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Complex Numbers Exercise 1:
Single Option Correct Type Questions

= This section contains 30 multiple choice questions. 8. Let aand b be two fixed non-zero complex numbers and
Ea(?h question hag four choices (a), (b), (c) and (d) out of z is a variable complex number. If the lines
which ONLY ONE is correct az+az+1=0andbz +bz—1=0are mutually
1. If cos (1—i)=a+ ib, where a, be Rand i = J—_l , then perpendicular, then
(a)a—l[e—l)cosl,b=l(e+l)sinl (a)?b+575=0 (b)ali_a,b=0
2 e 2 (c)ab —ab =0 (d)yab + ab=0

€
(b) =1 +l 1[,_1 N 1 81 81
REEEY DY ekl G b 9. Ifot:cos(H]+isin(ﬁ}wherei=\/—l,then
)

1 1 .
(c)a=5(e+ ;) cosl, b=— (e+ . sinl Re(oc+az +o’ +ot +0€5)is
1 1
(d)a= % (e - 1] cos 1, b =% (e - l) sinl (@) 2 (®) - 2 (c)0 (d) None of these
e e
2. Number of roots of the equation z'° —z°> —992 = 0, where 10. The set of points in an A;gand disgram which satisfy both
real parts are negative, is |z|<4and0<arg(z)< 3 is
3 b) 4 5 d)6
() - ®) ‘ (c) ‘ (@) (a) a circle and a line (b) a radius of a circle
3. If z and z represent adjacent vertices of a regular (c) a sector of a circle (d) an infinite part line
1 f n sid ith centre at origi d if .
IIJI?IYE)OH i’/_n 511 e; i | Cenfre 3 Ol’lg;n AUEA 11.If f(x)= g(x3 )+ xh(x*)is divisible by x? + x + 1, then
Re (z) — 1, the value of n is equal to (a) g(x)is divisible by (x — 1) but not h(x)
(a) 2 (b) 4 (© 6 (d)s (b) h(x)is divisible by (x — 1).b.uf not g(x)
. (c) both g (x)and h (x) are divisible by (x —1)
4. 1011 e = 1, where I'T denotes the continued product (d) None of the above
P =.1 _ 12. 1f the points represented by complex numbers
and i = ,/— 1, the most general value of 0 is z,=a+ibz, =c+idandz, -z, are collinear, where
@ 2nm nel () 2nm nel i=J—_l,then
rir=1) r(r+1) (a)ad + be =0 (b) ad —be =0
O—E el @ - e (c)ab+cd =0 (d)ab—cd =0
r(r—1) r(r+1)

13. Let C denotes the set of complex numbers and R is the

{here; nisan:integec) set of real numbers. If the function f: C — Ris defined

5. 1f3+i)(z+z)-(2+1i)(z—2)+14i=0,wherei= \/—_1, by f(z) =|z|, then
then z 7 is equal to (a) f is injective but not surjective
(a) 10 (b) 8 (b) f is surjective but not injective
(c)—9 (d)-10 (c) f is neither injective nor surjective

d) f is both injecti d surjecti
6. The centre of a square ABCDis at z =0, A is z,. Then, (d) £ is both injective and surjective

the centroid of AABC is 14. Let 0. and B be two distinct complex numbers, such that

|o.| =|PB| If real part of o is positive and imaginary part

z
+i z +i
{82 (s Limn %) ®) 3 g0 75 L sm K) of B is negative, then the complex number
T,. . T z T,.. T (o +B)/ (o — B) may be
(©z (COS o T ¢ sin E) (d) 3 (cos 9 + #in E) (a) zero (b) real and negative
(where, i = \/__1) (c) real and positive (d) purely imaginary
\/5 ; 15. The complex number z, satisfies the condition
_ - . _ [ 101, 101103
7.1z= 2 where i =/~ 1, then (i )™ equals z— Bl 24. The maximum distance from the origin of
z
to ; ; :
(@) iz (b) z coordinates to the point z, is
- b) 30
d) None of th () 25 (
©2 (d) None of these (c) 32 (d) None of these
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The points A, Band C represent the complex numbers
Zy,25,(1—
(where,i=./—1 ). The AABC, is

(a) isosceles but not right angled

i)z, + iz, respectively, on the complex plane

(b) right angled but not isosceles
(c) isosceles and right angled
(d) None of the above

The system of equations |z +1—i|= V2 and |z]|=3has

(where, i = J—_l)

(a) no solution
(c) two solutions

(b) one solution

(d) None of these

Dividing f(z) by z — i, we obtain the remainder 1 —i
and dividing it by z + i, we get the remainder 1 + i.
Then, the remainder upon the division of f(z)by z* +1,
is

(@i+z (b)1+z
(©)1-z (d) None of these
The centre of the circle represented by |z + 1| =2|z — 1|
on the complex plane, is
5

0 b) —
(a) ( )3
(c)% (d) None of these
If x =91/3.91/% .92 oo yy=41/3.4=19 412 ooand

= 2 (1+i)”", where i = \/— 1, then arg (x + yz) is

equal
(a) 0 (b) — tan™" (if-]
(c) - tan™" (%) (d) T — tan™ (?]

If centre of a regular hexagon is at origin and one of the
vertices on Argand diagram is 1 + 2i, where i = \/— 1,

then its perimeter is

a) 245 (b) 45

¢) 65 d) 85

Let|z, —r|<r,V r=123,...,n,then z z, |is less than
r=1

(a)n (b)2n

(c) nn + 1) @D

Il

23.

24,

25,

26.

27.

28.

29.

30.

D uT-1EE

.
If arg _ Izl =z andlﬁ —z,| =3, then|z,| equals to
z z
|z
(@) 3 d2v2 (@10 (@26
If|z—2-i|=|z||sin (g - argz) , where i = \/— 1, then
locus of z, is
(a) a pair of straight lines (b) circle
(c) parabola (d) ellipse
If1,2,,2,,25,...,2, _, are the n, nth roots of unity, then
the value of ,is
rzl (3-z)
n—1 n-1

@2+ 22—

3" -1 2 3" —

n-1
(c) nS~3 +1 (d) None of these
-1

Ifz=(3+7i)(A+in), whenA,puel~ {0}andi=-1,
is purely imaginary then minimum value of | z |
(a)o (b) 58
(c )% (d) 3364

Given, z = f(x) + ig(x), where i = V-1and
f, g:(0,1)— (0,1) are real-valued functions, which of the
following hold good?

1 1 1 1
+ i (b)z = + i
1-ix 1+ix 1+ ix 1-ix

1 1 1 1
+i dz= +i
1+ix 1+ ix 1-ix 1-ix

=

(0)z=

Ifz® +(3+2i)z+(—1+ia)=0, wherei = -1, has one
real root, the value of a lies in the interval (a € R)
(@)(-2-1) (b)(=1,0)

(c)(0,1) (d)(1,2)

If m and n are the smallest positive integers satisfying
m n
the relation (2 CiS %) = (4 CiS g) , where i = /-1,

(m + n) equals to

(a) 60 (b) 72 (c) 96 (d) 120

Number of imaginary complex numbers satisfying the
equation, z? =z-2' 1% is
(@0 (b) 1

(c)2 (d)s3
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Complex Numbers Exercise 2 :

More than One Option Correct Type Questions

= This section contains 15 multiple choice questions. () Ll P purely real
Each question has four choices (a), (b), (c) and (d) out of z, — 2,
which MORE THAN ONE may be correct. z, —2
1 (b) =—=2 is purely imaginary
3. 12 : - is a purely imaginary number (where i = /- 1), “27 %
z+i

then z lies on a
(a) straight line
(b) circle

1
¢) circle with radius = —
2 V2
(d) circle passing through the origin

32. 1If z satisfies |z —1|< |z + 3

i =./—1) satisfies

@o-5-i|<|lo+3+i| (b)|o-5|<|w+3]|

, then ® =2z + 3 — i (where,

(©) Im (i) > 1 (d) |arg @ — 1)| <g

33. If the complex number is (1+ ri)*> = A (1+ i), when (2z—-1) )
— | = mrepresents a circle, then m can be
i = 4/—1, for some real A, the value of r can be (z+1)
1
(a) cos % (b) cosec 3?11: (a) 5 (b)1 (c) 2 (d) € (3,23)
(c) cot 1n_2 (d) tan % 41. Equation of tangent drawn to circle | z| = r at the point

34. 1f z € C, which of the following relation(s) represents a

circle on an Argand diagram?

@l]z-1+|z+1|=3 (b)|z-3]|=2

(c)|z—2+i|=§ )z -3+1)(E -3—-1)=5
(where, i =+/-1)

35. 1f1,2,,2,,25,..., 2, _, be the n, nth roots of unity and
be a non-real complex cube root of unity, then

n—1
[T (w -z, ) can be equal to

r=1

@1+ (b) -1 43. If ouis a complex constant, such that oz? + z + & = 0 has
()0 (d)1 a real root, then
36. If z is a complex number which simultaneously satisfies (e o =1
(b)ya+a=0

the equations
3|z—12|=5|z—-8i|and|z — 4| =|z — 8|, where
i=+/—1 ,thenIm(z)can be
(a) 8 (b) 17
(c)7 (d) 15

37. If P(z,),Q(z, ), R(z5) and S(z, ) are four complex

numbers representing the vertices of a rhombus taken in
order on the complex plane, which one of the following
is hold good?

