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CONSTANT AND VARIABLES

In rrzathematics, a variable is a value that may change within
the scope of a given problem or set of operations.

In contrast, a constant 1s a value that remains unchanged,

thowrgh often unknown or undetermined.

Dependent and Independent Variables

Variables are further distinguished as being either a dependent

variable or an independent variable. Independent variables
are regarded as inputs to a system and may take on different
vahaes freely. .

Dependent variables are those values that change as a conse-
gquernice to changes in other values in the system.

‘When one value is completely determined by another, or of
several others, then it is called a function of the other value
or values. In this case the value of the function is a dependent
variable and the other values are independent variables. The
notation f{x) is used for the value of the function f with ¥ repre-
senting the independent variable.

For example, y = f{x) = 347, here we can take x as any real
value, hence x is independent variable. Bui value of y depends
on value of x, hence y is dependent variable.

WHAT IS FUNCTION

To provide the classical understanding of functions, think of
a furnction as a kind of machine. You feed the machine raw
materials, and the machine changes the raw materials into a
finished product based on a specific set of instructions. The
kinds of functions we consider here, for the most part, take in a
real number, change it in & formulaic way, and give out a real
number (possibly the same as the one it took in). Think of this
as an input—output machine, you give the function an input, and
it gives you an output.

INPUT x
N/

FUNCTION /-

)

QUTPUT f{x)

Fig. 1.1

For example, the squaring function takes the input 4 and
gives the output value 16. The same squaring function takes the
input 1 and gives the output value 1.

A function is always defined as “of a variable” which tells us
what to replace in the formula for the funciion.

For example, f{x) = 3x +2 tells us:

» The function fiz a function of x.

s To cvaluate the function at a certain number, replace
the x with that number.
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e Replacing x with that number in the right side of the func-
tion will produce the function’s output for that certain
input.

« Tn English, the above definition of fis interpreted, “Given
a number, f will returmn twe more than the triple of that
rumber.”

Thus, if we want to know the value (or output) of the func-
tion at 3:

fxy=3x+2
A3N=33+2=11

Thus, the value of fat 34s 11.

Note that f{3) means the value of the dependent variable
when “x” takes on the value of 3. So we see that the number 11
is the output of the function when we give the number 3 as the
input. We refer to the input as the argument of the function (or
the independent variable), and to the output as the value of the
function at the given argument (or the dependent variable). A
good way to think of it is the dependent variable f{x) depends
on the value of the independent variable x.

The formal definition of a function states that a function is
actually a rufe that associates elements of one set called the
demain of the function with the elementis of another set called
the range of the function. For each value, we select from the
domain of the function, there exists exactly one correspond-
ing element in the range of the functton. The definition of the
function tells us which element in the range corresponds to the
clement we picked from the domain. Classically, the element
picked from the domain is pictured as something that is fed

into the function and the corresponding element in the range

is pictured as the output. Since we “pick” the element in the
domain whose corresponding element in the range we want (o
find, we have control over what element we pick and hence this
clement is also known as the “independent variable™. The ele-
ment mapped in the range is beyond our control and is “mapped

to” by the function. This element is hence also known as the
“dependent variable”, for it depends on which independent
variable we pick. Since the elementary idea of functions is
better understood from the classical viewpoint, we shall use it
hercafter. However, it is still important to remember the correct
definition of functions at all times.

To make it simple, for the function fix), all of the possible x
values constitute the domain, and all of the values fix) (v on the
Aa-¥ plane) constitute the range.

sl CRREE A function is defined as f(x)} = x* - 3x.
(i) Find the value of fi2).
{ii) Find the value of x for which f{x) = 4.

Sol,
(1) A2)=(2¥ -H21=-2
(i) iy =4

=y -—3x=4 =yr-3y-4=0
= v-drv+ =0 =yx=4o0r-1
This means fid) =4 and f{—1) =4,
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j Exng|§Tg If f is linear function and (2) = 4, fi-1)

= 3, then find f(x). _

Sol. Lect linear function is fix) =ax + b . '
Given f(2)=4 —=2a+b=4 (n
Also fl-1)=3 = —-a+b=3 (2)
Solwing (1) and (2) we geta = % and b = ?

Hence, f(x)= x—;l(]
! P 2 +1 .
ST SRR A function is defined as f(x) = 32"

Can ﬂ') take a value 1 for any real x?
Also find the value/values of x for which fix) takes the

value 2. ,
x°+]
Sol. Here fix) = =1
fix) Y

= x¥*+1=3x-2

= xX*-3x+3=0
Now this equation has no real roots as D < (.
Hence, value of flx) cannot be 1 for any real x.

2+l B
3x-2

or xl+l=6x-dorx’=6x+5=0
or (x—-Dx-5=0

o x=1,5

For f{x) =2 we have

x_@____ge__l.@‘ Find the values of x for which the fol-
lowing functions are defined. Also find all possible values
which functions take.

22 Gipfa = 25

WA ="73 -1

1
(i) flxy = ——
x+1

Sol.

{) fix)= ﬁ is defined for all real values of x except when
X

x+1=0
Hence, f{x) is defined forx e R - {-11].
1
Lety= —
x+1 [
Here we cannot find any real x for whichy= —— =0

x+1
For y other than 0, there exists a real number x.

1
Hence, —— e R - [0).
x+1

(i) fx) = x‘} is defined for all real values of x except when
P
x=3=0.
Hence, f{x) is defined forx € R — {3}
Lety= =2
x—=3
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Here we cannot find any real x for which y = x 3 = 1
=

Note: When -

5 . C .
=, wehavex -2 =x-3or-2 =-3

= i :

which is absurd. '

For y other than ‘1’ there exists a real number x.

