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INVERSE

TRIGO-FUNCTIONS
T nrn

~alet [—

AlsoO0<4n-12<nrm
INVERSE TRIGONOMETRIC So cos ™! (cos 12) = cos™! (cos(@4m-12))=4nm-12
FUNCTIONS AND FORMULAE (iii) tan (tan™ x) = x if — 00 < x < o and tan™"
Function Domain Range (tan 6) =|9 if-7/2<f<nl2
y=sin"x 1<x<1 —nR<y<al (iv) cot (]cot‘ X)=xif —eo <x<ooand
y=cos ' x -1<x<1 0<y<nm cot” (cot ) = 0if 0<b<n
y=tan ' x —eo<x<oo ~mW2<y<m2 (v) sec (sec”! x)=xiflxl>1 and sec”! (sec ) =6
y=cot” x —e<x< oo 0O<y<m if0<0<m 62
y=sec x —o0<x< -] 0<y<my#m2 (vi) cosec (cosec"x):.\' if lx| > 1 and
or 1 Sx<eo cosec'(cosecB) = if -2 < O< 1/2, 0#0.
y=cosec ' x —o0o<x<-] —-m2<y<m,y#0 b)) () sin'x+cos'x=m2, -1<x<1
or | <x<oo (i) tan' x+cot! x=m2, —co<x<oo
ceey ] gL gt e
(a) (i) sin (sin”' x) =xif -1 <x< 1 and sin”" (sin 6) = 6 (R (9C R0 BB - llé s
if-m2<0< 7R <3 ;
.. o ”/2_?1_ W . . (¢) (i) sin'x=cosec” (1/x), —-1<x<1,x#0
(i) cos(cos  x)=xif-1<x<1andcos (cos ) (i) o P— (1/x) (&xz ] 20
=0if0<0<n . =34 X), —-lsxs 1,0
(iii) tan™' x = cot™ (1/x), if x>0 and
> : tan”' x = cot™ (1/x) -mif x < 0.
| Ilustration | 1 @) (i) sin™ (=x) =—sin"' x,

os”! (x)=m—cos ' x (=1 <x< 1)
(i) tan”' (=x) = —tan"' x,
cot™! (—x)=m- cot™ x (=0 < x < )

Find the value of sin™ ' (sin 12) and cos”! (cos 12)

Solution: 4 & _g <l12<4rn

cosec”! (=x) = —cosec”' x (Ix1> 1)
So sin ~! (sin 12) = sin™’ (sin(12 - 4m))

=12-4rn
(e) (i) sin” x+sin”' y=sin™ [.n/l ~y +y\/l—x2J if-1<x,y<1,x*+y*<lorifxy<0,x* +y*> 1
= m—sin™ [.\f\/l—y2 +y\/l—.\‘2J if0<x,y<1, 2 +y*>1
=—sin”! [.\'\/l—yz +y\/l—x2J -7 if =1 <x,y<0,x*+y*>1.

| Ilustration | 2 ﬁ

Find the value of

12 3 ._12\/7+3\/5

sin = +sin = +sin
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Solution: 0 < g.§<] and (2)“+(EJH ]45
34 3) 14) T

1 2 . - 247 + 345
12

So,sin = +sin = +sin
3 4

) _1[2{ 9 3 4} L 2NT+35
=nr-sin (= l-—+—,l-=[+s81D  ——m0w—-
3V 16 4V 9 12

T35 2T 435
12

=m—sin =

(ii) sin™ x—sin™" y =sin”’ { \/1 —v\/l—x } if -1 <x,y<1,x*+y* < lorifxy>0,and x* +y* >1
= m—sin”! [x\/l—.vz —)’\/I—xz ] if0<x<1,-1<y<0,x" +y >
= — sin™! [x\/l—y2 —yy1- 2 ] _r i1 <x<0,0<y< 1,2+ >l

(iil) cos” X + cos” ]j
:COS [x‘_\fl_ \jl_\ } if—]Sx,ySl,x+y20
=2m—cos” [x_v—\,'l—x:\,'l—yz] if-1<x,y<0,x+y<0

(iv) cos' x=cos ','

=cos”! (xy+\} \H— ) if-1<x,y<1l,x<y
=—cos! (xy+\,il—x2\}l—y2) if-1<y<0,0<x<l,x2y

+ v
(v) tan’lx+t'am"y=tan’l (lx }] ifxy<|l
+ o
=m+tan” (x y] ifxy>1Lx>0,y>0
1—xy
+
=tan"(x y]-rr if xy>1,x<0,y<0
1—xy

[ Dlustration | 3 f

Find the value of

tan”' (1/2)—tan™' (=3)—tan" ' (= 7)
Solution: 3<0,-7<0, (-3)(-7)> 1
Sotan' (1/2) —tan' (-3) —tan”' (-7)

=tan' (1/2) - [mn'l i] +r=nm
1=(=3)(=7)
(vi) tan™' x - tan”’ y=tan" (x—yJ if xy > -1
1+ xy
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:[an_l(x_’v]—n' ifx<0,y>0,xy<-1
1+ xy
1| X=y ¥
= 7T+ tan [ ) ifx>0,y<0,xy<-1
1+ xy
(vii) tan™ Ihx =£+tan"lx ifx<1
I-x) 4
= tur! g 25 ifx>1
4
1 I-x T -1 .
(viii) tan =——tan Xx ifx=-1
1+ x 4
—tan'x- % if x <=1
4
5 . 1 1
() (i) 2sin! x=sin™ (2x /1-2%) if — <x< —
2 3
=m—sin"' (2x \1-x%) if L <x<
NE)
=sin~' (2x \ll—xz)—?r if—lS):<—L
V2
(ii)2 cos ' x=cos™! (2x* - 1) if0<x<l1
=m—cos (2X*-1) if-1<x<0

| Illustration | 4 ;

Find the value of

oo (3)
Solution: cos (2cos" {—%)J
= cos (n—cos*' [2 x%— 1))
o ({3
oo ()

(iii) 2 tan”" x = tan™ (1 er if-1<x<l
- X
2 o
=m+tan” [ er ifx>1
_-r—
=tan_'[ 2x’ - ifx<-1
1—x"
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If an expression contains

2 2 2 2 2 2
Ja -2, + 22, -a

simplify them by applying the following substitution.

A\
N 7
2
™
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® Example 1: If cos”'x + cos™! (2/3) = (7/2), the value

of x is
(a) 1/3 (b) V5/3
© 5/2 ) 1/2
Ans. (b)
Solution: cos™' x=7/2 —cos™ 2/3
(5o 3)=sineos”(3)
= x=cos| ——cos™ = |=sincos™ | =
2 3 3

_ oAl
9 3
® Example 2: The value of

4 4
cos (3 cos™! g) + sin (3 sin”! g) is equal to

(a) — 1 (b) 0
(c) 4/5 (d) 1
Ans. (b)

Solution: cos [0 (4% (4/5) —3x4/5)] +
sin [sin™ (3x4/5-4x(4/5)°)]
= 4% (4/5)° 3% (4/5)+3x (4/5) - 4 x (4/5)° =0

Expression Substitution
a-x x=asin O (—£<9<EJ
2
[B . 7B T T
a +x = ——<0<—
x=atan 6 ( 7 2)
x2 — q? x=asec0 (0<b6<nm
5 /1 T
\/az—x2 and \/a2 +x% (Both) x*=a’ cos 0 (_Z<9<2)
SOLVED EXAMPLES
Concept-based

Straight Objective Type Questions

® Example 3: A value of x for which
sin (cot“'(l + X)) = Cos (tan™ X) s

(a) —(172) (b) 1
() 0 (d 172
Ans. (a)

Solution: sin (cot™(1 + x)) = sin (7/2 + tan”' x)
= cot”™! (1+x)=n/2 + tan”' x

= X) =—tan (tan"l X)=-—Xx

= 1 +x=cot (m/2 + tan
= 2x==1=2x=-(1/2)

® Example 4: The number of solutions of the equation
sin”' x =2 tan "' x (in principal values) is

(a) 1 (b) 4
(c) 2 (d) 3
Ans. (d)
Solution: Let x = tan 6, then sin”' x =2 tan™' x =26
= x=sin20= 2tan79 = 2/‘-7.
l+tan“ 0 1+ x°
= x(P-1)=0=x=0,%1
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® Example 5: The principal value of tan”" (cot 437/4) is

(a) —3m/4 (b) 3m/4
(c) m/4 (d) —=m/4
Ans. (d)

Solution: tan' cot (11 7— 7/4)
= tan! cot (—m/4) = tan”! (= D)=—=(m/4).

® Example 6: 2 cot™ (7) + cos™! (3/5), in principal value

is equal to
(44 ) s ( 44 )
1 1
a) cos | — b) cot” | —
@ (125 ®) 117
(d) cosec”! (ﬂ)

(c) tan”! (ﬂ)
117 125

Ans. (b)

Solution: 2 cot™ (7) + cos™ (3/5)
=2 tan"! (1/7) + tan™" (4/3)

= tan™' Lﬂ, +tan”! (4/3)
1-{1/7)*
=tan"' (7/24) + tan”' (4/3).
o _(7/24)+(4/3) _ ] £=cot_1 4
1-(7/24) x (4/3) 44 117

® Example 7: Number of solutions of the equation
(sin”'x)3+ (cos".\')3 =21 is

(a) O (b) 1
(c) 2 (d) infinite
Ans. (a)

Solution: sin”'x< /2, cos'x< 1

= (sin']_\')3 + (cos"x)3 < —

So the given equation has no solution.

