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CONSTANT AND VARIABLES

In rrzathematics, a variable is a value that may change within
the scope of a given problem or set of operations.

In contrast, a constant 1s a value that remains unchanged,

thowrgh often unknown or undetermined.

Dependent and Independent Variables

Variables are further distinguished as being either a dependent

variable or an independent variable. Independent variables
are regarded as inputs to a system and may take on different
vahaes freely. .

Dependent variables are those values that change as a conse-
gquernice to changes in other values in the system.

‘When one value is completely determined by another, or of
several others, then it is called a function of the other value
or values. In this case the value of the function is a dependent
variable and the other values are independent variables. The
notation f{x) is used for the value of the function f with ¥ repre-
senting the independent variable.

For example, y = f{x) = 347, here we can take x as any real
value, hence x is independent variable. Bui value of y depends
on value of x, hence y is dependent variable.

WHAT IS FUNCTION

To provide the classical understanding of functions, think of
a furnction as a kind of machine. You feed the machine raw
materials, and the machine changes the raw materials into a
finished product based on a specific set of instructions. The
kinds of functions we consider here, for the most part, take in a
real number, change it in & formulaic way, and give out a real
number (possibly the same as the one it took in). Think of this
as an input—output machine, you give the function an input, and
it gives you an output.

INPUT x
N/

FUNCTION /-

)

QUTPUT f{x)

Fig. 1.1

For example, the squaring function takes the input 4 and
gives the output value 16. The same squaring function takes the
input 1 and gives the output value 1.

A function is always defined as “of a variable” which tells us
what to replace in the formula for the funciion.

For example, f{x) = 3x +2 tells us:

» The function fiz a function of x.

s To cvaluate the function at a certain number, replace
the x with that number.
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e Replacing x with that number in the right side of the func-
tion will produce the function’s output for that certain
input.

« Tn English, the above definition of fis interpreted, “Given
a number, f will returmn twe more than the triple of that
rumber.”

Thus, if we want to know the value (or output) of the func-
tion at 3:

fxy=3x+2
A3N=33+2=11

Thus, the value of fat 34s 11.

Note that f{3) means the value of the dependent variable
when “x” takes on the value of 3. So we see that the number 11
is the output of the function when we give the number 3 as the
input. We refer to the input as the argument of the function (or
the independent variable), and to the output as the value of the
function at the given argument (or the dependent variable). A
good way to think of it is the dependent variable f{x) depends
on the value of the independent variable x.

The formal definition of a function states that a function is
actually a rufe that associates elements of one set called the
demain of the function with the elementis of another set called
the range of the function. For each value, we select from the
domain of the function, there exists exactly one correspond-
ing element in the range of the functton. The definition of the
function tells us which element in the range corresponds to the
clement we picked from the domain. Classically, the element
picked from the domain is pictured as something that is fed

into the function and the corresponding element in the range

is pictured as the output. Since we “pick” the element in the
domain whose corresponding element in the range we want (o
find, we have control over what element we pick and hence this
clement is also known as the “independent variable™. The ele-
ment mapped in the range is beyond our control and is “mapped

to” by the function. This element is hence also known as the
“dependent variable”, for it depends on which independent
variable we pick. Since the elementary idea of functions is
better understood from the classical viewpoint, we shall use it
hercafter. However, it is still important to remember the correct
definition of functions at all times.

To make it simple, for the function fix), all of the possible x
values constitute the domain, and all of the values fix) (v on the
Aa-¥ plane) constitute the range.

sl CRREE A function is defined as f(x)} = x* - 3x.
(i) Find the value of fi2).
{ii) Find the value of x for which f{x) = 4.

Sol,
(1) A2)=(2¥ -H21=-2
(i) iy =4

=y -—3x=4 =yr-3y-4=0
= v-drv+ =0 =yx=4o0r-1
This means fid) =4 and f{—1) =4,
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j Exng|§Tg If f is linear function and (2) = 4, fi-1)

= 3, then find f(x). _

Sol. Lect linear function is fix) =ax + b . '
Given f(2)=4 —=2a+b=4 (n
Also fl-1)=3 = —-a+b=3 (2)
Solwing (1) and (2) we geta = % and b = ?

Hence, f(x)= x—;l(]
! P 2 +1 .
ST SRR A function is defined as f(x) = 32"

Can ﬂ') take a value 1 for any real x?
Also find the value/values of x for which fix) takes the

value 2. ,
x°+]
Sol. Here fix) = =1
fix) Y

= x¥*+1=3x-2

= xX*-3x+3=0
Now this equation has no real roots as D < (.
Hence, value of flx) cannot be 1 for any real x.

2+l B
3x-2

or xl+l=6x-dorx’=6x+5=0
or (x—-Dx-5=0

o x=1,5

For f{x) =2 we have

x_@____ge__l.@‘ Find the values of x for which the fol-
lowing functions are defined. Also find all possible values
which functions take.

22 Gipfa = 25

WA ="73 -1

1
(i) flxy = ——
x+1

Sol.

{) fix)= ﬁ is defined for all real values of x except when
X

x+1=0
Hence, f{x) is defined forx e R - {-11].
1
Lety= —
x+1 [
Here we cannot find any real x for whichy= —— =0

x+1
For y other than 0, there exists a real number x.

1
Hence, —— e R - [0).
x+1

(i) fx) = x‘} is defined for all real values of x except when
P
x=3=0.
Hence, f{x) is defined forx € R — {3}
Lety= =2
x—=3
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Here we cannot find any real x for which y = x 3 = 1
=

Note: When -

5 . C .
=, wehavex -2 =x-3or-2 =-3

= i :

which is absurd. '

For y other than ‘1’ there exists a real number x.

Hence, L e R-{1}.
ox+l

i) fi) = ==
T

x—-1=0"

Hence, f{x) is defined forxe R— {1}

n is defined for all real values of x except when

2
Lety= =

Here we cannot find any real x for which y = 2_.::1 =2

Note: When 2x =2, we have 2x = 2x 2 or 0 = =2 which

is absurd.

For y other than *2° there exists a real number x.

Hence, 2x e R-{2}.
x-1

x}, <0
| If fix) = ¢3x-2, 0<x <2, then find
P +lx>2
the value of{-1) + f(1)+ f(3).

-Also find the value/values of x for which fix) = 2.
Sol. Here function is differently defined for three different

intervals mentioned.
For x =-{, consider f{x) = x°

= fi-1)=-1

For x = |, consider fix} = 3x -2
= fihh=1

For x = 3, consider fix) = x* + |
= f3)=10

= f-D+AD+AN=-1+1+10=10

Also when fix) = 2,

for x* = 2, x = 2'*, which is not possible as x < 0.

for 3x -2 =72, x=4/3, which is possible as 0 € x £ 2.
Forx*+ 1 =2, x =1, which is not possible as x > 2.
Hence, for flx) = 2, we have x = 4/3.

INTERVALS

The set of numbers between any two real numbers is called
interval. The following are the types of interval,

A EPSTUDY CIRCLE



A Eu.'::: CiRCLE L eiforeme INIEED

. EAEAR PROMOTRS PRACTICE SET MATHEMATICS

Closed Interval . If S<x<d=0Z47<25
xe {abl=s{x:asx<h) In fact @ < b = a* < B? follows only when absolute value
- . - > of a is less than the absolute value of b or distance of a
a ) b from zero is less than the distance of b from zero on real
Fig. 1.2 - . number line,
Open Interval (x) Law of reciprocal:
xe (a,Por[a bl ={x:a<x<bh) If both sides of inequalit;f have same sign, while taking
o o - its reciprocal the sign of inequality gets reversed. ie., a
a b 1

. 11 i
Fig. 1.3 }b?02;<3 a.ndaqb-c[):>;->3

But if both sides of ineqp'ality have opposite sign, then

Semi-Open or Semi Closed Interval ' _ ¢ : - .
while taking reciprocal sign of inequality does not

xe[a b] or [a bl={xasx<b}

change, 1.e.
- - - Oo—
b 1
4 - oa<l<b= —{l
Fig. 1.4 a
xela bl oria bl={xia<xsh)
- - s - 1 1 1]. ,
3 o > — E[};;} if @ and & have same sign
a b Ifxe fa b= *
Fig. 1.5 le(—m. l}u |i% w], if & and b have opposite signs
x a

Note. _
* A setof ali real numbers can be expressed as {—es, ea)
ox £ (o0 a) (b, o) =x e R—[a, b]

ex € (-oq aJ Ulb o) =xe R—(a b) ' : ofx.
i)x<2 x=>=-1 (ii)x =22 (ivvy<-1
INEQUALITIES Sol. .
Some Important Facts about Inequalities (i) Whenx<2wehavexe (-, 0)L[0,2)
) forxe [0,2), e [, 4)

The following are some very useful points to remember: forx e (-, 0), 1 & (0, )

(' as<beithera<bhora=b = forx<?2, £ e [0, U (0, oo

(i) a<hband b <c¢ = a<e (transition property) = xe [0 )
(il) @ < b = —a > b, ie. inequality sign reverses il both (i) When x> 1 we have x € (— 1, 0) U [0, =)

sides are multiplied by a negative number forxe (1,00 %€ (0, 1)
(iv) acbanlilccd;:-a+c.<b+danc_1a.—d<b_~c.'. . for x € [0, o), 22 € [0, o0) )
(v) If both sides of inequality are multiplied (or divided) by = fors> -1, 7€ (0, 1)U]0,~)

a positive number, inequality does not change. When
both of its sides are multiplied (or divided) by a negative
number, inequality gets reversed.

le,a<h=ta<kbifk=0and ka > kbif k<0

= xec [0, )
(iii) Here x € [2, =)

= x'c [4, )
(iv) Here x g (—=, -1}
(vi) O<a<b=a<bifr>0anda>bifr<0 = xe(l, )

" ] .
(\"Il) ag+— = 2fora>0and Equahly holds fora =1 -—Eﬂx_amplel.7 Find the values of 1/x for the gi‘.‘,e“

o
i values of x.
(vili) a+— =-2fora<0andequality holds for ¢ = -1 i x>3 (iHx<-2 (iiyx e (=1,3) - {0}
o
(ix) Sguaring an inequality: Sol.
If & < b, then &2 < b does not follows always: (i) Wehave3<x <o
Consider the following illustrations: 1 1 1 N
= —>—>——{— = means tends to infinity)
2<3=4<9but4<3=106>9 31 x o
Alsoifx>2= >4 butforx<2=x"20 ~ pedl
x 3

f2<x<cd=24<x<16
F2<x<d=0<x1<16

@ www.acpstudycirclc.comm A E P STUDY ClRCLE.
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i) x& (1.3)-(0)
= xe(-1,0)w(0,3)
Forxe (-1,0)
1 1 1
— =2
-1 x -5
(here — 0-means value of x approaches to 0 from its left
hand side or negative side)

1
= ~l>—>»-w
X
l .
= —w<—<-l (1
X
Forxe (0, 3)
1 1 1
>——
—H}* x 3

(here'— 0* means value of x approaches to 0 from its
right hand side or positive side)

1 1
= o — o —

x 3
= .1 . @
X

From (1} and (2), —E(—ce —I)u[l
X 3

g

Nﬂte: Forxe R-— {0}, lE R—-{0}
. X

2RI Find all possible values of the following
expressions:
Gy () o G
x*+2 x*-2x+3 ¥ —x-1
Sol.

(iy We knowthatx?=0xe R.
= x+2z22,¥xe R
or 22X +2) <o

= lz ] =0
2 xX+2
= (<« L l
422
. 1 1
(i) 2 = 2
X°=2x+3  (x-1"42

Now we know that (x— 120V xe R,
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= {(x-1P+222Vxe R
or 22(x—1P+2<es

L
= 2 -1 12
N
x=2x+3 2

SN S (-oo, ——]u(o, )
1 5
x‘_—_ ——
[=-3) -3
M2EI R Find all possible values of the following
expressions:
(i) Jx* -4 (i) \J9—x? {iii) Jx*-2x+10
Sol. :

(i) Vx*-4

Least value of square root is 0 when 2 =4 or x = £2. Also
-4 20

Hence, x* =4 € [0, =)
(ii) J9—x°

Least value of square root is 0 when 9 —x* =0 or x =13,
Also, the greatest value of 9 — x? is 9 when x =0,

Hence, we have 09 —x* <9 = +/9—x? e [0, 3].

i) v’ —2x+10 = Jx—1)°+9
Here, the least value of \(x—1*+9is3 whenx—1=0.
Also (x— 17 +929 = Jr—1)' 19 23
Hence, m e [3, =).

A EPSTUDY CIRCLE
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GEINNERALIZED METHOD OF [NTERVALS FOR
SOLVING INEQUALITIES
Let F(x)=(x-a)"{x-aq, )“! x=a, Y (x—a,)n

wherek, k. ...k € Zandq, a., ...,
satis fying the condition

g, are fixed real numbers

a|< d‘.2< aJ:: . {(I"_I <4,

Forsolving F(x) > 0 or F{x) <0, consider the following algo-
rithi:

» ‘We mark the numbers a, a., ..., ¢, on the number axis and
put the plus sign in the interval on the right of the largest
of these numbers, i.e., on the right of a.

s Then we put the plus sign in the interval on the left of a_
if k_is an even number and the minus sign if & is an odd
number. In the next interval, we put a sign according to the
following rule:

¢+ When passing through the point & | the polynomial

F(x) changes sign if £ _ is an odd number. Then we
consider the next interval and put 4 sign in it using the
same rule.

e Thus we consider all the intervals. The solution of the
inequality F(x} > O is the union of all intervals in which
we have put the plus sign and the solution of the inequality
F(x) < 0 is the union of all intervals in which we have put
the minus sign.

Frequently used Inequalities

(i) x—-ax—-b)<0=xe (a b),wherea<b -
{i) (x—afx-E>0=x¢e (—eo,a) (b, =), wherea<d
(iii)y
(iv) 2o =xe (—o=, —a] U [d, =)
(v) Ifar+bx+c<0.(a>0=xe (@ B, where &, B (e < S are
roots of the equation ax* + bx +c=10

(Vi) fa +bx+e>0,(a> 0} = x e (-, i) U (B, o), where
a, B(a< B) are roots of the equation ax® + bxr+c=0

rE<al=xe [~a a]

_Example 1.10_ESUNCESEE IR
Sol. X=x-2>0
= {(x—-2x+1)>0
Nowx —x-2=0=x=-1,2.
Now on number line { x-axis) mark x=-1 andx =2
Nowwhenx>2, x+1>0andx-2>0
= (x+ D)x=20
when— 1l <x<2, x+1>0butxr-2<0
= (x+I1)x-2)<0
whenx<—1,x+1<0and x=2<0
= (x+1}x-2}>0
Hence, sign scheme of x* —x — 2 is

+ - +
I I
-1 -2

Fig. 1.6

From the figure, x* —x - 2> 0, x € (—==, -1} W (2, &2).
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' P Solvex*-x-1<0.

Sol. Let's first factorize x> —x — I,

Forthatletx’—x—-1=0

_1xVitd 1345

= =
2 2

Now on number line (x-axis) mark x=

A
k J

Fig. 1.7

From the sign scheme of x* —x — 1 which shown in the given
figure.

r=-x-1<0= xe[

1—J§ 1+~J§J
5

2

IETETISERR, Solve (v — 1)(x - 2)(1—20) > 0.

Sol. We have (x— D(x=2)(1 =2%) > 0

ar ~x=-DNx=-2)2x-1 =0
or (x—Dx-2X2x~-1)=<0
On number line mark x=1/2, 1, 2
P - -+ - +
112 1 ) 2
Fig. 1.8

{20 = 1yand (x -

Y

When x > 2, ali factors {x— 1) 2) are posi-
tive.

Hence, (x— IMx=2)2x— 1) > 0 for x> 2.

Now put positive and negative sign aliernatively as shown
in figure.

Hence, solution set of (x — IMx —2)1 - 2x) >0 or {x = 1}
(x=2}2x - 1) < Ois {—ee, 1/2) 0 (1, 2). '

i Solve 2x+ 1) (x -3} (x+ 7)< 0.

Sol. 2x+Dx—-3NWw+7N=<0
Sign scheme ol (2x 4+ 1) {x — 3) (x + 7) is as follows:

- + - +
I 1 |
-7 =12 3

Fig. 1.9

Y

L )

Hence, solution is {(—es, =7) 1 (=1/2, 3).

Exanmiple 1.14 I E\< 3.
Ccxampie 1.14 "

= E -3<0 {(Wc cannot crossmultiply with x as x

& can be negalive or posilive)

A EPSTUDY CIRCLE
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2-3
= s <
X
- 3x-2 >0
X
N (x=2/3) -0
X
Sign scheme of w is as follows:
_ x
- T I »
0 2/3

Fig. L10
= xe (o, 0) L (273, e2)

Sol. =3
3x=5
2 —
= 73 450
3x-5
2x-3-9
o, 2x-3-%xdlS
3x-5
-Tx+12.
- X2
3x—5
Tx-12
= <
3x-5
. Tx-12
Sign scheme of is as follows:
3x-5
» + - + o
o T T
5/3 1217

Fig. 111

= xe {5/3, 12/71

x=5/3 is not incleded in the solutions as at x = 3/3 denami-
nator becomes zero.

i Solvex > q,’(l x).