Hence, L e R-{1}.
ox+l

i) fi) = ==
T

x—-1=0"

Hence, f{x) is defined forxe R— {1}

n is defined for all real values of x except when

2
Lety= =

Here we cannot find any real x for which y = 2_.::1 =2

Note: When 2x =2, we have 2x = 2x 2 or 0 = =2 which

is absurd.

For y other than *2° there exists a real number x.

Hence, 2x e R-{2}.
x-1

x}, <0
| If fix) = ¢3x-2, 0<x <2, then find
P +lx>2
the value of{-1) + f(1)+ f(3).

-Also find the value/values of x for which fix) = 2.
Sol. Here function is differently defined for three different

intervals mentioned.
For x =-{, consider f{x) = x°

= fi-1)=-1

For x = |, consider fix} = 3x -2
= fihh=1

For x = 3, consider fix) = x* + |
= f3)=10

= f-D+AD+AN=-1+1+10=10

Also when fix) = 2,

for x* = 2, x = 2'*, which is not possible as x < 0.

for 3x -2 =72, x=4/3, which is possible as 0 € x £ 2.
Forx*+ 1 =2, x =1, which is not possible as x > 2.
Hence, for flx) = 2, we have x = 4/3.

INTERVALS

The set of numbers between any two real numbers is called
interval. The following are the types of interval,

A EPSTUDY CIRCLE



A Eu.'::: CiRCLE L eiforeme INIEED

. EAEAR PROMOTRS PRACTICE SET MATHEMATICS

Closed Interval . If S<x<d=0Z47<25
xe {abl=s{x:asx<h) In fact @ < b = a* < B? follows only when absolute value
- . - > of a is less than the absolute value of b or distance of a
a ) b from zero is less than the distance of b from zero on real
Fig. 1.2 - . number line,
Open Interval (x) Law of reciprocal:
xe (a,Por[a bl ={x:a<x<bh) If both sides of inequalit;f have same sign, while taking
o o - its reciprocal the sign of inequality gets reversed. ie., a
a b 1

. 11 i
Fig. 1.3 }b?02;<3 a.ndaqb-c[):>;->3

But if both sides of ineqp'ality have opposite sign, then

Semi-Open or Semi Closed Interval ' _ ¢ : - .
while taking reciprocal sign of inequality does not

xe[a b] or [a bl={xasx<b}

change, 1.e.
- - - Oo—
b 1
4 - oa<l<b= —{l
Fig. 1.4 a
xela bl oria bl={xia<xsh)
- - s - 1 1 1]. ,
3 o > — E[};;} if @ and & have same sign
a b Ifxe fa b= *
Fig. 1.5 le(—m. l}u |i% w], if & and b have opposite signs
x a

Note. _
* A setof ali real numbers can be expressed as {—es, ea)
ox £ (o0 a) (b, o) =x e R—[a, b]

ex € (-oq aJ Ulb o) =xe R—(a b) ' : ofx.
i)x<2 x=>=-1 (ii)x =22 (ivvy<-1
INEQUALITIES Sol. .
Some Important Facts about Inequalities (i) Whenx<2wehavexe (-, 0)L[0,2)
) forxe [0,2), e [, 4)

The following are some very useful points to remember: forx e (-, 0), 1 & (0, )

(' as<beithera<bhora=b = forx<?2, £ e [0, U (0, oo

(i) a<hband b <c¢ = a<e (transition property) = xe [0 )
(il) @ < b = —a > b, ie. inequality sign reverses il both (i) When x> 1 we have x € (— 1, 0) U [0, =)

sides are multiplied by a negative number forxe (1,00 %€ (0, 1)
(iv) acbanlilccd;:-a+c.<b+danc_1a.—d<b_~c.'. . for x € [0, o), 22 € [0, o0) )
(v) If both sides of inequality are multiplied (or divided) by = fors> -1, 7€ (0, 1)U]0,~)

a positive number, inequality does not change. When
both of its sides are multiplied (or divided) by a negative
number, inequality gets reversed.

le,a<h=ta<kbifk=0and ka > kbif k<0

= xec [0, )
(iii) Here x € [2, =)

= x'c [4, )
(iv) Here x g (—=, -1}
(vi) O<a<b=a<bifr>0anda>bifr<0 = xe(l, )

" ] .
(\"Il) ag+— = 2fora>0and Equahly holds fora =1 -—Eﬂx_amplel.7 Find the values of 1/x for the gi‘.‘,e“

o
i values of x.
(vili) a+— =-2fora<0andequality holds for ¢ = -1 i x>3 (iHx<-2 (iiyx e (=1,3) - {0}
o
(ix) Sguaring an inequality: Sol.
If & < b, then &2 < b does not follows always: (i) Wehave3<x <o
Consider the following illustrations: 1 1 1 N
= —>—>——{— = means tends to infinity)
2<3=4<9but4<3=106>9 31 x o
Alsoifx>2= >4 butforx<2=x"20 ~ pedl
x 3

f2<x<cd=24<x<16
F2<x<d=0<x1<16

@ www.acpstudycirclc.comm A E P STUDY ClRCLE.
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i) x& (1.3)-(0)
= xe(-1,0)w(0,3)
Forxe (-1,0)
1 1 1
— =2
-1 x -5
(here — 0-means value of x approaches to 0 from its left
hand side or negative side)

1
= ~l>—>»-w
X
l .
= —w<—<-l (1
X
Forxe (0, 3)
1 1 1
>——
—H}* x 3

(here'— 0* means value of x approaches to 0 from its
right hand side or positive side)

1 1
= o — o —

x 3
= .1 . @
X

From (1} and (2), —E(—ce —I)u[l
X 3

g

Nﬂte: Forxe R-— {0}, lE R—-{0}
. X

2RI Find all possible values of the following
expressions:
Gy () o G
x*+2 x*-2x+3 ¥ —x-1
Sol.