® Example 8: If cot (cot”'x — tan"'x) = 24/7, then the

values of x are
(a) —(3/4), (4/3)
(c) —(3/4), (4/3)

(b) (3/4), (4/3)
(d) (3/4), (4/3)

® Example11: Ifx=1/5,the value of cos (cos'I x+2sin”! X)
is

(a) —y24/25 (b) /24/25
(c) —1/5 (d) 175

/ K \ V50N
/ \ p \ \ A
N 28/ < 2 \
N 4 D) \. S—¢ .

\ 2
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Ans. (b)
Solution: cot (cot™'x — tan”"x) = 24/7
= cot (7/2—-2tan™" x)=24/7
= tan (2 Ian"lx) =24/7
S =AU
1-x° i
= 12 +7x-12=0
= Bx+4)(4x-3)=0
= x=-(4/3), (3/4).
@ Example 9: cos (2 cos™'x) + cos (2 sin"'x) = 0 for

(b) two values of x
(d -1<x<1

(a) all real values of x
(¢) no value of x
Ans. (d)
Solution: cos (2 cos‘l.\‘) + cos (2 sin"'x)
=22 -14+1-2x%=0
for all x for which cos 'x and sin"'x are defined ie— 1 <x< 1.
® Example 10: The value of
tan [sin_l (7/\/%) +cos™! (l/\/%) +cot™! (]/7)] is equal to

@ 7 (b) V50
(c) 161/73 (d) 73/161
Ans. (c)

Solution: Let sin”' (7/\/50) = 6 = (7/4/50) =sin @
= cos 0= (1/V/50)

= tan 6=7 = cot 6=1/7.
So tan [sin™" (7/7/50) + cos™ (1//50) + cot™ (1/7)]
=tan(30)
3tan 6 — tan’ O
1-3tan’ 6

3x7-T _ 7x46 _ 161
1-72 146 73

LEVEL 1
Straight Objective Type Questions

Ans. (¢)

Solution: The given expression is equal to

cos (cos'I x+sin' x + sin”! x) =cos (/2 + sin”! X)

=—sin (sin"I x)==x=-1/5.
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® Example 12: tan ' (1/11) + tan~' (2/12) is equal to

(a) tan~' (33/132) (b) tan ' (1/2)
(c) tan ! (132/33) (d) none of these
Ans. (d)

© Solution: tan~' (1/11) + tan"'(1/6)

1 1
*_+_

: 1
= tan~! —”1 61 =tan™' (—7)
l—-—x— 65
11 6
® Example 13: The value of sin”! (sin 10) is
(a) 10 (b) 3m-
(¢c) 10-3m (d) none of these
Ans. (b)
© Solution: y= sin ! (sin 10)
= siny = sin 10 =sin 3z + (10 -371))
(3r<10< 3+ 1/2)
=—sin (10 -37)
=sin 37 -10)
= y=3r-10
® Example 14: If sin™' x + sin~' y =27/3, then
cos ' x + cos !y is equal to
(a) 2m/3 (b) n/3
(c) 6 d) =
Ans. (b)
O Tx+cos'y=6
then sin ' x+cos Tx+sin'y+cos ' y=271/3+6
= = + L. 2—” +0 = 6— —
2 2 3 37
) Example 15: sin~! (1-x)-2 sin™! x = /2, then x is
equal to
(a) 0,172 (b) 1,172
() O (d) 172
Ans. (¢)
© Solution: sin'(1-x)=7/2+2sin"' x
= l—x=sin(7z/2+25in"x)=cos(2sin‘lx)
=2(1-x%)-1
= 2x2-x=0 = x=0orl/2

But x = 1/2 does not satisfy the given equation.

Hence x = 0.

® Example 16: Ifx, y, z are in G.P, tan~' x, tan”! y, tan”' z
are in A.P., then

(@ x=y=zory#1
(b) x=1/z

(c) x =y =gz buttheir common value is not necessary
0
d x+z=y
Ans. (¢)

—~ . -1 ”
© Solution: x,y,zareinG.P = y =xz

tan~" x, tan™! Y, tan”' z are in A.P.

= 2 tan™! y= tan~' x +tan”' z

" 2 1 x+z
= tan ! 24 5 | = tan '

1=y 1—xz

= 2y = x+zasy2=xz,
= X,y,zare in A.P.
So x, y, z are in A.P. and are in G.P.
= x =y = z for any real value of x.
® Example 17: If cos x4+ cos™! (y/2) = o, then

4% - 4xy cos o+ y2 is equal to

(a) 4sin’ a (b) —4 sin’ o
(c) 2sin2a (d) 4
Ans. (a)

© Solution: cos a= x(y/2) +\/1— \/l y%/4)

= (2003a—xy)“=(1—x)(4—y)
= 4 cos* at—4xy cos o =4 — 4x* - y*
= 4x?—4xycos o+ y? = 4(1 - cos® @) = 4 sin® o
) Example 18: If sin™! (x/5) + cosec™! (5/4) = n/2 then a
values of x is
(a) 1 (b) 3
(c) 4 (d) 5
Ans. (b)
© Solution: sin~' (x/5) + cosec ! (5/4) = m/2
= sin~! (x/5) + sin~! (4/5) = n/2
= sin™! (x/5) + cos ' J1-16/25 = 7/2
- sin™' (x/5) + cos ™! (3/5) = w2
= x=3assin x+cos x=m2V x.

® Example 19: tan~' (1/4) + tan™" (2/9) is equal to

(b) sin~' (4/5)
(d) tan™' (8/9)

(a) (1/2) cos ' (3/5)
(c) (1/2) tan~" (3/5)
Ans. (a)
© Solution: tan~' (1/4) +tan”! (2/9)
-1_Y4+2/9
1-(1/4)(2/9)

tan™' (17/34) = tan™" (1/2)
If 6=tan"'(12) =

AEP
STl S?U.Y CWCLE

tan 0= (1/2)

(ITT) it
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2 tan O 4

sin20= ————=—,c0s 20= —
l+tan" 6@ 5
= 6= 23 cos™! g
2 5
5y s 2x =]
® Example 20: sin > | =2tan" x for
1+ x~
(a) Ixl>1 (b) x>0
(c) IxI<1 (d) allx e R.
Ans. (c)

2%
Solution: —% <sin”! (H_xzj S%

— —(m/2) £2tan~' x<(n/2)
S —(n/4) <tan”' x < (n/4)
= tan(—7/4) <x<tan (7w/4)
= -1<x<L1 = IxI<1
® Example 21: cot™! [(cos a)”z] — tan”! [(cos a)m] =X
then sin x =
(a) tan’ (0/2) (b) cot® (0/2)
(c) tan o (d) cot o
Ans. (a)
Solution: x = (7/2) -2 tan~' [(cos a)”z]
= (m/2)-x =2tan" [(cos @)%
1

=5 tan (7r/2—x)=M

l—cosa

2(cosa)'1
= cotx= ———

l-coso

2 4cosa [lwhcosoz]2
= cosec x= 1+ ==
(I-cosex)” \l—cosax

: 1-cosa  2sin’ (at/2)
= sinx = = .
l+cosax  2cos” (x/2)
= tan (@/2)
1

® Example22: Thetrigonometricequationsin ' x=2sin"'a
has a solution for

1
(a) all real values of a (b)) lal < ﬁ
(c) lal> = (d) l<|a|<L
2 2 2
Ans. (b)

Solution: sin”' x = sin ! 2a\/1 - a® iflal < 1/V2

ST\ AT
§ S 8 24
i —F -

N\
@u NVERSE
G O - FUNCTIONS

/\
N

= X= 2aﬁ which is possible
if x’=4a’(1-d)<1 [ -1<sin'x<1]
orif4a*—4a® +120if 2a*-1)*>0

which is true, so lal < 1//2

® Example23: If0<x<1and 0= sin”' x+cos”' x—tan"'x,
then

(a) O /2 (b) 62m/4
(c) 6=m/4 (d) W4<6<m/2
Ans. (d)

1 1 1

Solution: 6=sin™' x + cos” x=m/2—tan" x

Since0<x<1 = O<tan'x<m4 = m4<0<7.

X —tan

® Example 24: If x>0, y>0and x > y, then
tan”! (xly) + tan”! [(x + ¥)/(x —y)] is equal to

(a) — /4 (b) m/4
(c) 3m/4 (d) none of these
Ans. (¢)
+
Solution: Since —.—2 >1. The given expression is
P X—=3
equal to
X x+y
. + - -
7+ tan”! A e
X_x+y
l——%——=
y x-y
2 .2
+
=7 +tan ———2 —=n+tan"'(-1) = 37/4.
—(x"+y7)

® Example 25: The principal value of
sin”! (—\/5/2) +cos™! cos (77/6) is

(a) 5m/6 (b) w2
(c) 372 (d) none of these
Ans. (b)

Solution: sin™' (=+/3/2) =—sin™' (V3/2) = - /3

and cos™! (cos (77/6) = cos™! cos (21— 57/6)
=cos! cos (57/6) = 57/6
Hence sin™! (- \/5/2) +cos”! (cos 77/6)

= —(n/3)+(5n/6)=(n/2).
® Example 26: The value of cos ™' (=1/2) = 2 sin”'(1/2) +
3cos™! (- 1/\2 )—4 tan™! (=1)is equal to

(a) Tm/4 (b) 11m/4
(c) m/12 (d) 257/12
Ans. (d)

AEP INVERSE
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Solution: The given expression is equal to

(27/3)=2x(m/6)+3x(3m/4)— 4 (-1/4) =257 /12.