Sol. Given inequality can be solved by squaring both sides.

But sometimes squaring gives extraneous solutions which
do not satisfy the original inequality. Before squaring we
must restrict x for which terms in the given inequality are well
defined.

> 1,‘{1 - x) . Here x must be positive,
Here +/1—x isdefinedonly when 1 —x>20 orx<1 (1
Squaring given inequality but sides x*>1 - x

=xy¥+rx-1>0= [x—_l_z\{g]{x—ﬁl-hg]b(]

2

—l+\f§

2

=1=4/5
=S x<— V5 or x> (2)

(=) www.acpsludycirclc.comn
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From(l]an&{Z)xe{ _1,l:| (as x is +ve)

1 2x=-1

I Solve 2 -

£0,
rerrl x+1 2+l
Sol. i 2 1 2x-1
X —x+l x+1 x +1
. 2Ax+D—(x* —x+D=-2x— 1):}0
(x+Dx*—x+1D)
- 2_ —
~ (x—x—-2) >
(x+D(xE—x+1)
—{x—-2x+1)
= —_—
(x+D(x"—x+1)
= —22_—x-—2{],wherexil
x-x+1

= 2=x20,x2~1,(asx’—x+1>0forvxe R)
= x=2,x#-1

,Efgmﬂ_lgw__,‘]ﬁ“j Solve x(x + 22 (x - 1)*(2x = 3Mx -3¢ =0,

Sol. Let E = x(x + 2)%x ~ 1¥(2x — 3)x — 3)%.

Here for x, (x — 1), (2x - 3) exponents are odd, hence sign
of E changes while crossing x = 0, 1, 3/2. Also for (x + 2),
{x = 3) exponents are even, hence sign of £ does not change
while crossing x = —2 and x = 3.

Further for x > 3, all factors are positive, hence sign of the
expression starts with positive sign from the right hand side.

The sizn scheme of the expression is as shown in the fol-
lowing figure.

— - + - + +
- T [ | | |
=2 0 1 32 3

Fig. 1.12

Y

Hence, for E2 0, we have x € [0, 1] W [3/2, =)

Solve x(2* = 1)3 = 9i(x-3) < (.

Sol. Let £ = (2" — 1)(3 — M- 3
Here2'-1=0=x=0and when3*-9=0=x=2
" Now mark x =0, 2 and 3 on real number line.
Sign of E starts with positive sign from right hand side.
Also at x =0, two factors are 0, x and 2° - 1, hence sign of E
does not change while crossing x=0.
Sign scheme of E is as shown in the following figure.

+ + - +
- | | |
a 2 3

Y

Fig. 1.13

From the fisure, we have E< 0 forx g (2, 3},
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_ ¥4l = —-2<x<2 {2)
Bclay AUl Find all possible values of o2 From (1) and (2), we have x € (=2, = 17U [1, 2)
x+1 :
Sol.Lety="573 ABSOLUTE VALUE OF x
= }’x.g —2y=xi+! Absolute value of any real number x is -denoted by | (read as
. 23+l ' modulus of x).
= = y—1 ' The absolute value is closely related to the notions of magni-
tude, distance, and rorm in various mathematical and physical r
Now 20 = 2y +1 >0 ' contexts.
¥l From an analytic geometry point of view, the absolute value
of a real number is that number’s distance from zero along the
Now £ 0 = 2+l 54 real number line, and more generally the absolute value of the
y—1 : difference of two real numbers is the distance between them.
’ Let’s look at the number line:
= yE-1/2 or y>1
0 X
Solving Irrational Inequalities A
Fig. 1.14

_Example 1.21 |

Solve vx-— 2_ z-1. The absolute value of x, denoted “|x[” (and which is read as
Sol. We must have x — 2 = 0 for Ji=72 to get defined, thus x “the absolute value of x), is the distance of x from zero. This is

>3, why absolute value is never negative; absolute value only asks

“how far?”, not “in which direction?”. This means not only that

Now «x-2 2-1, as square roofs are always non-negative. 3] = 3, because 3 is three units to the right of zero, but also that
Hence,x=2. |-3| = 3, because —3 is three units o the left of zero.

When the number inside the absolute value (the “argument”
of the absolute value) was positive anyway, we did not change
the sign when we took the absclute value. But when the argu-

Note: Some sudenis solve it by sguaring it both sides for which
=2 =1 orx >3 which cause loss of interval {2, 3).

Example 1.22 [JEINE fx—1>+3—-x. ment was negative, we did change the sign.
S If x > O (that is, if x is positive), then the value would not
Sol. vx—1>+3~x ismeaningful ifx—120and3-x=0 change when you take the absolute value. For instance, if x=2,

then you have |x| = |2| = 2 = x. In fact, for any positive value of

or lsxs3 (1) RS i ; .
x {or if x equals zero), the sign would be unchanged, so:
Also ~x-1>3-x Forx =0, |x|=x
Squaring, we have x— 1 >3 —x On the other hand, if x < 0 (that is, if & is negative), then
= x>7 . ) it will change its sign when you take the absolute value. For
From (1) and (2), we have 2 < x < 3. instance, if x = —4, then x| = [-4| =+ 4 = —(—4) = —x. In fact,
for anv negative value of x, the sign would have to be changed,
Example 1.23 SIS LS Jrzafe-3. $0:
-AAMMPIS 1.o2 For x <0, x| =
Sel. x+x."; = «.E—?r is meaningful only whenx 20 {n * d
& xz0
Now x+\f;2x/;—3 : Thusm:{
—x, x<0
= x=-=3 (23 _ >0
From (1) and (2), we have x = 0. Al‘;o\f_—jﬂ-{l' £=
-x, x=0

Solve {(x* — d)Wx*-1<0,
Sol. (xX* —dnxi-1<0

We must have x*— 120
(x— Dx+1)=0 Thus square root exists only for non-negative numbers and its

ie, 2= [ = ft=2y" = [{—2)3 ]m = -2 isabsurdas y"x-zzl xl

(-2) =1-21=2

or
value is also non-negative,
or x=-lorxzl (n 8 L
Some students consider JZ =+2, which is wrong.
Also (X} =4nx* -1 <0
= x-4<0 In fact \J(=4)! =1-41=4
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3
[1;4’5) =11-v21=+2 -1 ¢te.
Also some students write \fxTzix which is wrong, infact,

\_)G:?zlxlz{x' x=0

—-x, x<0

Also a?< b= \fp? < fp? = lal < |b|

. Graph of function fix) =y = |x|

0 +1 +2 =3

0 1 4 9
N T EE e nr T B oo
! ! ! ! ro ! ! i ‘
—pem o ---- I LEETEI EETRS PP oo s St S
| ; : b | ; : :
NG IR
AR SRR . LY ¢TSS S
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B SIS U SRS SO S S ¥ S S B
I A R T
S 4 o2 2 R
' ) ] 1 ' i 1
' 1 t 1 T ] ] i
R ST SRR S N SN oo o R,

Fig. 1.15

We can see that graph of y = |x| is in 1* and 2™ quadrant only
where y =20, hence |x| 2 0.

| Solve the following:
(it) x* = x| =

) x| =3
Sol. .

(i) |x| = 5, i.e., those points on real number line which are at
distance 5 units from “0”, which are -5 and 5.-
Thus, [xj=5=x=4%5
(ii)
|y -2=0
[ = Iy -
(x| = 2K+ 1)=0
=20 +1#0)
x=12

Ly iy

Example 1.26 B3 Gl the value of x for which following

expressions are defined:
l

(i) 'Vl'x+lxl

] 1
® Na=lxl

Sol.

. . x—x=01fx=0
(@) x -l = r+x=2xifx<0
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= x— |xi <0foralx

= does not take real values foranyx e R

(i1)

x4 xi=

“What is the geometric meaning of |x — y|?
[x —

line.

Sol.

(i) |xr—2| =1, i.e., those points on real number line which are
distance | units from 2.

OR-2=1

m

is not defined for any x  R.
x - |x|

x+x=2xifx=0
x—x=0,ifx<0

1
—— is defined only when x> 0
Jx+lxl

¥| is the distance between x and y on the real number

| Solve the following:
(i) 20 +1P~ |x +1| =3

(ii)

In general, | f(x) I={

real-valued function.

_Example 1.28 |

(i
(ii)

(iii} Jr? — x]

- T N T

>

0 1 2 3

Fig. 1.16

Asg shown in the figure x = 1 and x = 3 are at distance 1
units from 2,
Hence.x=1lorx=3.
Thus |[x -2 =1
= x-—-2==%1
= ax=lorx=3

A+ IP=fx+1]=3

= 2+ 1P-lx+1j-3=0

= 2x+1P-3x+1j+2x+1-3=0
= 2k+1]=-3)x+1+11=0

= 2x+1-3=0

= |x+1]=32

= x+1=%372

=

r=12orx==52

X-a, x=a .
lx~al= , where ¢ >0
a—-x, x<a

Fx), f(x)=20 , where y = f{x) is any

_f(x): f(x){[}

Solve the following:
x=2|=i{x-2)
e+3=-x-3
=x'-x
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(iv) |x*-x-2[=2+x-2*

Sol.

(i) |x-2/=(x-2),ifx-2200rx22
(i) [x+3=-x-3ifx+3<00rx<-3

(i) jx*—x=x-xifx2—x2z0
= x(x-1y20
= x€ (—o, 0] ][], e}

(iv) [x*—x-2|=2+x-x
= x-x=-2<0
= (x=-2){x+1)=0
= -—15x£2

Solve 1-x=+x?=2x+1.
Sol. 1—x=n/x -2x+l1

(x—1)

_Example1.29 }

==

= l-x=x-1l
= 1-x20 .
= x=1

i Solve [3x-2|=x.

Snl. [3x - 2| =x
Case (i)

When3x—220o0rx=2/3

For which wehave 3x-2=xorx=1.
Case (ii) '

When3x—-2<0orx<2/3
For which we have 2—-3x=xorx= 1/2.
Hence, solution setis {1/2, 1}.

Example 1.31_ SEUIIUESES!

Sol. x* - 1 =1z
= x*-1=xwhenx=0
or x*—-1l==xwhenx<0

]+J§
2

(as x=210)

-5
2

x> —x—-1=0=x=

¥X+rx-1=0=x= (asx <)

Solve

_Example 1.32_§

Jr+3-afr—1 +Jx+8-6/x-1=1
Sol. fr13—avx 1 +Jr+8-6Jx—1=1

= Jr—l-aJi—1+4+x—1-6/x—1+9 =1
= JIx=1-2F +fifx—1-3F =1
= (Srol-204 1y —1-31=1
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Iaol=2t+Ivi—1-31=(x-1-2)—(x—1-3)

=

= +Jx=1=-220and+fx-1-3<0

= -1<3

= 4<x-1£9

= 3=x210

L Prove that
=2, x<-1
-..frx2+2x+1-wfx2-2x+1 =+2x, -1<x51

2, x»=1

JxP+2x 41—/t = 2x+1
= Jlx+1) —f(x—1)?

=lx+11-1x—11

(—x=1-(1-x), x<-1
=+<x+1-{1-x), —-12x<1
x+1-(x-1), x>l

=2, x<—1
=42x, -1 x<1
2, x=1

(i) For 2 <x <4, find the values of |x].

(i) For-3<x<-1,find the values of |x|.
(iii) For - 3 £ x < 1, find the values of {x|.
(iv) For -5 <x <7, find the values of [x - 2|.
(v) For1=x <35, find the values of |2x - 7|.

Sol.

i) 2<x<4
Here values on real number llnc whose distance lies
between 2 and 4.
Here values of x are positive = x| € (2, 4)

(i) —3<x=-1
Here values on real number line whose distance lies
between 1 and 3 or at distance 1 or 3.
= 15|43

(i) —3=x<1
For—3<x<0,|x e (0, 3]
ForOsx<l,x|e [0 1)
Sofor—-3<x<1,|x/e [0, 1}w (0, 3]orxe [0,3]

(iv) - 5<x=<7
=-T<x-2<5
=0=|x-2|<7

A EPSTUDY CIRCLE
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(v lax <5 "~ Inequalities Involving Absolute Value
=72 <2x< |0 (i) |[d=a(whereag>0)
= 5<2x-7%3

=[2x-7 e [0, 5] It implies those values of x on real number line which are

at distance g or less than a.

Exam le1.35 ¢ For x € R, find all possible values of - * ! - 4 -
e ARt | r 5 R
i) x-3[-2  (id4—|2x+3 Fig. 1.17 I
Sol. ‘ <x< |
(i) We know that [x-3|>0V xe R = -asxsa
= |-3-2=-2 eg f£2=-2<xg2
= |x-3[-2g [-2, ) K<3=-3<x<3
(ii) We know that |2x+ 3|20V xe R : In general, |[ix)| € a (wherea>0) = ~a<fix) <a.
= —|2x+3[=0 . (i) || =a (where a > 0) '

= 4-|2x+3|z4

It implics those values of x on real number line which are
or  4—[2x+ 3| € (-, 4] .

at distance a or more than «

Example 1. 3 Find all possible values of » T — >
_CXAMP i 22k M 0 o
B Vixi1-2 (i) 3 1x-1l (i) y/d-~/x? , Fig. 1.18
Sol. . =Sx<-—qorx2a
) Txl—2 eg=z3=xs-3orxz3.
We know that square roots are defined for non-negative W>2=x<-20rx>2
values only. In general, fix)|z2a=fx)s—aorfix)za
It implies that we must have |x] -2 = 0. (ili) a < |x] £ b (where @, b > 0)
lx1-2=0 Itimplies those value of x on real number line which are at
distance equal ¢ or & or between g and b,
(i) 3= lx—11 isdefined when 3 —|x— 1]20 quat ot Sorbetw .
But the maximum value of 3 - |x— I| is 3 when {x - 1| is 0. ~h -a . (J) p b
Hence, for +3=1x—11 to get defined, 03— |[x = 1| <3, Fig. 1.19

= Blr-lle [0. \/51 = = b —a] U o ]

Alternatively, v — 1|20 eg 2shl<d=xel-4,-2][2, 4]

= —|x-1]=0 . {iv) b+ y| < x| + |y if x and y have opposite signs.

= 3-h-1]=3 e — ¥l < |x| + [| if x and y have same sign.
But for \{3—| x—~11 to get defined, we must have be+ 31 =[xt + |yl if x and y have same sign or at least one of
0£3—|x—1]53=:-05-h—lx—llgﬁ Xx and y is zero.

|x — ¥ =[x} + |v] if x and y have opposite signs or at least one

Gii) J4—x = Ja—i<i . of x and y is zero.

=0 - _ ___- - Solvex™ d|x| +3 < 0.
= —jx=0

= 4-|x=4

But for ~/4-1x] to getdefined 0 <4 — x| < 4

= (0<4-lxl=2

el CANVM Solve x -3 +[x-2|=1.
Sol. |x-3|+fx-2|=1

Sol. “—4x+3<0

(xl = 12l - 3) < 0
P<|x]<3
~3<x<-lorl<x<3
xe (-3, -1w(l, 3

Lyl

R2CI RIS Solve 0 < x| < 2.
Sol. We know that x| 20,V xe R

= -3+ br-2[=06-0+x-2) But given x| >0 = x = 0
— x-3<0andx-220 Now 0 < fx| < 2

= x=3andx 22 = xe(=2,2),x#0
= 2=5x=3
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= xe (220 R, Solve b+ 1] +[2r-3|=4.
EEIYTIETR, Solve [3x-2/<A. Sol. Let ) = + 1] + 23|
Sol |3x_'2|{4 A B.fix) = |C.fiz4 |[D.ANC
s —d4<3x_2<4 x<—1 -1-x+3-|2-3r=4 |Nosuchxexists
= -2<3x<6 2x = x=-2/3
= =23<x<2 . “1=2x=32|x+1+3-2x|4-x=4 x=0
. _ =x=0
| W Solvels|x-2|=3. x>30 x+1+2%x-3|3x-2=4 |x=2
Sol. IS[x—E[s?; =x=2
= —3<x_2<-lorl<x-2<3 - Hence, solutions set is {0, 2}
—-l=Ex< <x =
IO A Example 143 JEETNENRUIE
. Sol, We have |x] + |x—2| =
_Example 1.42 ELIEIRVage] LR = +Rk-2=x—(x-2)
Sol. O<[x—3]<5 = Eﬁé-?;“
= —5=Zx-3<0or0=<x-3<5 _ = *=
= —2Zx<3or3<xs8 SIRECR Solve [2x - 3+ - 1] =[x - 2.
==b x E [_2' 3) U (3’ 8] By R e P A S 2 e = e
_ Sol. j2x—3|+x—1=]2x=3)-(x- 1)
RCIUINEERE Solve | |x-1]-2|<5. = @x-3x-D=0
Sol. |lx-1]-2|<5 . . = 1=x<3/2

= -5<[x=-1|-2<5 .
= -3<x-1|<7 _Example 1.50 ;

= k—1<7 Sol. [ +x—4|=]"=4+|x
= -T<x-1<7 = x(x*-4)z0
= —6<x<8 ‘ ' = x(x-2(x+2)=20
_2. , o0
W Solve|x-3[22. = xelR O

Solve x* +x - 4| = [x* — 4] + |x}.