38.

39.

40.

42.

4.

. If 2> + (34 2i) z+(— 1+ ia) =0, where i = /- 1, has one

(©) ]z — 25| #]z, — 24 |

(d) amp(z1 _24)¢amp (zz—z,,J

z,— 2, z3—2,
If |z —3| = min {|z — 1|,| z — 5|}, then Re(z) is equal to
(a) 2 ®b) 25 (©) 35 d) 4

Ifarg(z+a)=gand arg(z—a)=2?n(ae R*"), then
(@)|z|=a (b) |z| =2a

© arg ()= @ arg ()=

If z = x + iy, where i = +/—1, then the equation

A(z,) is

(a) Re [i) =1
Z9

(c) Im (ﬁ) =1
z

z, and z, are the roots of the equation z? —az +b=0,

(b) Im [i) =1
Zg

(d)z z, +z,z =2r°

where | z,| =|z,| =1and g, b are non-zero complex
numbers, then
(a)]a| <1

(c) arg (a) = arg(b”)

(b)|a|<2
(d) arg (a®) = arg(b)

(o + o =-1

(d) the absolute value of real root is 1

If the equation 2 +(3+i)z% =3z —(m+i)=0, where

i =+/—1 and m € R, has atleast one real root, value of mis
(a) 1 (b) 2 ©3 @5

real root, the value of a lies in the interval (a € R)

@=21)  (b)(=10) ()(0,1) (d) (=2,3)
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Complex Numbers Exercise 3 :

Passage Based Questions

= This section contains 4 passages. Based upon each of

the passage 3 multiple choice questions have to be
answered. Each of these questions has four choices (a),
(b), (c) and (d) out of which ONLY ONE is correct.

Passage I
(Q. Nos. 46 to 48)

n, ifarg(z)<0
where

arg () + arg (— z):{_n ifarg (z)>0’

-n<arg(z)<m.
46. If arg (z)> 0, then arg (— z) — arg(z) is equal to
n
_ b -
(@) -m (b) 5

© g @ =

47. Let z, and z, be two non-zero complex numbers, such

that|z,|=|z,| and arg (z, z,) = &, then z, is equal to

(a) z, (b) z,
(C) —22 (d) _fz
48. Ifarg (4z,)—arg(5z,) =, then 21 1is equal to
Zy
(a) 1 (b) 1.25
(¢) 1.50 (d) 2.50
Passage 11

(Q. Nos. 49 to 51)
Sum of four consecutive powers of i (iota) is zero.
ie,i” +i"T " +i" =0,V el

25
49. If 2. i" =a+ ib, where i =+/—1, then a — b, is
n=1

(a) prime number

(b) even number

(c) composite number
(d) perfect number

95 50
50.1F 2 i"+ X i" =a+ ib, where i = v/—1, the unit place
r=-2 r=0
digit of a®" + b2 is
(a) 2 (b) 3
(© 5 ) 6
100 101
51.1f 2 i" + 117 =a+ib, where i = /—1, then a + 75b, is
r=4 r=1
(a) 11 (b) 22
(c) 33 (d) 44

('?} www.aepstudycircle.comn

Passage 111
(Q. Nos. 52 to 54)
For any two complex numbers z, and z,,
NN

|zy =z, |2
|25 =12 |

and equality holds iff origin z, and z, are collinear
and z,, z, lie on the same side of the origin.

52. 1| z - 1 [ = 2 and sum of greatest and least values of | z|
&
is A, then A%, is
(a) 2 (b) 4 (c) 6 (d) 8
83. If| z + 2| 4 and sum of greatest and least values of | z|
z
is A, then A2, is
(a) 12 (b) 18 (c) 24 (d) 30
54, 1f| z - > | = 6 and sum of greatest and least values of | z| is
z
2\, then A%, is
(a) 12 (b) 18 (c) 24 (d) 30
Passage IV

(Q. Nos. 55 to 57)

Consider the two complex numbers z and w, such that
-1
z =a+ib,wherea,beRandf=\/—41.

w=

85. 1f z = C iS 6, which of the following does hold good?

9b
a) sin@ =
® 1—4a
(b) cos® = 1 =54
1+ 4a

(©) (1+5a)* + (3b)* =(1 — 4a)?
(d) All of these

b
56. Which of the following is the value of — —, whenever it

a
exists?
0 0
) wi()
1 0
(c) - cot O (d) 3 cot ps

§7. Which of the following equals to | z|?
(a) [wl (b) (a+1)" +b*
(©) a® +(b+2) (d) (@a+1)*+(b+1)?

A EPSTUDY CIRCLE
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Complex Numbers Exercise 4 :
Single Integer Answer Type Questions

» This section contains 10 questions. The answer to

1-vmi Jr-i
-

each question is a single digit integer, ranging from 0 63. If z = (1 +i)’ ( Jeri  TEE i} where i = /-1,

to 9 (both inclusive).

§8. The number of values of z (real or complex)

F4
then ( k1 equals to
simultaneously satisfying the system of equations

amp (z)

14z+z2 423 +...+27 =0

and 1+z+z2+2z> +...+2" =0is

65. Let z,;r =1,2,3,..., 50 be the roots of the equation

59. Number of complex numbers z satisfying z* =z is

60. Let z =9 + ai, where i = ,/— 1 and a be non-zero real.

If Im (z*)=Im (z*), sum of the digits of a” is 32 10
66. IfP=2(3p+2) Z[sinzliit—icoszﬂ
p=1 g=1

61. Number of complex numbers z, such that|z| =1 11

and| 2+ % |=1is =./—landif(1+i) P=n(n!), ne N, then the value of n is
= 2 67. The least positive integer n for which
n
62. If x =a+ ib, where a, be Rand i = /-1 and x* =3+ 4i, [1+i] =Esin_l (1+x2] Py i
3 =2+ 11i, the value of (a + b) is 1-i T 2x

Complex Numbers Exercise 5 :
Matching Type Questions

= This section contains 4 questions. Questions 68 and 69 have three statements (A, B and C) given in Column I and
four statements (p, g, r and s) in Column II and questions 70 and 71 have four statements (A, B, C and D) given in
Column I and five statements (p, q, r, s and t) in Column II. Any given statement in Column I can have correct

matching with one or more statement(s) given in Column II.

i =TI

64. Suppose A is a complex number and n € N, such that
" =(A +1)" =1, then the least value of n is

= — 5\, then A equals to

P
) , where

68. Column I Column II
(A) |Ifjz- % = 2 and if greatest and least values of |z|are G and L respectively, then G — L,is |(p) | natural number
(B) |Ifiz+ % = 4 and if greatest and least values of |z|are G and L respectively, then G — L, is |(q) |prime number
(C) |Ifjz- g = 6and if greatest and least values of |z|are G and L respectively, then G — L,is | (r) |composite number
(s) | perfect number

69.

Column I Column 11
(A) |16+ 80) + (- 6+ 8i) =z, 2,, 2y, z, (Where i = /= 1), then |z, [ + [z, |+ |z " + |z, is divisible by | (p) 7
B) |If(5=12i) + (= 5-12i) =z}, 25, 23, z; (Where i = /= 1), then |z, " + |z, " + |23  + |z, is divisible by | (q) 8
(©) |18+ 150) + /(= 8=15i) = z,, 25, z3, zy(where i = \[= 1), then |z, * + |z, [} + |23 + |z, [ is divisible by | (r) 13
(s) 17

www‘acpstudycircle.comn A EPSTUDY CIRCLE
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70. 24
' Column I Column I1
Column I Column u :
L A) If z—é = 5 and maximum and @ A +u" =8

z
minimum values of |z|are A and pL
respectively, then

n_ A
®) | 1f| .- 7 | = 6and maximum and | @ | M -1 =7

z
minimum values of |z|are A and

respectively, then

I y
© If z—§ = 7 and maximum and @® | ¥ +u

z

minimum values of |z|are A and
respectively, then

(A) | If A and p are the unit’s place digits of | (p) 2
(143)%" and (5273)"*%® respectively,
then A + W is divisible by

(B) | If A and p are the unit’s place digits (qQ) 3
of (212)7%%° and (1322)">*
respectively, then A + W is divisible
by

(C) | If A and . are the unit’s place digits of | (r) -
(136)7%¢ and (7138)"**! respectively,
then A + W is divisible by

(s) 5
() 6

(S) }\’P- —IJ,A =
® | A+pr=9

Complex Numbers Exercise 6 :
Statement | and Il Type Questions

= Directions (Q. Nos. 72 to 78) are Assertion-Reason 75. Statement-1 Locus of z satisfying the equation
type questions. Each of these questions contains two |z—1|+|z—8|=5is an ellipse.
statements:
Statement-1 (Assertion) and Statement-2 (Reason)
Each of these questions also has four alternative
choices, only one of which is the correct answer. You 76, Letz,,z, and z, be three complex numbers in AP.
have to select the correct choice as given below.

(a) Statement-1 is true, Statement-2 is true; Statement-2

Statement-2 Sum of focal distances of any point on
ellipse is constant for an ellipse.

Statement-1 Points representing z,, z, and z, are

is a correct explanation for Statement-1 collinear.