(iy We knowthatx?=0xe R.
= x+2z22,¥xe R
or 22X +2) <o

= lz ] =0
2 xX+2
= (<« L l
422
. 1 1
(i) 2 = 2
X°=2x+3  (x-1"42

Now we know that (x— 120V xe R,
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= {(x-1P+222Vxe R
or 22(x—1P+2<es

L
= 2 -1 12
N
x=2x+3 2

SN S (-oo, ——]u(o, )
1 5
x‘_—_ ——
[=-3) -3
M2EI R Find all possible values of the following
expressions:
(i) Jx* -4 (i) \J9—x? {iii) Jx*-2x+10
Sol. :

(i) Vx*-4

Least value of square root is 0 when 2 =4 or x = £2. Also
-4 20

Hence, x* =4 € [0, =)
(ii) J9—x°

Least value of square root is 0 when 9 —x* =0 or x =13,
Also, the greatest value of 9 — x? is 9 when x =0,

Hence, we have 09 —x* <9 = +/9—x? e [0, 3].

i) v’ —2x+10 = Jx—1)°+9
Here, the least value of \(x—1*+9is3 whenx—1=0.
Also (x— 17 +929 = Jr—1)' 19 23
Hence, m e [3, =).

A EPSTUDY CIRCLE
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GEINNERALIZED METHOD OF [NTERVALS FOR
SOLVING INEQUALITIES
Let F(x)=(x-a)"{x-aq, )“! x=a, Y (x—a,)n

wherek, k. ...k € Zandq, a., ...,
satis fying the condition

g, are fixed real numbers

a|< d‘.2< aJ:: . {(I"_I <4,

Forsolving F(x) > 0 or F{x) <0, consider the following algo-
rithi:

» ‘We mark the numbers a, a., ..., ¢, on the number axis and
put the plus sign in the interval on the right of the largest
of these numbers, i.e., on the right of a.

s Then we put the plus sign in the interval on the left of a_
if k_is an even number and the minus sign if & is an odd
number. In the next interval, we put a sign according to the
following rule:

¢+ When passing through the point & | the polynomial

F(x) changes sign if £ _ is an odd number. Then we
consider the next interval and put 4 sign in it using the
same rule.

e Thus we consider all the intervals. The solution of the
inequality F(x} > O is the union of all intervals in which
we have put the plus sign and the solution of the inequality
F(x) < 0 is the union of all intervals in which we have put
the minus sign.

Frequently used Inequalities

(i) x—-ax—-b)<0=xe (a b),wherea<b -
{i) (x—afx-E>0=x¢e (—eo,a) (b, =), wherea<d
(iii)y
(iv) 2o =xe (—o=, —a] U [d, =)
(v) Ifar+bx+c<0.(a>0=xe (@ B, where &, B (e < S are
roots of the equation ax* + bx +c=10

(Vi) fa +bx+e>0,(a> 0} = x e (-, i) U (B, o), where
a, B(a< B) are roots of the equation ax® + bxr+c=0

rE<al=xe [~a a]

_Example 1.10_ESUNCESEE IR
Sol. X=x-2>0
= {(x—-2x+1)>0
Nowx —x-2=0=x=-1,2.
Now on number line { x-axis) mark x=-1 andx =2
Nowwhenx>2, x+1>0andx-2>0
= (x+ D)x=20
when— 1l <x<2, x+1>0butxr-2<0
= (x+I1)x-2)<0
whenx<—1,x+1<0and x=2<0
= (x+1}x-2}>0
Hence, sign scheme of x* —x — 2 is

+ - +
I I
-1 -2

Fig. 1.6

From the figure, x* —x - 2> 0, x € (—==, -1} W (2, &2).
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' P Solvex*-x-1<0.

Sol. Let's first factorize x> —x — I,

Forthatletx’—x—-1=0

_1xVitd 1345

= =
2 2

Now on number line (x-axis) mark x=

A
k J

Fig. 1.7

From the sign scheme of x* —x — 1 which shown in the given
figure.

r=-x-1<0= xe[

1—J§ 1+~J§J
5

2

IETETISERR, Solve (v — 1)(x - 2)(1—20) > 0.

Sol. We have (x— D(x=2)(1 =2%) > 0

ar ~x=-DNx=-2)2x-1 =0
or (x—Dx-2X2x~-1)=<0
On number line mark x=1/2, 1, 2
P - -+ - +
112 1 ) 2
Fig. 1.8

{20 = 1yand (x -

Y

When x > 2, ali factors {x— 1) 2) are posi-
tive.

Hence, (x— IMx=2)2x— 1) > 0 for x> 2.

Now put positive and negative sign aliernatively as shown
in figure.

Hence, solution set of (x — IMx —2)1 - 2x) >0 or {x = 1}
(x=2}2x - 1) < Ois {—ee, 1/2) 0 (1, 2). '

i Solve 2x+ 1) (x -3} (x+ 7)< 0.

Sol. 2x+Dx—-3NWw+7N=<0
Sign scheme ol (2x 4+ 1) {x — 3) (x + 7) is as follows:

- + - +
I 1 |
-7 =12 3

Fig. 1.9

Y

L )

Hence, solution is {(—es, =7) 1 (=1/2, 3).