Ifsinx +cosx| = |sinx|+|cosx|(sinx,cosx
= x=3<-20orx-322 # 0), then in which quadrant dees x lie?
= x=lorxz5

Sol. Here we have [sin x + cos x| = [sin x| + |cos x].
1t implies that sin x and cos x must have the same sign.

Solve | Ix| - 3> 1. Therefore, x lies in the first or third quadrant.

_Example 1.45 _;
Sol. ||x|-3|=1
= l-3<-lorlx-3>1 Sl EP I s tan x + cot x| < |tan x| + |cot x| true for
= {x|<2or|x|>4 any x ? If it is true, then find the values of x.

= —2<x<2orx<—dorx>4d . Sol. Since tan x and cot x have always the same sign,

tan x + cot x| < |tan x! + |cot x| does not hold true for any value
Solve |x— 1|+ |x—-2|=4. of x.

Examle 1.46 |

Sol. Lot flx) = |x — I + |x - 2 Example 1.53 IO x—;ilsl.
A. B. fix} C.flx)=4 D.ANC L—3
x<l l-x+2-x|3-2x24=>x<-2/3[x<-1/2 Sol. :r+l <1
=3-2x
1£x£2|x-1+2-x| 124, not possible = _]£I'3£1
:] x+1
x>2 x—1+x-2|2x-324=x272 |x272 = 73 120 and 0<X=3
=2x=3 x+1 X+
Hence, solutions is x & (—es,—1/2] W [7/2, ). ' - Iy =72
en ( 1wl ) - 4 20 and 0<2E
x+1 x+1
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= x>—land {x<-1lorxzl1} 2x 1
=
= x =zl ’ 12. Solve 22 +5x+ 2 x+1-
...EEE@..'Z’!I?...!_..‘? RS Solve [x®—2¢] + |x_—4| >t =3k + 4. 13. Solve (i) _3 < 0 (D Jx—2<3

Sol. Wehave x> - 2x/+ |4 —x|> | —2x 4+ 4 —x
= (x*-20d-x<0 - | 14. Which of the following equations has maximum number of
= x{x-2¥x-4)=0 re:aI roots?
= x e (0,2) U4, =) , , () x*—]-2=0

(-2 +3=0

] Cencept Application Exercise 1.1 (i) * - 3x| +2= 0
o ' _ TV 2 +3+2=0
*+3, x<l 15. Find the number of solutions of the system of equation x + 2y
1. Ifftx) = {x%, 1< x %3, then which of the following is greatest 7 =fand|x-3 =¥ )
2-3x,x>3 ' - ' I
16. Find the values of x for which fix)= [—~ s
ROy, f3), f4). A2) defined. ] lx=21=(x-2)
2. T f(x) is quadratic function such that f0) = —4, f{1) =5 and . - _ p)
A& 13 =~1, then find the value of /(3) 17. Find all valtfcs of x for which fix)=x + \f;_- .
3. Find the value of x? for the following values of x: 18. Solve I -F 2l 2.
@ [-5.-1] @i (3,6) ' -
(i) (-2, 3) (iv) (=3, =) (%) (=00, &) 19. If |* — 7| £ 9, then find the values of x.
4. Find the values of 1/x for the following values of x; 20. Find the values of x for which +/5—12x—3| is defined.
@ (2.5 () [-5. -1 21. Solve |[x-2|-3| <5.
(iii) (3. ) {iv) (-, —2] : 22. Which of the following is/are true?
(v) [-3.4] ' (a) It | + y| =[x + [], then points {x, ¥} lie in 1* or 3™ quadrant
. . or any of the x-axis or y-axis.
5. Which of the following is always true? .
If i i nd i _
(@) Ifa<b, then ai< ? E:ﬂt |x + ¥| < [x] + |y], then points (x, y) lie in 2% or 4™ quad
(b) Ifa<b, then L) X ) If Ii;c =¥ =z + |y, then points (x, ¥) lic in 2™ or 4m quad-
a b rant. -
(¢} If @ < b, then ja| < B 23. Solve | —x— 2|+ |+ 6| = x* - 2x - §|.
6. Find the values of x which satisfy the inequalities simultane- 24. Solve | =2y 1.
ously: 25. Solve |2 = |+ 12"+ 1}=2.
() 3<2x-1<19 (i) -1< 2x5+3 <7 26. Solve [x*—4x+ 3|=x+1.
- ' 27. Solve|x®— 1|+ x2—4|>3.
7. Find all the possible values which the following expressions 28. Solve|x—1|-[2x—5]=
take.
L 2-=15x ’
(i) 4 SOME DEFINITIONS
Real Polynomial
(i} Jx* ~Txr+6 Letay, a, a,, ..., a, be real numbers and x is a real variable.
o —a—k Tl]cn,ﬂx) =a, + a,x+ qle + -~ +a x*is called a real polyno-
{iii) — mial of real variable x with real coefficients.
'r - -
Complex Polynomial
8. Solve wﬂ.. Ifa,a,a,...,a, are complex numbers and x is a varying com-
(2x-35) plex number, then fix) = a,+ ax + a,® + - +a_x"is called a
(2x+3)(4— 3,0 (x— 4) complex polynomial or a polynomial of complex coefficients.
9. Solve Ty Rational Expression or Rational Function
An expression of the form
10. Solye Z N7 o PO
lx~41{x+6} i
. o)
11. Find all possible values of fix) = ;x where P(x) and Q(x) are polynomials in x is called a rational
x+3 expression.
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In the particular case when Q{x) is a non-zero constant,
P{x)
Qx)
reduces to a polynomial. Thus every polynomial is a rational

expression but the converse is not true. Some of the examples
are as follows:

1—.
(1) X344 ) x'—5x+4
x=2

¥+l

- 1 4 x+i, Le.,
x—-2 x x

>3

Degree of a Polynomial
A polynomial flx) = a, +ax + a,x* + -+ + a,x", real or complex,
is a polynomial of degree n, ifa, £0.

The polynomials 2x* = 72 + x + 5and (3 - 2/)x* — ix + 5 are
polynomials of degree 3 and 2, respectively

A polynomial of second degree is generally called a quadratic
polynomial, and polynomials of degree 3 and 4 are known as
cubic and bi-guadratic polynormials, respectively.

Polynomial Equation

If f{x) is a polynomial, then fix) = 0 is called a polynomial equa-

tion.

If fix) is a quadratic polynomial, then f{x) = 0 is called a qua-
dratic equation. The general form of a quadratic equation is ax*
+ bx + ¢ =0, a # 0. Here, x is the variable and a, & and ¢ are
called coefficients, real or imaginary.

Roots of an Equation
The values of the variable satisfying a given equation are called
i1s roots.

Thus, x = a is a roct of the equation fix) = 0, if f (&) = 0.
Far example, x = 1 is a root of the equation x' —6x* + 1lx - 6=
0,because 1'—6x1*+11x1-6=0.

Similarly, x = @ and x = w® are roots of the equation
x* + x + 1 =0 as they satisfy it (where @ is the complex cube

root of unity).

Solution Set
The set of all roots of an equation, in a given domain, is called
the solution set of the equation.

For example, the set {1, 2, 3} is the solution sct of the equa-
tion X' = 6"+ 11x—6=0,

Solving an equation means finding its solution set. In other
words, solving an equation is the process of obtaining all its
roots,

Example f If x = 1 and x = 2 are solutions of the
equation x* + ex* + bx + ¢ =0 and a + b = 1, then find the
valuoe of b.

Sol. Since x = 1 is a root of the given equation it satisfies the

equation.
Hence, putting x = | in the given equation, we get
a+b+e=-1 (1)
but given that
a+b=1 (2)
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= =2
Now put x = 2 in the given equation, we have
B+4a+2b-2=0

= 6+2a+2a+b)=0
= 6+42a+2=0

= a=-4

= b=35

JECUIO AT Let f(x) = ax’ + bx + ¢, wherea, b,c € R
and ¢ # 0. It is known that f(5) = - 3 £(2) and that 3 is a root

" of f(x) = 0, then find the other root of f{x) = 0.

Sol, fix)=axt+bx+c
Given that fi5)=-3 f{2)
2%a+5h+c=-34a+2b+c)

or 37a+11b+4c=0 . (1)
Also x = 3 satisfies fix)=0

. Sa+3b+c=0 (2)
or 36a+ 12b+4c=0. (3)

. [Multiplying Eq. (2} by 4]
Subtracting (3} from (1), we have '
a-— b=0
= a=b =Ih2)pub=aqa,
= 12a+e=00rc=-1lla
Hence, equation f{x) = 0 becomes
ax’*+ax—12a=0
or X*+x—12=0

ar (x—3x+4y=0 ot x=-4,3

Rl JEREYEE A polynomial in x of degree three van-
ishes when x = 1 and x = -2, and has the values 4 and 28
when x = -1 and x = 2, respectively. Then find the valze of
polynomial when x = (.

Sol. From the given data fix) = (x — 1) (x + 2) {ax + b)
Now fi-1) =4 and f{2) = 28
= (1-D(1+D(—a+b)=4
and  (2-D@E+2¥2a+5by=28
= g-b=2andZa+b=7
Solving,a=3and b =1
= fO=Cx-DEx+2)Cx+1)
= A=-2

MO CA T If (1 - p) is a root of quadratic equation
x*+ px + (1 —p) = 0, then find its roots.

Sol. Since (1 — p) is the root of quadratic eguation
Xapx+(1-p)=0 (H

So (1 — p) satisfies the above equation
(I-prP+p(l-p+{-p)=0
(-p[1-p+p+11=0

(1-p)(2)=0
ES p=1
On putting this value of p in Eq. (1), we get
X+x=0

= xfx+ D=0
= x=0,-1
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Example'hsg The quadra(jc ng}rngmial p(x} has the graph Dfﬂx} = % — x — 2 cuts the x-axis at two values of x, x =
fllm properties: _ —1 and x= 2.
p(x) can be positive or zero for all real numbers P_'ollowing is the graph of y = fix).
_ p=0andp2)=2. :
Then find the quadraiic polynomial. |

Sol. p(x) is positive or zero for all real numbers i
also  p()=0 B

then we have p(x) = k(x — 1), where k > 0
Now  p(2}=2 T

= k=12 : '
Py =2x-17

L e S

| e

GEOMETRICAL MEANING OF ROOTS (ZEROS) ;
OF AN EQUATION _ j

We know that that a real number & is a zero of the polyno-
mial fix) if k) = 0. But why are the zeroes of a polynomial r
so important? To answer this, first we will see the geometrical i
representations of polynomials and the geometrical meaning of S~
their zeroes. :
We know that graph of the linear function y = fix) =ax + & i
is a straight line. '
Consider the function fix) =x + 3. Fig. 1.21

Consider the function fix) = x* — 6x* + llx - 6, now - for
i i fixy=0wehave (x - Dx—-2) x—3N=0orx=1,2,3. Then

" i e I P T

RS JE

_ 4 R
! ! graph of y = f{x) cuts x-axis at lhreg valuesof x,x=1, 2, 3.
I 1
7 i St e Following is the graph of y = fix).
: : 1 ¥ 1 1 i
---__T_.‘-d-'___—l_— ] " 1 Ll I
b : : : :
__I___J____:____I__ -y m e —---'—~i—~ e -
. : : ' :
I | 3 il [ i
e e e e H i ' !
! I ' : ' :
B S R S S A A o
2 3 4 ] | i i
e ' i : i
1 i 1 H ! ! i
| /N e
1 1 | 1 1 ! : :
N N ? NS
! L 3 Le-obooooo ' | | I
! | ] | | | | 1 ] ' | i 1
1 I I | | | | 1 ] : : : :
AR R St S i O U SO U S AR IS (A SRR A feeeeeea _—
i | | 1 | ] | ] 1 1 i 1 1
i 1 1 1 1 ¥ 1 ] 1 1 , : i i
Fig. 1.20 i : : :
Now we can see that this graph cuts the x-axis at x = - 3, .
Fig. 1.22
where value of ¥y = 0 or we can say x + 3 = 0 (or y = 0) when .
value of x = -3. Thus, x = -3 which is 4 root (zero) of equation Consider the function fx) = (£ - 32 4+ (" — x + 1}, now for
X + 3 =101is actually the value of x where graphof y =f{x)=x+ fixy=0wehavex=lorx=2 asx’—x+1=0is not possible
3 intersects the x-axis. for any real value of x. Hence, fix) = 0 has only two real roots

Consider the function f{x) = x* — x - 2, now for f{x) = 0 or x* and cuts x-axis for only two values of x, x = 1 and x = 2.
—x-2=0,wehave x—2¥x+ 1N=0o0rx=-1crx=2. Then
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Following is the graph of y = f{x). : ; M
I W
1-- ; )
| ST
’ | .
| E
. i
; i '
-1 I ]
H R bbb S ¥ |
] I ] ]
: ; i 1
: I ' ;
- x i f
3 2 - ;
: I 3 I
I [ t ]
| ! I 3
l ATt 171 Vv
4= 1 1 3
! i i I I
: | | t
- Fig. 1.23 , Fig. 1.25
Thus, roots of equation f{x} = 0 are actually those values of x Now in the figure, we can see that graphs of y=x*—2xand
where graph y = fix) meets x-axis. vy =2 — x intersect at points (—1, 3} and (2, 0) or where values

of x are x =— 1 and x = 2, which are in fact zeros or roots of the
_ _ equation #* - 2x=2-xorx’ —x-2=0.

Now we know that zeros of the equation fix) = O are the The given equation simplifies to x* — x — 2 = 0. So one can
x-coordinates of the points where graph of y = flx) intersect  also locate the roots of the same equation by plotting the graph
the x-axis, where y = 0 or zeros are x-coordinate of the point of  of y = x* — x — 2, then the roots of equation are x-coordinates of

Roots (Zeros) of the Equation f{x) = g(x)

intersection of y = fix) and y = 0 (x-axis) points where graph of y = x> — x — 2 intersects with the x-axis
Consider the equation x + 5 = 2. (where y = 0), as shown in the following figure.
" Let’s draw the graph of y = x + 5 and y = 2, which are as _ >
shown in the following figure. 3 ! !
i i | H i lyk 1 | i i E E
T T ) V200 S S S O e
: ¢ | | : ; S R
—a--- ' f SR PEEE ! ;
1 1 Ll I 1 . b : :
R Rt TEDLEY CE K e R , PP IS S T S o
1 | 1 3 1 I | [ 1
1 1 1 t 1 1 1 : If
: = 2 —————t— =2 i '
1 1 r I r I I 1 |
1 1 ¥ | } | | .
R R ST M 4—— - ‘[-—-__L___:'___JI___JI-__ T X
AR L %
4 T T T T T T T Ty '
44 3 2 12 3 4 N ] -
e e i e B e e o e e Il :
S PO NN N S AN SO IS SO S
| : | : : : : . T N L : _____
R et Shhiar ot EELE R S E PR P I ;
L 2 e '
. Fig. 1.24 Fig, 1.26
Graph of y = 2 is a line parallel to x-axis at height 2 unit From the above discussion we understand that roots of the
above x-axis. Now in the ﬁgure, we can see that gmphs of y=x equaﬁon ﬂx) —_ g(x) are the x-coordinate of the PUintS of inter-
+ 5 and y = 2 intersect at point (-3, 2) where value of x =3, section of graphs y = fix) and y = g(x).
Also fromx + 5 =2, we have x =2 — 5 orx = — 3, which 13
a root of the equation x + 2 = 5. Thus root of the equation x + 5 R2EICREE In how many points graph of y = x* — 3x*
= 2 occurs at point of intersection of graphs y =x + 5 and y = 2. + 5x — 3 intersect x-axis?

Consider the another example x* — 2x = 2 — x. Let's draw  Sol. Number of point in which y = x* — 3x% + 5x — 3 intersect the
the graph of y = x* ~ 2x and y = 2 — x as shown inthe following  x-axis is same as number of real roots of the equation x* — 3x*
figure. +5c-3=0.