1+ x% -1
® Example 27: If tan™! ik =4 thenx =
X
(a) tan2 (b) tan 4
(c) tan (1/4) (d) tan 8
Ans. (d)
© Solution: Taking x = tan 6, tan” bk =1
Sol Taking Bt X
s
— i sec 6 —1
tan 6
_y I—cos@ -1 ( 9)
= tan - = tan tan —
sin 0 2

=(1/2)8=(1/2) tan™" (x)

so that according to the given condition,
(1/2) tan'x=4 = tan'x=8orx=tan8$.

® Example 28: sec’ (tan™' 2) + cosec” (cot™' 3) is equal to

(a) 1 (b) 5
(c) 10 (d) 15
Ans. (d)

Solution: The given expression is equal to
1 +tan® (tan_l )+ 1+ cot? (cot"l 3)
=1+4+1+9=15.

® Example29: The equation 2 cos x=sin"! (2xV1- x° )
is valid for all values of x satisfying

(a) —1<x<1 (b) 0<x<1
(c) 0<x<1/\2 @) 1/32 <x<1
Ans. (d)

© Solution: If we denote cos ~'x by y, then
since0<cos ' x<7m = 0<2y<2m (1)

Also since —7t/2 < sin”~ ! (2x\/]—x2 V< 7/2
= — /2 < sin” ' sin (2y) < /2

= -n2<2y< W2 (2)
From (1) and (2) we find 0 <2y < /2
= 0<y<m/4 = O0<cos' x<m4

which holds if 1/~2 <x<1.

1
® Example 30: Iftan”' —— +tan”' +
1+2 1+(2)(3)

LT //*\>

¢ )/ : S \

oy O QTS
N

@u NVERSE
G O - FUNCTIONS

L P

+ ...tan' ————— =tan"' 6, then 6=
1+(3)(4) l+n(n+1)
n n+1
a) — b
= n+l ) n+2
n n—1
c d
() I1+2 () n+2
Ans. (c)
Solution: tan™' ; =tan" "H—_"
l+n(n+1) l+n(n+1)

=tan”' (n+1)- tan” ! (n)
so that L.H.S. of the given equation is

tan”'2—tan"' 1 +tan” '3 - tan_'2+---+tan_'(n+])
1

—tan”  n.
=tan_'(n+l)—tan_ll
— n+1-1 -
1+ (n+1) n+2
so that tan~ ! =tan"'0 = 6= L .
n+2 n+2

® Example 31: A value of x satisfying
tan”'(x + 3) — tan”' (x — 3) = sin"'(3/5) is

(a) 0 (b) 2
(c) 4 d) 8
Ans. (¢)

Solution: tan"(x +3) - tan"(x -3)= sin"'(3/5)
tan) (x+3)-(x-3)

= tan”'(3/4)
1+ (x+3)(x-3)
= L, =z ==16
l+x* -9 4
= x==x4.

® Example 32: If x = cosec (tan”'(cos(cot ' (sec(sin”'a)))))
a € [0, 1], then
(a) PY-at=3
(c) ¥-a=2
Ans. (b)

© Solution x=cosec[tan_'[cos[cot"[ l ]]]]

= cosec(tan"(cos(sec"'( 2~ ))))

1 ]
Dl

= cosec(cofl \/2 -a’)= \/3 i
= L+ad’=3

AEP INVERSE
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(b) *+a*=3
(d) C+at=2
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® Example 33: If sin"'(san) + cos"(cosTn)

_,( an) _,( —197:) ar
+ tan —tanT + cot cot = —

b

where a and b are in their lowest form, then (a + b) is equal to
(a) 17 (b) 20
(c) 23 (d) none of these

Ans. (b)

© Solution: We have L.H.S = sin”'(sin(57 - 271/7)) +
cos N(cos(7m—3m/7)) + tan” (~tan(27w - 37/8)) +
cot"(— cot(3m - 5n/8))
= sin"'(sin(27r/7)) +cos (- cos(37/7)) +
tan"(tan(3n/8)) - cot"(cot(Slt/S))

2r 3. 3n Sm
= +T—-—+—+—

7 7 8 8
=137n' B —a+b=20

® Example 34: If 0 <x < 1, the number of solutions of the
equation tan”'(x — 1) + tan'(x) + tan”'(x + 1) = tan™'(3x) is
(a) O (b) 1
(c) 2 (d) 3
Ans. (b)
© Solution: tan"(x— 1)+ tan"l(x+ 1) = tan"'3x — tan”'x
(x=D+(x+1)
I—(x+1D)(x=1)

_ 3x—x
1+ 3x?

=

- 1+3x%=2-2% x#0
= x==x1/2,so0x=12as0<x< 1.

® Example 35: tan'(tan 4) — tan”'(tan (=6)) +
cos”'(cos 10) is equal to

(a) O (b) &
(¢c) -m (d) 57
Ans. (b)

© Solution: 7<4<312 =0<4-mw<al2

:tan"'(tan 4h)=4-7 -‘stan(4-m)=tan4
2n—-6€ (—m/2, m/2), tan 2wr—6)=—tan 6

= tan'(tan (=6)) = tan”'(- tan 6) = 27— 6 and

4r—-10€ (0, m), cos(dmr—10) = cosl10

so the given expression is equal to

4-n-2r-6)+4n-10=nm

® Example 36: If x < —1/4/3 , then the value of
o

3tan”'x — tan”’ equals
1-3x%
(a) - (b)
(c) —m/2 (d 0
Ans. (a)

G O - FUNCTIONS

© Solution: Let x = tan6, then x < —1/+/3

= tanf< -1/N3 = -n2<0<-nl6
= 312 <360<-m/2
= -m2<nm+360<m/2
.3
SO 3tan”'x — tan™' h—r’
1 -3x"

tan"(tan3 0)
tan"'(tan (r+306))

= 3tan'l(tan0) -
= 3tan”'(tan6) —

=30-(mr+30)=-
® Example37: sin~' (4/5)+sin~' (5/13) +sin~' (16/65) i
equal to
(a) 0 (b) m2
) m (d) sin~'(63/65)
Ans. (b)

© Solution

sin”! [(4/5)\/1 -(5/13)* + %\/1 - (4/5) ] +sin~' (16/65)

= sin~[(4/5) x (12/13) + (5/13) x (3/5)] + sin~" (16/65)

sin”' (63/65) +sin”' (16/65)

cos™' y/1-(63/65)* +sin”' (16/65)

(16/65)=1/2

1(16/65) + sin”™"

® Example 38: If tan”' (1/4) + tan™' (2/9) = (1/2)cos™' x

then x is equal to

(a) 172 (b) 2/5
(c) 3/5 (d) none of these
Ans. (¢)

© Solution: (1/2)cos™ x
= g 1/4)+(2/9) _
- 1—(1/4)2/9)

= lcos'l [—l —(l 4)}
2 1+(1/4)

INVERSE
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Assertion-Reason Type Questions

® Example 39: Statement-1: The sum of
_1(7) _,(19) 4t +3
cot | —|+cot | —|+...+cot +.... upto
4 4 4

infinity is tan™'2.

X, =%,

-1
X, —tan "X,
1+ x,_x "

n
Statement-2: z tan”! =tan”

r=1 r
Ans. (a)
Solution: L.H.S in Statement-2 is

n
2 (tan_l W= tan™" x,._,) - tan"x,, = tan"x()
r=1
= Statement-2 is true.
In Statement-1, the given expression is equal to

itan_I 4 -itan_l .

ST R =T 150 =14

itan" (r+1/2)-(r-1/2)
S L+ 1/2)(r-1/2)

lim [tan"'(n+ 1/2)—tan"(1/2)]

n—o0

(using statement—2)
= 7/2 —tan”'( 1/2) = cot"( 1/2) = tan'2.
So Statement-1 is also true.
® Example 40: Statement-1: The equation

1
(sin” Jr)3 + (cos"x)3 = a7 has a solution if 3—2 <a< %

Statement-2: 0 < (sin”'x — 7/4)> < 97/16.

Ans. (a)

Solution: —7/2 < sin”'x < /2

= -3m/4 <sin”'x - /4 < /4

= (sin”'x — 7/4)* < 97°/16

= Statement-2 is true.
(sin"'x)3 + (cos"x)3 =ar

= (sin"'x + cos"x) [(sin"x +cos x)? - 3sin"xcos"'x] =ar
= 14 - 3sin"'xcos'x = 2ar’
= sin"'x(w2 - sin"'x) = (1 - 8a)/12
= (sin"'x)2 —(m2)sin”'x + (n2/12)(l —-8a)=0
= (sin”'x — m/4)* = (7°/48)(32a - 1)
using Statement-2,
0 < (7°/48)(32a - 1) < (97°/16)
= 0<32a-1<27 =1/32<a<7/8.
= Statement-1 is also true.

