise vital points) vy L e L
1 Fig. (Interchange coordinates and draw curve)
\ ¢
% (i) \{=}| Definition t
|
% The inverse-cosine function is defined as : -
y=f~! (x) = cos™! x
iff x=cosyandy € |0, 7. x< R > x
The graph of cos™! x is as shown. - Fig.
& s
Y
% \ I: I: suenzom.. ICBSE-MATHEMATICS
-— I -
% A INVERSE
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PREPARATION OF IMAGE
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(i 4

Y
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(Restrict to bijective region)

y=x

y = cos x

(Take mirror image of curve in 2nd step about y=x)

)

A

wY!

Al

STUDY CIRCLE

Domain of cos~"x = |1, 1]
Range of cos~"x = [0, x]
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5. KEY POINT

Domain of cos™ x=[-1, 1] and Range of cos™! x = [0, m).

(i) Definition K
s N\ 2 ...

The inverse-tangent function is defined as :

y=f = (x) = tan~! x

rull‘-i
N|.'=i
N

|

Y

N

iff x=tany and y € (-—

------------------------------

\ ) ' y = tan-'x

Y
The graph of tan™! x is as shown. il
Fig.
5. KEY POINT
Domain of tan™! x = R and Range of tan™! x = (—-721%) :
PREPARATION OF IMAGE
Y
0 I m N
). ) | /2
: : Lo - : )
i : : 2 : . "< - : >
X< : = B . ( : [ X X 2 /0 X
2] e 2
[ N I
; ¢ & . : : > :

(Restrict to bijective region)

(ny Y (V)
A Y
A
a
............T.!. ................. T
............T. .................
X < o » X
X 5 > X
........... s S I
> T T
B 2
Domain of tan-' x = R
h/ A ox
; b e (£ )
v

(Rotate 90° counter clockwise)
(Mirror about Y-axis)
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The inverse-cotangent function is defined as :
y=f1(x)=cot ! x
a2
iffx=coty andy € (0, m). \
The graph of cot™! x is as shown. X'« o » X
-3 (*1
5. KEY POINT v x =
Fig.
Domain of cot™! x = R and Range of cot™! x = (0, n).
» \E}| Definition
The inverse-secant function is defined as : )
y = f~l(x) = sec”!x
iff X = secy
and yeE |0, £) U (E.J‘t .
- Sy P
The graph of sec™! x is as shown. 1
( Ls .7) b, g

. KEY POINT — .
Domain of sec™!x = (=oo, — 1JU[l,). ) e ke "27"1/
' X < >

X
7 7 [§)
Range of sec™'x = [0. 7) V) (7.Jt] : (Assam B. 2017) (1:0)

L Definition
i R Fig.
The inverse-cosecant function is defined as :

!

y =f~! (x) = cosec”!x

iff —x=cosecy

5 and y [-%.0) U (0. %] YA

AR A ——
The graph of cosec™!v is as shown. -\
k. KEY POINT i ‘

X< .
Domain of cosec™!x = (= oo, — 1] U [1, o). (Assam B. 2018) \
F 4 L R =7, R
Range of cosec™! x = [—? 0) ) ((). 7]. (Assam B. 2017) v'Y .

= cosec‘1 x

Note : On similar lines, the readers and try the images for (iv) to (vi)
I-\ sTupy NEE
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We give the table giving the inverse-trigonometric functions and their principal value branches :
TABLE
Function Principal Value Branch
Domain Range
(i) y=sin". -1<x<1 _is\.sl
2 2
(i) y=cos™'x -18x<1 0<y<nm
R ' 4 T
(1) y=tan™" x - <X <™ ——< Yy <—
2 ° 2
(iv) y=cotlx —o < ¥ < e O<y<nm
ISx<e ) 0sy<Z
{ ‘ :
(v) y= sec™x { ) [
{ b 4
—o<x<-1) — <yVs<Tm
5 <!
ISx<e ) 0<y<Z
(vi) vy =cosec™lx { 2 [
~wmxg~1] —gﬁ <0

Example 1. Find the value of
tan ' (V/3)—cot 1 (—/3).

Solution. tan~" (\ﬁ )—cot ™! (—\/3 )

=4 1 7
Solution. sin '(;) = %

*@W@W@TMWM“M“M*N*@WW@‘M“@“WMW@WM@W

\
)

(C.B.S.E. 2018)

1
Example 2. Find the principal value of sin™ (—) :

(Jammu B. 2017 ; Kerala B. 2013; H.B. 2012)

aT x
_?.? .

b/ 4

<l

o R, | g o
Hence, the principal value of sin '(; is

3 . 3
For Example : cos™! (#) = 307 and not - 30° even though cos (- 30°) = —.

Note : When y is + ve (0 < v < 1), there are two angles : one between 0 and 7/2 and the other between —1/2 and 0 having
their cosine equal to y (cos x is an even function of x).
Here we take smallest positive angle as the principal value of cos

-l Y

%) EXAMPLES

2

6

Example 3. What is the principal value of :

=1 %) . o1 2=
| ey e SIHT ?(A.LC.B.S.E. 2011)

o)

5
- LT . - T
Solution. 7. |: cos™! (ms ;g) +sin~! (sln —;)

/ 3 it S
= cos” . —— |+ sin" ! £ = — =T,
2 2 3 3

Example 4. Find the principal value of :
1(V3)-sec™ (- 2). (A.LC.B.S.E. 2012)

7 Tz
Solution. tan™'(+/3) = ?E(—7.7)

el -2 = ZeloZ|-1Z
sec (—-)—TE ?—?

. tan”! (\/})—scc_' (=2)

\ s:-zan, |EESE'"‘THE"ATIBS
l- STUDY cmc|_E INVERSE
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Example 5. Evaluate : tan™ (2 cos(Zsin '(7)))

(N.C.E.R.T. ; H.PB. 2013

= . =1
Solution. tan I[Zcos(Zsm l:)]

s Jammu B. 2012)

Fast Track Answer Type Questions

1. (a) Fill in the blanks :

(/) Principal value of cot™ ' (VB)is ...

(Jammu B. 2018)

- il Y,
(if) Principal value of sin '(—;)ls .........

(Jammu B. 2017)

(iii)  Principal value of tan™ (=1) iS..c..evvvecen.

(Jammu B. 2017)

(iv)

Principal value of cos"(—%) WS nnanaena

(Kashmir B. 2016)
(v) Principal value of lun"(—ﬁ) 1S s

(Meghalaya B. 2018; Kashmir B. 2016)

(vi) Principal value of cosec™ ' (—ﬁ) 1S5 snmie
(Kashmir B. 2016)

(h) Write the domain of f (x) = cos™! ().
(Karnataka B. 2014)

Find the principal values of the following (2-8) :

2: (i
1) 3
(Jammu B. 2012; C.B.S.E. 2010)
- |
(if) sin (TJ (N.C.ER.T. ; Uttarakhand B. 2013)
1 1 : .
3. (i) cos |-+ (Kerala B. 2014; H.P.B. 2010 S)

n

7.

(if)

(iii)

(i)

()
i cor~! (=),

- 1 R "
cos™! (— —) AN.C.E.R.T.; Kashmir B.

tan

CBSE-MATHEMATICS
INVERSE
=T-FUNCTIONS

= tan l|:’ cos(" T)]
6

= 1 4 = |
= tan '[2cos—] = tan '(2.—)
3 2
tan ~! (1) T
= lar — ey
4

ST

= (—3)

..—, _—-——

m FTATQ o

(C.B.S.E. 2010)

2013)

7

(i) tan~' (= 1).
(N.C.E.R.T.; C.B.S.E. (F) 2011)

(N.C.E.R.T))

(A.LC.B.S.E. 2010)

af 2
(i) sec™ | = (N.C.E.R.T))
V3
(if) sec™ (= 2). (A.I.C.B.S.E. 2010)
(i) cosec™! (2) (if) cosec™! (—\/5).

(1)

(if)

(iii)

(iv)

(v)

(vi)

(H.P.B. 2010 S)

COs

cos”

tan~

(Y

sin | €O0S 2
Y

cos | s '1—,"

B -.( . 3.7)
sm sin —
s

(N.C.E.R.T. Karnataka B. 2017)

| |3JT
CUST (Kashmir B. 2017)
I poss
"6
(Tripura B. 2016; C.B.S.E. 2011)
1 3
tan T (Jammu B. 2012)

(Assam B. 2015)

(H.B. 2015, 12)

(H.B. 2014)

\ Stnoe 2001, EHSE MATHEMATICS
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Short Answer Type Questions m SATQ
o =] 1 =1 | 11 " |
9. Find the value of sin " == +cos |—=}. 11.  Find the value of cos = [t2sin =
(C.B.S.E. 2010) (N.C.E.R.T)
10.  Write the principal value of : 12. Find the value of :
: ] o] ' Y =3, . !
(7)) tan™ (1)+cos |73 (C.B.S.E. 2013) tan ﬁ +cos | +sin > ). (H.B. 2013)
(i) tan™ (V3)=cot™! (=V3) (A.LC.B.S.E. 2013) 3
13.  Write the value of tan™" [ 2sin 2cos"T' :
i) 2 i 1 -
(iif) ~ €Os I(:)—Z sin '(—:). ( C.B.S.E. 2012) -
2 2 (A.LC.B.S.E. 2013)
[ Answers )
T . 2n T L . 27
1. (@) ), 6 (i) 6 (iii) 3 (iv) 3 (v) 3 6. (i) 6 (i) 3
T . .
i) —— 7 1) = ii) ——
i) =73 (1) 6 (
(b) [-1.1]. 2 57 n o 12
T T 8. (i)J—(ii)'—()-(iii) (I\)T(l) ﬁ (\l)ﬁ.
2. () =3 G 6 4 2 :
Y i i) — = . 2 (1) —— (i) (ul)—.
3. ) 3 (u)‘ 6 (fii) 2 2 12 2 3
n Tt 2n Sa
4. ) —— (i) ——. 1. —. 12. —.
(1) 3 (1r) m 3 6
2n Sa
. "_ . — ﬂ
. 3 (i) 6 13. =

-~ Hints to Selected Questions
9, sin"(—%)+cos"(—%)
sin™! (sin(—%)) +cos™! (LOS%)

__ma_m i
6 W32 *

A "

10. () lun_'(l)+cos"(—%) %'{'LO\ l(cos%)

n 2n ll=n

= e — = —

4 3 12
(if) tan_'(ﬁ)—cot"(—ﬁ) 13.