@ www.acpstudycirclc‘comn A EPSTUDY CIRCLE




cr

STUDY CIRCLE

5 EDUCATION PROMOTERS

Now wve can see that x = | satisfies the equation, hence one
root of the equation isx = 1,

Now dividing x* —= 3x? +5x —= 3 by x — 1, we have quouent
P2-2x+ 3.

Hence equation reduces to (x — 1)}x* - 2x +3) = 0.

Now x* —2x+3 =0o0r (x - 1)* + 2 = 0 is not true for any real
value of x. :

Hence, the only root of the equation is x=1. -

Therefore, the graph of y = x* — 3x* + 5x — 3 cuts the x-dxis
in one point only.

In the following diagram, the graph of

_Example 1.61 ;
¥y =flx)is given.

Fig. 1.27

Answer the following questions:
(a) what are the roots of the fix) = 0?
(b} what are the roots of the fix) = 4?
(¢) what are the roots of the fix) = 10?

Sol.

) =0 occurs for the values of x
Jand y =0 intersect.

{a) The root of the equation fix)
where the graphs of v = fix)
From the diagram, for these point of intersection x = -1
and x = 2. Hence. roots of the equation fix) = 0 are x = -1
and x = 2.

(b} The root of the equation f{x) = 4 occurs for the values of x

where the graphs of v = fix) and v = 4 intersect.

‘f"Z;} www.acpstudycirclc.comn
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From the diagram, for these point of intersection x = -2
and x = 3. Hence, roots of the equation f{x) = 0 are x = -2
and x =3,

(c) Also roots of the equation f{x) = 10 are -3 and 4.

Which of the following pair of graphs

_Example1.62 |

intersect? .
() y=x’-xandy=1
(i) y =" -
(if) y=x"-x+l1landy=x-4

2v+3andy = sinx

Soly=x'—xand y=1intersect if ¥*~x=1=x2~x—1=0,
which has real roots.

y=x"=2x+ 3 and y = sin x intersect if x? — 2x+ 3=sinxor
{(x— 1)* + 2 = sin x, which is not possible as L.H.S, has the least
value 2, while R.H.5. has the maximum value 1.

J. =x-x+landy=x-4intersectif ¥ —x+ l=x-4 or
—2x + 5 =0, which has non-rcal roots. Hence, graphs do not

II][BI‘SBCIZ

Prove that graphs y = 2x — 3 andj =x?

_Example 1.63 |
— X never intersect,
Sol. y =2x -3 and y = x* — x intersect only when x? — x=2x-3
orx’-3x+3=0
Now discriminant 2 = (-3 - 4(3)=-3 <0

. Hence, roots of the equation are not real, or we can say that
there is no real number for which 2x - 3 and x*— x are equal (or
¥=2x—3 and y = x* — x intersect).
Hence, proved.

KEY POINTS IN SOLVING AN EQUATION

Domain of Equation

[tis a set of the values of independent variables x for which each
function used in the equation is defined, i.e., it takes up finite
real vzlues. In other words, the final solution obtained while
solving any equation must satisfy the domain of the expression
of the parent equation.

2 - -
Example 1,64 SENUSRIE St
-2x— ?
Sol. I:quatton - . = (18 solvable over R - |-1)
X+ l
Now X —2x-3 =0
x+1
= r-2x-3=00r(x-Nx+1)=0
= x=3{asxe R—{-1))

Example 1.65 TGS —4x)«,f'ir= ~1=0.

Sol. Given equation is solvable for x' = 1 =0
or  xe& (—ee,—1][l,

)

. =
(2" —dxwx —1=10
I
= xx=-2x+2Wx -1=0
= x=0.-2,2-1,1
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But X & (=00, = 17U ], 22} . ' Test 1: Leading Co-efficient

= x=1l,12 If » is odd and the leading coefficient a_ is positive, then the

2:-3 6x—x*—6 graph falls to the left and rises to the right:
Solve $1=227% . '
x-1 x—1 _ ¥y

_Example 1.66

Sot, X738 x 78 L e
ox=1 x-1 "

|
1
|
1
(-]
[

. 2
3x—4  6x—x —6,,\:#1

= =
x=1 x-1 _

= 3x-4=6x-x-6,x21

= xX-3x+2=0,x21

— x=2 e B B e 3 .

[TET SO

[
[

[P AP [ ST E—
L
FEUNINY ARSI

SR A

Extraneous Roots

While simplifying the equation, the domain of the equation
may expand and give the extranzous roots.
For example, consider the equation Jx =x-2. If n is odd and the leading coefficient g is negative, the
Far solving, we first square it _ graph rises to the left and falls to the right.
so Afx =x=2 : C oy
= x=(x2) {on squaring both sides] '
= ¥-5x+4=0
= (x-1(x=-4)=0
= x=14
We observe that x = 4 satisfies the given equation but x = 1 does
not satisfy it.
Hence, x = 4 is the only solution of the given equation.
The domain of actual equation is [2, =<).
While squaring the equation, domain expands to R, which gives
extra rootx = .

Fig. 1.28
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1
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1
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Loss of Root

JEU Y VRNV U

Cancellation of commen factors rom both sides of equation
Jeads to loss of root. Fig. 1.29

For example, consider an equation x* —2x =x -2
= x(x—-2)=x-2
= x=1
Here we have cancelled factor x — 2 which causes the loss of | i
root, x = 2 i :
The correct way of solvingis 45 ________ R al o l ________ REN T

If n is even and the leading coefficient a_is positive, the
graph rises to the left and to the right.

T2x=x=-2

= x*-3x+2=0
= (x-1x-2)=0
= x=landx=2.

GRAPHS OF POLYNOMIAL FUNCTIONS

| A W .
o _ -2 -1 0 / I 2
When the polynomial function is written in standard form, f{x) : | \-/ ! ;
=ax'+a, ;‘" -+ ax+ala, # (), the leading term is : | i ,
a x’ In other words, the ]eadmg lf:rm is the term that the vari- 1 I s & Sy T
able has its highest exponent. The degree of a term of a polyno- ; : : : !
mial function is the exponent on the variable. The degree of the ! ! ; i :
polynomial is the largest degree of all of its terms. - ---—~-——1;————————1I——— SR OB B — S WY

For drawing the graph of the polynomial function, we con-

sider the following tests.
Fig. 1.30
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If n is even and the leading coefficient g is negative, the
graph falls to the left and to the right

e

Fig. 1.31

Test 2: Roots (Zeros) of Polynomial

In other words, when a polynomiai function is set equal to zero
and has been completely factored and each different factor is
written with the highest appropriate exponent, depending on the
number of times that factor occurs in the product, the exponent

on the factor that the zero is a solution for it gives the multiplic-

ity of that zero.
The exponent indicates how many times that factor would be
written out in the product, this gives us a multiplicity.

Multiplicity of Zeros and the x-intercept

If r is a zero of even multiplicity:
This means the graph touches the x-axis at r and turns around.
* This happens because the sign of f{x) does not change from
one side to the other side of .
See the graph of fix) = (x = 2)* (x - 1)(x + 1).

Rl EE

..i-.__..._-m— S g

e T S
n

If r is a zero of odd multiplicity:

" This means the graph crosses (also touches if exponent is more

than 1) the x-axis at . This happens because the sign of f{x)
changes from orie side 10 the other side or r,
See the graph of f{x) = (x — )(3x - 2)(x - 3)° .

-
=
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Fig. 1.33

Thus, in general, polynomial function graphs consist of a
smooth line with a series of hills and valleys. The hills and val-
leys are called turning points. The maximum possible number
of urning points is one less than the. degree of the polynomial.
The point where graph has turning point, derivative of func-
tion f{x) becomes zero, which provides point of local minima
or local maxima. Knowledge of derivative provides great help
in drawing the graph of the function, hence finding its point of
intersection with x-axis or roots of the equation f{x) = 0. Also
we know that geometrically the derivative of function at any
point of the graph of the functicn is equal to the slope of tangent
at that point to the curve.

Consider the following graph of the function y = fix) as
shown in the following figurc. :

y

b
i
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In the figure, we can see that tangent to the curve at point

for which x < -1 and x > 1 makes acute angle with the positive
direction of x-axis, hence derivative is positive for these points.
For —1 < x < 1, tangent to the curve makes obtuse angle with the
positi ve direction of x-axis, hence derivative is ncgative at these
points. Atx =-1 and x = 1, tangent is parallel to x-axis, where
derivative is zero.

Here x = —1 is called point of maxima, where derivative
changzes sign from positive to negative (from left to right), and
x =1 is called point of minima, where derivative changes sign
from megative to positive (from left to right).

At point of maxima and minima, derivative of the function
is zero.

e I Using differentiation method check how
many roots of the equation x¥* —x* +x - 2 =0 are real?

Sol. Letj_=ﬂx)=x3—x3+x—2
= Y3 241
dx

Let 3x* — 2x + 1 = 0, now this equation has non-real roots,
i.e., derivative never becomes zero or graph of y = flx) has no
turning point.

Also when x — oo, flx) — oo and when x ——es, {x) 35— e

Further 3x*-2x+ 1>0V xe R

Thus graph of the function is as shown in the following
figure.
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Fig. 1.35
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Also fl0) = -2, hence graph cuts the x-axis for some positive
value of x. . :
Hence, the only root of the equation is positive.
Thus we can see that differentiation and then graph of the
functien is much important in analyzing the equation.

Analyze ihe roots of the following equa-

_Example 1.68
tions:
(i) 203 -9 4+ 12x-(9/2) =0

(i) 2x3-9x*+12x-3=0

Sol.

(i) Letfix)=2x"-9x"+ 121—(9;;2)

Thenf(x) =6x*—18x+ 12=6(x" —3x+ 2} = 6{x — 1 )(x—2)
Nowf(x)=0:}x#land.v=2.
Hence, graph has tum atx=1andatx =2,
Alsofill)=2-9+12-(9/2)>0
and f(2) = 16 — 36 + 24 — (9/2) < 0

Hence, g}aph of the function y = f{x) is as shown in the
following figure.

' Y : : j b '
I N N S I LA N LIS

[ | I 1 1

) ] 1 ) 1

] I 1 1 1

3 I 1 1 1

L ] 1 1 1

i i l 1 H

i | ' | |
T L T A JI _________ L

i /‘q\ i L ;

1 T 1 ¥ T "‘-

-1 0 1 2 3 4

| N | |

1 I 1 I b

I ] 1 ] ]

1 I 1 ] I
——-- R 1+--4----- pe==m——n o o r---

] ] ] " T

: r | r :

! i | E !

Fig. 1.36(a)

As shown in the figure, graph cuts x-axis at three distinct
point.

Hence, equation fix) =0 I;as three distinet roots.

(i) For2¥ -9x+ 12x-3=0,Ax) =2x>-9x* + 12x -3
fix)=0=x=landx=2
Alsofil1)=2-9+12-3=2andfi2)=16-36+24-3=1

Hence, graph of y = fx) is as shown in the following
figure.
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Thus from the graph, we can see that f{x) = 0 has only one
real root, though y = f{x) has two turning points.

Bl 1CAN-L I Find how many roots of the equatmn xt
+2x*— 8x + 3 = O are real.

Sol. Letfix)=x*+2x"-8x+3
= =4 +4x-8=4(x—
Now f{(x})=0=x=1

Hence graph of y = f{x) has only one tum (maxima/minima).

Nowfill)=1+2-8+3<0

Also when x — tee, fix) —ee

Then graph of the function is as shown in the following figure.

l)(x3+x+2)l

_____..-l-

S S

[=1" =

Fig. 1.37

Hence, equation f{x) = 0 has only two real roots.

EQUATIONS REDUCIBLE TO QUADRATIC

_Example 1.70 EhIVE \f 5x'—6x+8 —Js.:l —6x-T7=1.
Sol. Let 5+ — 6x = y. Then,
V5r2 —6x48 —5xP—6x—-7 =1 _

(f-:_;; www.aepstudycirclc.comn

= His-y-7=1
Wy +8-Jy-7)i =1

y=+y +y-56

¥ =y +y-56

¥y =156

5x*—6x =156 [
5x'~6x~56=0

(Sx+14) (x—4) =0

1

y=5x" - 6x]

L A

U
_,']L

Clearly, both the values satisfy the given equation. Hence, the
roots of the given equation are 4 and —14/5.

| Solve (x*-5x+7/-(x-2)(x-3)=1.

(= Sx+TP=(x-2) (x-3) =1

= P-Sx+TP-(x-5x+T=
= y-y=0,where—y=x*-5x+7
= y{y-DL=0
= y=01
Now,
y=10
= ©-5x+7=0
:x=51\/25~28=5iwf~_3:51iﬁ
2 2 2
where £=J—_l
and
y=1

= ¥-5x+6=0
= x-3Nx-2)=
= 3,2
Hence, the roots of the equation are 2, 3, (5+nf_))’2 and

5-i3)72.

_Example 1.72 ; S5x2+4=0.

Solve the equation 4"

. Sol. We have,

~S5x2+4=0
(29529 +4=0
W-5y+4=0, where y =2
-4 (y-1)=0
y=14
2=1,2'=4
27 =20, 2v =22
x=0,2 ,
Hence, the roots of the given equation are 0 and 2.

L1 A

Solve the equation 12x* — 56x° + 89x?

Example‘l 73 |
—56x +12 = 0.

Sol. The given equation is
12¢* — 56%° + 895 - 56x+ 12=0

A EPSTUDY CIRCLE
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Di~widing by ¥, we get (v+ 2+ (y -2 =82
56 12 (¥ +dy+ 4P+ (P -dy+ 4y =82
12x* —561+89——+-——:0 [P+ D +4y) + {(P + D -4y} =82
207+ 4+ 16y} =82

= l ) [ (a+bP+(a— Y =2a* + bY)
= lz[x +FJ 56 .x+ +89=0 ¥+ 8y + 16 + 16y = 41

LUl

=
) = y¥+247-25=0
. ] 1 1 = (P+23)x-1)=0
, . = y==5y==+I (where r.'=«f-_—_1) [
= 12[x+—1-J —56[x+l]+65=0 = x-3=x5,x-3==]
* x = x=3+5ix=4,2 [ y=x-3]
. 1 Hence, the roots of the given equation are 3+5/, 2 and 4.
= 12y —56y+65=0, where y=x+—
X
. Exampl b Sol i 2
127 —26y—30y£65=0 LEES ARG Solve the equation (x + 2) (x + 3} (x + 8)
xx+12) =
= (6y-13)(2y-5)=0
03 5 Sol. (x+2)x+N(x+B)(x+12)=
- y=—ory=-— = {((x+2}x+1D} {(x+3)(x+8)} =447
6 2 = (0 + L4x+24) (2 + 11x + 24) = 4
If y = 13/6, then ) : Dividing throughout by x*, we get
1. 13 ) (_x+14+2—4-][.1'+11+ﬁ)=4
X4+ — == x X
x 6
= 6 - 13x+6=0 = (y+14)(y+ 11)=4, where 1+2xi=}'
= (x-2)(2x-3)=0 = 425+ 154=4
= x=%% = y+25y+150=0
= (F+19Hp+10)=0
If ¥ = 5/2, then = y=-15,-10
1 5 If y=-15,then
r+—=—
x 2 24
a+—==13
= 27=-5x+2=0 x
= (x-2)(2x-1)=0 = X+ 15x+24=0
1 : -
= x=2, = -15—
> I E J129
Hence, the roots of the given equation are 2, 1/2, 2/3, 3/2. 2
. If “y=-10,1hen
RSO0 AL Solve the equation 3o 4 47-r = 25, e B
Sol. We have, = 2+ ;(Ox+24=0
3¢-r g 4% v =25 = (x+H)(x+6)=0

— Felox g 4ot or = 3 4 42 = x=-4,-6

= Pox=2 Hence, the roots of the given equation are —4, —6,

= ¥_x-2=0 (=15 --J129)/2.

= E-DE+1=0 '

_ .E'xz—l).g ol 5 Evaluate JG—E—JG +JG+---an
Hence, the roots of the given equation are -1 and 2. Sol. Let x= 6+\m_ Then,
m Solve the equation {x — 1)* + (x - 5)* = 82, P v
Sol. Let = x=6+x

_{x—D+(x -5y _ 3 = x*-x-6=0
] 2 B = (-3 (x+2)=
= _x‘_—};+3 = x=3orx=-2

But, the given expression is positive. So, x = 3. Hence, the

Putting x = v + 3 in the given equation, we obtain . o
8 ¥ g q value of the given expression is 3.
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Exan'ip.!g'l.:?g. | Solve Jx+5+\fx+2l =_Jﬁx+49. 8. Find the valueof2+;
2y —
Sol.  Jx+5+Jx+21=J6x+40 - et
2ana
=  (Jr+5+fx+21P =6x+40 '
: 9. Solved +6°=9"
= (x+5)+(x+21)+2J(x+5)(x+21}=6x+40 10, Solve 32;\-3—:”7_9_
= S+ x+2D) =2x+7 11. Fmdthenumberofrealrootsoftheequanon (.r 1P+ (x=2¢ )
+{(x—3)'=
= (x+5@+2)=(2x+7) :
12. Sol —Tx- 2t =Ty = .
L 3a 25560 | olve 35"~ 7x =30+ 2" - Tx=5=x+5
= (Bx+14)x-4=0 13, If x = /7 + 43, prove that x + l/x = 4
= x=4orx=-14/3 14. Solve J5x2—6x+8—\f5x2—6x—7=l.