(b) Statement-1 is true, Statement-2 is true; Statement-2 Statement-2 Three numbers g, band c are in AP, if
is not a correct explanation for Statement-1 b—a=c—b.

c¢) Statementl is true, Statement-2 is false Lo

© 77. Statement-1 If the principal argument of a complex

(d) Statement-1 is false, Statement-2 is true

number z is 6, the principal argument of z* is 26.
72. Statement-1 3+ 7i> 2+ 4i, where i = ,/— 1.

Statement-2 arg (z%)=2 arg (z)
Statement-2 3>2and7> 4

s 78. Consider the curves on the Argand plane as
73. Statement-1(cos 0 +isin ¢)° = cos 30 + i sin 3¢,

T
i=.—-1 Clzarg(z)zz,
T T 2
Statement-2 [cos —+isin—| =i : =i
( 4 4 ) C, :arg(2)
74. Statement-1 Letz,,z, and z, be three complex and C, : arg (z —5—5i) = W, where i = /1.
numbers, such that |3z, +1|=|3z, +1|=|3z; +1|and Statement-1 Area of the region bounded by the curves

1+2z, +z, +z5 =0, then z,, z,, z; will represent vertices
of an equilateral triangle on the complex plane.

Statement-2 z,, z, and z, represent vertices of an Statement-2 The boundaries of C,, C, and C, constitute
equilateral triangle, if a right isosceles triangle.
zf i zg + z§ +2,2, +2,25 + 232, =0.

C,,C, and C, is%.

www.aepstudycircle.comn AEPSTUDY CIRCLE
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Complex Numbers Exercise 7 :
Subjective Type Questions

= In this section, there are 24 subjective questions.

79. If z;,z, and z; are three complex numbers, then prove
that z, Im(z, z;)+z, Im(z; z;)+ 25 Im(z, z,)=0.
80. The roots z,, z, and z, of the equation
x? +3ax?® +3bx + ¢ =0in which g, band c are complex

numbers, correspond to the points A, B, C on the
Gaussian plane. Find the centroid of the A ABC and
show that it will be equilateral, if a* = b.

81. If 1,01, 0,, L5 and ot are the roots of x ° —1=0, then
prove that

0o-o;, O-0, O-0; O-0,

=, where ® is

o’-o, o' -0, o°-0, 0o’ -o,
a non-real complex root of unity.

82. If z, and z, both satisfy the relation z + z =2| z — 1 |and

arg(z, —z,)= g, find the imaginary part of (z, + z,).

83. Ifax+cy+bz=X,cx +by +az=Y,bx +ay+cz =2,

show that
(i) (a* +b* +¢c? —bc —ca—ab)(x* +y2
+2 —yz—zx—xy)=X*  +Y? +Z? -YZ -ZX - XY
(i) (a® +b +c* —3abc)(x® +y* +2° —3xy2)
=X*+Y* +2° -3XYZ
84. For every real number ¢ >0, find all complex numbers z
which satisfy the equation |z |* — 2iz + 2¢ (1 + i) =0,

wherei=«/—_1 .

Find the equations of two lines making an angle of 45°
with the line (2 — i)z + (2+ i) Z + 3 =0, where i =+/-1
and passing through (-1, 4).

86. For n>2, show that

o o2

(N _ 1 ,
: l+(T) =(1+1)(1——}wherez=x/—_l.

2%

85.

87.

Find the point of intersection of the curves

arg(z —3i)=3n/4and arg (2z+1-2i) = % where

i= -1

Il

8s.

89.

90.

91.

92.

93.

94.

95.

D uT-1EE

Show that if @ and b are real, then the principal value of
arg (a)is 0 or T, according as a is positive or negative and

. T T 3 3 i .
that of bis 5 or — > according as b is positive or negative.

Two different non-parallel lines meet the circle |z |=r.

One of them at points a and b and the other which is
tangent to the circle at c. Show that the point of

. . o2t =gt =p!
intersection of two lines is
62— b

A, Band C are the points representing the complex

numbers z,, z, and z, respectively, on the complex
plane and the circumcentre of AABC lies at the origin. If
the altitude of the triangle through the vertex A meets
the circumcircle again at P, prove that P represents the
%2 %3

complex number | —
z
1

If|z|<1and|®|<1, show that
|z-0 |*<(lz|-jo |)* +{arg(2) - arg @)}*.
Let z, z, be two complex numbers. It is given that |z |=1

and the numbers z,z, z z, 1 and 0 are represented in an
Argand diagram by the points P, P, Q, A and the origin,
respectively. Show that APOP, and AAOQ are
congruent. Hence, or otherwise, prove that
|z—2zo|=|zZy -1}

Suppose the points z,,z,,...,z, (z; #0)all lie on one

side of a line drawn through the origin of the complex
planes. Prove that the same is true of the points

1 1 1
—,—,...,—. Moreover, show that
Zy 2, zZ,
1 1 1
zZ,+z, +...+z, #0and — + — +...+ — #0.
Z, % Zy

If a, b and ¢ are complex numbers and z satisfies
az® + bz + ¢ =0, prove that|a||b|=+/a(b)’c and
la|=|c|e|z]=1

Let z,,z, and z; be three non-zero complex numbers

EARNEA ESY
andz, #z,.If||z,| |z5| |z,||=0 prove that
lz3| |z;] |z,]

(i) z;, z,, z5 lie on a circle with the centre at origin.

2
(ll) arg (2_3) =arg (ﬂ] .
Z2 23—
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96. Prove that, if z, and z, are two complex numbers and

1
¢>0 then|z, +z, |* <(1+c¢)|z, |? +(1+—)|z2 I#,
c

97. Find the circumcentre of the triangle whose vertices are
given by the complex numbers z,,z, and z,.

98. Find the orthocentre of the triangle whose vertices are
given by the complex numbers z,,z, and z,.

99. Prove that the roots of the equation

b 3n 51
8x® —4x% —4x +1=0are cos 7, cos 7and cos 7

Hence, obtain the equations whose roots are

T , 3T 5 5T
—,sec” —,sec” —
7 7

b 3n 57t
o —,tan2 —, tan
7 7

(i) sec?

(ii) tan

(iii) Evaluate sec L sec 30 + sec 25
7 7

100. Solve the equation z” + 1 =0and deduce that
T 3w  5m 1
(i) cos — cos — cos — = ——
7 7 7 8
T 3w 5m A7
(ii) cos — cos — cos — =—
14 14 14 8

i D nT-EE

T 3n
(iii) sin — sin — sin —
14 14 14

(iv) tan -~ tan il tan L
14 14 14

S

Also, show that

1+y) +(1-y)" =14|y? +tan? =
y y y "

2 2 375)( 2 2 575)
+tan® — +tan® —
(y 14 o 14

and then deduce that

tan?® (1) + tan? (3_1t) + tan? (S—R) =5
14 14 14

101.1f the complex number z is to satisfy
|z|=3,|z—{a(1+i)—i}|<3and z+2a—(a+1)i|>3 where
i = 4/— 1 simultaneously for atleast one z, then find all

ae R

102. Write equations whose roots are equal to numbers

= T . 21 . 3n .

(i) sin® ,sin® ,sin® ,o.nsin® A
2n+1 2n+1 2n+1 2n+1

(ii) cot? , cot? o ,cot? =i ,..., cot? nn .
2n+1 2n+1 2n+1 2n+1

Complex Numbers Exercise 8 :
Questions Asked in Previous 13 Years' Exams

= This section contains questions asked in IIT-JEE,

AIEEE, JEE Main & JEE Advanced from year 2005
to year 2017.

103.1f w is a cube root of unity but not equal to 1, then
minimum value of |a + bo + cw? |, (where @, band ¢ are

integers but not all equal), is

V3
Lt

[IT-JEE 2005, 3M]

(@) 0 (c)1 (d)2

104. PQ and PR are two infinite rays. QAR is an arc. Point
lying in the shaded region excluding the boundary
satisfies [IT-JEE 2005, 3M]

YA
~1+v2, V2i)

\/\ 0

x<L

(=142, \2i)

3

Yy

(a)|z'1|>2;|arg(z—1)|<%
(b)|2—1|>2;|arg(z—1)|<g
(C)|Z+1|>2;|arg(z+1)|<%
(d)|2+1|>2;|arg(z+1)|<§

105.1f one of the vertices of the square circumscribing the
circle|z—1|= V2 is 2+ +/3i, where i = /- 1. Find the

other vertices of the square. [IT-JEE 2005, 4M]

106.1f z, and z, are two non-zero complex numbers, such

that|z, +z,|=|z,| +|z, | then arg (z,) — arg(z, ) is

equal to [AIEEE 2005, 3M]
(@) —m (b) —m/2
(c) m/2 (d) o0

107.1f 1, », ®* are the cube roots of unity, then the roots of
the equation (x —1)* +8=0are
(@) —1,1+ 20,1+ 20°
() -1,-1,-1

[AIEEE 2005, 3M]
(b) —1,1-2m,1-20°
(d) None of these
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108. fw =

and || =1, where i = .J—_l then z lies on
z——1i
3 [AIEEE 2005, 3M]
(a) a straight line
(c) an ellipse