-1 b 4 -1 T
= lan lan—|—cot —col—
3 6
-1 T
cot| ——
6

= t
= —=—Co
-3

n _,[ ( z)]
= —=cot”'|cot| ==
3 6

—1(1 M
cos '(—)+25m '(—)
2 2

= T = 1 4

= COS " cos=|+2sin™"| sin—

3 6

T T T
3 3

-1
tan [2 sin " 2cos”

o 2x
3

ik

3

] tan™! Zsm 2 :t)]
6

INVERSE

B -
S
L« J
<y
(9] -
z;“
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[EXBBPROPERTIES OF INVERSE-TRIGONOMETRIC FUNCTIONS

(a) x = sin~! (sin X) = cos™! (cos x) = tan~! (tan x)

cor ! (cot x) = S('(“l (sec x) = (‘US(’('_I (cosec x).

Proof. Letsinx h

Then x = sin~! y = sin~! (sin ).

Similarly other parts.

! -y . ! 1! 1 11
x=sin!'—,x21lorx<-1 (ii)sec'x=cos™'—,x21orx<-1 (ii)cot “"x=tan~"'—, x> 0.
X X X

Proof. (i) Let cosec™! x = v. Then x = cosec y

(b) (i) cosec™

| . g ()
= — =siny = y=sIn l(— ,
X X
1 -1 ]
Hence, cosec™'x = sSIn T
(i) and (#ii) can be proved similarly.
) @) sim! (x)=-sin!x,xe -1, 1] (i) cos' (-x)=m-cos'x, xe [-1, 1]
Gii) tan™! (=x) = = tan”!x, x € R (iv) cor! (=x)=m—-cor' x, xe R
(v) sec! (=x)=m—secx, 1x 121 (vi) cosec™! (= x) = — cosec! x, 1 x 1> 1.

Proof. (i) Let sin™! (-x) = .

—x= siny
= X =-—siny=sin(-y) = —y=sinlx
= y=-sinlx.
Hence, sin™! (-v) = — sin~lx.

(iiyLet  cos™ (=x)=.

—X=COs Yy
= X=—COoSy=Cos(T—-y)
= cos~lx = It—.\'=1t—cos’l (=x).

Hence. cos™! (-x)=m—cos™! x.
(fii)~(vi) can be proved similarly.

/4
(d) (i) sinly + cos”Ix = —.xe|-1,1 (H.B. 2018; Jammu B. 2017; Jharkhand B. 2013)
. n
(i) tan~'x + corlx = 3 xYeR (H.B. 2018)
1. . _ T : y
(iif) sec™'x + cosec!'x=—,lx121 (H.B. 2018)
. e 1 ] X+Y 010 K ,
(iv) tan~'x + tan”~'y = tan ; , <] (H.B. 2018; Kerala B. 2016)
- Xy
! =f X=}
(v) tan'x - tan”ly = tan”" —= yxy > _|] (Jammu B. 2017)
I+xy’
wi) () 2tan~! x=sin”! lxI<]
I+ x*
-] -] 1- .\'2
(1) 2tan” "x=cos >, x 20
I+~
o o 2%
(Ill) 2 tan™"x=tan =~ —-l<x<l.
l-x°
Proof. (i) Let sin-lx = .
. T
X = siny = Y= COS :_.\-

17333339339 seagyags e ey aneeny
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-1 s -1 d
= cosTlx = —-—y = cos"x+y = —
7 - - 2
| T - -1 T
= Cos ‘"X +smm 'x = : . HC“CC. SiIn X+ Cos X = ? .
(i) Let tan~'x = v
b4
x=tan y = x=cot{—=-¥
! X 1 T
= cot”lx = ——y = col''x+y =7
3 = - 2
-1 -1 i -1 -1 n
= corlx +tan”x = . Hence, tan™'x +cot™ x= 7.
(iii) can be proved similarly.
(iv) Let an-'x = 9, and tan"'y = 0,
X = tan 0, and y = tan 6,.
N 6. +0 tan 6, + tan 6, x+y 0.4+0 tan~! x+v
ow tan + = == = + = tan  ———,
Gy + %) l-tané, tanf,  1-xv 172 I - xy
| ) -1 X + y
Hence, tan~'x + tan”'y = lan I~ ™ < 1* . (1)
(v) can be proved similarly.
(vi) Let tan~lx = v
X = lany.
2x © 2an v 2sin ycos y sin 2y .
(I 5 = S =" 3 3 = — =sin 2y.
I+ x- I+tan” y  cos™ y+sin~y 1

Thus 2y = sin

Hence, 2tan~'x = sin =,
1+ 1"

’ 2
l—tan™ y

= ———=cos2y,
I+ tan~ y

(Ih)

,
- 1=-x"
Thus 2v = cos”!

=.
I+ x~

Hence, 2an~' x = cos”

(11D = ———=lan2y,

Thus 2y = lan

Hence, 2tan-! x = tan

* Because the above result does not hold if xy = 1.
If xy = 1. then RHS of (1) is not defined.

X+
If xv > 1 and y < 0. then > () and RHS of (1) is + ve while LHS of (1) is —ve. As such (1) does not hold.

-y

Hence, (iv) does not hold for xy = 1. A I: I: cncozom. MCBSE-MATHEMATICS
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5. KEY POINT
a , )

1 2.\' 1
sin —=2tan"" x if lxl<1
14+ x°
=
=y ] —x° 1
cos = 2tan"'x if x 20
1 +x°
2y
-1 «X =
tan l = =2 tan~'x if —-l<x <.
-x°

Iy + .\'in"_\' = sin”! (.\' \/I - .\"’ + Vv \/I i

. T B 5
x—sinly = gin I(.\' \/I -y -y \/I - )
) -] -1 2 2
(iii) cosT'x + cosT'y = cos  \xy—ql-x"4l-¥
(iv) cos~Ix - cosly = cos™! (.\'_\' + Jl s \’I - _\'2 )

(e) (i) sin~

(if) sin~!

Proof. (i) Let sin"lx = 8, and sinly = 9,
: sin®, = x and sinB, =y
¢ ) >
so that cos 6, = | —x~ and cos B, = 1-y"
. . . 2 2
Now sin (8, +6,) = sin 6, cos B, + cos 6, sin B, = .\'.\/l -y + \fl -x“ .y
= 8,+6, = .\\'in_'(.\'\/l—_\‘2 +_\'\/l—.\'2).
Hence, sinTlx 4+ sinly = sinT vyl =y +yyl-x7 ),
(if) can be proved similarly.
(iii) Let cos~ly = 6, and cosly = 9,.
: cos O, = xandcos 6, =y
i 2 : ~
so that sin®, = /1-x" andsin 6, = |1 -y~
% % s ] s}
Now cos (8, + 6,) = cos B cos B, —sin 6 sin 6, = Xy — [l —x7 1 -y~

= 8, +6, = cos™! (.\;\' - Jl— X Jl - y? )
y = cos™! (.\)’ - \’l - \’l - _\': )

Hence, cos~'x + cos™!

(iv) can be proved similarly.

° y AN~
Frequently Asked Questions . FAQs u
N, T 1 -1, _ X PR | o ..
Example 1. (i) If sin 7)HeosT x = = » then find x. Solution. (i) sin ek e
(C.B.S.E. 2010 C) | | ., a
= X= ; i “tsmoxX+cos X = T
- 2 2
(i) If sec™! (2) + cosec™! (y) = > » then find y. T
= (ii) sec™ (2) + cosec™! (v) = 5
(C.B.S.E. 2010 C) . =
s pardipy st e 10
= y=2 s sec T (X) + cosec (.\)—7

I: I: cocozom.. ICBSE-MATHEMATICS
= = = —
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Example 2. Prove the following :

13 ,z) 6

cos|sin” —+cot”
( 5 SJ

-

(A.LC.B.S.E. 2

Solution.

LHS = cos

i
: ( -3

2 6

S

n
Example 3. If tan™! x + tan”!y =¥ < 15

write the value of x + y + xy. (A.LC.B.S.E. 2
~ . l I T
Solution. We have : tan™' x+tan™' y = T
Xty o7 x+y

= tan = — > T = lan—
1 =Xy 4 I=xy
X+

= =1 = x+y=1-xy
I—xy ’ ‘

Hence, x + vy + xv = 1.

Example 4. Prove that 3 sin”! x = sin™! (3x - 4x

4]

(N.C.E.R.T.; C.B.S.E. 2018; Jammu B. 2013;

H.B. 2
Solution. Put sin”! v =6 so that x = sin 6.
RHS. =sin"!(3 sin 8 — 4 sin’ 6)
= sin”!(sin 36)
=36

=3 sin~! x = LHS.

Example 5. If sin”! x = tan™ y, then show that :

T T (W. Bengal B. 2018)
X° y
Solution. We have : sin™! x = tan™! y
-1 L P
= s’ x = sIn =
\’I +3°

=

N 9 9 9 ) 2. 9 9
Squaring, x= (1 + y=) = y= = y=— x~ = x~ v~

Hence, L_ I - 1.
hl

Xy

Y

4 3 I 16 ’l 9
— cos|cos” SJI_X >s T
3

~ xXyl+y =y
\’l +y

o o gs 2.2
|Dividing by x=yv<]

CBSE-MATHEMATICS
INVERS
=T-FUNCTI

1
Example 6. Prove that 3 =x=1, then:

i =5 [ X 3-3x2 ] b 4
cos™ " x+cos —_—t— = —,
2 2 3

(C.B.S.E. Sample Paper 2018)

B

_ _ il
Solution. LHS = cos™ ' x+cos '[:+

|
cos™! v+cos™ [— \+—\/l— \-]

]

"4 s I s
6+ cos™! cos%.cos()+.sm:.sm()]

[Putting x = cos € so that Vi—2x? =sin b)

— O+cos™ ! cos(%— 0)]

(5

= T =RHS.
Example 7. Fmd the value of :

- al 4
sin '(Zlan lI)+cos(tan 12«/5).
(C.B.S.E. Sample Paper 2019)

o a1
Solution. To evaluate : sin '(2 tan II)

|
Put um’ll = fsothattan 0 = —
4 4
(l) /
2tan @ 4 1/2
Now, sin20 = = =
S I+tan 6 (l)' 1+1/16
1+
4
12 8
= e 17 1)

To evaluate : cos (tan™' 24/2) . )
Puttan™' 242 = ¢ so that tan ¢ = 3.b 3

1 2 /2
cos @ = 5 (2) a

1
e = o
Hence, sin l(llun '3-)+co.s(lun l2\/2)

8 1
— — e ine b (2
1773 [Using (1) & (2)]
24+17 _ 41
51 51°

Example 8. Prove that :

(3] (5] )4
tan” " |—[+tan” [—|+tan” " |—|=—.
2 5 8/ 4

(C.B.S.E. 2013; A.LLC.B.S.E. 2011; H.B. 2010)

\ — |I:HSE-MTHEHATII:S
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Solution.