Clearly, x = —14/3 does not saiisfy the gwen equation. Hence

2 2 2
x =4 is the only root of the given equation. 15. Sclve \fx +dx-21+ \lx —x-6= \{Gx -3x-39

16. How many roots of the equation 3x* + 6x* + XX + 6x+3 =0
are real 7
4| Concept Application Exercnse 1.2 }7
Ld pp 17. Find the value of kif ¥* — 3x + @ = () has three real distinet

. Provethat graph of y = 2" + 2 and y = 3x — 4 never intersect. roots.
2. In how many points the line y + 14 = 0 cuts the curve whose 18. Analyze the roots of the equation (x = 1)* + (x = 2)* + (x — 37"
equationisx (X +x+ 1) +y=07? + (x— 47 + (x — 5) = 0 by differentiation method.
3. Consider the following g[‘aiﬂ]s; ' 19. Inhow many points the graph of f{x) =x* + 2x* + 3x + 4 meets
X~axis.

REMAINDER AND FACTOR THEOREMS
Remainder Theorem

The remainder theorem states that if a polynomial f{x) is divided
by a lincar function x — k, then the remainder is f{k).

Proof:
In any division,

......

Dividend = Divisor x Quotient + Remainder

...............

I i
[ TP SIS Sy

Let Q(x) be the quotient and & be the remainder. Then,

Sy =(- N+ R
= fik=k-kQx+R=0+R=R

" Note: If a n-degree polynomial is divided by a m-degree poly-
nomial, then the maximum degree of the remainder polyno-

B e S S ' i : ' mial ism — 1. -
Fig. 1.38 QSCL Gl Find the remainder when x* + 4x — Tx +
Answer the following questions: 6 is divided by x — 1.
(l) sum of roots of the equﬂlionﬂx}l =0 Sol. Let fix) = &% + 4x* — Tx + 6. The remainder when fix) is
. (11) product of roots of the equlatlon ﬂx) =4 divided by x — 1 is
(iii) the a‘tfsolule value of the difference of the roots of A =P +4x(1)2-7+6=4
equation flx) =x+ 2
4. Solve 2 r3x42 —o R C DI Tf the expression ax® + bx® —x% + 2x + 3
C O e -7 has remainder 4x + 3 when divided by x? + x — 2, find the
5 Solve yx—2+Ja-x=2. value of 2 and b.
6. Solve x—2(x? —4x- 5= 0 Sol. Letfix)=ax*+ b —x* + 2x + 3.
7. Solve the equation x(x +2) (x* = 1) =— 1. Now, x*+x-2=(x+2)x(x-1).

Given, fi-2) = a(—2)* + b(-2)* — (=2)*+ 2(-2) + 3
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=4{(-2)+ 3 = —c)(x-d)+k=(x—a)(x-b)
= lba-8h-1-34+3=_5 Clearly, a and & are roots of the equation (x—a) (x - H) =0
= 2a-b=0 (1) Hence, a, b are roots of (x ~ ¢} (x—d) + k= 0.
Also0, '
D =a+b-1+2+3=4(1)+3 ~—‘£oncept Application Exercise 1.3—f——
= dg+h=3 (2)
From(l)and{2),a=1,6=2, 1. Given that the expression 2"+ 3px® — 4x + p has a remainder
of 5 when divided by x + 2, find the value of p.
Factor Theorem 2. Determine the value of & for which x + 2 is a factor of (x + 1y
Factor Theorem Is a Special Case of Remainder 5 ;(h ; k}’l - et
: rem . Find the value of p for which x + 1 is a factor of
Theo S Pp-NC-C(3p-5 2+ {(2p-Dx+6.
Let, Find the remaining factors for this value of p.
Jx)=(x-k) Q) +R 4. If x* + ax + 1 is a factor of ax’ + bx +¢, then find the condi-

=  fix)={x-k) o)+ flk)
When fik) = 0, fix) = (x — &) Q(x). Therefore, f{x) is exactly
divisible by x — &

BECTUSCHEIM Given that x* + x - 6 is a factor of 2x*

+x*— ax’ +bx + a + b - 1, find the values of 2 and b.

Sol. We have,
DHx-06=(r+Nx-2)

Lert,
ﬂx):?.r‘+x-‘-ax3+bx+a+b—l-
Now, '
=3 =203+ (-3 ~a(-3)-3b+a+b-1=0
= 134-8:-2b=0
= da+b=67 (1)
= fl)=220+2-a2P+2b+a+b—1=0
= 39-3a+3h=0
= a-b=13 (2)

From (lyand (2),a =16, b =3.

MACT SR>3 Use the factor theorem to find the value
of k for which (¢ + 2b), where a, b # 0 is a factor of a* + 325
+a*b{k + 3).
Sol. Let fla) =o' + 325* + &°B(k + 3). Now,
A-25) = (=26 + 328% + (=26YB(k + 3)=0
= 48K - 8K+ 3)=0
= BH6-(k+3)=0
= 8M3I-k)=0
Since ##0,50,3-k=00rk=3.

Example 1.83 |

If ¢, d are the roots of the equation
k = 0, prove that a, b are the roots of the
dy+k=0.

r-a) (x—b) -
equation (x —¢) (x -
Sol. Since ¢ and d are the roots of the equation (x—a) (x— 5) — &
=, theretore,

(r-a)(x-h—k=(x-c)lx-d)

= (x=-a){x-b)=@x-c)x—d)+k

@ -
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lions.

5. If fix) = x* — 3% + 2x + a is divisible by x — 1, then find the
remainder when flx) is divided by x - 2.

6. Iffix)=x" - x* + ax + bis divisible by x? — x. then find the value
of f2).

Identity

A relation which is true for every value of the variable is called
an jdentity.

da+3=0he

Example 1.84 SplYCEg st JCEg VATl
an identity in x, then find the value of 4.
Sol. The given relation is satisfied for all real values of x, so all
the coefficients must be zero. Then,
a’ —l=0=a=%]
a-1=0=a=l common value of ¢ is 1

a’ -4a+3=0=a=1,3

{(x+h(x+e)
(b—a)(c—a)

+(x+c)(x+a)
{(c—by(a-b)

Show that

_Example 1.85 |

+(x+a)(x+b)

. =1 is an identity.
(a—c){b—c)

Sol. Given relation is

(x+b)(x+e)
(b —a) (e —a)

(x+a)(x+b
{a—ci{b=2c)

{(x+o)(x+a)

{c=b){a~ =1 (0

When x =—¢,

(b=a)lc—a)

=1=RHS.
(b—a¥(c—a) >

LHS.=

Similarly, when x = =b,
(e —b)(a—b) _
lc—b)la—b)

When x = -¢,

LHS. = I= RH.S.

—cib—c)

LHS =—————
(a—c)(b—c}

= RHS.
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Thus, the highest power of x occurring in relation (1) is 2 and Note:
this relation is satisfied by three distinct valucs @, b and ¢ of x; *Ifa bce Q@ and b —4ac is positive but not a petfect

therefore, it is an equation but an identity. square, then roots are irrational and they always occur

. in conjugate pair like 2 +. N3 and 2- 3. However, if
a, b, ¢ are irrational numbers and & - dac is positive
but not a perfect square, then the roots may not occur in
con_,:ugar fa:rs For example, the roots of the equation

A certain polynomial P{x}, x € R when
divided byx a,x —b and x — ¢ leaves remainders a, b and ¢,
respectively. Then find the remainder when P(x) is divided

by (x —a) {(x - &) (x ~c) where a, b, ¢ are distinct. (54N x+5V2= Gare.ﬁandvr 2, which danofform
Sol. By remainder theorem, P(a) = a, P(b} = b and P(c)=c. - _ﬂ con_;uga!e pair.
Let the required remainder be R(x). Then, = Ifb? —dac < 0, then roots of equations are conwfex Ifa,

— e b and ¢ are real then complex roots occur in conjugate
PO =(-a) (x=5) (x =) O + R(x) pair such as of the form p + iq and p — iq. If all the coef-

where R(x) is a polynomial of degree at most 2. We get R(a) - ficients are not real then complex roots may not conji-

= a, R(b) = b and R{c) = c. So, the equation R(x) — x = 0 has gate. .

three roots 4, b and c. But its degree is at most 2. So, R(x) — x

must be zero polynomial {or identity), Hence R{x) = x.

_Example 18_7 i Ifa,b,c e R* and 2b = a + ¢, then check
the nature of roots of equation ax® + 2bx + c =0,

QUADRATICEQUATION
Sol. Given equation is ax® + 2bx + ¢ = 0. Hence,
Quadratic Equation with Real Coefficients D =4p — dac
Consider the quadratic equation =(a+c) —4dac
ax>+bx+c=0 (1) =(a-c)>0
where a, b,ce R and a #0. Thus, the roots are real and distinet.

Roots of the equation are given by

o SIS CNELRE If the roots of the equation a(b - ¢)x?

X=M +HEE¢.: - a.ir_:-_:{; — b)Y = 0 are equal; show that 2/b = 1/a
2a + lle. '

Now, we observe that the nature of the roots depend upon the

value of the quantity b* — dac. This quantity is generally denoted

by D and is known as the discriminant of the quadratic equation

[Eq.(1)].

We also observe the following results:

l R

Sol. Since the roots of the given equations are equal, therefore
its discriminant is zcro, i.e.,
Ple—ay—4ab-c)cla-=0

= b +at=2ac)y—dae (ba—ca -5+ be) =
= @b+ P+ dat S+ 25 ac - a7 be — dabet =10
= (ab+bc—2ac)i=0
=
=
=

ab+bc=2ac=10
ab + be =2ac

D=0 D40
Roots are equal: o = #=— b/2a Roots are unequal 1 1 z L .
—+—=— [Dividing both sides by abc)
’ c a4 b
1 2 11
= —=—4-
b a «
ab e Rand D=0 whooe Rand D <0
Roots are real and distinet Rools are imaginary: a=p+jg. i =p - ly Prove that the roots of the equation
where i = =1 (a + b)x? + dabedx + {c' + d") = 0 cannot be different, if real.
Sol. The discriminant of the given equation is
D = 1oa*b'c*d® — 4(a* + b + d¥)
i, b 1= Qand . b [ anq = _4[(“4 + b*) (c‘* + .'.IJJ —d gt et {F]
2 is a perfect square ) is not a perfect square :
= Roots are rational = Koots are irrational, =— 4[{146‘4 + ot et + 5 et P 4{£252C:(F]
ie.a=p+gB=p-g = _d[(a'c* + bd - 262 ) + (a'd
Y 4+ Bt — 207k cd ™))
a=l,b,ce Zand Disa =—d[(ec” = Y + (@*d® - Doty (1)

perfect square

— Roots are integral Since roots of the given equation arc real, therefore

D=0

Fig. 1.39 = (@ = BV + (B d - PP =0
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= (@ =-PEY + (@@ - ) 20

(a*c? - B + (®d - B =0 - (2)
(since sum of two positive quantities cannot be negative)

=

From (1) and (2), we get D = (. Hence, the roots of the given
quadratic equation are not different, if real.

2T R If the roots of the equation x* — 8x + at

— 6a = 0 are real distinct, then find all possible values of a.

Sol. Since the roots of the given equation are real and distinct,
we must have
D>0

= O64-4a*-6a)>0
= 4[l16-a*+6a]l>0
= -Ha*-6a-16)>0
= —-6a-16<0

= (a-8)a+2)<0
= =2<a<¥§

Hence, the roots of the given equation are real if a lies between
—2 and 8.

ICTa N RA MR Find the quadratic equation with ratio-
nal coefficients whose one root is 1/(2 + N@).

Sol. If the coefficients are rational, then irrational roots occur
in conjugate pair. Given that if one root is a = 1/(2 + VYsy=+5-
2, then the other root is = 1/(2 - Nf_) =—(2 + x"_)

Sum of roots « + £ = —4 and product of roots af =
required equation is x* +4x - 1=0,

Examle1.92 ¢ IF fix) = ax® + bx + ¢, g{x) = —ax* + bx
+ c, ‘where ac £ 0 then prove that f(x) g(x} = 0 has at least
two real roots.

Sol. Let D, and 1, be discriminants of ax* + bx + ¢ = 0 and —ax*
+ bx + ¢ = 0, respectively. Then,
D, =b*—4ac, D,=b* + dac
Now,
ac# 0 =eitherac>0orac<0
It ac > 0, then D, > 0. Therefore, roots of ax*+bx+c¢=0
are real.
If ac < 0. then D, > 0. Therefore, roots of ax* + bx + ¢ =0
are real.
Thus, fix) glx) has at least two real roots.

—1. Thus,

u ;é c then prove that the mnts of (B+c—a)x*+(c+a-b)x
+ (@ + b —¢) = 0 are real and distinet.

Sol. Given equation is

hb+c—a)+(c+ra-byx+w+b-cy=0 ”
or .

(2a)x +(=2D)x + (-2¢)=0
or

ax*+bx+c=0
= D=bh_—dac

=(—c —aYy - 4ac
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=(c-a)
>0
Hence, roots are real and distinct.

check the nature of roots of x* +2cot g x +1= 0

Sol. We have,

sin® ¢ = cosd sinf
The discriminant of the given equation is
D=dcot* ¢—4

—4 cosch ~sin’gp
sin’g

_4(1 - 2sin’p)

B sing

- 4= 2sinfos)
sin’p

B {2(31119 - c0s6) T o0

sing

_Example 1 95
that roots of ax? + bx + ¢ = 0 cannot be rational.

If a, b and ¢ are odd integers, then prove

Sol. DlscrlmmantD #? — 4ac. Suppose the roots are rational.
Then, D will be a perfect square.
Let-b” — 4ac = d". Since a, b and ¢ are odd integers, 4 will be
odd. Now,
b —d* = 4ac
Letbh=2k+ 1 and ¢ =2m + 1, Then
b= =b-d(h+d)
=2k -mY 2k +m+ 1)
Now, either (k — m) or (£ + m + 1} 1s always even. Hence
— &F is always a multiple of 8. But, 4ac is only a multiple
of 4 (not of 8), which is a contradiction. Hence, the roots of
ax? + bx + ¢= 0 cannot be rational.

Quadratic Equations with Complex Coefficients

Consider the quadratic equation ax® + bx + ¢ = 0, where a, b,
¢ are complex numbers and a # 0. Roots of equation are given

by
o= -b _‘"ﬂlb: - duc
o 2a
5= —h- \H;z - dac
2a

Here nature of roots ehould not be analyzed by sign of 5
- 4ac.

Note: In case of quadratic equ'atidns with real coefficients,
imaginary (complex) roots always occur in conjugate pairs.
However, it is not true for quadratic equations with complex
coefficients. For example, the equation 4x° — 4ix — I = 0 has
both roots equal to 1/42i).
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'—’—rCom:ept Application Exercise 1 ii

1. Find the values of a for which the roots of the equation
X -1 at = 8x + 6a are real.

2. Find the condition if the roots of ax® + 26x + ¢ =0 and
bx® — 2¥gex + b = 0 are simultaneously real.

3, If ez < ¢ < b, then check the nature of roots of the equation
a— 0P +2a+b-2c)x+1=0

4. et + b + ¢ =0 then check the nature of roots of the equatlon
4ax? +3bx+2c=0wherea, b, ce R

5. Find the greatest value of a non-negative real number A for
which both the equations 22 + (2 ~ 1x + 8 =0 and x* - Bx
+ A +4 =0 have real roots.

Relations Between Roots and Coefficients

Let ¢ and A be the roots of quadratic equation ax® + bx + ¢ =0.
Then by factor theorem,
a+bx+c=alx—0) (x-f=al-{o+fix+aff)
Comparing coefficients, we have o + f = -b/a and aff = cla.
Thus, we find that '
-b coefl of x

x+fi=—=-— and o
p I coeff of x* ’6 o

constant term
coeff of x°

Also, if sum of roots is S and product is P, then quadratic
equalion is given by x*—Sx+ P =0.

Exam | Form a quadratic equation whose roots

are —4 and 6.

Sol. We have sum of the roots, § = —4 + 6 = 2 and, product of
the roots, P = —4 x 6 = —24. Hence, the required equation is
=S¢+ P=0
= r-2x-24=0

Exmle1.97 ! Form a quadratic equation with real

coefficients whose one root is 3 — 2i.