® Example 41: Statement-1: If 1/2 < x < 1, then

cos ' x +cos”! {% + —‘3_23”-] =n/3

Statement-2: sin”~"' (2x\/l - xz) =2sin"'x
if x e [-1/v2,1/V2]
Ans. (b)

Solution: In Statement-1, put x =cos Othen 0< 6< /3
1 NER
L.H.S = cos '(cos ) + cos ™! [Ecose + 735m9}

=0+n/3-0=n/3 = Statement-1 is true
In Statement-2, put x = sin 6, then — /4 < 6 < /4
L.H.S. = sin~' (2 sin @cos 6) =20=2sin"" x.
= Statement-2 is also true but does not lead to State-
ment- 1

® Example42: Statement-1: cosec ~'(3/2) + cos ~'(2/3) -

2 cot ' (1/7) = cot ™' 7 is equal to cot g

Statement-2: sin~'x + cos 'x = 7/2, tan 'x + cot” 'x = 7/2
cosec"(x) =sin~ '( 1/x),

cot"x:tan"(l/x), -1<x<1,x#0
Ans. (d)
Solution: Statement-2 is true, using in Statement-
LH.S =sin~'(2/3) + cos ™ '(2/3) = (tan™' 7 + cot™! 7) -
cot'(1/7)

=al2-nl2-tan"' 7=—tan"' 7.

= Statement-1 is false.

1 -
® Example 43: Statement-1: cos ™ x =2 sin”' T\ =
=i 1+ x
2co8™ | —
2

Statement-2: | + cos 6 =2 cos’ (6/2), 1 —cos 6=
2 sin’ (6/2)

Ans. (a)

Solution: Statement-2 is true. In Statement-1, put
x=cos 0

then cos ' (cos 6) =2 sin " ,/] —02050 =2cos”! 1’#.

Using Statement-2, 8= 2 x sin”' (sin (6/2))
=2 cos ' (cos (6/2))
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which is true = Statement-1 is also true.
C] Example 44: Statement-1: If x = 1/5\/5 , then

{x cos (cot™! x) + sin (cot™! x)}2 =51/50.

52 NTARED

Statement-2: tan [cos_

Ans. (¢)

© Solution: Put x = cot y in Statement-1,

2 .2 12
2 “y+ 5
then L.H.S = (cot y cos y + sin y)” = {w}
sin y
=1+cot’y=1+x>=1+1/50=51/50
= Statement-1 is true.

In Statement-2, L.H.S = tan [tan~' 7 —tan "' 4]

[+ cos 0=1/5V2 = tan6=7,sin 6= 4/\17
= tan 6=4]

® Example 46: If cosec™’ x =2 cot™' 7 + cos™" (3/5) then
the value of x is

(a) 44/117 (b) 125/117
(c) 2477 (d) 573
Ans. (b)
, 1 5 4 77-1 43
© Solution: 2cot™ 7+cos (3/5)=cot” ——+cot™ —
2%7 4

[ If @=cos™' (3/5), cos O =3/5, cot 0= 3/4]
= cot™ (24/7) + cot™" (3/4)

24 3
7><Z—l
gl
=t T 3
+
7
1 125
=cot ——=cosec —
7 117

® Example 47: 0= tan™’ 2 tan’ 0) - tan*'((l/3) tan 0 ) if
tan 6 is equal to

(a) =2 (b) -1
(c) 2/3 (d) 2
Ans. (a)

\

\—/ <_L_B>HN/VERSE
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= 7-4 = i Statement-2 is false.
1+7x4 29

C] Example 45: Statement-1: If sin”! x + cos"(l —-X)=
sin”! (= x), then x satisfies the equation 2% =3x=0
Statement-2: sin”'(x) + sin"l(— x)=0

Ans. (a)

© Solution: Statement-2 is true as sin”'(—x) = —sin”' x

In Statement-1,

cos (1 -x) = sin"(— X) — sin_'(x) =—2sin"'x (using
Statement-2)
= l-x=cos(-2 sin"lx) =cos (2 sin"x)

=1 -2 sin? (sin” X)

= 1-x=1-2¢ = x=0orx=1/2
But x = 1/2 does not satisty the equtaion.
50 x = 0, which satisfies 2x* — 3x = 0
= Statement-1 is true.

LEVEL 2
Straight Objective Type Questions

© Solution: 6=tan "' (2 tan® 6) — tan ~' ((1/3) tan 6)
_ 2tan’6—(1/3) tan O

= tan 6 :
1+(2/3) tan” 6
- tan 0 2tan€—(1/33)_l -0
1+(2/3) tan” 0

which is true if tan 0 =0

2 tan 6 — (1/3)

— =1=tan’ 6-3tan 6+2=0
1+(2/3)tan” 0

= (tan 68— 1)2 (tan @ + 2) = 0 which holds if tan 6= 1
ortan 0=-2.

® Example 48: If u=cot™' \/tan o — tan™" \/tan ¢t , then
(n u)
tan | =——|=
4 2
(a) +/tan &

(c) tan o
Ans. (a)

(b) +Jcot o

(d) cot o

tan @ = tan x, then u = cot ~ ' (tan x) —

© Solution: Let

tan ! (tan x)

AE P INVERSE
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=(n/2)—x—x=(n/2) - 2x
= 2x=(m2)—u = x=(n/d)-(ul2)

(7[ u)
= tanx=tan | — ——
4 2

= Jtan o =tan (%—%)

® Example 49: Iftan”' y=4 tan”' x, then 1/y is zero for

(@) x=1x2 (b) x=vV213
(c) 3% 2\2 (d) all values of x
Ans. (a)

© Solution: If we put x = tan 6, the given equality becomes

tan "'y = 46.
2 tan 0
2 2
2tan 260 |—tan” 0

I-tan’26 (ztang )2
l—tan” 0

= y= tan40=

_ 2><2x(l—x) ~ 4x(|—x)

(1_’r3)2_4x T 1-62+x

so that 1/y is zero if x* — 6x°+1=0

2 i = 2
< BEydea “264=3i 22 =(1+ V2 )?

= x°=

® Example 50: 3 cos' x— mx— /2 =0 has
(a) one solution
(b) one and only one solution

(¢) no solution
(d) more than one solution

Ans. (b)

© Solution: x=1/2 s clearly a solution of the given equa-
tion which can be obtained by trial and error method. The
given equation can be written as

3cos™ ' x=mx + /2 (1)
since the L.H.S. of (1) is a decreasing function and R.H.S.
of (1) is an increasing function of x. The equation (1) has
either no solution or only one solution. So x = 1/2 is one and
only one solution of the given equation.

® Example 51: If cos™' x = tan"' x, then sin (cos™ x) =

(a) x (b) x*
(c) 1/x (d) 1/
Ans. (b)
Solution: cos™ x=tan™' x = 6 (say)
= x=cos O=tan 6
= cos’@=sin @ = sin>O+sin O-1=0

-1+V1+4 -1
= sin 6 = 5 + = sinf= ——
-1
So x2=cos29=5—
2
and sin (cos™" x) =sin 6= % =’

® Example 52: x =nn—tan™' 3 is a solution of the equa-

tion 12 tan 2x + 2 +1=0if
cos X
(a) nis any integer (b) nis an even integer

(c) nis apositive integer (d) n is an odd integer
Ans. (d)

Solution: x=nm—tan'3 = tan '3=nmr-x

= tan(nr—x)=3 = —tanx=3
2 tan x 3

=> tan 2x = ——— = —
l-tan"x 4

|
and cos x = i—, =
J1+tan” x

on substituting these value in the given equation we find

only cos x = —1/4/10 satisfies the equation.
So that the given equation holds for values of x for which

tan x = — 3 and cos x = —1/4/10 . Which is possible if x lies
in the second quadrant only and so n must be an odd integer.

1 in2
® Example 53: If 5 sin”! [M]ﬁan']x,

thioh 2= S+4cos20
(a) tan 360 (b) 3tan 6
(c) (1/3) tan 6 (d) 3cot@
Ans. (¢)

3sin20  6tanf  2tang
5+4c0s20 9+tan’@ 1+tan’¢

where tan 6 =3 tan ¢

= (l)sin" SR :q):tan"[(l)tane}
2 5+4cos 20 3

so that x = (1/3) tan 6.