LHS

]
—
—
=
-
o TN

r
N
+
—
=
=

|
P —
n | —
N —
N ———
+
—
e
=
|
N it

7+l
. -1.9 8 -156+9
= lan = 19
il 72-7
9°8
= tan™" go = y==— —RHS
= 65 tan~ () 4

Example 9. Show that :

= -1 8 -1 84
sin 12—sin ' = —cos 1=, (

5 17 85 |
(N.C.E.R.T.; H.P.B. 2011) ‘

- . ) . -1 8
Solution. Let sin ;-‘—X and sIn F=_\'.

3
sin x = z and sin y =—

. 2 9
sothat cosx =4/l =sin“x = [l - — =—
25 ’\

[ -:._’ 64 _
and  cosy=4/l—-sin~y= l—%—

Now cos (x = y) =cos x cos v+ sinx sin y

-5+ 5))

_60+24 _ 84
85 85
- (84)
= X—y =C0s —i
; 85
o8 e B 84
Hence, sin - ——sin - — — ¢O
5 17 85

Example 10. Prove that :
a5 reos™ () 3o 3528)
sin 3)7es \3)=38n (333s )
(P.B. 2018)

THEMATICS
RS
TI

CBSE-MA
INV
FUN

E E
=T- CTIONS

<il5 4
Solution. LHS = sin '(ﬁ)-i-u)s '(?)

. _,(120\/l 576 24 [ 14400)
=31 \Te9V ~625 T 25V 28561

169 25 169

'._,(120 7 24 119)]
sin —X—-I- X

1 . _(840+2856
=gl \usas

L., 3696 .
=3.\m 1735 = RHS.

Example 11. Show that :

2sin~! (2)— tan~! (ﬂ) = 1.
5 31 4

o
| W
|
e
—

. . o o] 3 g =] -
Solution. 2sin ; = sin »

[ 2sin” v = sin~ ! (2x

5
e} B
7) (1)

) .

| |

Now LHS = 2sin~ '( s) tan '(—)
(—) |Using (1)]

31
= tan~ —tan~
7 1

\ | = J—— |I:ESE-HATHENAI|I:S
l- STUDY CIRCLE INVERS E
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24_17
[ -1 7 -3_1' _|744_llq
=lan ——r—= =l —
24 17 2
gl 217+408
7 31
1 625 I
= lan —2{—-1.1“ (I
T
= — = RHS.
4

Example 12. Prove that :

a1l 1 n_1.-1al_2b
lan{4+2cos h}+tan{4 2C()S |)}—a.

(C.B.S.E. 2017)

—_—— -1a a
Solution. Put cos IE =6 so that cos 6 = b

s —tan(Z+ 8V 4 tan(ZE_8
LHS = tan (T+-i-)+ ldn(4 - 2)
l+lung l—l;mg
- = -
- lun% 1+ lung

2 |

(1+lan%)~ +(l—lung) '

26
1—tan =

2(l+tun20)_ B o
l—tunz-g cos2 O cosb
= 2
. 2 _2b .
= alb  a = RHS.

Example 13. Prove the following :

2t (4) - 2si..-n(2ﬁ].

3

(Meghalaya B. 2016; H.P.B. 2015;
C.B.S.E. (F) 2011)

M) -

Solution. Putting sin~! (%) = xand sin”! ( 3

we get :

I 2\2

sinx = 3 and sin y = 3
S 1
cos X = Jl —sin® x = 1—;

|EESE-HHHEH!TIES

INVERSE
=T-FUNCTIONS

'7,/5

9 3
- s 11
\ll—sin‘_\'?- "‘§= 9 =3

Now sin (x + y) = sin.x cos ¥ + Cos v sin y

-

S

and cos v

1 8 T
= —4+—=]=sn—
9 9 2
' b 4
= .\+y=-2-
2.2 7
= sin~! (—) +sin~! (“‘/j] = i
3 2

=~
=
=
=
=
=
~
=
=
=
=.
=
]
=
S
-
—

97 9 . _ (I 9 . {242
Hence, — —=sin™ ' |=| = —sin ! .
8 4 3 4

Example 14. Prove that :

a1 6x-83 -1 4 L
tan”'| —— |~ tan 5 | = tan 2x; 2x| <—=.
1-12x 1-4x V3

(A.I.C.B.S.E. 2016)

Solution.
= 6x—8x° ] _|( 4x )
LHS = tan " | ————[—tan -
1-12x~ 1-4x~
6x —8x° 4x
o 1-12x2  1-442
= tan 3
6x —8x° 4x
15 .

I—19%* 1-4%
-1 (6x - 83 )(1-4x%) - 4.\'(1 - 12.\'2)
tan = = 3
(I=12x")(1 =4x7)+ 4x(6x—8x7)

-1 6x- 8x% =241 +320° — 4 +48¢°
an 3 . < d -
1=12x" —4x" +48x" +24x~ - 32
\ I: I: n,,_m,,,I[:HSE-IH&THEIMTI[:S
A -_— LR R
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. ; 2 4 x—-2 (x+2) =«
%-é i) 20+ 16x° +32x =mn-| 2-\(l+8-: +16x7) Example 17. If tan-'( ’_4)+tan l(\-+4)=7’
I+8x% +16x* I +8x” +16x° :
il 9= RS find the value of ‘x’. (A.LC.B.S.E. 2014)
=tan™ 2x =
% Example 15. Prove that : Solution. We have :
1 1 1 1
1% tan~! -E+ tan! — +tan~! = +tan! == X, l,m—l(~""2)+l.m~l(-"“”2) T
5 7 3 8 4 x—4 x+4) T 4
% (C.B.S.E. 2016)
% Solution. (.\'— 2)+( x+ 2)
: . a1l a1l a1l arl > Wl MG inl /Y 7 S
% LHS = [tan” —+tan” ' = |+| tan” —+tan™ — +=2\(x+2 4
5 7 3 8 = )
7 r—=4/\x+4
&3 . L,
1 4 577 4 373 (x=2)(x+ )+ +2)x—4) 7
% =tan~! —=—L _ g tan~! 2O = = lan—
S I——xl l—lx— (x—d)(x+4)—(x=2)x+2)
e ’ 5 17 3 8 _
| 12 11 6 1 (x* = 2x+4x—8)+(x* +2x—4x—8) |
& = > > .
% = tan~! = + tan™! 3— tan™! ﬁ+ tan™ '3 (x*=16)—(x-—4)
% 6,1 2 —16 :
on-l_17 23 _ .o 138+187 325 = —/—p— =l = Boli=sl
% ; 6 11 391-66 325 | , '
l-gX; | > 22 =16-12 = 22 =4
% = v =2
V.4
% =un! (1) = 7= RHS. Hence, =27,
% Example 16. Solve for x : Example 18. If tan™" *:i-}-(an_l :Ii =7+ then find
an-1 s oy = taincl R "RCF ;
2 tan™ (cos xX) = tan™" (2 cosec X). (C.B.S.E. 2016) ihe vale o x. (A.LC.B.S.E. 2017)
% Solution. Here 2 tan™! (cos x) = tan™! (cos x) + tan™! (cos x) . kA
% Solution. We have : lun"'—::._i +lzl||-'—::1:‘ = %
| . _Cosx + COS X .l 2cos.x
% = | cosx.cosx o I cos® x | “'_j ‘:: "5
i e X = T
i ‘) tan _x=3 x+3 4
g 2¢os.x T
= tan~! — = tan~! (2 cot x cosec x) (1) x=4 x+4
| sin” x
& o ! ETIEHDH D+
| Now 2 tan~! (cos x) = tan™! (2 cosec x) (x2=16)—(x*=9) 4
% an~! (2 cot ¥ cosee ¥)=tan=} Dcosec x 5 5
[ => tan™" (2 col x cosec x)=tan™" (2cosec x) . (2 +x=12)+(x2=x=12) - x
% [Using (1)] ~16+9 =y
= 2 cot x cosec x =2 cosec x . 22 -24 _ ]
= COL X COSEC X =Cosec x —7 -
% = sin x=tan x sin x e 22-24 = -7
> either sinx=0 or tanx=1. i 22 = 17 - s _g
% | . 2
Hence,x=nm A ne€e Z or x=nm + T M me Z. 7
% Hence, x= &j=.
\ — |I:HSE-IMTHEIATIBS
% an INVERSE
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Example 19. Solve : (i) tan E+lan 3=3 o 2,-_:”_7 =)
X PB. 2015; C.B.S.E. 2010 C 5 5
V6 >x>0 ' ] ' = 1612 =821 —37% =0.
eey @ . -1 1 l » ) o
(ii) sin| sin - —+cos \x ) 831«/64:(‘+l92:r'
° Solving, t = o
(N.C.E.R.T. ; H.B. 2017; Jammu B. 2013) e
Solution. (i) We have : '8,1: l6x 3z =
X Ly o7 32 4 4°
tan™" —+tan” —= — .
- = & Wi Lo tan—=—1
Ty =— = lan—=-—1,
wen tan " x 4 Jhenxy = 4
XX
exmi] 2 -3 .Y b ¢ T
= lan : _(i)(ﬁ) =4 When tan' x = =7 then x = tan (_T)=—l'
2 3
= Hence, x=-1.
3x +2x . -1
an=] G Lt 7 . Example 21. Write : tan IxI>1
tan PRt - 2 , . p L}
> b—if =g :6>x2>0ie J6>x>0 x° -1
Sx T Sy in the simplest form. (H.P.B. 2013 S, 10 S)
= - = lan— > — =] el
Eid® 6— 2 Solution. Put x = sec 6.
= Sy=6-1>2> 2 +5x-6=0