Ple1 96

Sol. Since the complex roots always occur in pairs, so the other
rootis 3 + 2i. The sum of the roots is (3 + 20+ (3 -2 = 6. The
product of the roots is (3 + 20 (3-2)=9-4"=9+ 4 =13
Hence, the equatlon is
-Sx+P=0
= .t3—6.x'+ 13=0

B If roots of the equation ax*+bx+c=0
are o and ;B find the equation whosc roots are

11
(i) o
(iiy —c. —f
v 1= 1-P
(i) l+oa’ 1+ 8

Sol. Here in all cases functions of o and 3 are symmetric.

1
=S o=—

I
(iy Let—=y¥
o y
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Now ¢ is a root of the equation ax* + by +¢ =0
= adt+bo+c=0

: 'i_, + 4 +c=0
y o ¥
= cy+by+a=0
Hence, the required equation is ¢x* + bx + a = 0.
We get same equation if we start with 1/5.

() Let—a=y=c&=-y
Now o is root of the equation ax* + bx+ ¢ =0
= at?+bo+c=0
= a(=Y +b(-y)+c=0
Hence, the required equation is ax’ — bx + ¢ = 0.
’ - -y

iii) Let =y=0=—"
(FiD) 1+a Y 1+y

Now  is root of the equation ax* + bx+c=0
= adt+ba+c=0

2
= a[l_y) -H{-tl]-kc:().
1+y 1+y

Hence required equation is a(l — x)* + &(1 - x*) + (1 + x)?
=0.

Sol. Let o be the other root. Then,

da+2b+c=0and 2b=a+c¢
= Sa+2c=10 '

¢_z3
= a 2
Now,
2><oc——=—i
2
5
o=
4

FCUACHATE.  If the roots of the quadratic equation x*
+px + q -0 are tan 30° and tan 15°, respectively, then find
the value of 2 + g — p.

Sol. The equation x? + px + ¢ = 0 has roots tan 30° and tan 15°.
Therefore,
tan 30° + tan 15° = —p
tan 30” tan 15° =g
Now, . .
tan 45° = tan{30° + 15°)
tan 30 +tanl5
I-tan 30 tanl13

(1
(2}

= =

= 1= I—_L [Using (1) and (2))

= l-g=—p=g-p=1
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= 2+g-p=3

ICla R If the sum of the roots of the equation 1/
G +a) + 1/(x + b) = l/c is zero, then prove that the product

of the roots is (-1/2)(a®+ b?).

Sol. WWe bhave,
L, 1 1
x+ta x+b ¢
= X+{a+b-2c)x+(ab-—bc—ca)=0
Let o, /3 be the roots of this equation, Then,

a+f=—(a+b—2c)and @ff = ab — bc—ca
Itis given that
a+f8=0
= —{a+b-2c)=0 _
= c=“;b %)
affi=uab-be—ca
=ab-cla+b)

=ab - [ }{a+b] [Using (1)]

2ab—(a+b)‘ 1.,

is glve that the squared difference of its roots is equal to
144,

Sol. Let &, £ be the roots of the equation x* + px+45=0.

Then,
a+fi=-p : (1)
aff = 45 (2)
It is given that
(a-f)r=144
= (a+py-4af=144
= p'-4x45=144
= p’=324
= p==zxI8
Substituting p = 18 in the given equation, we obtain
X+ 18x+45=0

= x+3)x+15=0
= x=-3,-15
Substituting p = —18 in the given equation, we obtain

X+ 18x+45=0
= (x=3Nx-15=0
= x=3,15

Hence, the roots of the given equation are -3, —15 or 3, 15.

2l IRRDERE If the ratio of the roots of the equation
x?+px + g =0 are equal to the ratio of the roots of the equa-
tion x? + bx + ¢ = 0, then prove that p’c = b’g,

Sol. Leta,fbetherootsof x¥* + px+g=0andy, dbe the roots
of the equation x* + bx+ ¢ = 0. Then,

a+f=-p,ofi=¢q (n
p+é=-b,yd=c . 2)
We have,

(1’-;;} www.acpstudycirclc.comn

+ +d
R ey
[Using componendo and dividendo]
- —ﬁ)jzaf—ﬁ)z
@+py (+d)
L, @+BY-d0B _ (+5) -4y
@+ By @ +8y
o -8 4o
@+f) +8)
- aﬁ2= ¥ -
@+p)y (+6)
= a_c
PR s
= pic=bg

2SR If sin 6, cos @ be the roots of ax? + bx + ¢
= 0, then prove that = &* + 2ac.

Sol. We have,

. b
sin@+cos@=——,sin@ cosf=5
a o

Now, we know that

sin’f + cos?@ =1
= {sind + cos)? — 2sinf cosf? = 1

2

_=1+25 =
- a

= =a’ + 2ac

_Exampie_l AUER  Ifa and b (#0) are the roots of the equa-
tion x? + ax + b = 0, then find the least value of x? + ax + b
(x € R).

Sol. Since @ and b are the roots of the equation x2 + ax + &
=0, so
a+b=—-a,ab="b
Now,
ab=b={a-1)b=0=a=1 (- b£0)
Putting @ = 1 in @ + b = —a, we get b = -2. Hence,
Xrax+b=x"+x-2=(x+1/22-1/4-2
=(x+ 1/2)' - 9/4
which has a minimum value -9/4,

_ If the sum of the roots of the equation
(a+ 1) o+ (Za + 3}x +(3a + 4) = 0 is 1, then find the prod-
uct of the roots.

Sol. Let a, £ be roots of the equation (@ + 1)x*+ (2a + 3)x + (3a
+4) = 0. Then,
2a + 3]

a+fi=-1=-
p [a+l

Now, product of the roots is (3a + 4)/(a + 1) = (-6 + 4)/(-2 + 1)
=2.

==l=g=-2
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Find the value of ‘a’ for which one root
Dx+2=0

Example 1.107 &

of the quadratlc equatinn (a*—5a + 3)x* + (3a -
is twice =:s large as the other.

Sol. Let the roots be « and 2. Then,

1-3a 2
o+ 20=— ,aX2e= G
a‘ —5a+3 a“ —5a+3
2
- 2 1 (1-3a) _ 2
9(a® —5a+3?| a*-5a+3
_ 2
= ——23—‘1?:9:962_—634-1:9&3—45&!-%2?
a” =5a+3

2
= 39a=26::-a=3

[l AB:E If the difference between the roots of the
cquation x* + ax + 1 =0 is less than +/5, then find the set of
possible values of a. .

Sol. If o, B arc roots of x* + ax + 1 =0, then

la-f1<5

Jeo+ 87 —4ap <5
Jid <
J7i<s5
at—-4<5

a?<9

3<a<3
ae (-3,3)

=
=
=
=
=
=

Exan_'_g_ !e IBLER Find the values of the parameter a such
that the roots o,y ﬁ of the equation 2x? + 6x + a = 0 satisfy the
inequality a/ff + filo < 2.

"Sol. We have a + f=-3 and of = a/2. Now,

—oi+£<2
B o
2 2
- o +p <2
af
2
- (o + By —2af
of
" 9-—g
2
= a.-"2(
9-a
= <1
a
= 9—a_1{0
o
. 9—2a<0
a2
= 2a—-9>0

a

= a<Qora>%2
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. If the harmonic mean between roots of

Example 1 _1 10 i
G+ \F 2)x*-bx+8+ 245 = 0 is 4, then find the value of b,

Sol. Let &, 8 be the roofs of the given equation whose H.M. is
4. Then,

4= 2o
o+ f
8+245 F
N 4=2x 5+b*‘6
5+42
= 2=8+§‘E =bh=4+5

JSCI AR If «, § are the roots of the equation
2x?—3x — 6 = 0, find the equation whose roots are ¢ + 2 and

P+2.

Sol. Since a, # are roots of the equation 2x* —3x -6 =0, so
a+f=3/2and gf =3
= o+ =(a+f)P-2af =%+6=-3§-
Now,

(@ +2)+(F+ )= (a2 + )+ 4 -£+4_?

and

(@ +2)(F +2) = 3 + 2al + ) + 4

3 33
3 — |+4
(3 +2(4]+

59
2
So, the eguation whose roots are ¢* + 2 and f* + 2 is
2=x{(B+2)+ P+ 2]+ @+ +2)=0
= 12—4—9x+£=
2
o= 4x*-49x +118=0

Example1112 Ifa#pfand @®=5a¢-3and f2=5F-3,

find the equation whose roots are «/f# and fi/a.

Sol. We have &* = 3 -3 and * = 58 — 3. Hence, @, f arc roots
of x2 =5x -3, i.e., x* — 5x + 3 = 0. Therefore,
ag+f=5andaf =3
Now,

E E o’ +,6
B o o
:(a+,8)2—2cx;9

of
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_af -
“Ba
So, the required equation is
—Sx+P=0

= xz—?.r-%l:(]

= 3x-19x+3=0

Example 1.1 ‘l?g If @, § are the roots of the equation
ax® + bx + ¢ =0, then find the roots of the equation ax? — bx(x
—1) 4+ ¢(x = 1)*= 0 in terms of « and .

Sol. ax?=bx(x=1D+clx—11*=0

2 .
= & & 0 (1)
a-xy 1-x
Now, ¢ is a root of ux” + bx + ¢ = 0. Then let
X
=
1—x
[#4
= x=
o+l

Hence, the roots of (1) are a/(1 + ), /{1 + p).

|—-1 Concept Application Exercise 1.5 ‘—l

1. If the product of the roots of the equation (@ + 1)a? + 2a + I)r
+ (3a + 4) =0 is 2, then {ind the sum of roots.
2. Find the value of @ for which the sum of the squares of the
* roots of the equation x* — (a — 2) x —a — 1 = ( assumes the least
wvalue. :
3. Ifx, and x, are the roots of x* + (sin #— 1) x — [/2 cos’ §=0,
then find the maximum value of x7 + .13,

4. Iftan # and sec & are the roots of ax* + bx + ¢ = 0, then prove
that ¢* = b (dac — ).

5, If the roots of the equation x* — bx + ¢ = 0 be two consecutive
integers, then find the value of b* -

6. If the roots of the cquation 12x— px + 5 = 0 are in the ratio
2:3, then find the value of m.

7. If @, B arc the roots of x> + px + 1 = 0 and y, § are the roots of
x*+ gx + 1 =0, then prove that ¢ — p*> = (e - ) (F = ) (o + &)
% (f+d).

8. If the equation formed by decreasing cach root of ax” + bx + ¢
=0by I is 2x* + 8x + 2 = 0. find the condition.

9, If e, fbe the roots of x° —a{x — 1)+ & = 0, then [ind the value
of 1/a* —aa) + 1/(F* - bR + 2/a+ b.

10. If @, B are roots of 375x* —25x -2 =0uand 5, = a" + f". then find

the value of lim i 5,

sl 83

11. If « and § are the roots of the equation 2x* + 2(a + b)x + a?
+ B = 0, then find the equation whose roots are (« + £)? and
- By
12. If the sum of the roots of an equation is 2 and sum of their
cobes is 98, then find the equation.
13. Leta, B be the roots of x* + by + 1 = 0. Then find the equation

" tion methed as shown in the following figure.

whose roots are (a + 1/8) and (£ + /o).

(-' ) www.aepstudycircle. comn

PRACTICE SET MATHEMATICS

COMMON ROOTI(S)

Condition for One Common Root
Let us find the conditicn that the quadratic equations a x? + b2
+¢,=0and ax’ + b, x + c =0 may have a common root Leto
be 1he COmmon root of the given equations. Then :
aal+boa+c =0
and
a,0’+ba+c,=0

Solving these two equations by cross-multiplication, we have

a8 a1

by —bey  qa;—ca @by, —ab

2 _ bie, — bye

= (from first and third)
@by — ayby
and
=579 (from second and third)
aby — ayby
' bie, —byey | ca, — ¢4 ’
aiby — ayh, by — ab

= (ca,-ca)= (b]_cz—bZrl) (ab,—ab ) -

This condition can easily be remembered by cross-multiplica-

ax? + bx + c, =0

Fig. 1.40

{Bigger cross product)’
= Product of the two smaller crosses

This is the condition required for a root to be common to two
quadratic equations. The common root is given by

i, — Cy4,
aly —ab
or’
_ by — by
€ty — €l

Note: The common root can also be obtained by making the
coefficient af x* common to the two given equations and then
subtracting the two equations. The other roots af the given
equations can be determined by using the relations between
their roots and coefficients.

Condition for Both the Common Roots

Ler a, B be the common roots of the quadratic equations a,x*
+ bx +¢ =0and a,x* + byx + ¢, = 0. Then, both the cquations
are identical, hence,
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@ _h_g
a; b o

quadrarz:: equat:on.s wsrh real coeﬁ‘iaeuts have a-
al comp.’ex common root then bo!k the roots will -

equaon-r. 2 + 4mx +2=0and 2x? + 3x -2 =0may have a
common root.

Sol. Let & be the common root of the equations 3x% + 4mx + 2
=0 and 2x? + 3x — 2 = 0. Then, a must satisfy both the equa-
tions. Therefore,

" 3at 4+ dma+2=0

20 +3a-2=0

Using cross-multiplication method, we have
(-6 -4y =9 8m)(-8m - &)
50 = (8m ~N(dm + 3)
32m? - 12m~77=0
32m* - 56m+ddm—-F7=0
Sm(dm -7+ 1 l{dm-7=0
Bm+1Ddm-7=0

b suueyy

17
m=—-—,—
8§ 4

BN EABAER Ifx?+3x +5=0andax?+bx +c =0 have
common root!rﬁots and a, b, ¢ € N, then find the minimum
valueofa +b +c. -

Sol. The roots of x* + 3x + 5 = 0 are non-real. Thus given equa-
tions will have two common roots. We have,

——:—:—:R

= a+b+c=94i
Thus minimum valve of a + b+ cis 9.

: fax?+bx+c=0and b +cx +a=0
n root and a, b and ¢ are non-zero real num-
bers then find the value of (a® + b* + cdabe.

Sol. Giventhat ax®> + bx + e =0and bx2 + cx + 2 = 0 have a
common root. Hence,

(be—a?)=(ab-c) (ac - b?)
= b+ at-2a%he = @*be — ab’ - ac® + b2

= a'+ab’+ac®=3a%c

(" ) www.aepstudycircle. comn

M «. b, c are positive real numbers form-
+2bx +¢c=0and dx? + 2¢x + f=0 have a

commoen root, then prove that d/a, e/b, fic are in A.P.

Sol. For first'equation D = 4b? — dac = 0 (as given a, b, ¢ are
in G.P.). The equation has equal roots which are equal to —b/a
each. Thus, it should also be the root of the second equation.

Hence, _ .
2
d[;”] +2e[i]+f=o
[7d a
2
= db——zze- +f=0
(P =ac)
= 4% 2P0
a a
= —+£=2'g—":'=2E
o C qac

If the equations x2 + ax + 12 =0, x* + bx
(a + b)x + 36 = 0 have a common positive
root, then find the values of ¢ and b.

Sol. We have, -
FHax+12=0 ' (1)
X24+bx+15=0 (2)

Adding (1) and (2), we get
27+ (a+b)x+27=0
Now subtracting it from the third given equation, we get
-9=0=x=3,-3
Thus, comimon positive root is 3. Hence,

9+ 12+3a=0
= g=-7Tand9+35+15=0
= b=-8

:.F.?S.E!'!].R.Iﬂ.lﬂ_l 9 The equations ex* + bx + @ = 0 and
'— 2¢? + 2¢ - 1 = § have two roots common. Then find the
value of a + b,

Sol. By observation, x =1 is a root of equation x* - 2x* + 2x — |
= 0. Thus we have
x-D{x-x+1=0
Now roots of x* = x + 1 =0 are non-real. .
Then equation ax* + bx + a = ( has both roots common with
x*—x+ 1 =0.Hence, we have :

Concept Application Exercise 1.6

1. Ifx*+ ax + bc =0 and x* + bx + ca = 0 (g # b) have a common
root, then prove that their other roots satisfy the equation
Jrcx+ab=0.
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2. Find the condition that the expressions ax? + bxy + ¢y and
a.x* + bxy + ¢ y*may have faclors y — mx and my — x, respec-
tively.

3. fa, b, ce Rand equations ax* + bx + c =0 and x* + 2x + 9
= (J have a common root, then find a:b:c.