Exanmiple 1.14 I E\< 3.
Ccxampie 1.14 "

= E -3<0 {(Wc cannot crossmultiply with x as x

& can be negalive or posilive)

A EPSTUDY CIRCLE
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2-3
= s <
X
- 3x-2 >0
X
N (x=2/3) -0
X
Sign scheme of w is as follows:
_ x
- T I »
0 2/3

Fig. L10
= xe (o, 0) L (273, e2)

Sol. =3
3x=5
2 —
= 73 450
3x-5
2x-3-9
o, 2x-3-%xdlS
3x-5
-Tx+12.
- X2
3x—5
Tx-12
= <
3x-5
. Tx-12
Sign scheme of is as follows:
3x-5
» + - + o
o T T
5/3 1217

Fig. 111

= xe {5/3, 12/71

x=5/3 is not incleded in the solutions as at x = 3/3 denami-
nator becomes zero.

i Solvex > q,’(l x).

Sol. Given inequality can be solved by squaring both sides.

But sometimes squaring gives extraneous solutions which
do not satisfy the original inequality. Before squaring we
must restrict x for which terms in the given inequality are well
defined.

> 1,‘{1 - x) . Here x must be positive,
Here +/1—x isdefinedonly when 1 —x>20 orx<1 (1
Squaring given inequality but sides x*>1 - x

=xy¥+rx-1>0= [x—_l_z\{g]{x—ﬁl-hg]b(]

2

—l+\f§

2

=1=4/5
=S x<— V5 or x> (2)

(=) www.acpsludycirclc.comn
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From(l]an&{Z)xe{ _1,l:| (as x is +ve)

1 2x=-1

I Solve 2 -

£0,
rerrl x+1 2+l
Sol. i 2 1 2x-1
X —x+l x+1 x +1
. 2Ax+D—(x* —x+D=-2x— 1):}0
(x+Dx*—x+1D)
- 2_ —
~ (x—x—-2) >
(x+D(xE—x+1)
—{x—-2x+1)
= —_—
(x+D(x"—x+1)
= —22_—x-—2{],wherexil
x-x+1

= 2=x20,x2~1,(asx’—x+1>0forvxe R)
= x=2,x#-1

,Efgmﬂ_lgw__,‘]ﬁ“j Solve x(x + 22 (x - 1)*(2x = 3Mx -3¢ =0,

Sol. Let E = x(x + 2)%x ~ 1¥(2x — 3)x — 3)%.

Here for x, (x — 1), (2x - 3) exponents are odd, hence sign
of E changes while crossing x = 0, 1, 3/2. Also for (x + 2),
{x = 3) exponents are even, hence sign of £ does not change
while crossing x = —2 and x = 3.

Further for x > 3, all factors are positive, hence sign of the
expression starts with positive sign from the right hand side.

The sizn scheme of the expression is as shown in the fol-
lowing figure.

— - + - + +
- T [ | | |
=2 0 1 32 3

Fig. 1.12

Y

Hence, for E2 0, we have x € [0, 1] W [3/2, =)

Solve x(2* = 1)3 = 9i(x-3) < (.

Sol. Let £ = (2" — 1)(3 — M- 3
Here2'-1=0=x=0and when3*-9=0=x=2
" Now mark x =0, 2 and 3 on real number line.
Sign of E starts with positive sign from right hand side.
Also at x =0, two factors are 0, x and 2° - 1, hence sign of E
does not change while crossing x=0.
Sign scheme of E is as shown in the following figure.

+ + - +
- | | |
a 2 3

Y

Fig. 1.13

From the fisure, we have E< 0 forx g (2, 3},
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_ ¥4l = —-2<x<2 {2)
Bclay AUl Find all possible values of o2 From (1) and (2), we have x € (=2, = 17U [1, 2)
x+1 :
Sol.Lety="573 ABSOLUTE VALUE OF x
= }’x.g —2y=xi+! Absolute value of any real number x is -denoted by | (read as
. 23+l ' modulus of x).
= = y—1 ' The absolute value is closely related to the notions of magni-
tude, distance, and rorm in various mathematical and physical r
Now 20 = 2y +1 >0 ' contexts.
¥l From an analytic geometry point of view, the absolute value
of a real number is that number’s distance from zero along the
Now £ 0 = 2+l 54 real number line, and more generally the absolute value of the
y—1 : difference of two real numbers is the distance between them.
’ Let’s look at the number line:
= yE-1/2 or y>1
0 X
Solving Irrational Inequalities A
Fig. 1.14

_Example 1.21 |

Solve vx-— 2_ z-1. The absolute value of x, denoted “|x[” (and which is read as
Sol. We must have x — 2 = 0 for Ji=72 to get defined, thus x “the absolute value of x), is the distance of x from zero. This is

>3, why absolute value is never negative; absolute value only asks

“how far?”, not “in which direction?”. This means not only that

Now «x-2 2-1, as square roofs are always non-negative. 3] = 3, because 3 is three units to the right of zero, but also that
Hence,x=2. |-3| = 3, because —3 is three units o the left of zero.

When the number inside the absolute value (the “argument”
of the absolute value) was positive anyway, we did not change
the sign when we took the absclute value. But when the argu-

Note: Some sudenis solve it by sguaring it both sides for which
=2 =1 orx >3 which cause loss of interval {2, 3).