[ Then \/,\~3—1 = \/sccz()—] = tan 6.
% GEEE=-D=0 = a6 1 l

: g l Sp |
Hence, =], [vx > 0] T e ——re = tan~! (cot 0)
o )
: =1 tan 6
o5 . ey | | =] . T
(if) We have : sin| sin ;+cos x =1 =sin—
) - - T
= tan”'| tan (L— 6)
1 xfite] N Tt 2
= sinm —+cos  x=—
5 2
T
s~ 5 il-ll co_lI B 7—0'
CoS  yY=—-—sin  — =cos -—. Z
= 2 5 5
1 Hence, tan~ ' —— = L
Hence, x=-—. 2 2
5 A=
' 572 Example 22. Prove that :
Example 20. If (tan~ ! x)2 -*-(cot_l x)? == then
8 1 2 N R S
find ‘x’. (C.B.S.E. 2015) 1+sinx 4 2 LY
bl
A - = Sa- (C.B.S.E. 2012)
Solution. We have : (tan™' x)% +(cot ™' x)* = -y
8 Solution. Here
(1) % 5
L()\ —“\ll] s
| | T Cos X 2 2
Puttan™ x=rsothatcot”™ x= T—1 e Y X X
2 I +sinx cos>= +sin? =+ 2sin-'—cos'—-
2 2 2 2
v ) - 2 )
5 by .
So(1) becomes : 17 +|——t| =— X . X X . o X
2 8 cos— —sin— || cos— + sin—
2 2 2 2
b < Ay = R
b o > Sa- XX
> T +——=at+1t 3 cos—+x‘|n:

\ [ = J—r— |EESE-IMTHENHII:S
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L e .
u).sg—sms
o e
u).s;+.sm;

X
| —tan =

|+ tan=
tan >

X
[Dividing Num. & Denom. by ¢os = |

(:r .\')
tan| = ==
4 2)°

Hence, um_' c.o; s Lt
| +sinx 4 27
Example 23. Prove that :
= -1 2x -1 3x=x" 1
tan”'x + tan™! 5 = tan l—z,lxl<—.
1-x 1-3x v3

(N.C.E.R.T.; Jammu B. 2018; Kashmir B. 2012 ;
A.I.C.B.S.E. 2010)

Solution. Put x = tan 8 so that © = tan™! x

. i 3x=o? _i[3tan6—tan’6
RHS = tan —|=tan |————
1—=3x~ 1-3tan~ 6

=tan”! (tan 30) =30 =3 tan~! x

-1 | —1_2x
x+lan —= LHS.

] —x“

=tan~ " x+2n~ x=1an”

[Property (d) (vi) (11)]
_1| acosx—bsin
Example 24. Simplify : tan . [M]
b cos x + a sin x
if 5 tanx>-1.
(N.C.E.R.T. ; H.P.B. 2013 S)

acosx—bsinx
Solution. tan™! | ————
COS X +a Ssinx

b - n

acosx—bsinx

| b cos x
=tan”~"' | ™™™
i b cos x + a sin x

b cos x
| Dividing Numerator and Denominator by b cos x |

EESE-HTHEHHIES

INVERSE
=T-FUNCTIONS

4 _an
——tanx
=tan~! | L2

a
|+ —tan x
b J

‘ a
=tan~! (ﬁ) - tan~! (tan x) = tan~! — - x.
h h

Example 25. Show that :

aylx-Jl-x a1 o 1

n = —-—¢08 X;———==<x=<1.
\/l +X +4l-x 4 2 2

(N.C.E.R.T.; Assam B. 2018; Jammu B. 2015W, 13;

H.P.B. 2015, 13 S; A.I.C.B.S.E. 2014, 11 ; H.B. 2013;
PB. 2013; Assam. B. 2013)

Solution. LHS = tan™

i JI + cos 20 - Jl — cos 26

Jl + cos 20 + Jl — cos 20
|Putting x = cos 26)

_,\/ cos> 6 — J sin” @
J’ms 9+\/ sin> @

—~1 cos @ —sinB
tan” | ———
cos 6 + sin@

tan=" 1 —tan@
=" 1+ tan @

[Dividing Numerator and Denominator by cos 6|

o itan" ) [lan (— - 9)]
4

/1 x 1 »
='——9 = e 008 !

4 4 2

= lan

]

x = RHS.

/
[ cos20=x=>0= :('().\'_I .\']

Example 26. Prove the following :
2

= e

(H.B. 2015

cos [lan" {sin (col'

s ALC.B.S.E. 2010)

Solution. Put cot™!x = 0 so that x = cot 6.

1
\/l +x2
ﬁ wakll)

CBSE-MATHEMATICS

ALY ==l e

ACCENTS EDUCATIONAL PROMOTERSs = T-FUNCTIONS

sin 0

= sin (cot™! x)
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; - | / 2
“ tan~! {sin (cot™! X))} = an | P .H_‘

B Ccos =
I+ $= e

|Using (1))
= | \'l +x” .
-1 1 2cosftan | ——|= ———- |Using (2)]
Put an” | ——=—=| =¢ «(2) \’l +.X° \/2 + x°

| o [ -1 |+
so that T =ln . Hence, cos [lun {sm (col ‘)}] | + x2

|Using (1))

Fast Track Answer Type Questions = FTATQ g

o A = -1_2x 2 1 3n P2 B A 4 . &b
1. ()2twn™ x= tan =, (iv) tan™ lunT (N.C.E.R.T.; C.B.S.E. 2011)

|—x*

(True False) (Jammu B. 2018)

n . - ;
) tan™! — | (V.CER.T; Ka: . 201
tid lssaed ey [5im=1 9 (v) tan (mn 5 ) (N.C.E.R.T.; Kashmir B. 2018)

(True False) (Jammu B. 2014) H
- (vi) tan (’ tan —) (C.B.S.E. 2013)

Gif) sin™! x + cos™! x = T (True/False) '

(Kashmir B. 2016) (vii) cos (scc'l x + cosec™! X)Ll > 1
Find the value of the following : (N.C.E.R.T.; H.B. 2012)
o s p o | e | WAl T

(@) () sin”! (“nT) (N.CERT) (viii) cot(tan” " a + cot " a). (N.C.E.R.T.)

‘ x l

; (b) sin 3 sin” 2 ;
e eo=1 7 g ;

(ir) s (“" T) (N.C.E.R.T.) (Karnataka B. 2014; Bihar B. 2014; C.B.S.E. 2011)
3. (a) Write down the value of cosec™'v + sec™!x, where

e il 4r : = 1. (Uttarakhand B. 2015)
(iii) Sin “'"T (A.I.C.B.S.E. 2010)

(b) If 4 sin”' x + cos™' x = . then find the value of x.
(C.B.S.E. Sample Paper 2018)

Very Short Answer Type Questions

T ) 1
4. Evaluate : (i) tan~ ' 14 cos l;+.«»|n '? (i) 3 cos~! v = cos™ M43 = 3y). x € [;. I],
o 5 (jhu'rkhuml B. 2016) (N.C.E.R.T.; Jammu B. 2015 W; Karnataka B. 2014;
(if) sec? (tan™' 2) + cosec? (cot™! 3). (W. Bengal B. 2017) H.PB. 2012. 10)
Prove that (5-9) : ] ' i
3 24 7 It (i) sin~!(2x J 2 )=2sin" - -
5. (@) 2sin”! = =an”! —. \/_ \/_
5 7 (N.C.E.R.T.; Kashmir B. 2011 ; H.B. 2010
(N.C.ER.T. ; H.B. 2017, 12; Kashmir B. 2015) = 1
. (i) sin~! (2x 1/[ —x)=2coslx, =< x <1

=

(A.I.C.B.S.E. 2013) (N.C.E.R.T.; Karnataka B. 2017; Uttarakhand B. 2015;
H.B. 2012;
H.P.B. 2012, 10)

(v

,3)=4—ﬁ

o i e B
(h) tan _’.\ln 1

= #

[ 13 -
(¢) tan l=gtan™! = = 2

5 % = (Mizoram B. 2017)

il

sl : .
(iii) 2tan~ly = sin (|+ 3)-—1515'
X

6. (i) cos™! (cosx — sinx) = 2x (H.B. 2012. 10) RS
\ I: I: Stnca 2001, |EISE-H!THEHATIES
ET| CBSE LR R

STUDY CIRCI.E INVERSE

ACCENTS EDUCATIONAL PROMOTERS = T-FUNCTIONS

2133919111311111111171999911111133}"



A IE I:
STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS

. -l 2xy1=x7
(iv) tan | —————

£y

]: 2 sin”! x when :

(Karnataka B. 2013)

|
S“ %)
t9 ph
]

|
—‘ES v<

Short Answer Type Questions

Prove that (10 - 12) :

2 Py | 4 3. 5 T | 16 T

10. (a) (i) Sin "—+sin  —+sin  —=—

5 13 65 2
(H.B. 2018; C.B.S.E. 2009)

(if) sin_|£+u)s i+l'm"ﬁ'-:rr

AT T
(N.C.E.R.T.; Assam B. 2018; H.B. 2017)

(h) M tan "1+ 24w 3=x

(C.B.S.E. 2010)
B a1 —j 2 7.3
(rf) tan —4+tan —=tlan —
2 11 4
(N.C.E.R.T.; Kerela B. 2018; H.B. 2017, 12; H.P.B. 2011)

1 .
(iif) 2tan” "= + tan =
2 7 17
(N.C.E.R.T.; Kashmir B. 2017; H.B. 2017;
Jharkhand B. 2016; Kerala B. 2016, 15; P.B. 2016;
H.P.B. 2013, 11, 10; P.B. 2012; A.I.C.B.S.E. 2011)
Py il a3
(iv) 2tan I ttan '==tan~'=
5 4 43
(Jharkhand B. 2013 ; PB. 2012)
R 142

|
3. et = 2 — )
(v) 2tan 5+lan 3 tan o7 (P.B. 2016)

| |
B ¥ gL el 1L 2o )
(vi) 2tan 7+lan 3 tan 3 (P.B. 2016)

(vii) tan™" >+ tan™" (PB. 2017)
- 3
(vzir) tan ':]T+lan 3—%co~‘. g
(Meghalaya B. 2017)

13 =13 18 &
(i) tan I—+l:m 12 —tan o=t
4 5 19 4

(A.I.C.B.S.E. 2009 C)

o
f—
.

| 4.1 0
(i) tan~! =+ tan™! 7+lun I—+lun ol

3 8 4
(N.C.E.R.T.; H.B. 2017; Kashmir B. 2013)
i -1 ] -1l_n
(ifi) tan —+tan —+tan —+tlan —=—
3 3 7 8 4

(A.L.C.B.S.E. 2010, 09 C)

19911111111111777177977111113131119
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=%

,xe [0, 1]

I+ x

(N.C.E.R.T.; H.B. 2017, 12; Jammu B. 2016;
Nagaland B. 2016; C.B.S.E. 2012, 10)

N N =
8. tan X = cos

| 1-Vx
9, tan~ (H—\/_] —l—lan ' Jx. where x> 0.