(b) a parabola
(d) a circle

109. If ® = 0. + i, where p 20, i = ,/—1 and z # 1, satisfies the
condition that (ml_ (Dz) is purely real, the set of values
-z
of zis [IT-JEE 2006, 3M]
@1z =1) (b) {z:2=3)
(c){z:z #1} (d){z:]z|=1z #1}
10
110. The value osz (sin % +1i cos %) (where i =,/—1)
=1
is [AIEEE 2006, 3M]
(a)i (b)1
(c)-1 (d)—i
111. If 2% + z + 1 =0, where z is a complex number, the value of
2 2 2 2
1 2 1 3 1 6 1
(z +—J +(z +—2) +(z +—3] +...+(z +—6)
z z z z
is [AIEEE 2006, 6M]
(a) 18 (b) 54
(c)6 (d) 12
112. A man walks a distance of 3 units from the origin
towards the North-East (N 45° E) direction. From there,
he walks a distance of 4 units towards the North-West
(N 45° W) direction to reach a point P. Then, the position
of Pin the Argand plane, is [IT-JEE 2007, 3M]
(@)3e™* +4i (b) (3 — 4i)e™'*
(©) (4 +3i)e™* (d)(3 + 4i)e™*
(where i = J-1 )
113. If |z | =1and z # % 1, then all the values of lie on
1-z
[NT-JEE 2007, 3M]
(a) a line not passing through the origin
(b)|z|=+2
(c) the X-axis
(d) the Y-axis
114. If |z + 4| < 3, the maximum value of |z + 1| is
[AIEEE 2007, 3M]
(a) 4 (b) 10
(c) 6 (do

Passage (Q. Nos. 1150 117)

Let A, B and C be three sets of complex numbers as defined
below: ={z:Im(z)=1}

B={z:|z-2-i|=3}

C={z:Re((1-i)z)= \5}, where i = \/jl

[IT-JEE 2008, 4+4+4M]

Il

115.

116.

117.

118.

119.

120.

121.

122.

xi) 11T-1EE

The number of elements in the set AN BN C,is

(a)0 (b) 1

(c) 2 (d) e

Let z be any point in A N BN C. Then,

lz+1—i|* +|z—5—1i|® lies between

(a) 25 and 29 (b) 30 and 34

(c) 35 and 39 (d) 40 and 44

Let z be any point in A m BN C and ® be any point
satisfying |@ —2—i|< 3. Then, |z | — |® | + 3 lies between
(a) —6and3 (b)—3and 6

(¢c)—6and 6 (d)—3and 9

A particle P starts from the pointz, =1+2i,i=+/-11It

moves first horizontally away from origin by 5 units and
then vertically away from origin by 3 units to reach a
point z,. From z,, the particle moves V2 units in the

direction of the vector i + ] and then it moves through
an angle g in anti-clockwise direction on a circle with

centre at origin, to reach a point z,, then the point z, is

given by [IT-JEE 2008, 3M]
(a)6 +7i (b) =7 + 6i
(©)7 + 6i (d)—6+7i
If the conjugate of a complex numbers is - ! > where
i—

i = ,/—1. Then, the complex number is [AIEEE 2008, 3M]

b) ——
(a)z—l ®); i+1
1 d) ——
(C)i+1 ()1—1
Let z = x + iy be a complex number, where x and y are

integers and i = ,/— 1. Then, the area of the rectangle

whose vertices are the roots of the equation

=3 ,=_3 .
zz" +zz =3501s [NT-JEE 2009, 3M]
(a) 48 (b) 32

(©) 40 (d) 80

Let z = cos 0 + i sin 0, where i = ,/— 1. Then the value of

15
Y Im(z®™ Y)atf=2"is
m=1 [IT-JEE 2009, 3M]

1 1
b
® sin 2° ®) 3sin 2°
d
© 2sin 2° @ 4sin 2°
If|z— 2 ’ = 2, the maximum value of |z | is equal to
z [AIEEE 2009, 4M]
(a)2+ 2 (b)~3 +1
(©~5+1 ()2
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123. Let z, and z, be two distinct complex numbers and
z=(1-1t)z, +iz,, for some real number t with0<t<1
andi=,/—1 .If arg (w) denotes the principal argument
of a non-zero complex number w, then [IT-JEE 2010, 3M]
@z =z +[z -2z =z, — 2, |
(b) arg (z —z;) = arg (z — z,)

z—2z zZ-Z
(c) _ __|=0
2% I~z
(d) arg (z — z)) = arg (2, — z)
2. . 2m
124. Let @ be the complex number cos — + i sin —, where
3
i = ,/—1, then the number of distinct complex numbers z
z+1 0] o’
satisfying| @ z+@® 1 |=0,is equal to
2
1 +
® zro [NT-JEE 2010, 3M]
(a)0 (b)1
(c)2 (d)3

125. Match the statements in Column I with those in
Column II
[Note Here, z takes values in the complex plane and Im
(z) and Re (z) denote respectively, the imaginary part
and the real part of z.] [IT- JEE 2010, 8M]

Column I Column II

(A) | The set of points z satisfying (p) | an ellipse with
lz—i|z||=|z+ i|z |l where eccentricity 4/5
i =/— 1, is contained in or equal to

(B) | The set of points z satisfying (q) | the set of points z
|z+ 4 |+ |z—4|=10is contained in satisfying
or equal to Im ()= 0

(C) | If |w| = 2, the set of points z = w — 1o the_ set‘ofpoints z

w satisfying
is contained in or equal to [Im (2)| <1
(D) | If |w| =1, the set of points z = w + l ) the‘ SCt_Of points
w satisfying
is contained in or equal to |Re(2)|<2
(t) | the set of points z
satisfying |z|< 3
126. If o and B are the roots of the equation x* — x +1=0,
2009 2009 .
a”" +B7 is equal to [AIEEE 2010, 4M]
(a) -1 (b) 1
(c) 2 (d)-2
127. The number of complex numbers z, such that

|z—]|=|z+1|=Jz—i|,Wherei=\/—_1,equalst0

[AIEEE 2010, 4M]
(a) 1
(c) =

(b) 2
(d) 0

Il

128.

129.

130.

131.

132.

133.

134.

135.

D uT-1EE

If z is any complex number satisfying |z =3 —2i|<2,
where i = \/—_l , then the minimum value of | 2z — 6 + 5i|,
is [IT-JEE 2011, 4M]
The set

Re 2iz
1-22

(@) (= o=, =1] N [1, =)

]:z is a complex number |z|=1,z ¢i1} is

[NT-JEE 2011, 2M]
(b) (===, 0) LU (0, =)

©Ceo-Due) @)

The maximum value of | arg [é] for|z|=1z#1 is
given by [IT-JEE 2011, 2M]
@% Ok ©F @

Letw=em”3,wherei=1f—1 anda, b, c, x, yand z be

non-zero complex numbers such that
at+b+c=x
a+bw+ew’ =y

a+bw® +ew=2z
2 2 2
+ +
|x2 +ly P +l2®

The value of ,
lal® +|b|* +|c|?

[IT-JEE 2011, 4M]
Let oo and B be real and z be a complex number. If
z% + oz + B =0has two distinct roots on the line

Re (z) =1, then it is necessary that [AIEEE 2011, 4M]

(@B e(=1,0) ®I[Bl=1

()P e(l, =) (d)pe(o1)

If o (# 1) is a cube root of unity and (1 + ®)” = A + Bo,
then (A, B) equals to [AIEEE 2011, 4M]
(a) (1, 1) (b) (1,0)

(€)(-1,1) (d) (0, 1)

Let z be a complex number such that the imaginary part
of zis non-zero and a = z* + z + 1is real. Then, a cannot

take the value T-JEE 2012, 3M]
1 3
-1 b) — d) -
(a) (b) 3 (d) .

2
z

1
(c) 5

Ifz#1and

is real, the point represented by the

z—1
complex number z lies [AIEEE 2012, 4M]
(a) on a circle with centre at the origin

(b) either on the real axis or on a circle not passing through
the origin

(c) on the imaginary axis

(d) either on the real axis or on a circle passing through the
origin

A EPSTUDY CIRCLE



e ahal

P
: NT-NEET-CDSE

STUDY CIRCLE

EDUCATIONAL PROMOTERS

COMPLEX

ACCENTS

136.

If z is a complex number of unit modulus and argument

6, then arg(l * i] equals to
1+z

[JEE Main 2013, 4M]
(a) g -0 (b)0

(c)m -0 (d) -0

1., .
Let complex numbers o and — lie on circles
o

(x—xo)?’ +(y—y0)2 =r? and

137.

(x—x4)% +(y—y,y)* = 4r?, respectively. If
zy =x, +iy, satisfies the equation2 |zy|* =r® +2 ,

then || equals to [JEE Advanced 2013, 2M]

1 1 1 1
(a) 7 (b) 2 (c) W (d) 5
138. Letw = V3+i and P={w" :n=1,23,...}. Further,

2
H, :{zeC:Re(z)‘;»%}ande ={zeC:Re(z)<(—%)},

where C is the set of all complex numbers. If
z;,€ PN H,,z, € PN H, and O represents the origin,
then £z,0z, equals to

[JEE Advanced 2013, 3M]

9 b
(a) = (b) %

21 51
(c) ? (d) ?