© Solution: =sin2 ¢

® Example 54: If sin”' x + sin”' y + sin™' z = 37/2, then
the value of

xl()()+yl()()+zl()() ?0] - i
0 4 yl0l 4 7t
(a) =1 (b) 0
(c) 1 (d) 3
Ans. (b)
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(c) =717 (d) 1

|
© Solution: Since Isin™ x| < /2, from the given relation
% . 1 . 1 .1 5 Solution: cos™' — =2 —sin”" Vx* +x+1
] we have sin~ x=sin~ y=sin z=7m/2 /l +(\,2 + \_)
% = x=y=z=sin(n/2)=1 o
I So that the required value is 0. = cos!t Vit +x+1
1% ® Example 55: The number of real solutions of g 17 _ /7x2 Tt
tan~ x(x+1) +sin”! V2 +x+1 = w2 s 1+(x* +x)
% (a 0 (b) 1 = (@P+x+1)=1
(c) 2 (d) infinite 5
% = x+x=0=>x=-1,0.
1 Ans. (¢)
1 r 1 EXERCISES
1% L. J Concept-based
=] Straight Objective Type Questions
]
% 1. Value of sin (sin™ (3/5) + cos™ ' (4/5)) is equal to 6. If tan (cos™ x) = sin cot™! (1/2)- then the value of x is
| (a) 12/25 (b) 24/25 _5
% (c) 6/25 ) 7125 @ 5 ®)
2.2 tan”! 7 — sin” (14/4/50) is equal to © J5/3 @ -5/3
% (@ 0 (b) 72 7. The value of sin™" (cos (cos™ (cos x )+ sin”' (sin x)))
() m (d) 2x T .
i i 4 i where x € |—, 7 | is equal to
3. 2sinm x + 3 cos y = o 3cos x + 2sin y 2
n 2 2\ - (a) —m/2 (b) m/2
=B If = —, then xy — {{I-x"){1—-y
% B.If o+ B - en xy (1-22)(1-y?) is © 7 @
equal to 0 .
1% @) 1 ®) 112 8.If tan (x + y) = 33 and x = tan™ 3, the value of y is
(a) 03 (b) tan™' (0.3)
= © 3/2 @ 1/¥2 (c) tan™ (1.3) (d) tan™ (1/3)
| 4. 2sin™ (=1/2) + 3 cos” (_ + 4 sin”
% 0 . ( \/5/2) . (]/\5) 9.If sin (x = 1) + cos™! (x - 3) + tan”’ i ~ =
- + 5 tan” (- 1) is equal to (considering the principal { ) x°
1 values) cos  k + m, then the value of k is
1% (a) 157/6 (b) 277/12 (a) 172 ®) 1/32
% (c) 23m/12 (d) 137/6 () \/3/2 ) 1
1 5. f x+y+z=xyzand x, y, z, > 0, then the value of
% tan”' x + tan"' y + tan”' z is equal to 10. sin[2sin™" (3/5)+2sin”" (4/5)] is equal to
j (a) m/2 (b) m/4
3 (c) 7/125 (d) 168/625
| r.1 LEVEL 1
% LJ Straight Objective Type Questions
11. If x = 2/3, then sin’ (tan”! x) + cos> (sin’l Xx) is equal 12. A root of the equation
% to 17x* + 17x tan [2tan”'(1/5) — w4] — 10 = 0 is
(a) 99/101 (b) 107/117
3 (c) 101/117 (d) none of these (a) 10/17 (b) -1
es
1
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a-b

~b
= sin”! (X2 is possible if
a-b
(a) a>x>b

(b) a < b and x takes any value
(¢) a> b and x takes any value

a—X

13. cos™!

(d) a=x=b

14. The value of cos™ (cos (-=177/5)), is equal to
(a) —177/5 (b) 3n/5
(c) 2a/5 (d) none of these

15. The value of (1/2) cos™ (3/5) is
(a) sin”' (1/2) (b) cos' (1/2)
(c) cot™ (1/2) (d) tan”' (1/2)

16. The value of sin (cot™ (cos (tan™' x))) is

2

x“+2 x* +1
@ S5 () (|5

x° +1 x°+2

X 1

() —— (d)

x*+2 Vx? +2

17.If tan™" (a/x) + tan™" (b/x) = w2, then x is equal to

(a) ab (b) alb
(c) bla (d) Jab

18. If cos™ x + cos™ y + cos™ z =, where -1 <x, y < |

and x +y > 0, then x* + y* + 2 + 2xyz is equal to
(@ 0 (b) 1
©) (x+y+2)° (d) xy+yz+2x

19. If co;s~I x/2) + cos™! (v/3) = 6, then 9x* - 12xy cos 6
+ 4y~ is equal to
(a) 0
(c) 36 sin® 6

(b) 36

(d) 36 cos’ 6
o lala+b+c) + tan”) ,b(a+b+c) i
be ca

4 lela+b+c)

a

20. tan

tan is equal to

(b) 2
(d) 0

21.1f ay, ay, as, ..., a, is an A.P. with common ratio d,
then

(a) m/4
(¢c)

1
1+ a,a,

-1 &
tan + tan
tan l: 1+ aa,

+--+tan”! —]
1+an—lan

(n-1)d

1+aa,

(n—=1)d

a + a,

(a) (b)

22.

23.

24.

23,

26.

27

28.

29,

30.

31.

v Xyah A
\ \ .
O Galeymars
G O - FUNCTIONS
nd a,—a

(c) (d) ——+

1+aa, a, +aq
Two angles of a triangle are sin™’ (l/\/g ) and
sin”! (l/x/ﬁ) then the third angle is
(a) m/4 (b) 3m/4
(c) 6 (d) m3
If x + 1/x = 5/2, then the principal value of
sin”! x is
(a) /6 (b) m/4
(c) m/3 (d) 56
The number of positive integral pairs (a, b) satisfying
the equation tan™' @ + tan™' b = tan™" 7 is
(a) 0 (b) 2
(c) 4 (d) infinite
The value of

sin”! {cot[sin'l ,’# +cos™! ~\/‘11—_2 +sec”! \5“

is equal to

(a) O (b) n/12
(c) ml6 (d) m/4
The sum of the infinite series

cot™ 2 + cot™'8 + cot™ 18 + cot™ 32 + ... is equal
to

(a) m/4
(¢c) 3m/4

The inequality sin™ (sin 5) > x* — 4x holds if
(a) x=2- \/m

(b) x=2+9-27

() xe(2-V9-2m,2+9-2n)

(d) x>2+ J9-2m

sin”' x > cos™ x holds for

(a) all values of x (b) xe (0, 1/\/5)
(©) xe (1/1N2,1) d) x=1.75

2 sin” x = cos™ (1 - 2,\'2) is true for

(b)y —1<x<0
(d) no value of x

(b) m/2
(d) none of these

(a) all values of x
(c) 0<x<1
1

If cos™ x + cos y = n/2 and tan”' x — tan™’ y=0
then x> + Xy + y2 is equal to

(@ 0 (b) 1/+2

(c) 372 (d) 1/8

x=tan" 3 + tan”'2

y= tan'3 — tan”'2
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If a tan x + b tan y = 0, then a + b is equal to ka

. 14 .
where k is equal to is equal to Pt then 6 is equal to

m=1

(c) 1 (d) none of these

]
| o1 ~Fa (a) 72 (b) 7
% (c¢) m/7 (d) none of these
; 32.1f x> 1 and 2 tan'x — sin‘1(7/25) = 1 then the value \/l e +\/] -
of x is 36. cot e "2l 0<x<an
% (a) 7 (b) 2 \/1+smx—\/]—smx
| (c) 5 (d) 25 is equal to
% o (a) x/2 (b) x
5 33. Number of values of x satisfying
é 5 sin'(1 - x) - 2 sin"x = w2 is e); Wil ‘i
(a) 0 (b) 1 37.1If x < 0, then tan"'x + tan"'(1/x) equals
1% © 2 (d) infinite (a) /4 (b) /3
| 34. sin(3 sin”'(0.4)) is equal to (©) ~m2 d) =
) (a) 8.624 (b) 0.944 38. If sin"'x + sin"'2x = /3, then x =
1 (c) 0.256 (d) 1.2 (a) /(3/7) (b) (1/2)\J(3/7)
w1 T 1 _
% 35.1If tan(z + ECOS 16) + tan(z - ECOS 16) (¢) —=J(@(3/7) (d) —(1/2)y/(3/7)
|
r 1 ) )
L J Assertion-Reason Type Questions
Statement-2: sec’ (cos™' (1/4)) + cosec? (sin”'(1/5))
% 39. Statement-1: tan~' {x 4l 2 } = % - %cot‘1 X = 41.
% 43. Statement-1: sin”' tan (tan"'x + tan“l(l —Xx)) = m2
1 Statement-2: sin’ |:2tan_' H_x:lz 1—x2 has no non-zero integral solution.
% = Statement 2 : The number of positive integral solutions
] -1 a3z y
% 40. Statement-1: tan™ — + tan Cai of the equation tan™' x + cos”' T—= =
2 -y°
| % afy-x)_=& gl o
% Statement-2: tan™ | — |+ tan == J10
3 y y+x 4 1 % 3
% (x,y>0) 44. Statement-1: cos —cos™' (§)=Z
1 41. Statement-1: If x* — px + g = 0, where p is twice
: ] . 1+x
% the tangent of the arithmetic mean of sin”'x and Statement-2: If cos 0 = x, then cos (6/2) = il
1 cos”'x, ¢ is the geometric mean of tan 'x and
-1 o
% 60F "%, Ten % = | 45. Statement-1: sin cot™' tan cos™' (3/\/5) = 3/\/6
1 Statement-2: tan (sin”'x + cos'x) = 1 P i
% 42. Statement-1: If o, B are the roots of the equation Statem3ent-2: If &= cos™(4/5), then cos™(44/125)
=r-3o.
| 18(tan"'x)> — 97 tan"'x + 71° = 0, then ot + B = 4//3.
|
1%5’ 'ii‘l LEVEL 2
% LJ Straight Objective Type Questions
% 46. If (tan’l x)2 + (cot’l x)2 = 57r2/8, then x is equal to
] (a) -1 (b) 0 47. 2 tan '—=
% m* +m* +2
£
|
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(a) tan ! (n2 +n+1) (b) tan”! (;12—;1 +1)