Example 1.22 [JEINE fx—1>+3—-x. ment was negative, we did change the sign.
S If x > O (that is, if x is positive), then the value would not
Sol. vx—1>+3~x ismeaningful ifx—120and3-x=0 change when you take the absolute value. For instance, if x=2,

then you have |x| = |2| = 2 = x. In fact, for any positive value of

or lsxs3 (1) RS i ; .
x {or if x equals zero), the sign would be unchanged, so:
Also ~x-1>3-x Forx =0, |x|=x
Squaring, we have x— 1 >3 —x On the other hand, if x < 0 (that is, if & is negative), then
= x>7 . ) it will change its sign when you take the absolute value. For
From (1) and (2), we have 2 < x < 3. instance, if x = —4, then x| = [-4| =+ 4 = —(—4) = —x. In fact,
for anv negative value of x, the sign would have to be changed,
Example 1.23 SIS LS Jrzafe-3. $0:
-AAMMPIS 1.o2 For x <0, x| =
Sel. x+x."; = «.E—?r is meaningful only whenx 20 {n * d
& xz0
Now x+\f;2x/;—3 : Thusm:{
—x, x<0
= x=-=3 (23 _ >0
From (1) and (2), we have x = 0. Al‘;o\f_—jﬂ-{l' £=
-x, x=0

Solve {(x* — d)Wx*-1<0,
Sol. (xX* —dnxi-1<0

We must have x*— 120
(x— Dx+1)=0 Thus square root exists only for non-negative numbers and its

ie, 2= [ = ft=2y" = [{—2)3 ]m = -2 isabsurdas y"x-zzl xl

(-2) =1-21=2

or
value is also non-negative,
or x=-lorxzl (n 8 L
Some students consider JZ =+2, which is wrong.
Also (X} =4nx* -1 <0
= x-4<0 In fact \J(=4)! =1-41=4
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[1;4’5) =11-v21=+2 -1 ¢te.
Also some students write \fxTzix which is wrong, infact,

\_)G:?zlxlz{x' x=0

—-x, x<0

Also a?< b= \fp? < fp? = lal < |b|

. Graph of function fix) =y = |x|

0 +1 +2 =3

0 1 4 9
N T EE e nr T B oo
! ! ! ! ro ! ! i ‘
—pem o ---- I LEETEI EETRS PP oo s St S
| ; : b | ; : :
NG IR
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' ) ] 1 ' i 1
' 1 t 1 T ] ] i
R ST SRR S N SN oo o R,

Fig. 1.15

We can see that graph of y = |x| is in 1* and 2™ quadrant only
where y =20, hence |x| 2 0.

| Solve the following:
(it) x* = x| =

) x| =3
Sol. .

(i) |x| = 5, i.e., those points on real number line which are at
distance 5 units from “0”, which are -5 and 5.-
Thus, [xj=5=x=4%5
(ii)
|y -2=0
[ = Iy -
(x| = 2K+ 1)=0
=20 +1#0)
x=12

Ly iy

Example 1.26 B3 Gl the value of x for which following

expressions are defined:
l

(i) 'Vl'x+lxl

] 1
® Na=lxl

Sol.

. . x—x=01fx=0
(@) x -l = r+x=2xifx<0
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= x— |xi <0foralx

= does not take real values foranyx e R

(i1)

x4 xi=

“What is the geometric meaning of |x — y|?
[x —

line.

Sol.

(i) |xr—2| =1, i.e., those points on real number line which are
distance | units from 2.

OR-2=1

m

is not defined for any x  R.
x - |x|

x+x=2xifx=0
x—x=0,ifx<0

1
—— is defined only when x> 0
Jx+lxl

¥| is the distance between x and y on the real number

| Solve the following:
(i) 20 +1P~ |x +1| =3

(ii)

In general, | f(x) I={

real-valued function.

_Example 1.28 |

(i
(ii)

(iii} Jr? — x]

- T N T

>

0 1 2 3

Fig. 1.16

Asg shown in the figure x = 1 and x = 3 are at distance 1
units from 2,
Hence.x=1lorx=3.
Thus |[x -2 =1
= x-—-2==%1
= ax=lorx=3

A+ IP=fx+1]=3

= 2+ 1P-lx+1j-3=0

= 2x+1P-3x+1j+2x+1-3=0
= 2k+1]=-3)x+1+11=0

= 2x+1-3=0

= |x+1]=32

= x+1=%372

=

r=12orx==52

X-a, x=a .
lx~al= , where ¢ >0
a—-x, x<a

Fx), f(x)=20 , where y = f{x) is any

_f(x): f(x){[}

Solve the following:
x=2|=i{x-2)
e+3=-x-3
=x'-x
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(iv) |x*-x-2[=2+x-2*

Sol.

(i) |x-2/=(x-2),ifx-2200rx22
(i) [x+3=-x-3ifx+3<00rx<-3

(i) jx*—x=x-xifx2—x2z0
= x(x-1y20
= x€ (—o, 0] ][], e}

(iv) [x*—x-2|=2+x-x
= x-x=-2<0
= (x=-2){x+1)=0
= -—15x£2

Solve 1-x=+x?=2x+1.
Sol. 1—x=n/x -2x+l1

(x—1)

_Example1.29 }

==

= l-x=x-1l
= 1-x20 .
= x=1

i Solve [3x-2|=x.

Snl. [3x - 2| =x
Case (i)

When3x—220o0rx=2/3

For which wehave 3x-2=xorx=1.
Case (ii) '

When3x—-2<0orx<2/3
For which we have 2—-3x=xorx= 1/2.
Hence, solution setis {1/2, 1}.

Example 1.31_ SEUIIUESES!