4. Find the condition on a, &, ¢, d such that equations 2ax® + bx®
+cx +d =0and 2ax? + 3bx + 4¢ = 0 have a common root.

5. Let fx), g(x) and h(x) be the quadratic polynomials having
positive leading coefficients and real and distinct roots. If each
pair of them has a common root, then find_ the roots of f{x)
+glx) + Alx) =

l | w&# ﬁUALITIE =

RELATION BETWEEN COEFFICIENT AND ROOTS
OF n-DEGREE EQUATIONS
= Let o and £ be roots of quadratic equation ax* + bx + c = Q.
Then by factor theorem
ax> +bx+c=alx—a)(x—F)
(o + Sx + aff)
Comparing coefficients, we have
a+f=-blaand af =cla
» leta, B,y are roots of cubic equation ax® + bx> +ex +d =
0. Then,
a+ b +ext+d=ax—a) (x—f) (x—1y)
=a(® = (a+ B+ + (af
+fy + ay)x = afy)
Comparing coefficients, we have
a+ff+y=-bila
aff + By +ay=cla
affy = —dfa
* If @ f,y, ¢ are roots of ax* + bx* + cx* + dx + e = 0, then
at+f+y+d=-blu
aff+ay+ad+By+H0+yé=cla
(sum of product taking two at a time)

afy + Byd + yda + daff = —
(sum of product taking three at a time)

_ﬂxz

affyd = efa
In geperal, if o, 0, @, ...,
tax'+axi+ - 4a x+a =

a, are the roots of equation & x”
0, then sum of the roots is
ﬂj

4+ =——

a +a, +o+ o ta m

Sum of the product taken two at a time is

o0, + oy + o+ aa,
a
OO b oG, P
C
'-+0£”_|C€"

Sum of the product taken three at a time is —a,/u, and so on.
Product of all the root is

a,a, S ={= !)’*J
oy

(f';:} www.acpsludycirclc,comn

.Sol. Giventhata+fA=0buta+ 8+ y+J=2. Hence,
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Note:

« A polynomxal equanan of degree n kas n mots f real or
imaginary).” R

» Ifall the coeﬁicwnts are reai' then tke xmagmary roots
‘occur in conjugate pairs, i.e., number of rmagmary
roots is always even. :

« Ifthe degree of a po!ynommi equanon is odd, rken the
number of real foots will also be odd It folfow.s ﬂzar ar
Ieast one of the roots wz.ﬂ be reaI : :

SOLVING CUBIC EQUATION

By using factor theorem together with some intelligent guess-
ing, we can factorise polynomials of higher degree.
In summary, to solve a cublc equation of the form ax? + ba?
+ex+d=10,
1. obtain one factor (x — &) by trial and error
2. factorizear® + b +cx+d=0as(x—a)(hP +kx+5)=0
3. so]ve the quadratic expression for other roots '

__:Examplel 3Pl If o, 5, y are the roots of the equation
X rde+1=0, then find the value of (@ + £} + (8 + p)?
+(y+a)h

Sol. For the given equationa + f+y =0,
ol +By+ay=4, afly=-1
Now,
@+ '+ @+ + @+ o)y’ ="+ o' + (B
: off + By + ey
affy
4
(=1
=4
| Let a + iff (@, § € R) be a root of the
equatmn x + qx +r=0,g,r € R, Find a real cubic equation,
independent of & and /7, whose one root is 2a.

iff will also be a root. If the third

Sol. If a+ ifis aroot then, « —
root is p, then
{o+iff) + (v —
= p=-2a
But y is a root of the given equation x* + ¢x + r = (. Hence,
(20 + g(2a)+r=0
= (2aY+q2a)—r=0
Therefore, 2¢ is a root of £ + gf —
of a and . ’

i +y=0

r =0, which is independent

_ In equation x* — 2x* + 4x? + 6x - 21 = 0 if
two of its roots arc equal in magnitude but opposite in sign,
find the roots.

Example 1.122 §

p+a=2
Let aff = p and yd = g. Therefore, given equation is equivalent
o (7 + p) (x* — 2x + q) = 0. Comparing the coefficients, we get
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p+g=4, —2p =26, pg =-21. Therefore, p=-3, 7= 7 and they
satisfy pg = —21. Hence,
(=N -2x+7)=0
Therefore, the roots are £ \E and 1 £ /6. (where { = \CT)

SEln R PER; Solve the equation x* — 13x* + 15x + 189

= 0 if one 100t exceeds the other by 2.

Sol. Lettheroots be o, o+ 2, 8. Sum of roots is 2a + i+ 2 = 13.
A= 11-2a 4y

Sum of the product of roots taken two at a time is

aloe + 2) + (e + 2)F+ fa =15

or :
&+ 2a+2a+ 1)f=15 (2)
Product of the roots is
af(a+2)=-189 &)

Eliminating # from (1) and (2), we get
@+ 2o+ 2a+ 111 =-2a)=
or :
3a2 —20a-7=0
(a—7Ba+1)=0

oz:?’{:nr—L
3

35
=3, =
£ 3

Out of these values, & = 7, § = -3 satisfy the third relalion-
af(e +2) = -189, i.e., (-21)(9) = —189. Hence, the roots are 7,
7+2, 3or7,9, -3 ’

REPEATED ROOTS

In equation f{x) = 0, where f{x) is a polynomial function, and
if it has roots a, a, 8, ... or a is a repeated root, then flx) = 0 is
equivalent to (x —e)*(x— ) -+ =0, from which we can conclude
that f'{x) =0 or 2(1;— a(x—F) -]+ x—alPllx-/H--1'=00r
(r—a)[2{{x-/ -} +(x—a)} v =) ---)’] =0 has root «.

Thus if o root occurs twice in equation then it is common in
equations f{x) =0 and f'(x) = 0.

Similarly, if root a.occurs thrice in equation, then it is
common in the equations f{x) = 0, f'(x) = 0 and f(x) = 0.

2 CTUIERAPER I x - c is a factor of order m of the poly-
nomial Jix)of degree nn (1 <m <n), then find the polynomials

for which x = ¢ is a root.

Sol. From the given information we have flx) = (x — ¢)"g(x),
where g(x) is polynomial of degree n —m. Then x = ¢ is common
root for the equations {x) =0, fi(x} =0, fA(x} =0, ..., /- '(x)
=0, where f"{x) represents + derivative of fla) w.r.t. x.

1 ¥ Max+bx’+cx+d =0andayx’+bx?
+ czx + d = 0 have a pair of rcpcated roots common, then
prove that
3a, 25 €
3a, 25,
ab -aby, oay-ca da, - dya,

¢y =0

(-' ) www.aepstudycircle. comn

Sol. Hfixy=ax*+bx'+cx+d =0hasroots e, a, £, then g(x)
= ax* + by + c,x + d, = 0 must have roots a, &, y. Hence,
a@+bat+ca+d =0 (1
ad+bha+ca+d, =0 (2)
Now, ais also aroot of equations f'(x)=3a,x*+2b x+c =0and
g'(x) =3ax® + 2b.x + ¢, = 0. Therefore,
3a 0l +2ba+c,=0 (3
3a,a’ +2ba+c—0 (4)
" Also, from a, % (]) a, % (2), we have o
(ab, - .a,ib-z).:t2 + (1::1a2 -cale+da,—da =0 (5
Elimirating & from (3), (4) and (5), we have

3, b c,
3a, 2b, Cy =0
b —ab, aay-a  da—dy

4{ Concept Application Exercise 1.7 }7

1. If b* < 2ac, then prove that ax® + bx? + ¢cx + d = 0 has exactly
one teal root.

2. If two roots of x* — ax® + bx— ¢ = 0 arc equal in magnitude but
opposite in signs, then prove that ab = ¢.

3. If a, f and y are the roots of x* + 8 = 0, then find the equation
whose roots arc &2, £ and 2.

4. If @, B, y are the roots of the equation x* — px + g = 0, then
find the cubic equation whose roots are af(1 + ), SH1 + 5,
#1+y)

5. If the roots of equation &* + ax* + b=0arew, o, and o, {a, b ¥~
M), then find the equation whose roots are

o, + Oty
o a2

ooy + O,
0000

Oty + Ol
’ alalai o

QUADRATIC EXPRESSION IN TWO VARIABLES

The general quadratic expression ax” + 2hxy + by* + 2gx + 2fy
+ ¢ can be factorized into two linear factors. Given quadratic
expression is ’

ax® + 2hxy + by + 2gx + 2fy + ¢ (1
Corresponding equation is '
ax* + 2hxy+ byt + 2gx + 2y +c=0

or
ax+ 20+ gx + by + 2y + ¢ =0 (2)
2y + gyt JAthy + 27 — da(by’ +2fy +0)
' 2a
'::' _—hy+ gt \/hzyz + g2 +2ghy —- abv?® = 2afy - ac

£

=sSax+hy+g= iu’hz_\-‘2 + g2 + 2ghy = aby? = 2afv - ac (3

Now, expression (1) can be resolved into two linear factors
if (* = ab)y* + 2(gh — af)y + g° = ac is a perfect square and /12
—ab > 0. But (i# — ab)y* + 2(gh — af)¥ + g* — ac will be a perfect
square if
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= 4dgh-aff -4 -ab)(g®—ac)=0and 2 -ab >0
=> g +a*f - 2afgh - kg + abg® + ach® — a*bc = 0
arxd

WR—agb>0
= abc+2fgh—af—bg*—ch*=0
and

H—ab>0

This is the required condition.

IZCTulCRAPER Find the values of m for which the
expression 2¢2 4 mxy + 3y* — 5y — 2 can be resolved into two
rational linear factors.
Sol. We know that ax? + 2hxy + by +2gx + 2fy + ¢ can be
resolved into two linear factors if and only if
- abc+ 2fgh —af? —bg'— ch*= 0
Given expression is
2+ mxy + 3y -5y =2 (1)
Here,a=2,h=m/2,b=3, g =0,f=-5/2, ¢ = 2. Therefore,
expression 2x* + mxy + 3y* — 5y — 2 will have two linear factors
if and only if
abc+2fgh— af*—bg' —ch*=0

= 2% 3( 2)+2[ )(0){ J
—2( ST—'.’»X.UZ =2 2‘-ll]
? _( )[_,) =

25 m
—12-24 8 g

= 2 2
= m=49=m==+7

Find the linear factors of 2x? — y2 — x

Example 1.127 |
+xy+2y-1.
Sol. Given expression is
26—y —x+xy+2y—1
Its corresponding equation is
-y —x+xy+2y-1=0

(D

or

22X —(1=yx— =2y + 1) =0

F-y 2 J1-y) +42(7 2y +1)
4 '

L=y - v +8(y -1y

4

_l-yEJou-yy
—
=y 3 -y
-

xr=

=]—y——a
Hence, the required linear factors are (x'l+ y—Dyand 2x—y+1).

FINDING THE RANGE OF A FUNCTION
INVOLVING QUADRATIC EXPRESSION

In this section, some examples are given to illustrate the range
of a function involving quadratic expression.

(."‘Z;} www.acpsludycirclc.comn
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Sol. Let,
6x’ —22x+21 _
5x* —18x +17

g nroice
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sl LN NPSE Find the range of the function fix) = x*

—2x—4.
Sol. Let
¥-2x-4=y

= X-2x-4-y=0
Now if x is real, then
D=0 . [
= (2P-4)(-4-y)20
= 4+16+4y=0
= y=>-5
Hence range of f(x) is [-3, w).
Alternative method:
Sy =x-2x-4
=(x-1)2=5
=-5
Hence, range is
[-5, )
(6x* —22x +21)
(5x* -18x +17)

Find the least value of

= (6-5v~-
Since x is real
411 -9 -4(6-5y)(21-17y) 20

4y +9y-5=0

4y -9y +5<0

Ay- D (r-54)<0

LSy <54

Hence, the least valuc of the given expression is 1.

2x(11 = 9y) + 21 — 17y =0

bu iy

I IENAEDE Prove that if the equation x? + 9y? —
+ 3 = 0 is satisfied for real value of x and y, then x must e
between 1 and 3 and y must lie between —1/3 and 1/3.

Sol. Given equation is

X+9 —4x+3=0 (N
= F-dr+9*+3=0
Since x is real,
(-4 -4(9%* +3)=0
= 16—-4(9*+3)>0
= 4-9%-3=0
= Oy’ —1<0
= 9 <]
1
2o
= y <5
2
= —lSVSL @
I3
Equation (!) can also be written as
9 +0y+x—dx+3=0 (3)
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Since y isreal, so QUADRATIC FUNCTION
02 —49(x>-4x+3)=0
or Letf(x) ax® + bx + ¢, where a, b, ¢, € R and g # 0. We have,
' —dx+3<0 @) -
or . fix)=a .x2+£x+£:|
i a a

(x-3(&x-D<=0

Find the domain and the range of

2

Sol. f(x)=\/3_—2x-x2 is defined if
3 —-2x-x20
= x2+2x-3<0
= (x-Dx+3)<0
= xe[-31]

Also, fx)=+4-(x+1)?
= 0. Hence range is {0, 2].

has maximum value when x + 1

Find the domain and range of

fexy=Jx* —3x+2.

Sol. x2—3x+220
= (x-1Dx-2)=0
= xe (-0, 1]ul2, o)

Now,

fl=dct=3x+2

Now. the least permissible value of (x — 3/2)! — 1/4 is ( when
{x - 3/2) = £1/2. Hence, the range is [0, =0).

—-I Concept Application Exercise 1.8 }—

1. Find the range of fix) = x* —x—3.
2. Find the range of -

) X +34x-71

@ flx= 2 +2x-7
—-x+1

@) f = Pax+l

3. Findthe range of f{x}=+x—1+5-x.
4, Find the range of the function Ax) = 6"+ 3"+ 6~ + 3+ 2.

5. Find the domain and range of f(x)=vx? —dx+6.

‘f*;;’ www.acpstudycirclc.comn

=a|x +—x+—7

[, b B ¢ B
+ —_———
o 4at  a  d4a®

2
== y+£]:a x+._b_
da 2a

" Thus y = f{x) represents a parabola whose axis is parallel to
y-axis and vertex is A(-b/2a, —D/da). For some values of x, f{x)
may be positive, negative or zero and for a > 0, the parabola
opens upwards and for @ < 0, the parabola opens dOWl’]Wd[‘db
This gives the followmg cases: :

l.a>0and D <0,s0fix)>0,V

- -

xe R, ie., f(x) is positive for all ’

values of x.

Range of function is [-D/(44),

00} . ) :A o
ol

x = —bf(2a} is a point of minima.

(i)

2.a<0and D <0s0f(x)<0, ¥
x € R, ie., fix) is negative for all I x

values of x.. 5
Range of function is (~co, —-Df :
(4a)].

x '=-bl(2a) is a point of maxima.

¥ (ii)

3.a>0and D=0,s50filx) =0, ¥
A

¥ x € R, i.e., f{x) is posilive for
(il

all values of x except at verlex
where f{x) =

4 a>0and D>0 Letfix)y=0 g
have two real roots ¢ and 8. If o
<f then ix) >0,V x e (—oo, 01)

VS, o) and fix) <0, ¥V x (e,
» \_J

o] a~_7p %
(iv)
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I=ET MR EER: If c is positive and 2ax? + 3bx + 5¢ = ¢
does not have any real roots, then prove that 2¢ — 35 + 5¢ > 0.

Sol. Given ¢ > 0 and 2ax2+3bx+5c—0daes not have real
roots. Let
fCx) =2ax* + 3bx + 5¢
= Ax)>0,VxeRifa>00orfix)<0Vxe R, ifa<0
But
S5c=fl0)>0
= AX)>0,VxeR
= 2ax*+3bx+5>0,Vxe R
= 2a-3b+5¢>0{forx=-1)

Example 1.140 |
real roots, then find the least value of 32 + 6.

Sol. Given equation ax” + bx + 6 = 0 does not have distinct real
roots. Hence,
= fiX)=ar+bx+6<0,¥Yxe R, ifu<0
or
fix)=ax*+bx+620,Vxe R,ifa>0
But
fO)=6>0
= fix)= ax2+bx+6>0 YxeR
= fI3)=9+3b+6>0

= 3a+b==2
Therefore, the least value of 3a + b is =2.

A quadratic trinomial P(x) = ax? + bx

Example 1.141 |
+ ¢ is such that the equation P(x) = x has no real roots, Prove
that in this case the equation P(P(x)) = x has no real roots

either.

Sol. Since the eguation ax* + hx + ¢ = x has no real roots, the
expression P(x) — x = ax* + (b — 1)x + ¢ assumes values of one
sign ¥V x € R,say P(x)—x>0. Then

P(P(x)) = P(x) >0
for any x = x,, i.e., P(x,) > x, and hence P(P(xy) > x,. Therefore, x,
cannot be a root of the 4™ degree equation P(P(x)) = x.

Exampl EZ¥ Provethatfor real values of x the expres-
sion (ax? + 3x —4)/(3x - 4x* + q) may have any value provided
a lies between 1 and 7.