5

]n+n

" +n+2

48. If cos™ (x/a) + cos™! (y/b) = o. Then
*la* + yIb® is equal to
(a) (2xy/ab) cos o + sin® o
(b) (2xy/ab) sin o+ cos’ o
(¢) (2xylab) cos’ o+ sin o
(d) (2xylab) sin’ o + cos o

(c) tan” (d) none of these

49.1f o = 2 tan™ (26—1) and

B =3sin" (1/3) + sin”" (3/5) then

(a) a<p (b) x=p
(c) a>p (d) none of these

50.If y = tan™ 1_—\’ 0 <x <1, then
1+ x

(a) 0<y<nm
(c) —m/d<y<nml4

(b) 0<y<m/4
(d) w/ld<y<nm/2

3 3
51. 2 cosec’ (ltan"lg) + ﬂ—secz (ltan"'ﬁ) is
2 2 B 2 2 o

equal to

172

1. cot™ [(cos a)m] — tan”' [(cos &) "] = x, then
sin x =
(a) tan® (e/2) (b) cot® (0/2)
(c) tan (d) cot (a/2) [2002]

2. The trigonometric equation sin™' x = 2 sin™' @ has a
solution for
(a) all real values of a

) lal<1/\2
©) lal=1/\2

) 121al<1/V2 [2003]
3. If cos™ x — cos ™ (v/2) = a, then

4% - 4xy cos o + y? is equal to

(a) 4 sin® o (b) -4 sin® &

(c) 2sin2o (d) 4 [2005]

52.

53,

54.

55.

4.

L7\

A\

\ y ,\ N \ / (\ =
< >“/ @lN/VERSE
G O - FUNCTIONS

(b) (- B) (e + %)
d) (a+pB)(a*-p)

V[ x V3-3x2 ]

x—-sin | ——
2 2

() (a+B) (o + )
(©) (a-B)(?-p%)

1

’

The value of sin™

0<x<1/2 isequal to

(a) m/6 (b) m/4
(c) m/3 (d 0
The equation sin™" 6x + sin™’ 6V3x = — 72 has

(a) only integral solutions
(b) two integral solutions
(c) no integral solution
(d) two real solutions

If 2 tan™" Lol -tan(g) = cos”! [2a+3b}‘ then
a+b 2 3a+2b
cos O is equal to
(a) 172 (b) 173
(c) 2/3 (d) 2a/3b
4 [ xcos® j 4 [ cos@ ) ;
tan® | ——— | — cot - is equal to
1—xsin@ x—sin@
(a) 6 (b) m/2-6
(c) 6/2 (d) m/4-06/2

Previous Years' AIEEE/JEE Main Questions

If sin”" (x/5) + cosec ™! (5/4) = n/2 then a value of
X is

(a) 1 (b) 3

(c) 4 (d) 6 [2007]
. The value of cot (cosec™(5/3) + tan™'(2/3)) is

(a) 5/17 (b) 6/17

(c) 3/17 (d) 4/17 [2008]
.If x, y, z are in A.P and tan"'x, tan”'y, tan”'z are also
in A.P, then

(a) 2x=3y=62 (b) 6x=3y=2z

(c) 6x=4y=3z d) x=y=z [2013]
. A value of x for which

sin (cot"l (1 + x)) = cos (tan‘lx), is:

(a) =172 (b) 1

(c) 0 (d) 1/2. [2013, online]
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(a) Both statements I and II are true

p— >
:—: /
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8. The number of solutions of the equation (b) Both statements I and II are false
sin! x =2 tan”! x (in principal values) is: (¢) Statement I is true and statement II is false
(a) 1 (b) 4 (d) Statement I is false and statement II is true
(c) 2 (d) 3 [2013, online] [2014, online]
St an~! [ces 37 ) .
9 If S = tan! i + tan”! i 1 o 11. The principal value of tan ((,ot g ) is:
x“+x+1 x“+3x+3
| (a) —(3m/4) (b) 3n/4
+ tan™! , then tan S is equal to (¢) m/4 (d) —(m/4) [2014, online]
1+ (x+19)(x+20) 5 I
20 X 12. Let tan"'y = tan 'x + tan '( x7 ] where |x| < —,
() e b) 5—— then a val fyis: — X" V3
401+ 20x x°+20x+1 VaiDE 0Ly AN
3x—x 3x+x°
) gy — % (a) i (b) i
x* +20x +1 401+ 20x ]=3x* 1-3x
3
[2013, online] (@ =% (@ 3x+x [2015]
; vl 3 -1 \3 3 ]+3-x2 |+3.X'2
10. Statement I: The equation (sin™" x)” + (cos™ x)” —an .
1 ') = 9 tan-| ool X ; o
= 0 has a solution for all ¢ 2 — . For any x € R. 13, JL =2 & i (1+x2 ) B2 L /hett JQ) 48
32 equal to:
Statement II: sin"'x + cos™'x = 7/2 and b4
(a) 5 (b) 7
=l 2 2
0 < (sin"'x — w/4)” < 977/16 © 4tan”'(5) ) tan'(%]

[2015, online]

Previous Years' B-Architecture Entrance

Examination Questions

1. 2cot™ (7) + cos™' (3/5), in principal value, is equal to  Level 1
@) cos™ (4_4) ®) cot! (ﬁ) 11. (¢) 12. (d) 13. (a) 14. (b)
125 117 15. (d) 16. (b) 17. (d) 18. (b)
(©) tan~" (ﬂ) (d) cosec™ (M) po13] 19 © 20. (d) 21. (b) 22. (b)
17 125 23. (a) 24. (b) 25. (a) 26. (a)
19 n 27. (¢) 28. (¢) 29. (¢) 30. (¢)
2. The value of cot ZCOt"' 1+22p is: 31. (d) 32. (a) 33. (b) 34. (b)
2 i 1’(’;' 35. (c) 36. (a) 37. (¢) 38. (b)
(a) B (b) E 39. (b) 40. (a) 41. (¢) 42. (b)
21 19 43. (d) 44. (a) 45. (b)
) 46. (a) 47. (¢) 48. (a) 49. (c)
!P Answers 50. (b) 51. (a) 52. (¢) 53. (¢)
Concept-based 54. (c) 55. (a)
1. (b) 2. (¢) 3. (b) 4. (¢) Previous Years' AIEEE/JEE Main Questions
5. (¢) 6. (c) 7. (a) 8. (a) 1. (a) 2. (b) 3. (a) 4. (b)
9. (b) 10. (b) 5. (b) 6. (d) 7. (a) 8. (d)
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9. (¢)
13. (b)

10. (b) 11. (d) 12. (c)

Previous Years' B-Architecture Entrance
Examination Questions

1. (b)

g'y Hints and Solutions

2. (¢)

Concept-based
1. sin (sin”" (3/5) + cos ' (4/5)) = sin (2 sin”! (3/5)) =
2 X (3/5) X (4/5) = 24/25

1 2x7

1 2x

V1+ x

/1 .
b4 2% 5+cos '_\‘

2. 2tan”' 7 =7+ sin”

(use 2 tan™' x = 7+ sin” ifx>1)

3. 7—”=a+[3=2x£ + cos”
3 2

'.\'=7—n—2ir= =
3

3
= cos (cos™! x + cos™ y)=cos (r/3)=1/2

= cos ™! x +cos”

= Xxy-— (l—xz)(l—yz) = 1/2.