(H.B. 2011)
- \J‘ G E 0 E ;

g4, g 02 48
12. (i) €OS —+COS —=CO0S —
5 13 65
(H.P.B. Model Paper 2018 ; H.P.B. 2017, 15;
AlC.BS.E. 2012 ; C.B.S.E. 2010 C; P.B. 2010)
o il 08 S L i3
(11) sm 65 = s 3 cos

5
(C.B.S.E. (F) 2012)
Co_|l2+._|3 ._lﬁ()
s —+sin  —=sin
) 13 5 65
(H.PB. 2()17 15; A.LC.B.S.E 2012; C.B.S.E. 2010; PB. 2010)
_1 63 =f D 1 3
(iv) tan” —=sin" —+cos  —
16 13 S
(N.C.E.R.T.; H.P.B. 2016, 11)
Iy sin”' i + 'n_13 '1_'77
' sin. =—+sin  —==sin  —
LR 5 85
(H.P.B. 2017, 15)
el B o g ® T
(II) sin™ 17+\s|n 5 = tan ‘{_6
(Meghalaya B. 2018; H.B. 2017)
P R
(vi) sSIn  —+siIn  — = Ccos —
5 17 85
(Meghalaya B. 2013 ; C.B.S.E. 2012, 10 C; F.B. 2012)
B 2 in l‘; o |]7 " 4
) 2si -— —_———
(vii) 3 31 3
(Mizoram B. 2018)
o3, ]2 ., 56
, sin” ' —4+cos”T  — = sin | —
i 5 13 65
(C.B.S.E. 2010 C)
) . (ST _, 84
(ix) SN —-—sIn —=(C0S —
5 17 85

(H.P.B. 2016, 11; Kerala B. 2013; Kashmir B. 2013 ;
Uttrakhand B. 2013; 11; P.B. 2010)

= | 4 -1 3 -1 27
(x) cos —+tan —=tan —
5 5 11

(Meghalaya B. 2015)

Vl‘m_I o in~! S +cos™! 2
q) L —|=s —|+cos '|—].
(xi) 16 13 ¢ 5

(H.P.B. 2016; P.B. 2014)
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13. (a) Find the value of :

| - 1
(i) 4 (2 tan l;+ tan '7) (W. Bengal B. 2016)

_1 5v2 =
! f+2um E

—
(ii) 2tan '-;+scc

(H.B. 2015, 10 ; C.B.S.E. 2014)

-1(X (XY B—
(b) tan —|—tan |——|. (C.B.S.E. 2011)
y X+ y
14. Prove that :
—jab+1 -1 be+1 -y ca+l
col - — + cot — 4 COl —_—=().
a—b b-c c—a

15. Find the value of :

: 2
Uil . 2K = J=p

tan — | SIn =+ Cos ~i
2 l1+x*° 1+ y©

where lx <1, y>0and xv < 1.
(N.C.E.R.T. ; Jammu B. 2015, 13 ; C.B.S.E. 2013)

) T | -1 a
16. Prove that tan T+§c()5 =

e ( T 1 _ya ) 2b
an| ——=-cos =—
4 2 e b a

(W. Bengal B. 2018)
17.  Solve the following equations :

- - T
(i) tan ' 2x + tan I3.\'=-—..\'> 0
(N.C.E.R.T; H.P.B. 2018; Kashmir B. 2016; Bihar B. 2014)

=i ®l v =1 [X=l
(if) tan (:)“‘"‘ '(T =tn~' (-7

. (A.L.C.B.S.E. 2009 C)

(iii) mn"(u) +um"(“r ]) =Z i<l
x=2 x+2 4

(N.C.E.R.T.; Kerala B. 2017; Kashmir B. 2016;

Tripura B. 2016; H.B. 2015, 12 ; H.PB. 2013, 10 ;
Jammu B. 2013 ; A.I.C.B.S.E. 2010 ; C.B.S.E. 2010)

- 5 tem a
(iv) sin (1= x)—2sin l.\'=-;

&

(A.LC.B.S.E. 2015)

S ')_—l-,_._l').,...z_
(v) 2tan” (sinx) = lan (-:su.\)..\#’

-

(C.B.S.E. (F) 2012)
(vi) 2 tan~! (cos x) = tan~! (2 cosec X)
(N.C.E.R.T; H.P.B. 2018)

i -1 ] e i
(vii) tan~! (x +2) + tan~! (x = 2) = tan % .
x>0 (C.B.S.E. 2010 C)
-1 -1 -1 8
(viii) tan  (x+D+tan  (x—=1)=tan '#_l x>0

(W. Bengal B. 2017, P.B. 2015, 14 S)

CBSE-MATHEMATICS
- .
INVERSE
=T-FUNCTIONS
T
(iv) tan'+2)+tan-! x-2)= T: x>0
(P.B. 2015)
tan”! i ; —ll'm_ vae>0
et l+x) 2 7

(N.C.E.R.T.; Karnataka B. 2017; H.B. 2015, 12 ;
C.B.S.E. (F) 2011)

L— 2x ! -x* =z
(x7) tan = +col ——=—1x>0
1— 22 2x 3

(H.B. 2012)
=13
(xii) co.\s(mn_l x) =sin (col 'I)
(C.B.S.E. 2017; A.I.C.B.S.E. 2013)

(xiii) sin [cnt' "x+ l)] =cos(tan™' x)
(C.B.S.E. 2015)

(xiv) ’_’tan_'(sin.\') = lun_l(Zscc.\'): O<x< %
(C.B.S.E. 2010 C)

(.\'v)cos(sin_l xX)= (Assam B. 2017)

19—

18. Solve forx:tan™! (x = D+ tan”' x + tan™! (x + 1)
= tan~! 3x. (A.I.C.B.S.E. 2016)
19. Solve forx:

il 2x —if1-x°
3sin '( "",)—4 cos™! I “,
l+x- I+ x~

- )
+2tan l(l_‘

20. Write the following in the simplest form :
-1 cosx T b4
(i) tan e | i, G S
| =sinx 2 2

(N.C.E.R.T.; H.PB. 2017, 16, 14, 10 S; Meghalaya B.
2014 ; Jammu B. 2012)

% —1[ cos x —sin x
(i) tan |————| X<
cosx + sin .y

(N.C.E.R.T.; HPB. 2017, 16, 10; H.B. 2012, 11 ;
Jammu B. 2012)

cos X+ sin x

€os x —sin \) O<x<x

-1
(iiiy tan (
(Kerala B. 2014)
N ¥
(iv) tan M | | % |2
al al

a” —x-
(N.C.E.R.T. ; H.PB. 2018, 17, 138, 13, 108, 10; H.B. 2014)

- 1 + .\'2 -1
(v) tan ' |————|, x#0
X

(N.C.E.R.T.; H.B. 2018; H.P.B. 2018, 17, 13S; Karnataka
B. 2017; Kashmir B. 2015; H.B. 2014 ; Jammu
B. 2014, 13; P.B. 2010)
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(vi) tan~ x> 1. (N.C.E.R.T.)
v =1
21. Prove that :
j ~1 [l = L cos! PB. 2010
i) tan | =—=cos 'X (PB. 2010)
) 1+ x 2
1,
Lo 422 |2
(if) —tan” X = cos  |—F/——
2 2\/1+.\'2
(Rajasthan B. 2013)
22. (a) Prove that :
R g [ e ﬁ Io 'z (PB. 2013
1) Lk cos” Z (PB. 2013)
N T
\/l+ X +l- -1
(ii) tan” + ~cos™ x”

\/I+\ —\/l—\ &

(H.B. 2018, 15, 13; P.B. 2013)

Long Answer Type Questions

B 4 <IZX -y m
26. If an~ ! =+tan~' =+~ ===, prove that :
xr yr o 4
Cey+t=r (H.B. 2010)
s . I ¥ -1y
27. () If cos™' =+ cos r = q, prove that :

a )

(iif)

23. Iftan

24. (i) If cos™! x + cos™

25. Show that sin [Col_l {cos (tan™! .\')}]=

EESE-MTHEHHII}S

INVERSE
=T-FUNCTIONS

= —+=—cos "X,
l+.\'+ l=x 4

(H.B. 2013)
(h) Prove that :

I +sinx + 4l —sinx X
cot™! \/ ik J — =l-~\'€((). i)
Jl+sin .\'—\/l—.xin x) 2 4)

(H.B. 2018; Assam B. 2017; Jammu B. 2015;

H.P.B. 2015, 13, S; C.B.S.E. 2014, 11)
<

v —tan~' z = 0, then prove that :
(H.B. 2011)

v + cos™! z = 1. prove that :

(H.B. 2010)

-l y + tan

N4 V4=

|
bl bl )

X+ v+ 75+ 2oz = 1.

(i) 1f sin™! x + sin”™! v+ sin”! z=a,

.\'\,I -2 +y \[l—'\-2 +;\/| -2 =

(Assam B. 2016; W. Bengal B. 2016)

prove that :

e 1 /.‘:\f] 10) A

)

v 5.3
5 cos a + —-= SIn~ .
a- ab b~

"
X 2xy

72X 1y
(i) If cos ' =+ cos™'==9,
2 3

prove that 932 — 12xy cos 8 + 4y2 = 36 sin” 6.

Answers

1. (i) False (ii) True (iii) False.

5 LT . 2 o T

. (a) (1) 7 (17) 5 (1i1) 5

2 n n i

(v) —— (v) & (vi) 2

(vit) = (viii) O (b) 1. v
b 4 ] LA
3. (a) ? (b) 3 4. (i) 1 (if) 15.

n e y
13. @ @O aay Ze =, 15 XXY
4 4 1=xy

17 (i) : (i) 2 (iii) % : (iv) =

' 6 N7 2

T ' T

(v) T (vi) not or mx +:' cmon€el

B
(vii) — (viiiy = (ix) J6 —1

" X (x) \/—

3
(xi7) 2—\/5 (xi1) : (iii) — 5
T 3
(xiv) — (xv) 4
4 2
o
18. .‘_—\/5' 19.
q b LT ) L.
20. (i) T+? (if) I—.\ (iff) :+-\

| -1 RY -1
) —l Ry i) "= SCC S<iX
(v) 2ldll X (vi) = \

I ¢
(iv) sin 1=
a

\ I: I: e |EESE-HATHEIMTIES

STUDY CIRCLE INVERSE

ACCENTS EDUCATIONAL PROMOTERS 2 T-FUNCTIONS



A

i g

STUDY CIRCLE

Sinca 2001...