Passage (Q. Nos. 139 to 140)

S, ={zeC:|z|<4),
S,={zeC:Im LRaLaE]
1-+/3i
and S;={zeC:Re z>0}. [JEE Advanced 2013, 3+3M]
139. mi?|1—3i—z|equals to
zZE€
2 - 2 3
@2 )25
2 2
3-43 3443
d
(©—, (&) —
140. Area of S equals to
107 20w
il b) o
(a) 5 (b) 3
16w 2n
il dy 22t
(c) 3 (d) 5

141.

If z is a complex number such that|z|= 2, then the

.. 1) .
minimum value of | z + (E) | is

[JEE Main 2014, 4M]

Il

D uT-1EE

5

(a) is strictly greater than 5
. 5
(b) is equal to 5

3 5
(c) is strictly greater than 5 but less thang

(d) lies in the interval (1, 2)

142. Let z, = cos %km + isin(Zk—TE ik=1,2,...,9. Then,
10 10
match the column.
Column I Column II
(A) | For each z; there exists a z; such that (1) | True
Zz;=1
(B) | Thereexistsa k € {1,2,...,9}such that |(2) |False
z, -z = z; has no solution z in the set of
complex numbers
(©) Il—zllll—ZzI-.-Il—quequalslo 3 |1
10
2 (2kn
(D) |1- Zcos(—J equals to 4) |2
= 10
[JEE Advanced 2014, 3M]
Codes
A BCD A B CD
(@)1 2 4 3 b2 1 3 4
(©1 2 3 4 2 1 4 3
143. A complex number z is said to be unimodular if | z| = 1.

144.

145.

Suppose z, and z, are complex numbers such that
z,—2z

Z1_""2 is unimodular and z, is not unimodular. Then
2—-2z,z,

the point z, lies on a

(a) circle of radius z

(b) circle of radius N

(c) straight line parallel to X-axis
(d) straight line parallel to Y-axis

[JEE Main 2015, 4M]

Let @ # 1 be a complex cube root of unity.
If(3-30+20%)"*"? +2+30-30%)""?
H-3+20+3w0%)"* =0, then possible value(s) of n is

(are) [JEE Advanced 2015, 2M]
(a) 1 (b) 2

(c)3 (d) 4

For any integer k, leto, = cos(g) +i sin[%} where

12
Z|ak+l — 0l |

i =+/—1. The value of the expression 3":1
Z |0 gy — O gp_s |
. k=1
= [JEE Advanced 2015, 4M]
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146. A value of 6 for which Mismg is purely imaginary, is (a) the circle with radius zl and centre (2L 0) fora>0,b#0
T a a
i—dan [JEE Main 2016, 4M] 1 :
T . -1 3 (b) the circle with radius — — and centre (— —, 0) for
(a) g (b) sin — 2a 2a
4 a<0,b#0
(c)sin™"! (T) (d) L (c) the X-axisfora#0,b=0
2 » (d) the Y-axis fora=0,b#0
147. Leta,be Rand a® + b* #0. 148. Let  be a complex number such that 2w + 1 = z, when
1 1 1
SupposeS={zeC:z=m,teR,t;tO},where z=v-3if|1 -0*-1 ®?%|=3k thenk is equal to
2 7
i=+-1.Ifz=x+iyandz€ S, then(x, y) lies on 1 “ o [JEE Main 2017, 4M]
[JEE Advanced 2016 4M] (a)1 (b)-z (c)z (d)-1

Answers

71.A->(r); B> (p,s); C—(q, 1)
72.(d) 73.(d) 74. (¢) 75.(d) 76. (a) 77.(d)

78. (d)
82.2
84. z=c+i(-1% \I(I—c:—Zv))forOS ¢< /2 = 1and no solution for
e>~2-1

85.(1-3i)z+ (1+3i)z—=22=0and 3+ i)z+ 3—-i)z+14=0

. z lellz(zg_:j()
87. No solution 97 =/ L 2 37

22|(23 — ;)

98, 2 2@ -23)+ 2z (2 - 2)

2(z5-57)
99. (i) x* —24x* + 80x— 64 = 0
(i) - 21 +35x-7=0
(iii) 4

g 5§ - =3 -5
100. Roots of z’ + 1= 0 are —1, ot, o, o> 0, &, 0", where

T goo: TO
O = COS— + 1SIn —

Chapter Exercises 7 7
L.(b)  2.(c) 3.(d) 4. (d) 5.(  6.(d) 1-4/71 -1-4411 —1+ 4411 1+ 71
7.(b)  8.(d) 9. (b) 10.(c) 11.(c) 12.(b) 0L.ge|=— 5 v s ' 3
13.(c) 14.(d) 15. (a) 16.(c) 17.(a) 18.(c) N ) -
19.(b)  20.(b) 21. (c) 22.(c) 23.(c) 24.(c) 102. (i) *'C,(1-x)" = 'C;(1-x)""x +..+ (-1)'¥" =0
25.(d) 26.(d) 27. (b) 28.(b)  29.(b) 30.(c) (i) e 2 e 4 - = 0
31. (b,c,d)32. (b,c,d) 33.(b,c,d) 34. (b,c,d) 35. (a,c,d) 36. (a,b) 103. (¢) 104. (c) 105. (1= v/3) + i, —iv/3, (W3 + 1) = i 106. (d)

37.(a,b,c)38. (a,d) 39.(a,c) 40.(ab,d) 41. (a,d)
42.(b,d) 43.(a,c,d) 44.(ad) 45.(ab,d)
46. (a) 47.(d) 48. (b) 49. (a) 50. (¢) 51.(b)

107. (b) 108. (a) 109. (d) 110. (d) 111.(d) 112.(d)
113.(d) 114.(c) 115. (b) 116.(c) 117.(d) 118.(d)
119. (c) 120. (a) 121. (d) 122.(¢) 123.(a,c,d) 124.(b)

52.(d)  53.(c) 54.(a) 55.(c)  56.(d) 57.(b) 125, A= (q,1); B> (p): C—> (p,s): D> (q,r,s,t)  126. (b) 127. (a)
58.(1) 59.(5) 60. (9) 61.(8) 62.(3) 63.(4) 128.(5) 129.(a) 130.(¢) 131.(3) 132.(c) 133.(a)

64.(6) 65.(5) 66. (4) 67.(4) 134. (d) 135.(d) 136.(b) 137.(c) 138.(c) 139.(c)

68. A—>(p.q): B=(p,1):;C—(p,r1,5) 140. (b) 141.(d) 142.(c) 143.(a) 144.(a,b,d)
69.A—>(q);B—>(q,1);C—>(q,s) 145. (4) 146. (¢) 147. (a,c,d) 148. (b)

70. A= (p,q, 1, t); B— (p,s);: C—(p, 1)
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1. We have,

a+ib=cos(l —i)=coslcosi+sinlsini
= coslcosh 1+ sin 1 isinh 1
[ cosi=coshl,sini-1=isinh1]

e+e! o e—e!
=cos 1 +isinl
2 2
1

and b= (e— sinl
2. Given that, z'° —=z°-992=0

Let t=z2"

=5 P —1-992=0

+J1+398 1+63
=5 ] = =32, - 31
2
2% =32
and z°=-31

But the real part is negative, therefore z °> =32 does not hold.
*. Number of solutions is 5.

3. From Coni method,

But given =2 -1
Re(z)
z2—-Z B
= 2i_ -1 = =|Z =.2 -1
Z+2Z i z
—+1
2 z
ezmn_l
= [ 2mi/n 1]=i(\/——1) [from Eq. (i)]
= ztan(E)=i(\f—1)
n
T
= tan(—)=tan(—)
n
n=38

www.aepsludycircle.comn

Il

4. We have, I e?® =1
p=1
= ei9 . e219 X eih‘ﬁ erie =1
ie[r(r+l))
= erﬂ(1+2+3¢.“+r)=1 = e 2 =1

or cos {Q9}+lsn

On comparing, we get

0s <M9}=1 and sin {Me}= 0
2 2

r(ir+1) r(ir+1)

{Me}=1+i~0
2

= ——0=2mn and —0=mm
2 2
= 6= amm __2mm
r(ir+1) r(ir+1)
where, m,m, € I
Hence, 6 = i ,nel
rir+1)

5. Letz = x + iy, then
B+i)(z+z)—-(@2+i)(z—2z)+ 14i = 0 reduces to

B+i)2x — (2 + i) (2iy) + 14i = 0
= 6x+2y +i2x—4y +14)=0
On comparing real and imaginary parts, we get
6x+2y=0
= 3x+y=0 ..(1)
and 2x—4y+14=0
= x-2y+7=0 ..(ii)

On solving Egs. (i) and (ii), we get
x=-1 and y =3
z=—1+3i
zz =|z)*=|-1+3i =(-1)* + 3)* =10
6. Since, affix of A is z,.

C B
N T
‘:?ﬁ
7O Hm2
D~ Azy)

". OA =z, and OB and OC are obtained by rotating OA
through % and 7. Therefore, OB = iz, and OC = -z,.