Sol. x* - 1 =1z
= x*-1=xwhenx=0
or x*—-1l==xwhenx<0

]+J§
2

(as x=210)

-5
2

x> —x—-1=0=x=

¥X+rx-1=0=x= (asx <)

Solve

_Example 1.32_§

Jr+3-afr—1 +Jx+8-6/x-1=1
Sol. fr13—avx 1 +Jr+8-6Jx—1=1

= Jr—l-aJi—1+4+x—1-6/x—1+9 =1
= JIx=1-2F +fifx—1-3F =1
= (Srol-204 1y —1-31=1
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Iaol=2t+Ivi—1-31=(x-1-2)—(x—1-3)

=

= +Jx=1=-220and+fx-1-3<0

= -1<3

= 4<x-1£9

= 3=x210

L Prove that
=2, x<-1
-..frx2+2x+1-wfx2-2x+1 =+2x, -1<x51

2, x»=1

JxP+2x 41—/t = 2x+1
= Jlx+1) —f(x—1)?

=lx+11-1x—11

(—x=1-(1-x), x<-1
=+<x+1-{1-x), —-12x<1
x+1-(x-1), x>l

=2, x<—1
=42x, -1 x<1
2, x=1

(i) For 2 <x <4, find the values of |x].

(i) For-3<x<-1,find the values of |x|.
(iii) For - 3 £ x < 1, find the values of {x|.
(iv) For -5 <x <7, find the values of [x - 2|.
(v) For1=x <35, find the values of |2x - 7|.

Sol.

i) 2<x<4
Here values on real number llnc whose distance lies
between 2 and 4.
Here values of x are positive = x| € (2, 4)

(i) —3<x=-1
Here values on real number line whose distance lies
between 1 and 3 or at distance 1 or 3.
= 15|43

(i) —3=x<1
For—3<x<0,|x e (0, 3]
ForOsx<l,x|e [0 1)
Sofor—-3<x<1,|x/e [0, 1}w (0, 3]orxe [0,3]

(iv) - 5<x=<7
=-T<x-2<5
=0=|x-2|<7
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(v lax <5 "~ Inequalities Involving Absolute Value
=72 <2x< |0 (i) |[d=a(whereag>0)
= 5<2x-7%3

=[2x-7 e [0, 5] It implies those values of x on real number line which are

at distance g or less than a.

Exam le1.35 ¢ For x € R, find all possible values of - * ! - 4 -
e ARt | r 5 R
i) x-3[-2  (id4—|2x+3 Fig. 1.17 I
Sol. ‘ <x< |
(i) We know that [x-3|>0V xe R = -asxsa
= |-3-2=-2 eg f£2=-2<xg2
= |x-3[-2g [-2, ) K<3=-3<x<3
(ii) We know that |2x+ 3|20V xe R : In general, |[ix)| € a (wherea>0) = ~a<fix) <a.
= —|2x+3[=0 . (i) || =a (where a > 0) '

= 4-|2x+3|z4

It implics those values of x on real number line which are
or  4—[2x+ 3| € (-, 4] .

at distance a or more than «

Example 1. 3 Find all possible values of » T — >
_CXAMP i 22k M 0 o
B Vixi1-2 (i) 3 1x-1l (i) y/d-~/x? , Fig. 1.18
Sol. . =Sx<-—qorx2a
) Txl—2 eg=z3=xs-3orxz3.
We know that square roots are defined for non-negative W>2=x<-20rx>2
values only. In general, fix)|z2a=fx)s—aorfix)za
It implies that we must have |x] -2 = 0. (ili) a < |x] £ b (where @, b > 0)
lx1-2=0 Itimplies those value of x on real number line which are at
distance equal ¢ or & or between g and b,
(i) 3= lx—11 isdefined when 3 —|x— 1]20 quat ot Sorbetw .
But the maximum value of 3 - |x— I| is 3 when {x - 1| is 0. ~h -a . (J) p b
Hence, for +3=1x—11 to get defined, 03— |[x = 1| <3, Fig. 1.19

= Blr-lle [0. \/51 = = b —a] U o ]

Alternatively, v — 1|20 eg 2shl<d=xel-4,-2][2, 4]

= —|x-1]=0 . {iv) b+ y| < x| + |y if x and y have opposite signs.

= 3-h-1]=3 e — ¥l < |x| + [| if x and y have same sign.
But for \{3—| x—~11 to get defined, we must have be+ 31 =[xt + |yl if x and y have same sign or at least one of
0£3—|x—1]53=:-05-h—lx—llgﬁ Xx and y is zero.

|x — ¥ =[x} + |v] if x and y have opposite signs or at least one

Gii) J4—x = Ja—i<i . of x and y is zero.