NIT-JEE | NEET | CBSE

ACCENTS EDUCATIONAL PROMOTERS

—J—'— Hints to Selected Questions

' 3 3 9
5. (@) 2sin”'= =sin"'|2.=Jl-—
5 5 25

3
b) Put sin” ' —
(b) S 2

. - ]
[‘.'sm A (2xN1—x*

B _,(6 4) . _,(24) _,(24)
= Sin — X =—|=8In — | =tan — .
55 25 7

I ; 3
=xso that sinx = I g

lan(l sin~"! 3) " x  sinx/2
an|=s 7 = lan—=
4 2 cosx/2
. X 5 X
2sin—sin—  2sin”~ —
2 2 l—cosx

" X, X sinx
2cos—sin—
) 9 )

1-714_4-7

3/4 3
6. (i) cos~! (cosz.\' — sin? X)r= cos™! (cos 2x) = 2x
(if) Put cosT x= 6.

7. (i) Puttan™ x

'y = 6o that x = tan 6.

8. Put lun"\/; = 0.

10. (a) (i) Put sin™!

4 0 and si —I'5 -
s = and sin 3 =¢
h 0 = . d
so that sin 3 and sin ¢ = IER
3 12
2 cosG:gandcostp:ﬁ.

Now  cos (0 +¢) =cosb cose¢—sinfsing
3 12 4 5 16
= =Xe———X—=
5 13 5 13 65
O+ = l.ﬁ
¢ =cos 63
-1 P | 5 -7t P | |6
> sm —+sm — =—-—8S1In —
13 2 65

131111711171317131713371339999999991%

=2sin~! .\']

L B
INVERSE

|[:BSE-I|ATHEHATI[:S
SET-FUNCTIONS

11.

14.

17.

(vi)

(x)

18.

.l g T L
1 = |tan” —+tan —|—tan | —
(1) LHS 7 3 T)
' 3.5
R 8
= tan™! 4}5.‘ lan"'( )
g 19
4.5
(31w ()
=tan” ' |—]|—tan” ' |—]|.
11 19
LHS. = tan™" a—b tar b—c tan™" c—a
s | +ab 1+ be 1+ca
= (lan‘l a—tan~! h)+(um_' b—tan™" c)
+(tan" c—tan~! a)= 0.
i/ _,(.\-+1) _,(.\-—1) »
(if) tan” ' |——|+tan”  |——| =tan”'(=7)
x—1 X
x+1 x-1
o=l x |
- —I "'_ '. = v e —
= tan ]_""H 1[5 -7
x—1 X
\'(\'+l)+(\'—l)' , 7
= \(\—l)—(\ —l) -7=> 2% -8x+8= etc.
| —1 2cosx
2tan™' (cos x) = tan ' |————
l—cos™ x
_,(2005.\‘)
= lan =
sin” x
= lun‘l ‘(2 Ccot x cosec x).
e [ L ot
x| = " =
l_-.
> wnly = ?.um"(-—‘)
I+x
) l—x
-1 l+x
=tan ————elc.
=)
]
l+x
tan' (x-1)+tan' x+tan' (x+ 1) =tan' 3x

=

tan' (x=1)+tan' (x+ 1)=tan"' 3x—tan' x

.. -1 (x=D+(x+1) .l' -1 3x—x
1—(x=D(x+1 = o 1+ 3x(x)
t -1 2x . =1 2x
an 5 = lan
2—x" 1+ 3x
2x 2x
y = 5 . CIC
2—-x 1+ 3x°
\ Stom 2001 |EHSE-IMTHEI“TIES
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Find the principal values of the following :

i),

5 s 5o g T 14
Solution : Letsin™ (-1) =y, == Sys—,
: b4
siny=-1 = y= 5
o o3 b/
Hence. the reqd. principal value = 3
(V3
2. cos I(— .
2
- ~i¥3)_
Solution : Let cos S |=»O0sy=sa
3 n
cosy=— = COSYy=C(COS—
; 2 6
14
= Y =i
: 6
T

Hence. the reqd. principal value = e

3. cosec™! (2).
[Solution : Refer Q. 7(i) : Ex. 2(a)]

4. lun_l(—ﬁ).

[Solution : Refer Q. 4(i) ; Ex. 2(a)]

| 1
e 1 =io
5. cos ( 2)'

Leltcccccecceccccceccecccccccce

(For each unsolved questlon, refer :

(iv) Putx=asiné.

(v) Putx=tané.

(vi) Putx=secé.

X v i
22. (b) 1+sinx = cos-2—+sm—2- and

26.

10.

11.

- s P .
\/l —Sin.xY = CcosS——Ssin—-
2 2

CBSE-MATHEMATICS
INVERSE
=T-FUNCTIONS

-1 Xy

12 -1 X
Put tan~'== = A.tan 1= =B,tan™' ==

Xxr yr

H NCERT-FILE
Questions from NCERT E

“Solution of Modern’s abc of Mathematics”’)

B

oo ; e

Exercise 2.1

r

[Solution : Refer Q. 3(i) ; Ex. 2(a)]

tan™! (- 1).

[Solution : Refer Q. 4(ii) : Ex. 2(a)]

).

[Solution : Refer Q. 6(i) : Ex. 2(a)]

col_l(\ﬁ).

Solution : Let cot™ ' (3) = v.0<y<a.

coty= s,ﬁ

b4
= y=—.

6

Hence, the reqd. principal value = ==.

wt)

9

6

[Solution : Refer Q. 3(iii) ; Ex. 2(a)]

cosec™ ! (-\/3 )

[Solution : Refer Q. 7(ii) ; Ex. 2(a)]

Find the values of the following :

an= 1+ cos= =) 4 sin= 1 -
tan (1)+cos —|+sin —1.
2 2

Solution : (I) Let tan~! (1) = x,

AEP =
STUDY CIRCI.E
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n
tanx = | = x=— (1)
4
]
(I1) Let cos™ (— -;)=.\'.0$ y<m
| n
COS y=——=—COS—
’ 2 3
‘ n 2n
=Cos| M ——|=cos —
3 3
2n
= Y= — (2
] 3 )
=- Tt<_<7|:
(III) Let sin —~ =7 ——2-_‘_3-
sinz=——=-sin—=sin| ——
2 6
= ::—E (3)
6

Exercise 2.2

—
!\)

13.

14.

CBSE-MATHEMATICS
INVERSE
=T-FUNCTIONS
n 2n
=—t——— Using (1), (2) & (3
i [Using ( :)& ]
| on n
=—@3n+8n-2N)=—=—
12 12 4
1 -
gos"(—)+2.~;in '(—)
2 2
[Solution : Refer Q. 11 ; Ex. 2(a)|.
If sin™! x = y. then :
LI,
(A)O=sy=snm (B) —3 ¥ ?
T s
(C) O<y<m (D) > 3 >
[Ans. (B)]
tan~' V3 —sec” l(=2)is equal to
A B -2
( ).JT (B) 3
4 2n
(C) 3 (D) % [Ans. (B)]

Prove the following :

1. 3sin”'v=sin~! (?\—4\ ), \E[

Nl—-
wl—-
—_

[Solution : Refer Ex. 4 : Page 2/12]

_ _ 1
2. 3cos 'x=cos!(4x =3y, .\‘E[:.l]

[Solution : Refer Q. 6(ii) : Ex. 2(b)]

i) i
I —=an~!
24

. _ I
3. tan 'ﬁ+lun =.  (H.PB.2016, 14)

17

24

tan

"
Solution : LHS = tan™" ﬁ+ tan

2

-1_11 24
2.7

11 24

an

I.\‘ =tan~"!

] - Xty
ctan T x+tan
I—xy
< 48+ 77
264—-14

Aar

—=1tan
250

tan

131

17°
[Solution : Refer Q. 10 (b)(iii) ; EX. 2(b)]

! 1
4. 2tan l—+wn™'==1wn
2 )

Write the following functions in the simplest form :

tan x#0.

a2 =1
|
—

[Solution : Refer Q. 20 (v) : Ex. 2(b)]

1
tan” ——=.1xI>1,

\/.\'2 -1

[Solution : Refer Q. 20 (vi) :
= ’l —Cos X
tan —_—lx <7
1+ cosx )

Solution : LHS = lun"(

Ex. 2(b)]

I—=cosx
| +cosx

= tan~

1o | = |12 ]=

['.' I—cos 26 = 2 sin’ é:1+cos2b = 2cos? 6’]

-1 2 X =1 X X
— lan tan®—| = tan lan=—|==—.
2 2 2

—1{cosx—sinx
tan” ' | ———|.0<ux<um,
cosx+simny

[Solution : Refer Q. 20 (i) ; Ex.

X

——.lxl<a
’ 2 2 ¢
a~=x

[Solution : Refer Q. 20 (iv) : Ex.

\ = 1> CBSE-MATHENATICS
l‘ STUDY ””' INVERS E

ACCENTS EDUCATIONAL PROMOTERs = T-FUNCTIONS

2(b)]

tan”~!

2(b))
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3aiy—x°
10. an '1—

a’ —3ax

](:>()T5 \ST.

(H.P.B. 2016, 13)

v \.3
3aix—x" 37—;_‘.
- . = = =1] @ 5
Solution : tan = tan~ | —4|.
a® =3ax’ 3x*
1— 3
a-
X =X
Put — =tan @ sothatf = tan " —.
a a

*. Given expression

_|(3lun9—lu|13 0
tan” ' | ————————

= ) = tan™! (tan 36)
1-3tan- 6

X
30 =3wn" ' =
a

Find the values of each of the following :

1
s 2ase]9gn—12
11. tan [Zu).s(lsm 2)]

o P |
Solution : tan '[2cos(2mn '-;)]

l'm_'(’ —l-)=l'm_'(l)="1
2. 7

2
12. cot (tan™! a + cot™! a).

[Solution : Refer Q. 2 (viii) ; Ex. 2(b)|

I i 23 1 1-y?
13. tan=|sin 5+ cos T sl < 1, v>0 and
2

< 1+ x°

xy<l.
[Solution. Refer Q. 15: Ex. 2(b)]

. 1 o . .
14. It sin(sin '?+cm l.\')= 1. then find the value of “x".

3 : . -1 i
Solution : sin{sin ;+cos x)=1=sin>
e | | -1 T
= SsSm —=4+Ccos X =—
5 2
1 a . =1 |
= COosS"x = > sm 5
1
= cos'l.\ = COS ;

g P " x) |
tan~" 2cos(2.—) =tan '(2c05—)
6 3

CBSE-MATHEMATICS
| B |
INVERSE

=T-FUNCTIONS

= o

cncee, X = 5

15 1Pun "_'H‘..,‘_“:_ then find the value of *x’".
x—=2 x+2 4

[Solution : Refer Q. 17(iii); Ex. 2(b)]

Find the values of each of the expressions in Exercise
16t0 18 :

16.