+ iz, + (-
Hence, centroid of AABC = w

i
=-z
1
3

If A, B and C are taken in clockwise, then centroid of AABC

1 ( T n)
:_Zl COS— — 1 8S1n —
3 2 2

. T . T
Centroid of AABC = :—‘ (cos; + isin E)

z, T ogoe T
=—|cos—+isin—
2 2
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N3 =i ,(-1-1\/5] i z, z, 1
2 =1 =10

7. Given that, z =

2 = z, z, 1/=0
Zl()l :(in)l(ll i il(]l (DZOZ =i Zl _22 21 _2—2 1
Now, i'" + 2" =i + iw = i(~0?) 5 B A
(0 4 Z101)103 108 (206 _ 3 32 _ e — 5
Applying R, — Ry — R, + R,, th % I[=0
8. The complex slope of the line az + az + 1 =0isat = — % PPIYINg & B 2 el 22 % .
a
- b
and the complex slope of the line bz + bz —1=0isf=—- = Ok 10 1
b Expand w.r.t. Ry, then
Since, both lines are mutually perpendicular, then 27, "E_xzz =0
:"“E—O - 27, —(2,2,) = 0
= _E_b:: = Im(z,z,)=0
- ab +3b=0 = Im ((a + ib) (c + id)) =0
= Im ((a + ib) (c —id)) =0
8T S 8T
9. We have, o = cos T + i sin = = bc—ad =0 = ad —bc=0
Now, Re (&t + & + & + 0* + o) 13. Let z=a+ib
_a+al+a’t+at+a’ra+al+a’+at o o f @@+ ib) = /(@ + b*)
2 — £ (5 = _ =\ — 2 2
5 b oupn g oewl s = ()= f(z)= f(-2) = f (-Z) =4(@” + b°)
—“1+(l+o+a’+a’+ot v’ +oa+ i+l +at o’ 4 f f f
= > -~ fis not injective (i.e., it is many-one).
i . +
W s Tt G 11, 1T oeits sty but|z| >0i.e f(z)>0 = f(z) € R" (Range)
12 = R"'cR
= _5 -~ fis not surjective (i.e., into).
Hence, f is neither injective nor surjective.
10. |z| <4 () f . . ’ .
= 14. Let o =re” ,B=re’ [|o| =|B|, given]
and 0 < arg(z) < — (i)
3 where,ee(— gg) and ¢ € (—m, 0)
P@) 352 00
o v € 2 /.2 cos( )
/3 Coo+Bre® +re® 2

i0

Real axis " - i (8+0
) o—-B re” —re il 2 .
\J e[ 2 ]-2isin(ez¢)
0=

=—1icot (—q)) = Purely imaginary
which implies the set of points in an argand plane, is a sector 2

f a circle.
oac1rc2e 5 15. Wehave,|z|=z+§—§S2+§+§
11. Since, x° + x + 1 =(x — ®) (x —®°), where ® is the cube root z z -z
of unity and f (x) = g (x*) + x h (x*) is divisible by x* + x + 1. = |z| <24 + 25
Therefore, ® and ®” are the roots of f(x)=0. |z|
= f(@)=0and f (@) =0 = |z|*-24|z| 2550 = (|z| -25)(|z|+1)<0
’ . — < oo
s @) +0h©)=0 |z| -25<0 []z] +1>0]
55 T = |z| £25 or |z —0]| <25
and £(@))+0hia’) =0 Hence, the maximum distance from the origin of coordinates
= g)+wh(1)=0 to the point z is 25.
and g(1)+w2h(1):O 16. .+ A=z,B=z,C=(1-i)z +iz,
~ gM)=h(1)=0 AB =z, — z,|
Hence, g (x) and h (x) both are divisible by (x —1). BC =|z, —(1 —i) 2z, —iz,|=| (1 — i) (z, — 2,)|
12. Since, z,, z, and z; — z, are collinear. =2 |2, =2,
z, z, 1 and CA=|(1—-i)z +iz,—z)|=|—i(2z; —2))|
% Z, il=0 =|_’||7'1_Zz|=|zl_zz|

It is clear that, AB = CA and (AB)® + (CA)* =(BC)?

21 =2 7~z 1 . .
~. A ABC is isosceles and right angled.
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17. Centre and radius of circle | z | =3 ..(1)
areC, =0, =3
and centre and radius of circle

lz+1—i|=~2 .. (ii)
and Co,=—1+ir,=42
[CC,|=|-1+i|=+2
and | GECs | < —n,

o |24+1-i| =2
0

Hence, circle (ii) completely inside circle (i)
.. Number of solutions = 0
18. We have, f(z) = g(z) (z° + 1) + h(z)
where, degree of h (z) < degree of (z 241)
=5 h(z)=a2+b'a,beC
fz)=g@)( Z22+1)+az+b;abeC

= f(z)=g@)(z—-i)(z+i)+az+b;a,beC .(1)

Now, f(i)=1-i [given]
= ai+b=1-i [from Eq. (1)] ...(ii)
and f(-i)=1+1i [given]

= a(-i)+b=1+i [from Eq. (i)] ...(iii)
On solving Egs. (ii) and (iii) for a and b, we get
a=-landb=1

*. Required remainder,h(z)=az+b=-z+1=1-z2
19. We have, |z + 1| =2z — 1

Put z =x + iy, we get

(x+1)°+y*=4[(x-1)" +y%]

= 3x’+3y*-10x+3=0

; 5 10
= xz+y2—?x+l=0 ..(1)

On comparing Eq. (i) with the standard equation
+y’+2gx+2fy+c=0

10 5
—=and f=0

R

*. Required centre of circle =
ie. . +0-i= 2
3 3

20. 0 x=9".9".9"7 o

1/3
-1/3 g
—9gl-13 _gl/2 _g

= 9]/3+ 1/9+1/27 + ... 00

www.aepstudycircle.comn
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1/3-1/9+1/27...00
4

y= 41/3 5 4—1/") i 41/27 =
1/3
=4l+1/3 =41/4 =_\/5

= ¥ 1 1 1
dz = 1+i) " = + ~ + ~ +
andz 2’1( B 1+i) q+i)? @a+i)?
1
L ary 1.
s i
(1+1)

Now,x+yz=3—i\/§

- arg(x + yz) =arg(3 — i ¥2)=—tan™' (?)

21. : A =1+2i

Ay =(1+2{)e™?
=(1+2,~)[1+£]=1+u+,-_¢5
5 2) 2 2
=(1—\/§)+i(ﬁ+l]
2 2
1+2i—(l—x/§)—l(£+l)
2 2

= l+\/§+i[l—£]‘
2 2
=J(;+ﬁ)x[l_f]:ﬁ

Perimeter =6 | A/A, | = 65
22. We have,

S AA, | =

S -n+r| <Yz -rl+|r)

n n n n
=Z|z,—r|+2|r|32r+2|rl
r=1 r=1 r=1

=n(n+1) (n+1) it )
2
n
22, Sn(n+1)
r=1
z
%
23. We have, arg 2] =T and| = z|=3
.4 2 |z
|z
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which implies the following diagram

Y,
Z.
|z
3
V40 z
X 0 X
v
z
‘7'—-21 =3 = |z)| =9+ =410

24. Letz =x+iy=r(cosO + isin0)

sin (% — arg (z)) ‘
sin (E —9) ‘
4

1
—— (cos O —sin O
%' )

- (x—2)2+(y—1)2=%|x—y’

o |z|=r arg(z) =0

Given, |z -2 -i|=|z|

= |x+iy-2-il=r

= |[(x=2)+i(y-1)|=r

On squaring both sides, we get

2(x* +y*—ax-2y +5) =x*+ y* —2xy
= (x + y)* =2(4x + 2y —5)
which is a parabola.

25. Since, 1, z;, 25, 25,..., 2, _, are the n, nth roots of unity.

@ -1)=(z-1)(z-2)(z~-2,)z-2)...(2—2,_,)
n-1
=(Z—1) n (Z_Zr)
r=1

Taking log on both sides, we get

n—1

log, (z" —1)=log, (z — 1) + z log,(z —z,)

r=1

On differentiating both sides w.r.t.z, we get

- n—1
nz" ! 1 1

@ -1 (z-1)

Putting z =3, we get

nil 1 _ ”
;o1 G-%) @ -1 2
26. We have,
z=0B+7i)(A+ i)
=(BA —7W) + i (7A +3u)
Since, z is purely imaginary.
3L =70 =0

COMPLEX

i D utee

A w el —{0}
For minimum value A =7, =3
|2I* =13 +7i) (A + i) [
=|3+7i* |\ + in)* =58 (A% + pn?)
=58 (7% + 3%)=(58)% = 3364
27. We have,
z = f(x) + ig(x)
where, i = /-1 and f,g:(01) — (0,1) are real-valued
functions.

1 1
@) z= + i
1-=ix 1+ ix

1+ix x+i 1+x . (1+x)
= + = + i

2 14x? 1+ x?

_1+x2 1+ x
1+ x 1+ x
i and g(x)=

But for x = 0.5, f(0.5) >1and g(0.5) > 1, which is out of
range.

= flx)=

1+ x*

Hence, (a) is not a correct option.

B g—— +i( 1 ]
1+ ix 1-ix

1-ix (@(i-x) 1-x | 1-x

= 2t 2 2|t 2

1+ x 1+x 1+x 1+ x
1- 1—-x

x
= = ~ and - 2
f=) 1+ x? ol ) 1+ x?