) () 1))

2
5.xy=1+ = e 1

< <

So tan”' x + tan™’ y+ tan”' z

1| Xty -1
=+ tan +tan~ z
1—xy

3 -

Xy7—2 -1
+tan Z
— Xy

=n+ tan”" |:

1

=m+tan' (-7)+tan' z=7

(2]

1

)

N | —

6. tan (cos™' x) = sin (cot”

= tan (tan_I [ =3

X

N——

Jsn s ()

1-x* 4
=

& 5

=X=

&

[Note: x =— ? makes L.H.S <0 but R.H.S > 0]

\\
2 A
<

\

N\
@n NVERSE
G O - FUNCTIONS

7. sin”! (cos (x+m—x)) = sin”! (cos m) = sin”! -1

=—(m/2)

8. x=tan"' B)=>tanx=3
Sotan (x +y) =33
tanx +tany

=33
| —tanx tany

3+tany
l1-3tany
9. sin”! (x—1) is defined for— 1 <x—1<1

cos™ (x—3)isdefined for— 1 <x-3<1
so we get x =2 and

=33:>tan_\'=£ =0.3
100

=0<x<L2
=2<x<4.

cos k+ w=sin™" 2- l)+cos'I (2—3)+tan“] =1

T T
=—+4+r-=
2 4

=cos k=ml4=k= 1/\2

10. sin [2sin”" (3/5) + 2 sin”! (4/5)]

= sin [sin”™' 2 X 32 peintaxd « E]
5 5 5 5
4 4
=sin[2 sin”’ i ] = sin [sin”' 2 x i g l]
25 25 25
_ 336
625
Level 1
11. tan”" x = sin™ al =, sin™! x = cos! \/1-x?
VI+x°
So the required value is
x* > 4/9 4 101
_+1-x% = +l-—=—,
1+ x° 1+4/9 9 117

12. tan [2(tan”"' (1/5) — m/4]

tan(Ztan"(;))—l i 12:((51//255))—1

7

l+tan(2tan_l(l)) 1+L0—
5 24

a-x x=
<1

a->b a-—

S

13. a#b, <1

)

=>b<x,x<a=>a>x>bh.
14.  cos™' (cos (- 17 m/5)

I

o

(=]

w

4R
—

o

o

w
- e )
u:|§
Nl
it

I
u-|:§,J

AEP —w e
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15. 260 =cos™' (3/5) = cos 20 = 3/5
) l-cos26 1
= tan" = ——=—.
1+cos260 4

16. x = tan 6 = sin (cot™' (cos (tan"l X))

= sin (cot ™! (cos 0)) = sin [cot_l [\/1-17}]
= sin (tan_l (\/l + x° ))

L 1+ 2 +1
= sin| sin =]5—.
J1+1+x2 x"+2

17. tan™' (b/x) = cot N(alx) = x* = ab.

18. cos™! I:xy—\/l—xz \/l—y2:|: m—cosl z=

cos ™! (=2)

= \/l—x2 \/l—yz =xy+z

= 1-x)A-y)=0y+2)°
2 2 2
Sx°+y +27+2xyz=1

2 2
19, éof B= Sl f1-F fod
3 o 3
= (4 -x%) 9 -y = (xy - 6 cos 6)
= 36 — 9x> — 4y = 36 cos® 8 — 12 xy cos 6

= 9x? — 12xy cos 0 + 4y* = 36 (1 — cos’ 6)

= 36 sin® @
N
20. Use tan (A, + Ay + A;) = —2,
; 1-5,
. . . Sl e S3
If the given expression is 6, then tan 6 = 1-s.
2

Ja+b+c
Vabc

a (a+b+c)3/2

S. =
} Nabe

=85 ~8,=0=ttn8=0= =t 0=0

where S, = (a+ b+ c) and

1 a —a G ay—a
21. tan[tan'#+tan]¥

+aa, 1+ aa4

1+ a,d,

19 — 4,
+--+tan  —

= tan [tan”' @, — tan"' @, + tan”’ ay — tan ™'

vor 4 tam™! a, — tan~! a, 1

22

23.

24.

25.

26.

/ \ LN
g s \m
O Galseaze
G O - FUNCTIONS

a,—a, _(n=1)d
1+aa,

= tan [tan”' g, — tan”! q,] =
1+ aa,

Let A = sin™! (1/\6), B = sin™ (1/\/5)

thensin(A+B):%/1_%+ﬁh_é
=—3—,f1—l+—]— 1_1
N R TINN/TTA R

= A+B=n/4 = C=3n/4
. -1 " | 5
Lety=sin" x = siny+ — ==
siny 2
=>2sin2y—55iny+2=0
=siny=(12) = y=sin"(12)=x/6

a+b
7+ tan”' ——= tan™"! Tasa>0,b>0,ab>1

—-a
a+b 7-b
=7 = d=

l—ab T1+7b°

which does not hold for any positive integral pairs

(a, b).
3—~/3
=3

o = sin™' [cot(@ + % + %)] where sin’ 6 =

ERES cotOcot(m/4+m/6)—1
cotf+cot(m/4+m/6)

Now,
4 2+43
cot 0= [—=—1=[“""==2++/3 and
V2-3 \2-3
T

(n ﬂ_) cotg—l V-1
cot=|—+—| = n':\/_ —
4 & 1+ cot— 3+1

6
(3-1)
A AP
So o=sin"'0=0.

u, = cot™ (2n’) = tan™ %
2n
a4 @rn+1)=(2n-1)
1+(2n+1)(2n—-1)

=tan"' 2n + 1) - tan™! 2n - 1)

= tan

=S8, =tan”' 2n+ 1) —tan"' 1

lim S, = ==X =&,
n—s oo 2 4 4

AEP ey 1T
K -I INVERSE
STUDY C'RCLE_ TR G O - FUNCTIONS
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27.

28. x €

29,

31

32,

33.

34.

35.

36.
37.

1111171711333111117711739933133399394%

37/2 <5< 2mso sin”! (sin 5) = sin”! sin (5 - 27)
=5-2n

—2r-5>x"-4x = X -4x+Q2r-5<0
{ 4- 16—4(27!—5)}
= |X- >

y [x_4+ 16—24(2n—5)]<0

\/9—27r,2+,/9-—27t)

(142,1) = sin”'(x) e (n/4, n/2),
' x € (0, m4)

=X € (2—

cos
sosin! x>cos' xifxe (l/\/i, l)
Let x = sin 6, then 2 sin™' x = 26
-nm/2<0< /2
Also cos ™' (1 - 2,\'2) =cos™' (1 -2 sin’ 0) = 26.
= 0<20<7t = 0<0e w2

2 sin”! x = cos™ (1 - 2x2) holds for
0<6< /2

= 0<x<1
-1

.tan'x—tan'y=0 = x=y.
cos' x + cos' y = W2 = 2 cos x =
m2 = cos”' x=m4
= x=cosmAd=1/2 = x2=12
and x? + Xy + ,\'2 = 3x> = 3/2.
.tanx = -1, tan y = 1/7
If x> 1,2 tan"'x = & + sin”’ 2x7
1+ x°

| —x =sin(7/2 + 2sin"x)
= cos(2sin"l.t) = cos(cos (1 — 2x2))
=1-2x =x=0o0r1/2

But x = 1/2 does not satisfy the equation

Apply 3 sin”'x = sin”'(3x — 4x°)

(lt a) (n a)
tan| —+— |+ tan| ———
4 2 4 2

(1+ tan(et/2))* + (1 - tan(et/2))?
1 - tan®(0t/2)
= 2 2 14 = 0=n/7.
cos o 9 b4
| + sinx = (cosx/2 + sinx/Z)2
If x <0, tan”'( 1/x) = cot'x — 7 and tan"'x + cot'x
= m/2

[0 = cosa]

38.

39.

40.

41.

42.

2N

™S
N
A\

7

K

/\

®z
O<c
''m
T

CZ
ZWn
gm
()

Z

n

sin"'2x = /W3 — sin"'x

= 2x = sin(w/3 - sin"'x) = ? 1- 2—1\'
= (5,\')2=3(1—x2) = 28’ =3
= == l E

2 \7

1 /3 .
x# ~3'\7 as the sum of two negative angles

can not be positive.

Put x = coté, then L.H.S
= tan”! [cote +4/1+ cot? 9] = tan

= tan"'(cot(6/2)) = tan”'(tan(7/2 — 6/2))
=m/2 - 6/2.
= Statement-1 is true,

_1 14+ cosB
sin@

for Statement-2 L.H.S = sin’26, 6 = tan™' 1+x

- X

( 2tan O ) a 4tan’ 0
I+tan’ @ (1+ tan 9)2

=
= ——x’ =1-x?
()]
1+
l—x
= Statement-2 is also true.
X y-x
— + =
1y y+x
— x(y—x)
Wy +x)

In Statement-2, L.H.S = tan™

2 2
X +y°
2 2

x“+y°

=tan'l = w4

= tan

= Statement-2 is true and which shows that
Statement—1 is true by taking x = 2, y = 5.
1

T | s
sin” x+cos  x /4
p =2 tan =2tan — =2,
4
q= \/tan"'x cot 'x =1
sox>—2x+1=0 = x =1, the Statement-1 is
true.
Statement-2 is false.
In Statement-1 tan"'x = 7/6 or /3

= x=l/x/§ or 3.

= a+f=4/V3 = Statement-1 is true.

AEP
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= P o

In Statement-2, L.H.S = secz(sec_]
cosec? (cosec™ 5)

=16 + 25 = 41 and the Statement-2 is true but does
not lead to Statement-1

4) +

43, In Statement-1 M =
1-x(1-x)
= l-x(1-x)=1
= x =1 1s a non-zero solution = Statement-1
is false

sin (mw/2) = 1

In Statement-2:
)?

tan”! x + cos™! 5 = sin”!
1=y

%m
2

= tan' x+tan”! (1/y) =tan™ (3)
= tan' (l/y) = tan”' 3—tan' x
- _143x

3 3-x

As x, y are positive integers
x=1,2 = y=2,7 and the solutions are (1, 2), (2, 7)
= Statement-2 is true.

44, Statement-2 is true, Taking x = 1/8, Statement-1 is
true.

45. Put cos 0 = 3/\6 in Statement-1,
L.H.S = sin ((:ot’1 (tan @) = sin (g—ﬂ)
=cos O = 3/\/6
= Statement-1 is true.

In Statement-2, cos o = 4/5
= cos (r— 3a) = — cos 3o
=3 cos & — 4 cos® o = 44/125

= Statement-2 is also true but does not lead to
Statement-1.