17.

18.

19.

5 _|( _JT)
sin” | sin—|,
3

[Solution : Refer Q. 2(i): Ex. 2(b)]

( .‘J )
tan” | tan—
4

[Solution : Refer Q. 2(iv): Ex. 2(h)]

-

a3 3
;+u)l S

L] 3 =
tan| sin g+cnl -1

Solution : tan (sin

et} ~12
lan(lun —<tan -
4 3

3 2
_+_
= T AT B
= lan| tan l"—}’ =lun(lun l—)=—.
1-—x= 6 6
4 3
= ) .
cos COST is equal to :
A Tn B S
(A) 6 (B) 6
0 = D) = Ans. (B
()3 ()6. [Ans. (B)]
N A B\ | R
sin 3—>m =5 is equal to :
1 1
(A) E (B) ;
1
(@) ] (D) 1. |Ans. (D)]
tan~ " (V3)—=cot™" (=/3) is equal o :
b4
(A) 7 (B) =%
€) 0 (D) 2/3. [Ans. (B)]

| b - |n15£-ummm:s
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Miscellaneous Exercise on Chapter 2

Find the value of the following :
_ 137
1. cos l(CO.\ )
6
_ 137 2 b4
Solution : cos™ (cosT) = COS '(cns(z:r+z))

| T T
= COS COS—|=—.
6 6

n
2. tan~ (l.m—)
6
[Solution : Refer Q. 2(v): Ex. 2(b)]
Prove that :

3 124
I = wan~! =
]

3. 2sin”
[Solution : Refer Q. 5(a); Ex. 2(b)]
‘ i3 117

—=tan~ ' —,
5

1 8 .
—+sin
17 36

4. sin~

Solution : Let LHS = 6.

ino =l (oo™ (3]

o 5o )
venfn1 (oo™ (3]

)

8 4 15 3 77

17 5 17 5 85

Then

. 17
= 6= sin —,

a7
85

8
== lan
5

H in~! g +sin”
enee, S —itS
Ccnee l7

4 -112 -133
—+Ccos —=Co0s

S 13 (ﬁ
[Solution : Refer Q. 12(i): Ex. 2(b)]

v _156
F+Slll ?—sm —_—

5. cos”!

6. Cos

[Solution : Refer Q. 12(iii): Ex. 2(b)]

Li68 .. _il5 i
—=sin" ' —+cos~
16 13

[Solution : Refer Q. 12(iv); Ex. 2(b)]

7. tan”

1 | -1 | = | -1 | b 4
—+tan —+tan —+tan —=—,
5 7 3 8 4

[Solution : Refer Q. 11(ii); Ex. 2(b)]

8. tan~

CBSE-MATHEMATICS
| B |
INVERSE
=T-FUNCTIONS
Prove that :
9. tan~ ' lLO '(l )\E[()l]
g X ==CO0s
’ 2 I+ x
[Solution : Refer Q. 8: Ex. 2(b)]
o 1+sinx ++/1=sinx X n
10, cot='|Y = J > ‘):l..\-e(().—).
Ji+siny=+l=sinxy) 2 4
[Solution : Refer Q. 22 (h): Ex. 2(b)]
[ VI+x=V1-=. |
11. tan '( Al ‘)=———L0 '\——s x=1,
I+x+y1-x) 4 2 NE)
[Hint : Put x = cos 260
[Solution : Refer Ex. 25: Page 2/17]
971 9 1 9, 1242
12 %——sm I§=ISil] l {
Solution. Putting
NG
sin”! (l) =xvand sin~! ("Jj] =y, we get :
3 3
V2
sinx = 3 and sin y = :
3. % 4 | I
COS X = 4fl=sin" x = 9
\/E 22
— 9 = 3
= 8 1 1
and Cos ¥y = 4Jl—=sin~y = I—;: 3=3
Now sin (x + ¥) = $in.x cos ¥ + €os x sin ¥
1\(1) [242)(242
= [=||=]+ —
5655
108 x
= —+—=]=sIn—
9 9 2
. b 4
= V4 Yy o= >
§our 8-
= SIn + sin = =
3 2
- : W2 9(x
= —|sImn -; + sin 3 =3\3
[Muhipl_\ ing by —]

97 9 9 . _,[2v2
Hence, -—T-—sm" —]- = —sin~! .
8 4 3

3
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Solve the following equations :

13. 2 tan™! (cos x) = tan™' (2 cosec x).

[Solution : Refer Q. 17 (vi) : Ex. 2(b)]
—1{1=x 1 _
14. tan l(rl)=glaln l.\'.(.\'>()).

[Solution : Refer Q. Ex. 17(x); Ex. 2(b)]
15. sin(tan”' x), lx | <1 isequal to:
¥ v |

(B) Jl—,
-

(A)

iy

l—x

(C) 77—

Y

I+ x°

(D) [Ans. (D)]

X
Vi+ X .

16.

17.

CBSE-MATHEMATICS
INVERSE
=ST-FUNCTIONS

b4
sin (1 = x)=2sin™! x= 5. then.xis equal to :

Questions From NCERT Exemplar

Example 1. Prove that tan (cot™! x) = cot (tan™! x).
State with reason whether the equality is valid for all
values of x.

Solution. Let cot™ x = 6. Then cot 8 = x

|
g=Eg, |
w |

The equality is valid for all values of x.
[ tan™! 'y are true for x € R|
Example 2. Find the value of tan (cos™

T =
= [;."](7—0) =yx = lan

-

.lan (col'l X)=tan @

b4 b4
= cot (——9) =cot (7—““

= tan (4;01'I X) =cot (lun'l X).

xand cor”
1 x) and hence

8
evaluate tan|cos™'—|.
17

Solution. Let cos™! x =6 so that cos @ = x, where

6 e |0,
-1 \/l—cuszﬂ \/l—.\-2
“tan(cos” ' x) = lan@ = -
cos@ Ry
|_(i)- 15
8 17 17 15
Hence, tan (cos"' 1—7) == wm R rk
17 17

Example 3. Prove that : cot™! 7+ cot™ 8 +cot™! 18=cot™! 3.

Solution. LHS =cot™! 7+ cot”™' 8 + cot”! 18

1 1 |
=(lun '—+tan™'=|+1an™'—
7 8

h 18

| |
(A)QE m)L?
|
()0 (D) == [Ans. (C)]
—1fx Y=y
tan” " [—[—tan is equal to :
y xX+y
‘n T
(A) ? (B) T
C - D L A (&
(@) 1 (D) T [Ans. (O)]
TEAES. Wi
= tan~! 1 + tan '(—)
LY 18
7 8
- _,( | )
=lan —+tlan |—
11 18
3 1
= tan”' 1_18 |2 xy < /]
R :
l__ )
11 18
i '3
= lan 195— an 3 =Co = RHS.

Example 4. Find the value of :

2 <
sm(2lan l3)+cos(lan ! ﬁ) .

3

Gt -1= =
Solution. Let tan Pty and tan™'/3 =y

"

so that tanx = % and tan y = 3.

.
Now sin (2 tan™" ?) + cos(lun_ : \ﬁ)

. 2tan x ]
= sin2x+cosy = — 4 .
l+tan~ x \/] +tan” v
2
2=
an B L1 13 1 31
T irpBe 1B 2 2%
l+'§ 1+(+/3) .
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Exercise
. o 3 ' | 4
Find the value of cos™" (UU“T] " 7. Evaluate : cos[sin"':+scc" ! ?] .
8. Find the value of the expression :
Evaluate : {"m( )} ‘ 1
.sin(2 lan_l;]+cus(lun_' 2\5)
-1 \3 9. Solve forx:
Evaluate ; sin” " | cos|sin =l |
< () sin~'xy+sin~'(1—y)=cos™ x
-3
Find the value of su.([an %) in terms of y. (i) cos(tan™'x) = Sin(col 14_1.]
5 10. Find the solution of the equation :
Find the value of sin[2 cot™! ( ‘—_)):I |
12 tan~! v - cot™! x = l;m_’(—).
Which is greater tan 1 or tan™ T2 ‘/5
( Answers |
" , % , x W5 -7 . 14 5 ,0'1 B
= - VR - T . 15 .(:).2(11)4-
> 120 10. 3
- = 5 —. . tan 1. * :
> 44y 169 6.tan |

Revision Exercise

T i WK

1. Show that :

I x|
(i) sec (cosec™! x) = = Jforlxl>1
" =1
bl
o 1 l—x
(ii) cos (2tan™' x) =
|+ x~

2. Prove that :

|
(i) sin (tan~! 1) =f

2
(i) coscc[tan_! (— \/5)]=—ﬁ.

= 1 il ] oo
3. Solve : 3tan™! [ ] —tan~! (—) =tan~! (
2443 X

. - 13}, -1(12)_ ™
4. Solve : SIn +sin " |[—|= S
X X 2

Solution. The given equation is :

sin —| +sin” |—|= —
X X 2

)

(D)

= o[- ()
2 2 ol '(%]J=

Hence, x = 13. [ x == 13 does not satisfy (1))

37
&

e 3
5. Show that : (i) sin ! [\mf]#

What is its value ?

- - Sa| 5=
(11) tan tan * o
6 6

What is its value ?
CBSE-MATHEMATICS
I
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6. Prove that :

Fx+cor' x+ D=tan ! (P +x+ 1)

(i) tan™
T
(ii) cor™! 3 + cosec™! ﬁ:-;

7. Prove that :

sec? (tan~! 2) + cosec? (cot™! 3) = 15.

EESE-HATHEHHII}S

INVERSE
=T-FUNCTIONS

8. Prove that

~—1| [[a=b)1anb
e [ (T)_]

—1[acos@+b

= COoS (—) (Assam B. 2017)
a+bsiné

J.x=2.
—1% Hints to Selected Questions

1. (i) Putcosec™' x=6 (i) tan”' x=6.

1 _12-43

3. tan™' = tan =tan”'(2-4/3)=15"
2443 4-3 V3
7. Put tan' 2 = Qandcot™! 3=¢
so that tanf = 2and cot ¢ = 3.

.. n
5.() — (i) - —.
6

LHS = se020+cosec26=( l+lan20)+(l +colz¢)=(l +4)+(1+9)=15.

4% CHECK YOUR UNDERSTANDING

1. Write the domain of fix) = tan~! x.

(Jammu B. 2015 W)

Ans. R.
. 1 l
2. Write the principal value of sin™ |5].
(Jammu B. 2016)
A b4
ns. =
3. Write the principal value of tan~'(+/3)+cosec ! (-2) .
A E:
ns. —.
6
N -1 _z
4. If sec "(x)+cosec EY iy then find x.
A q - I
ns.x= 3.
5. Iscos ' (—x)=a—cos” 'y, xE [-1.1]?