Clearly, f(x), g(x) €(0,1),if x €(0,1)
Hence, (b) is the correct option.
) % = 1-ix i z(l—zx)= 1+ x) i i(1-x)

1+x2 1+x2 Q+x) @1+xH)

Hence, (c) is not a correct option.
1 1 141 i(1+ i
d z=——+i = ”§+'( ’f)
1-ix 1+ x° (1+x°)
_ (1-x) " i1+ x)
Q+x}) @a+x%)

1-ix

Hence, (d) is not a correct option.
28. Let z = be a real roots of equation.
22+ (B+2)z+(-1+ia)=0
= o + 3+ 2i)a + (=1 + ia) =0
= ©@*+3ct—-1)+i@a+20)=0
On comparing the real and imaginary parts, we get
o’ +300—1=0 and a+ 20 =0

a
= o =——
2
3
3
= ._a__._a— =0
8 2
= a®+12a+8=0
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o

f(a) =a’+12a+8
f(=1)<0and f(0) >0
a €(-1,0)

Let

T T . T
CiS — =cos — + i sin —
6 6 6

_[\/§+i]_1[—l+ix/§]_w_ :
= =—| ———|=—=-iw

2 2

- (2 CIS %) = (—‘21'0.))’" - (('—21'0))3)"”3 = (8i)mr3

and(4 CiS%) =(4 (cos % + i sin %)] =(2~/§(1 + i)

=81 + i)*)""* = (16i)"*
Thus, (8i)™* =(16i)"*
which is satisfy only when m = 48 and n =24
o m+n=72
We have, z®=z.2'"!4
Taking modulus on both sides, we get

2" =l2] -2

=2 |z| (2] -2' ") =0

and arg (z°) =arg (z -2' 17

=> 2 arg (z) =arg(z) =—arg (z)
= Jarg(z)=0

& arg (z)=0

Then, y=0

From Eq. (i), |z|=0 =x=0
One solutionis z=0+1i-0=0.
Also, from Eq. (i),

— -X
y= 2 Y
2
_ W
©.1)
X o X
Y
|z| =271 = |x|=2""%
= %=2_“’ =y (say)
Hence, total number of solutions = 2
+ 1
31, 2 - is a purely imaginary number.
zZ+i

z+1 _ z+1
z+i z+i

z+1 z+1
=—=- -
zZ-—1i z+i

= Z+D)@Ez+i)+(z-i)(z+1)=0
= 22zZ+z(1+i)+zQ1-i)=0
_ (1+i)_ (1—:’)
= 2z + zZ+ z=0
2 2

www.aepsludycircle.comn
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[cz=x+iy]
[+ y=0]

Il

32.

33.

which is a circle and passing through the origin

.12 g
and radius = ik =1+’=L
2 | 2
Given, |z-1|<]|z+3]
= lz -1 <|z+3|°
= |z|°+1-2Re(z)<|z|*+9+2Re(3z)
= 2Re(4z)>-8
=% Re (4z) > -4
- 4z+42_>_4
2
z2+zZ2>-2
and 0=2z+3-i
O+0=2z2+3-i+2Z+3+i
=2z+zZ)+6>—-4+6
= o+ o>2
Option (a) | @ =5—-i|<|®+3+1i]
= |2z2+3-i-5-i|<|2z+3-i+3+1i]
= |2z -2-2i|<|2z+ 6|
= |z-1-i|<|z+3|

which is false.
Option (b) | -5|<|® + 3|
= |2z+3-i-5|<|2z+3-i+3]|

= |2z -2-i|<|2z+6-i|
= z—1—1<z+3—i‘

2 2
= |z-1]|<|z+3|

which is true.

Option (c) Im (iw) > 1
i — i
=5 >1
2i
i+ i®
=9 >1
2i
= W+ o>2

which is true.

Option (d) |arg(m—l)|<%
5 T

= |arg(22+3—1—1)|<5
. T

= |arg(22+2~1)|<;
g tan_,(lm(22+2—1) <E
Re(2z + 2 — i) 2

Re(2z +2-i)>0

2z+2-i)+(z+2+i
- z+2-i)+(2z +2 1)>0
2

= z+zZz+2>0
= Z4+Z>—2

which is true.
s @+r)P=Aa+10)
= 1+ @) +30)%r +301) (i) =21+ 1)
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— 1-rli+3ri-3rf=A+i)

On comparing real and imaginary parts, we get

1-3r2 =)
and -r’+3r=>
Then, -rP+3r=1-3*
= r’=3r' -3r+1=0
= r*+1)=3r(r+1)=0
= r+1)(r*=r+1-3r)=0
= (r+1)(*=4r+1)=0

r=—12%+3
= r = cosec 3—n,tan E,cot =z
2 12 12

Option (a) [z—-1|+|z+1|=3

Here, |1-(-1)| <3

i.e. 2 <3, which is an ellipse.
Option (b) |z -3|=2

It is a circle with centre 3 and radius 2.

Option (c) |z—2+i|=~;~

7
It is a circle with centre (2 — i) and radius 3

Option(d) (z-3+i)(z-3-i)=5
= (z-3+i)(z-3+i)=5
= lz-3+i|’=5
= |z-3+i|=+5

It is a circle with centre at (3 — i) and radius \5.

Since, 1, z,, z,, z5,..., Z, _, are the n, nth roots of unity.
Therefore,
2"-1=(z-1)(z-2)(z-2,)...(z—2,_,)
z" -1
=5 =(z-2)(z-2p)...(z—2,_,)
n-1
=l (z-z)
r=1
Now, putting z = , we get
n-1 n
o -1
I[MIo-z)=
r=1 -1

0, ifn=3rnreZ
={ 1, ifn=3r+1,reZ
1+, ifn=3r+2reZ
3|z-12|=5|z-8i|
~9|z-12=25|z -8i|?
9(z —12) (z — 12) = 25(z — 8i) (Z + 8i)
9(zz —12(z + Z) + 144) = 25(zZ + 8i(z — Z) + 64)
1622 +108(z +z) +200(z —z)i+304=0
16(x* + y?%) + 216x — 400y + 304 = 0

L u Ul
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38.

= 2Ax* + y?) +27x —50y +38=0 (i)
and |z-4|=|z-8| =|z-4=|z-8
= |z|*+16—-2Re(4z) =|z|* + 64 —2 Re(8z)
= 8 Re(z) =48
Re (z) =6
= x=6 ..(ii)

From Egs. (i) and (ii), we get
236+ y*)+162-50y +38=0

= y? =25y +136 =0
= -17)y-8)=0
— y =178
% Im(z)=17.8
Option (a) " PS||QR
mg(ﬁ:zi]zo
%y — 12y
= D% g purely real.
2, — 24
Option (b) -+ Diagonals of rhombus are perpendicular.
Then, arg (ﬁ) = =
z,—z, 2
= A% ly imagi
purely imaginary.
Z, =2,
Option (¢) - PR # QS
|2y =23 | #| 2, — 24 |
Option (d) - ZQSP = ZRSQ

2o — 2 Z,— 2
amp | 2—< |=amp| 2%
21— 2y Zy— Z4

= amp(z‘_z4]=amp(zz_z“‘)
22—24 23_24

“|z-3|=min{z-1|,|z-5]|}

Casel If|z -3 |=|z 1|

On squaring both sides, we get
|z-3F =]z -1

= |z?+9-2Re(3z)=|z|*+1-2Re(2)

= 4Re(z)=8

= Re (z) =2
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Casell If |z-3|=|z-5]|
On squaring both sides, we get
|z-3"=|z-5|°

= |z|*+9-2Re(3z)=|z|*+25—-2Re (52)

= 4Re(z)=16 = Re(z)=14
39. C)
76/ /3
a
w6 |Am3 a3
A-a0) @ O| a B(a,0)

From figure, it is clear that z lies on the point of intersection of

the rays from A and B.

.+ ZACB =90° and OBC is an equilateral triangle.
OC=a

= |z—0|=a or |z|=a

Hence,

andarg (z) =arg (z — 0) = &

)
2z — i
40. - =m
z+i
z—i/2| m
= =—
z+1 2
) m
For circle, — #1
2
= m#2andm>0
41. .. A(zy)lieon|z|=r
2 _ .2 = 2
= |zl =1 = |zo|" =1" = 24z, =7
Alzq)

Let P(z) be any point on tangent, then
2PAO="

Complex slope of AP + Complex slope of OA =0
zZ-2z, % z,—0

= — — =0
z2-2zy 2z,-0
= 2zy+ 29z =22,%,
= 2Zy+ 22 = 2r?
— 2z, =22,
ZZ, ZoZ
Also, —z‘l + ~°z— =2
r r
2z, ZoZ
= Z  IE
ZpZ0 2%

COMPLEX

Il

42. -

43. -

44.

45.