=0 - _ ___- - Solvex™ d|x| +3 < 0.
= —jx=0

= 4-|x=4

But for ~/4-1x] to getdefined 0 <4 — x| < 4

= (0<4-lxl=2

el CANVM Solve x -3 +[x-2|=1.
Sol. |x-3|+fx-2|=1

Sol. “—4x+3<0

(xl = 12l - 3) < 0
P<|x]<3
~3<x<-lorl<x<3
xe (-3, -1w(l, 3

Lyl

R2CI RIS Solve 0 < x| < 2.
Sol. We know that x| 20,V xe R

= -3+ br-2[=06-0+x-2) But given x| >0 = x = 0
— x-3<0andx-220 Now 0 < fx| < 2

= x=3andx 22 = xe(=2,2),x#0
= 2=5x=3
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= xe (220 R, Solve b+ 1] +[2r-3|=4.
EEIYTIETR, Solve [3x-2/<A. Sol. Let ) = + 1] + 23|
Sol |3x_'2|{4 A B.fix) = |C.fiz4 |[D.ANC
s —d4<3x_2<4 x<—1 -1-x+3-|2-3r=4 |Nosuchxexists
= -2<3x<6 2x = x=-2/3
= =23<x<2 . “1=2x=32|x+1+3-2x|4-x=4 x=0
. _ =x=0
| W Solvels|x-2|=3. x>30 x+1+2%x-3|3x-2=4 |x=2
Sol. IS[x—E[s?; =x=2
= —3<x_2<-lorl<x-2<3 - Hence, solutions set is {0, 2}
—-l=Ex< <x =
IO A Example 143 JEETNENRUIE
. Sol, We have |x] + |x—2| =
_Example 1.42 ELIEIRVage] LR = +Rk-2=x—(x-2)
Sol. O<[x—3]<5 = Eﬁé-?;“
= —5=Zx-3<0or0=<x-3<5 _ = *=
= —2Zx<3or3<xs8 SIRECR Solve [2x - 3+ - 1] =[x - 2.
==b x E [_2' 3) U (3’ 8] By R e P A S 2 e = e
_ Sol. j2x—3|+x—1=]2x=3)-(x- 1)
RCIUINEERE Solve | |x-1]-2|<5. = @x-3x-D=0
Sol. |lx-1]-2|<5 . . = 1=x<3/2

= -5<[x=-1|-2<5 .
= -3<x-1|<7 _Example 1.50 ;

= k—1<7 Sol. [ +x—4|=]"=4+|x
= -T<x-1<7 = x(x*-4)z0
= —6<x<8 ‘ ' = x(x-2(x+2)=20
_2. , o0
W Solve|x-3[22. = xelR O

Solve x* +x - 4| = [x* — 4] + |x}.

Ifsinx +cosx| = |sinx|+|cosx|(sinx,cosx
= x=3<-20orx-322 # 0), then in which quadrant dees x lie?
= x=lorxz5

Sol. Here we have [sin x + cos x| = [sin x| + |cos x].
1t implies that sin x and cos x must have the same sign.

Solve | Ix| - 3> 1. Therefore, x lies in the first or third quadrant.

_Example 1.45 _;
Sol. ||x|-3|=1
= l-3<-lorlx-3>1 Sl EP I s tan x + cot x| < |tan x| + |cot x| true for
= {x|<2or|x|>4 any x ? If it is true, then find the values of x.

= —2<x<2orx<—dorx>4d . Sol. Since tan x and cot x have always the same sign,

tan x + cot x| < |tan x! + |cot x| does not hold true for any value
Solve |x— 1|+ |x—-2|=4. of x.

Examle 1.46 |

Sol. Lot flx) = |x — I + |x - 2 Example 1.53 IO x—;ilsl.
A. B. fix} C.flx)=4 D.ANC L—3
x<l l-x+2-x|3-2x24=>x<-2/3[x<-1/2 Sol. :r+l <1
=3-2x
1£x£2|x-1+2-x| 124, not possible = _]£I'3£1
:] x+1
x>2 x—1+x-2|2x-324=x272 |x272 = 73 120 and 0<X=3
=2x=3 x+1 X+
Hence, solutions is x & (—es,—1/2] W [7/2, ). ' - Iy =72
en ( 1wl ) - 4 20 and 0<2E
x+1 x+1
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= x>—land {x<-1lorxzl1} 2x 1
=
= x =zl ’ 12. Solve 22 +5x+ 2 x+1-
...EEE@..'Z’!I?...!_..‘? RS Solve [x®—2¢] + |x_—4| >t =3k + 4. 13. Solve (i) _3 < 0 (D Jx—2<3

Sol. Wehave x> - 2x/+ |4 —x|> | —2x 4+ 4 —x
= (x*-20d-x<0 - | 14. Which of the following equations has maximum number of
= x{x-2¥x-4)=0 re:aI roots?
= x e (0,2) U4, =) , , () x*—]-2=0

(-2 +3=0

] Cencept Application Exercise 1.1 (i) * - 3x| +2= 0
o ' _ TV 2 +3+2=0
*+3, x<l 15. Find the number of solutions of the system of equation x + 2y
1. Ifftx) = {x%, 1< x %3, then which of the following is greatest 7 =fand|x-3 =¥ )
2-3x,x>3 ' - ' I
16. Find the values of x for which fix)= [—~ s
ROy, f3), f4). A2) defined. ] lx=21=(x-2)
2. T f(x) is quadratic function such that f0) = —4, f{1) =5 and . - _ p)
A& 13 =~1, then find the value of /(3) 17. Find all valtfcs of x for which fix)=x + \f;_- .
3. Find the value of x? for the following values of x: 18. Solve I -F 2l 2.
@ [-5.-1] @i (3,6) ' -
(i) (-2, 3) (iv) (=3, =) (%) (=00, &) 19. If |* — 7| £ 9, then find the values of x.
4. Find the values of 1/x for the following values of x; 20. Find the values of x for which +/5—12x—3| is defined.
@ (2.5 () [-5. -1 21. Solve |[x-2|-3| <5.
(iii) (3. ) {iv) (-, —2] : 22. Which of the following is/are true?
(v) [-3.4] ' (a) It | + y| =[x + [], then points {x, ¥} lie in 1* or 3™ quadrant
. . or any of the x-axis or y-axis.
5. Which of the following is always true? .
If i i nd i _
(@) Ifa<b, then ai< ? E:ﬂt |x + ¥| < [x] + |y], then points (x, y) lie in 2% or 4™ quad
(b) Ifa<b, then L) X ) If Ii;c =¥ =z + |y, then points (x, ¥) lic in 2™ or 4m quad-
a b rant. -
(¢} If @ < b, then ja| < B 23. Solve | —x— 2|+ |+ 6| = x* - 2x - §|.
6. Find the values of x which satisfy the inequalities simultane- 24. Solve | =2y 1.
ously: 25. Solve |2 = |+ 12"+ 1}=2.
() 3<2x-1<19 (i) -1< 2x5+3 <7 26. Solve [x*—4x+ 3|=x+1.
- ' 27. Solve|x®— 1|+ x2—4|>3.
7. Find all the possible values which the following expressions 28. Solve|x—1|-[2x—5]=
take.
L 2-=15x ’
(i) 4 SOME DEFINITIONS
Real Polynomial
(i} Jx* ~Txr+6 Letay, a, a,, ..., a, be real numbers and x is a real variable.
o —a—k Tl]cn,ﬂx) =a, + a,x+ qle + -~ +a x*is called a real polyno-
{iii) — mial of real variable x with real coefficients.
'r - -
Complex Polynomial
8. Solve wﬂ.. Ifa,a,a,...,a, are complex numbers and x is a varying com-
(2x-35) plex number, then fix) = a,+ ax + a,® + - +a_x"is called a
(2x+3)(4— 3,0 (x— 4) complex polynomial or a polynomial of complex coefficients.
9. Solve Ty Rational Expression or Rational Function
An expression of the form
10. Solye Z N7 o PO
lx~41{x+6} i
. o)
11. Find all possible values of fix) = ;x where P(x) and Q(x) are polynomials in x is called a rational
x+3 expression.
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In the particular case when Q{x) is a non-zero constant,
P{x)
Qx)
reduces to a polynomial. Thus every polynomial is a rational