Sol. Let, _
ar’ +3x-4
3x-4x+a
= (@a+4 X+ (B -3y)x-4—ay=0
Now, x is real. So,
bz0
= 9(-yrP+4a+4y)(d+ay)=0
= (9+16a)v + (-I8 + 4a® + 64)y + (9 + 16a) = 0,
Yve R {- v takes any real value)
= O+ 16a>0and (4a*+ 46)* - 49 + 16a)* <0

(!f_;) www.acpstudycirclc.comn
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If ax® +bx + 6 =0 does not have distinct :

" Sol. Given,
a+2b+c=4=a=4-2b-c
Let,
ab+be+ca=x=alb+c)+bhbc=x
= 4-2b-c)y(b+c)+bc=x _
= 4db+4dc-20°-2bc—bc—ct+bc=x
= 28 —4b+2bc—-dc+cr+x=0
= 2P+ 2Ac-2b—-dc+ct+x=0

XD 1T-JEE

PRACTICE SET MATHEMATICS

= a> -2 and (42" + 46— 18 - 32a)(4a*+ 46 + 18
+32a) <0

= a> _% and (® ~ 8a + 7) (® + 8a + 16) <0

= ﬂ>*-l% and 1 <g<7ora=-4

= 1=Za<7

Example 1.143 |

Let a, b and ¢ be real numbers such that
a + 2b + ¢ = 4, Find the maximum value of (ab + be + ca).

Since b € R, so
-2V -4x2(4dc+c2+x) >0
dc+4+8c—-2¢1-2x>0
de+2x-4<0
Since c € R, so
16-42x-4) >0 =x<4
max(ab + bc +ac)=4

= =
= -

Example 1 144 :

.. [ttt oy

x*+ ey +3_;
Sol. Let,
X+ 2xy+3y"-6x-2y+1120,¥x,ye R
2+ {(2y-6x+3y»-2y+1120,Vxe R
(Cy—6Y-4(3y"-2y+11)<0,¥Yye R
F-32-@y-2y+11)<0,Vye R
2v1+4y+220,Vye R

(y+ 1) 20,V y e R, which is always true

——{ Concept Application Exercise 1.9 }—

1. If f(x)=vx® +ax+4 isdefined for all x, then find the values
of a. .

| Prove that for all real values of x and y,
- 6x — 2y =-11.

U A A

2. fax'+bx+¢=0,u,b,¢ce Rhasno real zeros, and if ¢ < 0,
then which of the following is true?

(Da<0
(ia+b+c>0
(iia>0
3. Ifax® + bx + ¢ =0 has imaginary roots and a + ¢ < b, then prove

that da +¢ < 2b.

A EPSTUDY CIRCLE
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4, Letx,v,ze Rsuchthatx+y+z=0andxy+yz+zx=7. Then Graphically:

find the range of values of x, y and z. Graphs fora >0
- &, If xis real and (& 4+ 2Zx + c){x® + 4x + 3¢) can take all real
wvalues, then show that 0 =¢ = 1.

6. Ifxe R, and a, b, ¢ arc in ascending or descending order of —b/2a —b/2a
magnitude, show that (x — a¥{x — e)(x - &) (where x # b} can .
assume any real value.

7. Find the complete set of values of a such that (x* — x)/(1 — ax)
arrains ali real values. ' - Graphs fora<0

8. If the quadratic equation ax® + bx + & = 0 does not have real
roots and » € R*, then prove that . T 0 —bi2a 0

xi’ . L H X x - X
b? - —bi2a i ' i
& > max b—6 : i
24 .
9, If x be real and the roots of the equation ax? + bx -+ =0 are
imaginary, then prove that @°x* + abx + ac is always positive, Fig. 1.42
Conditions:
LOCATION OF ROOTS (@) afi0) > 0
In some prob!ems,.wc want the roots gf the .equalion af + bx (b) —b/2a < 0
+c= 0toliein a given interval. For this we impose conditions
ona, bandec. D=0 -
la B>0 3. @ < 0 < f (roots of opposite sign)
: C,nnclitjony Product of roots, aff <0 '

(a) sum of roots, a + >0 Note That when = <0, ac<0

{b) product of roots, a f > O a

(cYD=0 = D=b—dgc>0

Graphically: _Graphically:

Graphs fora > 0 Y>0 a<0

Fig. 1.43
Graphs forga <0 . When a >0, A0) < 0 and when a < 0, then f{C) >0
= aft0r<O.
2 — 0 “bia x 4.a, B>k
Graphically:

Graphs fora = 0

Fig. 1.41 \\ /
) ~bf2a
Conditions: ek i

(a3afid) =0 (- whena>{0,A0)>0and when a <0, AG) <0)

(b)—&2a>0
D=0 Graphs fora <0

2.0 <0 } k

Conditions: * I “ia x &
{a) sum of rocts, a + f< 0

(b) product of roots, aff > 0
(c)yD=0

Fig. 1.44
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Condtions: _

(@) af{k) >0 (- whena>0, fik) >0 and when a < 0, i) < 0)
(by—B2a>k

() =0

S5.a,p0=<k
Graphically:
Graphs fora = 0

=L

—bf2a
Graphs fora <0

—bi2a k

NARN :

Fig, 145

Conditions:
(a) afii) >0
(" when a > 0, fik) > 0 and when a < 0, fik) < 0)
(BY-biQRay <k

YD =0
6. a < k < f (one root is smaller than & and other root is greater
than k)
a=D a-=0

Fig. 1.46

Whena>0 fik) <0 and when a < 0, then f{k) > 0
= afiky<0.

7. Exactly one root lying in (k,, £,)
Graphs fora > 0

H Lx T -
ky ' : ke

Graphs forg <0

l I N[E’#RUALITIE =

g nroice
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From the graphs, we can see that Sk ) and f&,) have opposite
sign. Hence, fik Y(k,) < 0.

8. Both the roots lying in the interval (k, k).
Graphs fora >0

T x x
kl\-_.l_.--"/ k2

Graphs fora <0

-bl2a g,

_ Fig. 1.48
From the graphs,

(a) aflk } > 0 and aftk,) > 0

(b) &, < -bl(2a) <k,

{(cyD>0

9. One root is smaller than k, and other root is greater than k,
In this case k, and £, lie between the roots.

abﬂ a=<0

TN

/ k-_’ ki \
Fig. 1.49

From the gréphs, aftk)) <0 and 4ftk,) < 0.

L2CTOENAEERE Letx’ - (m -3 +m=0(me R)bea
quadratic equation. Find the values of m for which the roots
are

(i) real and distinct
(ii) eguoal
(iii) not real
(iv) opposite in sign
(¥) equal in magnitude but opposite in sign
(vi} positive :
(vii) negative
(viii} such that at Ieast one is positive

(ix) one rootissmaller than 2 and the other rootis greater
than 2

(x) both the roots are greater than 2

A EPSTUDY CIRCLE
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(xi) Doth the roots are smaller than 2
(xii) exactly one root lies in the interval (1, 2)

(xiii) both the roots lie in the interval (1, 2)
(xiv) atleast one root lies in the interval (1, 2)
(xv) onerootis greater than 2 and the other root is smaller

than 1

Sol. Letfix)=x'-(m-3)x+m=0

(i}
\\JL

Fig. 1.50

Both the roots are real and distinet. So,
D=0

= (m-3P-4m>0

= m-10m+9>0

= (@m=1){m-9>0

= me (-o, 1), x}
ii)

/)

Fig. 1.51

Both the roots are equal. So,
D=0=m=9%o0rm=1

\_/

Fig. 1.52

(iii}

Both the roots are imaginary. So,
D=0
= (m-1Y(m-9<0

= me (1,9

(iv)

I_ l NIET#RUALITIES
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The roots are opposite in sign. Hence, the product of roots is
negative. So,
m<0=me (-0, 0)

v)

" Fig. 1.54

Roots are equal in magnitude but oppesite in sign. Hence,
sum of roots is zero as well as D > 0. So,
me (0, U9, o)andm-3=0,ie,m=3
= o such m exists, som e ¢

(vi)

b

Fig. 1.55

/..

Both the roots are positive. Hence, 0 = 0 and both the sum,
and the product of roots are positive. 5o,

m—3>0,m>0andm (-0, 1] [9, o0)

me [9, )
L

Both the roots are negative. Hence, D > 0, and sum is nega-
tive but product is positive. So,

(vii)

' | ¥
|.. P
Fig. 1.56

m=3<0,m>0,me (-, 1] ][I, w)
= me (0, 1]

{viii) At least one root is positive. Hence, either one root is posi-
tive or both roots arc positive. So,

me {foc,ﬂ) W [9, )

(ix)
¥

/s

Fig. 1.57
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One rootis smaller than 2 and the other root is greater than 2, Thus, no such m exists.
i.e., 2 lies between the roots. So, ) o
A2 <0 | | (xiv) Case I: Exactly one root lies in (1, 2}. So,
= 4-2(m-3+m=<0 . A f2)<0=m>10
= m>10 Case II: Both the roots lie in (1, 2). So, from (xiii), m € @.
Hence, m-e {10, w).
(x)
»

(xv) For one root greater than 2 and the other root smaller than 1,

AD<0O (1)
N I\/ . ~
E - f2) <0, 2

2 From (1), (1) < 0, but f{1) = 4, which is not possible. Thus,
Fig. 1.58 no such m exists,
Both the roots are greater than 2. So, . ' §
12N AAETR Find the values of a for which the equa-
£2)>0,D=0, - 2i =2 ) tion sin®* x + 4 sin® x + 1 = 0 will have a solution.
i
Sol. Let

= m<llandme (~w0, 1] W[ 0)andm -3 >4 t=sintx=>ze [0, 1]

= me [9, 10
) Hence, 2 + at + 1 = 0 should have at least one solution in [0, 1].
(xi) Since product of roots is posilive and equal to ong, £ +at + 1 =

: . 0 must have exactly one root in [0, 1]. Hence,
\ / x \ . A <0

= 2+4+a<0

b

2=t

Fig. 1.59
= ac (-, -2)
Both the roots are smaller than 2. So,

_ b DCITICRAEYE If (C +x+2) = (@ -3 +x + Dx* +x
A2)>0, D =20, 24 <2 + 2} + (a - di}(x2 + x + 1)* = 0 has at least one root, then find
the complete set of values of a.

Sol. Let,

= me (-, I]
(xii)
7 3
t '=x"+x+1=>:e|iz,m]

\ | /2 . rl\ 2' / . Hence,

(t+ 1Y -(a-3tr+ D+a—-4r=0

‘ \\__//
= L+2U+1-(a=-3)(F+D+(a-hH=0
Fig. 1.60 = t2-a+3)+1=0
Exactly one root lies in {1, 2}. So, = = ]5
A2 <0 @
= 4(10—m)<0 I
a=5 4

= me (10, w)

{(xiii) Both the roots lie in the interval (1, 2). Then,

'D_ED:-(m—])(m—9)20=>mEIorng (n
Also
fy>0andfi2)>0= 10>m (2)
and :
b SCINCRAESE If « is a real root of the quadratic equa-
1<—-2—a-c2 =5<m<? {3} tionax®+ bx + ¢ =0and # is a real root of —ax®+ bx + ¢ = 0,

@ www.aepstudycircle.comn A E P STU DY ClRCLE




A EUE CiRcLe LI Nebefp o nrrweme

EDUCATIONM PROMOTERS

XD HT-JEE

then shhow that there is a root y of the equation (a/2)x* + bx
+ ¢ = (» which lies between g and £,

Sol. Let,

Fits] ={—2rxz+b.r+c
= fla) =%a2+b¢x+c
=ﬂa2+ba+c—%a2

=—=q! (- aisarootofaf+bx+c=0]

SB) =%ﬁ2+bﬁ+c
=—af? +b,6+.:'+%a,52

=%a,82 (": Aisarootof —ax? + bx + ¢ =0)

. Now,
JFlafis) =——a 2’ B <0 .
Hence, f{x) = 0 has one real root between « and 5. -

For what real values of a do the roots of

Example 1.149 |

the quation X% —2x —(@*— 1} = 0 lie between the roots of the

equationx’ - 2@+ Dx +ala—1)=0.

Sol. x* -2x—(a>-1}=0 (n
X-2a+ x+ala-1)=0 )

From Eg. (1),

_ 24 J4+ 4> -1

2

=lzxa

Now, roots of Eg. (1) lie between roots of Eq, (2). Hence,
graphs of expressions for Egs. (1) and (2) are as follows:

-4 E\\w.._..-/'/‘ | b =L

Fig. 1.61

Sl =x-2x—(a’- 1)
fxy=x-2a+x+a(a-1)

From the graph, we have
Hl-a)y<0and f(1 +a) <0

= (l-aP-2a+D(l-ag+a(z-1=<0

‘.";.'} www.acpsludycirclc.comn
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= (I-a(l-a)-2a-2-4a]<0
= (I-a)y{de-1)<0

= (@-1)@a+1)<0
=

_Tf{‘:“l | 3)

and

= (1+a¥-2a+1a+1)+al@a—1)<0

=la+ 1P +ala-N<0
= —a-2a-1+a2-a=<0
= 3a+1>0

' 1
= (i>_§ - (4]

From (3) and (4), theé required values of a lies in the range
-ld<a=<]l.

SOLVING INEQUALITIES USING LOCATION OF
ROOTS

Find the wvalue of a for which ax?

B Example 1.150 -
+ (@ — 3)x + 1 < 0 for at least one positive real r,

Case It

If a > 0, then fix) will be negative only for those values of x
which lie between the roots. From the graphs, we can see that
fix)y will be less than zero for at least one positive real x, when
fix} = 0 has distinct rocts and at least one of these roots is a
positive real root.

Fig. 1.62

Since f{0) = 1 > 0, the favourable graph according to the
question is shown in the figure given above. From the graph,
we can see that both the roots are non-negative. For this,

() Dr0=(a-3Y-4a>0
= a<lora>9 (1)

(i) sum> 0 and product >0
= —{(a-3)>0and /a0
= 0O<a<3 2)
From (1) and (2), we have
ae (0,1
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CaseIl: ez<0

-

Since /T0) = 1 > 0, then graph is as shown in the figure, which
shows that ax* + (@ - 3)x + 1 <0, for at least che positive x.
Caselil: a=0 - '

Ifa=0,

fix)y==-3x+1
= fix)<0,Vx>1/3

Thus, from all the cases, the required set of values of a is
(=0, 1),

m Ifx? + 2qx +a <0V x & [1, 2], then find

the values of a.

Fig. 1.63

“Sol. Given,
X +2ax+a<0,Vrxe [l,2]

Hence, 1 and 2 lie between the roots of the equation x2 + Zax
+a=10,

V2 g
al‘,ﬁ

Fig. 1.64

= fild)<0andfi2)<0
= 1+2a+a<0,4+4a+a<@

= a<-ta<-2
3

3
= E{ 4
gel—me, ——
5

If (9 =5y + 3)(x® +x + 1) < 2x for all

Example 1.152 |
x € R, then find the interval in which y lies.

Sol. * =-5y+3)(P+x+1)<2x, VxR
2 2x e 42
= ¥ -W+i<o—— (v F+x+1>0Vxe R
x4+ x+1

L.H.5. must be less than the least value of R.H.S. Now lets find
the range of R.H.S.

(r’—;;, www.aepsludycirclc.comn
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Let
2x
x4+l
= pl+{p-2x+p=0
Since x is real,
(p~27—4p?20

= —QSpig ’

=p

The minimum value of 2x/(x* + x + 1) is 2. So,
—S5y+3<-=-2 :
= Y-5y+5<0

- y[ﬂ ﬂ]

2 0 2

RAEER Find the values of a for which & - (g
-2+ (e <0,Vte (1,2).

Sel. Let2'=xand fix) =x*—(a - 41x+ (9/4)a. We want ﬁx} <
0,Vxe (2,2%,ie,Vxe (2,4

Example 1.153 }

{1) Since coefficient of x* in f{x) is positive, f{x) < ¢ for some
x only when roots of f{x) = 0 are real and distinct. So,

D=0
= a’-17a+16>0 ' (1)
(ii) Since we want f{x}) < 0 ¥ x € (2, 4), one of the roots of f{x)
= 0 should be smaller than 2 and the other must be greater
than 4, ie.,

f(2) <0 and fi4) < 0

= a<-48anda> [28/7

which is not possible. Hence, no such g exists.

———| Concept Application Exercise 1.10 I—

1. Find the values of o 1f £ —2a—
raots,

L. Il the equation {2 — 5)x? + 2(¢ - 104 + a + 10 = 0 has roots of
opposite sign, then find the values of a.

3. If both the roots of ¥* — ax + & = U are greater than 2, then find
the values of a.

4. If both the roots of ax? + ax + 1 = 0 are less than 1, then find
exhaustive range of values of ¢,

5. If both the roots of x* + ax + 2 = 0 lies in the interval {0, 3),

' then find exhaustive range of values of a.

6. Ifa, faretheroots of x* —3x+a=0,4€ Randa <1 <p, then
find the values of a.

7. If ais the root (having the least absolute value) of the equation
X —-bx—1=0({be R, then prove that -1 < a <0,

8. Ifa < & < e < d, then show that the quadratic equation u(x — @)
(x— ) + A(x — b)(x — &) = 0 has real roots for a1l real o and A

Lx + (22 + 1)=0 has positive
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