(State True/False)
Ans. True.

v/ AR /i

Find the value of sin (sec™! x + cosec™ x). Ix 1> 1.

Ans. 1.

Write down the value of tan™! x + cot™! x, x € R.
T

Ans. o

3
Write down the value of 2 sin™' ;

24
Ans. sin”'=.
9/

-
Find the solution of tan “Poy+ran ! 3x= T x> 0.

1
Ans. —.

6

-

~1| [1=x" -1 ‘

Is tan > |=5C08 "X tue ?
I+x~ <

Ans. Yes.
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' SUMMARY
' INVERSE-TRIGONOMETRIC FUNCTIONS
% Inverse Trigonometric Functions
Inverse Trigonometric Properties of inverse
Functions trigonometric functions
X > X
é by
1 J
% v
% a g 2. Properties :
L ﬂ (@) x=sin~! (sin x) = cos™! (cos x) = tan~! (tan 1) : etc.
= Ty |
%_E_-J Function Principal Value Branch (b) (i) cosec ly=sin"!'= x21orxs-1
- X
Domain Range |
(ii) sec ' x=cos”!=x21 or xs-1
@ y=sinlx | -1<xg1 _Es \'Si *
: g 3 -1 -1 1
(iif) cot” ‘x=tan  —,x>0.
X
3 N | P S =)
% O T L B & e (¢) (i) sin”' (-x)==sin"'x,xve [-1,1]
(). =g Isxsl _0"‘ =k (i) cos~' (=x)=m-costx,xe [-1,1]
TR T I ) T T Gii) tan™! (=x) = - tan~' v, v e R
() y=tan™ x | —eo<y<eo sewsie Y <3‘ (iv) cor'! (=xv)=m-cotx,xe R
- (v) sec (—x)=m-sec! x, IxI21
(vi) cosec™! (= x)=-cosec™! x, I x121.
(iv) y=cot~\x —o < ¥ <o O<y<nm ' : . T
' (d) (i) sin_ x+cos x=—, xe[-11]
4 7
| Sx<e l OS.\'<: -
2 - -1 -1 T
(v) v=seclx J l (i) tan x+cot =X eR
. | . o w
é —o<y<—| 7<.\'Sn (iif) sec I'v + cosec '.\'=7. lx1>1
: i gl = —— i
T (iv) tan " x+tan "y =tan o<l
' lSx<eo O<ys = _ 1-xy
(i) v= cosec™ly 1 - l o 1 sy
‘ (V) tan "x—tan "y= —, x> -
T _ 1+ xy
—o<x<-| - =<y<0 »
2, iy -1 sl 2K I . 2%
(Vi) 2 tan”" x =sin = = COS == lan
1+ x° 1+ x° l-x
% (e) (i) sin'l.\'j:sin'l‘v=sin'I (.\'\/l—.\'2 ty \/l—.\': )
% (i) cos™'wvtcos™ y=cos™ (v F \jl o g \/l iy Y
i \ I: I: smenzoo. MCBSE-MATHEMATICS
-— IIT-JEE | NEET | CRSE L
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&% MULTIPLE CHOICE QUESTIONS

n

1193211711771111713119331111333113

9

(C)0sys (D)0=y=<a. (PB.2018)

v
~

i s 1\
The principal value of sin 1 (— is :

NE)
b 1
(A)Z (B)?
C z D a H.PB. 2018
( )3 ( )4 (H.P.B. 2018)

o Y
The value of sln(cos -;-) 18:3

4 " 3
(A) 3 ( )5
2
(C) ; (D) None of these.

(H.B. 2018)
Identify the function from the following figure :

b Y
=]
2
< } } >
-1 0 1 X
2
2
v
(A)tan~' x (B)sin~' x

(Cycos~' x (D) cosec™! x.

(Kerela B. 2018)

sin”! (l) is equal to :
2

(A0 (B) =
6
1 l > 2

(C) > (D) 3 (P.B. 2017)
. e 5 =1 1Y &
(i) Principal value of cos =] is:
A b4 B px 5
( )3 (B) 3

F14 b4
(C) -3 (D) s (H.P.B. 2017)

10.

11.

13.

Principal value of cot

A:t
()6

2
(C) T

p FOI' Boafd Exammatlons 7. (i) tan” l(\/;)—col_ I(—-\ﬁ) is equal to :
1. Ifcos™ x= v, then : T
P P (A) == (B) 23
(A)=Fsys=7 B)-#=y=a -
- “ ) 0 (D)x (H.B. 2017)

(-

B:t
()_‘

(D) (H.B. 2017)

- 4 .
The value of cos '(cosT IS :

47
(A) 3

)0

2%
(B)T

(D) n. (Nagaland B. 2017)

5
e (27| .
The value of sin '{sm(—'; )} is :

2
(A)T

C_zt
()3

If sin”! x=y, then:

(A)0=syv=snm

(C)0<y<m

-1 3
tan" | tan— equals :

3

(/\)T

C:r
()4

iy
()3

2
(D) —T.

(Mizoram B. 2017)

b4

~

4
(B)-=sys

JT<.<.«T
(my =y,

(H.P.B. 2016)

B:r
()4

(D) None of these.

(H.P.B. 2016)

i i 1) .
Principal value of sin ' (—7 is:

AS:r
()6

T

(C) e

Al

(P.B. 2016)
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14.

If sec™!

| =
—+ cos
'y

cos

(A)

The value of lan

—
o

T
(A) 5

C:(
()4
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x = cosec™

= {2 cos (2sin~

Since 2001...
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v, then the value of

|
T will be :

21
(B)T

5
(D) = . (W. Bengal B. 2016)

1
l?)} is :

B:r
()3

b 4
(D) =—. (Mizoram B. 2016)

6

11777121117131111713917331117133%11)

|
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18. The value of cot|cosec™ ?+lun_l ?) is :
5 . 6
(A) 7 (B) 17
C - D >4
ST D) 77
(A.LLE.E.E. 2008)

19. If0<x< 1, then:

, R
1412 [{.\'cos(col-l .\‘)+sin(col-l .\'} —l] =

X
(A) 1+ B (B) x

Vi+x
©) 147 D) J144%-

(LLT. 2008)

23 n
20. The value of 001‘2 COI—'(H"Z 2/\‘]] is :
k=1

n=|

(Single Correct Answer Type) 23 25
v ; A) 5T (B) BT
(JEE-Main and Advanced) 25 B
23 24
v 5 5 ) == (D) ==
16. If cos™ ' x - cos™ S =« then 4x~ — 4xy cos « + y~ A 23
= (I.L.T. (Advanced) 2013)
is equal to :
.3 o =1 12X |
(A) 4 (B) 2sin-« 21. If tan” y=tan x+tan (l ,). when “Kﬁ'
e o d
oY 520
(C) —4sin-« (D) 4 sin- . then a value of v is :
(A.LLE.E.E. 2005) g : 2
. , " 3x—x B) 3x+x
17. If sin™! (%) + cosec™! (:) = 7. then a value of x I—3x I=3x
e 3x—a° v+
B € T (D) ——
(A) 3 (B) 4 I+ 3x 14+ 3x
©) s (D) 1. (A.LE.E.E. 2007) (LEE. (Main) 2013)
[ Answers
1. (D) 2. (D) 3. (A) 4. (B) 5. (B) 6. (B) 7. (A) 8. (O) 9. (B) 10. (B)
11. (B) 12. (B) 13. (C) 14. (D) 15. (O 16. (D) 17. (A) 18. (B) 19. (C) 20. (B)
21. (A).
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—% Hints/Solutions
> RCQ Pocket

-1 -1
16. (D) We have: €OS x—=cos —=0

.
= .\'=cos(cos '-';-+a)

1 Y.
= |sin o
A

~

=1 ¥ : 2
= COS ( Ccos ' 7) COS 0L — s1n (cos

‘ 2
y v
==CosO—4f/l ——sina
2 4

~
= 2x=Yy C()sa—sinot\/-l—.\"

5 2
= 2x—ycosO=-sin0y4—-y .,

. 7 3 hl i
Squaring, 4x~ + v~ cos” o — 4xy cos o

o v I )
=4sin~a— y~sin~ a
&) 9 wie 57
= 4x- —4dxy cos 0L+ y- =4 sin- O

.y X -l 5 T
17. (A)sin 3 + cosec 3 =?
X - 4 s
3 + sin y = >
=snr! = - F_gn! = =cog! = =sin! 2
) 5 —2 5 ' 5 5
=3 =3
=1 =
18. (B) cot|cosec ?+lun 3
13 12
= cotftan —+tan —
4 3
3 2
_+_
-1 4 3 i
= cotjtan =———7| =cot|tan —
| 3 2 6
4°3
= cot|cot™! o —i
= C C ]7 — |7
19. (C)
Here
2 - . S 172
\/l o e, o [{.\-cos(col : X) + sin (cot l.\‘)}2 - l]
r q1/2
XCos|cos™
I + 47

_

+sin|sin”
\/I + 22

COLOOUCTTTCTTetteetttCCcecceCe

| I
J

20. (B) Let

- 1/2
5
X 1
=41 +x _’+ -1
\’I+.\" 1+ x~
2 02 = 2
(x+1-=1 vyl +x
23 n
cnlz cm_l(l+22k
n=I| k=l
23
= cot ) cot” (142014 2+t n)
n=l|
3 (n+1)

- nn
_._colZcol l(I+2 = )
n=I| -

23

= colzcol_'(l+n(n+l))

n=l|

— cot L T
= 5% z =3 (I+n(n+l))

n=|

—1f (n+D)—n
— cot tan s
= z . (I+(n+l)n

23
=L()lz tan”'(n+1)—tan” 'n)

n=|

=cot [{(tan~! (2) = tan~! (1)} + {(tan~! (3)

g ) | . + {tan™! (24) — tan~! (23))

col [ tan

cot[tan”

‘)} ‘)Q
1= [=cotf cot™' == |=
35 = col| col 23 |=

= —1 24-1
l(2«1)—mn l(I)]=col[lun '—]

1+ (24)(1)

(8]

S
3

o

= - 2x
21. (A) We have : tan™! y = tan 'x+1an ]( = )

Hence.

l—x"
+ 2x
x 5 3
1 1—v® | 3v—x
= tan ————=tn ——~5
2% 2
1—x |- 3.\
¥ ]
|—x-
3
3x—x
'S 3
| —3x~
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