expression but the converse is not true. Some of the examples
are as follows:

1—.
(1) X344 ) x'—5x+4
x=2

¥+l

- 1 4 x+i, Le.,
x—-2 x x

>3

Degree of a Polynomial
A polynomial flx) = a, +ax + a,x* + -+ + a,x", real or complex,
is a polynomial of degree n, ifa, £0.

The polynomials 2x* = 72 + x + 5and (3 - 2/)x* — ix + 5 are
polynomials of degree 3 and 2, respectively

A polynomial of second degree is generally called a quadratic
polynomial, and polynomials of degree 3 and 4 are known as
cubic and bi-guadratic polynormials, respectively.

Polynomial Equation

If f{x) is a polynomial, then fix) = 0 is called a polynomial equa-

tion.

If fix) is a quadratic polynomial, then f{x) = 0 is called a qua-
dratic equation. The general form of a quadratic equation is ax*
+ bx + ¢ =0, a # 0. Here, x is the variable and a, & and ¢ are
called coefficients, real or imaginary.

Roots of an Equation
The values of the variable satisfying a given equation are called
i1s roots.

Thus, x = a is a roct of the equation fix) = 0, if f (&) = 0.
Far example, x = 1 is a root of the equation x' —6x* + 1lx - 6=
0,because 1'—6x1*+11x1-6=0.

Similarly, x = @ and x = w® are roots of the equation
x* + x + 1 =0 as they satisfy it (where @ is the complex cube

root of unity).

Solution Set
The set of all roots of an equation, in a given domain, is called
the solution set of the equation.

For example, the set {1, 2, 3} is the solution sct of the equa-
tion X' = 6"+ 11x—6=0,

Solving an equation means finding its solution set. In other
words, solving an equation is the process of obtaining all its
roots,

Example f If x = 1 and x = 2 are solutions of the
equation x* + ex* + bx + ¢ =0 and a + b = 1, then find the
valuoe of b.

Sol. Since x = 1 is a root of the given equation it satisfies the

equation.
Hence, putting x = | in the given equation, we get
a+b+e=-1 (1)
but given that
a+b=1 (2)
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= =2
Now put x = 2 in the given equation, we have
B+4a+2b-2=0

= 6+2a+2a+b)=0
= 6+42a+2=0

= a=-4

= b=35

JECUIO AT Let f(x) = ax’ + bx + ¢, wherea, b,c € R
and ¢ # 0. It is known that f(5) = - 3 £(2) and that 3 is a root

" of f(x) = 0, then find the other root of f{x) = 0.

Sol, fix)=axt+bx+c
Given that fi5)=-3 f{2)
2%a+5h+c=-34a+2b+c)

or 37a+11b+4c=0 . (1)
Also x = 3 satisfies fix)=0

. Sa+3b+c=0 (2)
or 36a+ 12b+4c=0. (3)

. [Multiplying Eq. (2} by 4]
Subtracting (3} from (1), we have '
a-— b=0
= a=b =Ih2)pub=aqa,
= 12a+e=00rc=-1lla
Hence, equation f{x) = 0 becomes
ax’*+ax—12a=0
or X*+x—12=0

ar (x—3x+4y=0 ot x=-4,3

Rl JEREYEE A polynomial in x of degree three van-
ishes when x = 1 and x = -2, and has the values 4 and 28
when x = -1 and x = 2, respectively. Then find the valze of
polynomial when x = (.

Sol. From the given data fix) = (x — 1) (x + 2) {ax + b)
Now fi-1) =4 and f{2) = 28
= (1-D(1+D(—a+b)=4
and  (2-D@E+2¥2a+5by=28
= g-b=2andZa+b=7
Solving,a=3and b =1
= fO=Cx-DEx+2)Cx+1)
= A=-2

MO CA T If (1 - p) is a root of quadratic equation
x*+ px + (1 —p) = 0, then find its roots.

Sol. Since (1 — p) is the root of quadratic eguation
Xapx+(1-p)=0 (H

So (1 — p) satisfies the above equation
(I-prP+p(l-p+{-p)=0
(-p[1-p+p+11=0

(1-p)(2)=0
ES p=1
On putting this value of p in Eq. (1), we get
X+x=0

= xfx+ D=0
= x=0,-1
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