Level 2
46. We can write (tan‘lx + cot‘lx)2
—2tan ' xcot!' x=5 Y8
T 2
= (5) —2tan” x(7/2 - tan"'x) = 5 78
= (tan”! x)? - (n/2) tan™" x - 37%/16 = 0

=tan' x=3n/dor-m/d = x=-1

47. 2 tan™!

m* +m* +2

ol 1+m+m? —(1—-m+m?)
1+0+m+m*) (1

Il
?‘iM:
g

—m+m?)

\N—/ N\INVERSE
< > G O - FUNCTIONS

= i‘l:tan_1 (1+m+m*)—tan”" (l—m+m2):|

= i[tan_l (1+m+m?)—tan™ (1+(m—1)+ (m—1)%)]

48.

49,

50.

51.

m=1

tan”' (1 +n+n°) —tan' 1

2
o n+n 1

tan 5
l+1l+n+n

2 2
Wehavecosa=£— 1_x_ _¥
ab a2 b2

2 2 2
= l—x—2 l—y—2 = [ﬂ#cosa)
a b ab
) )
= x_2+y_2 1 —cos® o + 2ﬂcosoc-
a b ab

B =3 sin”'(1/3) + sin'(3/5)
sin”'(3 x (1/3) = 4(1/3)%) + sin”" (3/5)
sin1(23/27) + sin”! (3/5)

1 [\E] 1 (ﬁ] T 2n
sin — | + sin — = =+= = =
2 2 3 3 3

A

[ 2—3 = 0.85, % = 0.6 and ? =17

= fB<2n/3

a=2tn" (242-1) >2 an'V3 =27/3
[ 2¥2-1=18, V3 =1.7]

= o> 2xn/3

Hence a > f8

Letx=tanf, then 0 £ x <1 =0<60< n/4
y=tan 12B0 _ g
1+ tan®

= 0=n/4-ys0o0<y< /4

3 3
% cosec? (6/2) + % sec? (/4 — 612)

; o . o
(Taking — =tan 0 = sin 0 = ——,
B faz + B2
cos O = L)
Vo + p?

a3 3 )
= 7[1 + cot® (6/2)] +7 [1 + tan® (m/4 — 6/2)]

INVERSE

AEP gy "™
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o+ p +a_3l+cost9+ﬁ_3 I—tan8/2 T
T2 2 1-cos® 2 |1+tanB/2

_ a3+ﬁ3+a_3[]+0059}+B_3[1—sin9}
2 2| 1-cos@ 2 [1+sinf
3\/a +B2+p [33 Jo? + B -«
2 AN ﬁ 2 Jo? + B +a
o +[33 o o’ + B2+ B2+ 2B\’ + B2

3 3
o +p
= +—

2 o +ﬁ2 BZ
N ﬁ_3a2+B2+a2—2am
2 o + B -
_ +ﬁ3 2 [2, p2
= 5 [a +2B° + 2B\ +B}

g(m2 +B% 2040 +ﬁ2)
o+ +of+ B

(o + B) (ai—a§+ﬁ2+ af)
(o + B) (@™ + B9)

Put x =sin 6, then 0 €£x<1/2 = 0< 0 < n/6.

So, the given expression is equal to

sin”! (sin 6) — sin™' [% sin 6 — g cos 0]

=0 -sin~ ! (sin (6 - 7/3))
- (60 -m/3) =n/3
sin”! 6x = /2 — sin™!

6+/3x
= 6x = — sin (/2 + sin”’ 6\/5)()
= — COos (sin_I 6\,/5.\')

= |J1-108x?

=36 =1-108¢ = 1448’ = 1| = x =+ 1/12.

But x = 1/12 does not satisfy the equation.

So the given equation has only one non-integral solu-
tion

2a+3b
. Let = Cos O
3a+2b
a b
= 7 = -
2coso—3 2-3cosox

a-b 5(1 —cos @)
= =

a+b 1+ cos o
So 2 tan”! [V5 tan (@/2) tan (8/2)] = o
= /5 tan(@/2) tan(6/2) = tan(e/2)

= 5 tan(a/2)

1-(1/5) 2
= tan(0/2) = = cos O = - =
/5 1+(1/5)
55. tan™! | " COS.B —cot™! COS_B
1-xsinf x—sinf
_; xcos@ _1 x—sinf
= tan ————— —tan
1—-xsinf cos6
xcos  x-—sinf
= tan-! l—xsinf cosf
xcos@  x-—sinf
1—xsinf cosf
_ sin @ (x* -2 xsinf +1)
cos l‘)()c2 —-2xsinf+1)
=tan”' (tan ) =

Previous Years' AIEEE/JEE Main Questions

1. x = (w2) - 2 tan"'[(cos a)”z]
= (m/2) — x=2 tan™' [(cos 0)"?]

172

2(cos
— tan(m’Z _x)= M

l—coso

2(00505)”2
= cot xy= ——

| —cosa

2 4cosa (l+c:osf)c]2
= cosec” x= 1+ ==
(1-cosa)” I-cosa
i 02

. 0% e l—cosa  2sin“(a/2)

l+cose 2¢cos’(at/2)
= tan” (0/2)

2.sin”! x = sin”™ 2av1-4% if lal € /N2
= x = 2a+/1-qa* which is possible
if x> =4d*(1 -a») <1 [ =1<sin! x<1])
orifda* —4a® +120if 2¢° - 1> 20

which is true, so lal € 1/4/2

2
3.cos o0 =x (§J+\/1—x2 l_yI

= (2 cos o —xy)’ = (1 —=x%) (4 -y
= 4cos’ o0 — 4xy cos o = 4 — 4x* —

= 4x” — 4xy cos & + y* = 4(1 - cos’@) = 4 sin"a

4. sin‘l(i) + cosec'l(é] = 3
5 4 2
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e (x] .14 T

= SIn — |+ SIn — | = =
5 5 2

| ( x] _1 3 T

= Ssin — |+ cCOsS — = —
5 3 2

. -] -1 T
= x=3assin x + cos x=5.

5. cosec™ (EJ =cot ™! [i}
3 3
4
(w0 (S 5)) = 3555
so cot| cot™ | — [+cot™ | = || = —=—
3 2 4 3
3

6. We have 2y = x + z and 2 tan"y =tan' x + tan”'z

af 2y _,(x+z}
= tan =tan
1-y* 1—xz

2y x+z 2
5 = =y =iz
1+ xz

-y
= 4dxz = (2_v)2 = (x + 2)°
= (x-2°=0
Thus, z=y=x

=2 X =7

7. We can write cot (1 + x) = sin”'(cos(tan™" x)

S P -1
Sin | sin| —+tan " Xx
2
4 -1
= —+tan x
2

T -1
= 1+ x=cot E+tan x| =—=x

= x=-1 = x=_—l
2

8. Let x = tan 6.
Then we have tan 6 = sin 26 = 2 sin 6 cos 6
= sin 6(1 — 200529) =0
1
= Zlfn 9(.3 =0orcos 8= tﬁ which gives 3 values
9. We can write
S = tan’l(x 4+ 1) —tan 'x + tan '(x + 2)
—tan'(x + 1) + --- tan”'(x + 20) — tan"'(x + 19)
= tan"(x + 20) - tan”'x
x+20-x 20

= tan § = = g
1+ (x+20)x X2 +20x+1

. b4 _
10. We have sin”'x < E,COS "'x<n

113171113173171171337133999999399%1%9%
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9
= (sin"' Jc)3 - ((:05‘I Jr)3 < g b

Thus, (sin*'x)‘g + (cos~ x)3 = 277 has no solution.

. 5 T
Also, sin"'x + cos™' x = £ for -1 < x < 1, not for

each real x.

.. Both the Statements are false.
11. tan™ (COt($ED = tan‘l(cot(] lm — m/d))
= tan”' (—cot(7/4)) = tan”'(~1)
= —m/4
2x

l—x

12. As tan]( 5 ) = 2tan”' x for Il < 1 we get

tan”' y = tan”' x + 2tan”’ x = 3tan”' x

= tan™! ( 3x—x’
1-3x2
3

L -
1-3x7

13. As x > 1, sinl( 2
1+ x°

s f@) =2tan”'(x) + 71— 2 tan”' (x)

] = - 2tan ' (x)

=>naVx>1
=f5)=nr
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3
1.2 cot™'(7) + cos™ (g]

|
=2tan'— + tan"i
7 3
B
= tan' 7 +tan'li
1 3
1——
49
tan”! — + Ian"i
3
a4 .4
= tan' 243 tan‘lmzcot_l—
_ Tx4 44 117
24 %3
2.1+Z(2p)=1+@=1+n2+n

p=l
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n _ =1 ¥4
. Cot_](l+22p}=cot_l (1+n(n+1) Thus, cot(S)—cot(tan (20)_ZJ
=1
t ]( Bkl J cot(tan'l(20))cot(%)+l
= n ey
. n+(n+1)n = -
’ ) cot(—) — cot(tan ' (20))
=tan" (n + 1) — tan"'(n) 4
19 n T L'|'l
= §=3cot™'| 1+ 2p|=tan"'(20)— = _20 _21
n=l1 p=1 4 1 — 1 19
20
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