Zi+2,=a,2z,=b

andgiven|z,|=|z,|=1

Let z,=¢andz, =€

la|=]z +z,|<|z)| +]|z,[=1+1=2

la|<2

0+
2

AlSO. arg (a) =arg (ZI i 22) = arg (el(‘) 4 eim) -
and arg (b) = arg (lez)= arg (ei8+ 0)) =0+ ¢
2 arg(a)=arg (b) = arg (az) =arg (b)

ozi+z+0=0

Then, ozl+z+a=0
= 0E) +zZ+a=0
= ozl+z+0=0 [rz=7

On subtracting Eq. (ii) from Eq. (i), we get
@ —-a)z’ —(o—-a)=0
= o-o=0andz’=1
N o=0andz=%1
Put z =+ 1in Eq. (i), we get
o+a==%1
and absolute value of real root =1
ie, |z|=|t1]=1
Let z = o be a real root of equation
22+0@B+i)z2=3z2-(m+i)=0
= o +@B+i)ot-30-(m+i)=0
= ©*+30 =30 —m)+i(@*-1)=0
On comparing real and imaginary parts, we get
o +30’ -3 -m=0

and a?-1=0 = oa==+1

For o =1, we get

1+3-3-m=0 = m=1
Foro = -1, we get

-143+3-m=0 = m=5
Letz = o be a real root of equation

22+ (B+2i)z+(-1+ia)=0
= o’ +@B+2)0+(-1+ia)=0
= ©@*+30—1)+i(a+20)=0
On comparing real and imaginary parts, we get

a’+30-1=0

and a+20=0
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a
= o=—-—
2
3
= _4 38 0o +12a48=0
8 2
Let fla) = a*+12a+8
f(=1) <0, f(0)>0, f(-2)<0
f(1)>0and f(3)>0
= a€(-21)orae(-1,0)ora e(-23)

Sol. (Q. Nos. 46 to 48)
46. - arg(z)>0
arg (z) + arg(-z)=-m
= —arg(z)+arg(—z)=-m
= arg (—z)—arg(z)=-m
47. - arg(zz,) =m

= arg (z,) + arg (z,) ==

= arg (z) —arg (z,) =7
Given, |z, =] z,]
| 21 =] 2| =]z,
Then, z+2,=0
= zZ,=-2,

48. arg (4z,) —arg (5z,) =7

is possible only when | 4z,| =| 5z,|
= A3 _10s
z,| 4
and also 4z, +5z,=0
z, 5
= —=-=
Z, 4
5
Al=2212s
z,| 4

Sol. (Q. Nos. 49 to 51)
49. - n!is divisible by 4, V n > 4.

25

z l-n! - i i("+ 3)!
n=1

n=4

=i’ +i"+i% +...(22 times) =22

25 25

.n! 1! .2! .3! .n!
z lnA =ll' il 124 G 13. ¥ z I"‘
n=1 n=4

=i+it+i®+22 [from Eq. (i)] 2
=i-1-1+22=20+1 Alsas, zi£2|z|-—i‘
a=20,b=1 z |z
a-b=20-1=19 = b> |z|_i‘
which is a prime number. |z |
50. . i i’+§i" - —bs|z]—ﬁsb
i I = -b|z|<|z|*-a<b|z|

www.aepstudycircle.comn
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98 50
P 0! 1! .2! .3! .r!
- z lr 3 & 10. & ll' + 12. + '3. + z lr.

r=4

47
= +i+0)+ [i‘ +i'+i?+i'+ Y i"””]

r=1
=(-1-i)+(@{+i-1-1
+ (i + i +i° +... 47 times))
=(-1-i)+ @i -2+ 47)
=44+i=a+ib
i a=44,b=1
Unit place digit of a*”'" = (44)"!
= (44) ((44)°)"*" = (44) (1936)"*”
= (Unit place of 44)
x (Unit place digit of (1936)'°"°)

[given]

= Unit place of (4 X 6) = 4
and unit place digit of b2 =(1)P"% =1

Hence, the unit place digit of a®"' + b**"* =4 + 1=5.

101

100
8t.i¢ ¥ i+ I1 0"
r=4 r=1

97
: ! q 22 ;
. 2 l(r+ 3)! o ll < 12 .13“. llOl
r=1

=Y+ 1%+ i%+...97 times) 44! 2% 3+ H101

=97+ i =97+i*=97-i
% a=97andb=-1
Hence, a + 75b =97 =75 =22
Sol. (Q. Nos. 52 to 54)

Ifzig =b, wherea, b >0
z
z+ 4 S|z|+i
z |z ]
= b<|z|+ =
|z]
i = |z)?=b|z|+a=0
(i
| |<b—\/b2—4a
zZ|S—W—M—
2

b+t -4
and [zjalrAl =% ()
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Casel —b|z|<|z|*-a

= |z[*+b|z|-a>0

| |<—-b—w/b2+4a

| @ NO TR
2

|z|>—b+,/b2—4a
- 2

Casell |z|*—a<b|z]|

and

= |z|*-b|z|-a<0
b—\/b2+4as|z|sb+1/b2+4a
2 2

From Case I and Case II, we get

—b+,/b2+4a<| |<b+,/b2+4a
S|Z =
2 2

From Egs. (i) and (ii), we get

—b+,/b2+4a<| |<b+ (b*
<|z|<
2 2

b+ b* + 4
.. The greatest value of | z | is fa

-b+ \/b2+ 4a
—

-+

4a

~

and the least value of | z | is

Here,a=1and b =2

A =Sum of the greatest and least values of | z |

X =8

Here,a=2and b =4

A =Sum of the greatest and least value of |z|.

=vVb®+4a =16 +8 =24
V=24
Here,a=3and b =6
A =Sum of the greatest and least value of | z |
:\/b2+4a=\/§m:ﬁg =443

A=243

=
. AZ=12

Sol. (Q. Nos. 55 to 57)

55. -

~1
w=2""c—a+ib

_z+2
z=CiS0=¢"®
e® _

= =a+ib
eV +2

=(cosO + isin® — 1) =(a + ib) (cosO + isin6 + 2)
On comparing real and imaginary parts, we get
cos® —1=a cosB + 2a — b sind
= (1—a)cosO + bsin® =2a + 1
and sin® = a sin® + b cosb + 2b
(1 —a)sin® — b cos® =2b

www.aepsmdycircle.comn
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...(ii)

(i)

Il

On squaring and adding Eqgs. (i) and (ii), we get
(1-a)* + b =@a +1)* + (2b)°

3a® +3b* +6a=0

56.

57. 3

=
=5

From

From

a?+b*+2a=0

option (c),

1+ 5a)* + 3b)? =(1 — 4a)*
9a* +9b* + 18a =0

a?+b*+2a=0

Eq. (i), we get

2 tan6/2

- 2
(1-q|ioten92), 12 1=2a+1
1+ tan“0/2 1+ tan“6/2

= (l—a)—(l—a)tanzg+2btang

0

=QRa+1)+@2a+1) tanzg

0 0
= (2+a)tan25—2btan5+3a=0

0 2bz \4b? —12a (2 + a)

tan — =
2 22+ a)
2b + +/4b® —12(-b*
= > ) [ a®+b* +2a=0]
—2b%/a
(2b £ 4b)a  6ba —2ab 3a a
= = or =— —0r —
—2b* —-2b*  —2b? b b
b b 0 0
cot —=——or— or——=3cot —or—cot —
2 3¢ a a

A+ +2a=0 = (a+1)>+b*=1

Now, |z|=1=(a + 1)* + b*

58. -

1+4z+22+28+...+27 =0
1-(1-2"%)
(1-2)

1—218=0,1—z;t0

z18=1,z¢1

and 1+z+z22+23+...+2%=0

1-(1-2")

=0

(1-2)
l—z“:O,l—z;tO

From Egs. (i) and (ii), we get

Then,

z

14

z”=1,z¢1

...(ii)

zt=1 =2 1.z =1

z =1
z=1-1i-i
z#1
z=-1i,—i

Hence, only z = —1 satisfy both Egs. (i) and (ii).
.. Number of values of z is 1.
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59. We have, 2=z
3 -
= [z]"=|z|=]z]
= lz|(z]*-1)=0
= |z|=0and|z |*=1

Now,\z|2=1

= 2z2=1 = z=—

= z' =1
Clearly, Eq. (ii) has 4 solutions.
Therefore, the required number of solutions is 5.

60. We have, z=9+ai
= z? =(81 —a®) + 18ai
z° =(729 —27a%) +(243a — a”) i
According to the question, we have
Im(z%) =Im (z%)

3

COMPLEX

(D)

...(ii)

= 18a=243a —a® = a(a®-225)=0
= a=0ora’=225
But a#0

a® =225

The sum of digits of a*=2+ 2+ 5=9

61. Let z=x+iy
|z]=1
x2+y2=]
and §+£ =1
z oz
4 .
- x+ily x-iy|_,
—-iy x+iy
_ (x+iy):+(:;—iy)2 _3
x“+y
2 (x? — 2
— -y |_,
1
. xz—y2=il
2
From Egs. (i) and (ii), we get
1 13
2xf=1t=-=—-,=
2 22
13
= x2=—,—:>x=il,
4 4 2
1 3
Forx=—y=4+ —
Zy 2

www.aepstudycircle.comn

.(i)

[from Eq. (i)]

(i)

*
[from Eq. (i)]

[from Eq. (i)]

Il

62.

63. -

64. -

For x = %,y =% % [from Eq. (i)]
For x = — ?, =% % [from Eq. (i)]
. Solutionsareli ﬁ*l ﬁﬁiiuﬁii
2 2 2 2 2 2 2 2
Hence, number of solutions is 8.
We have, x=a+ib
= x* =(a® —b*) + 2iab =3 + 4i [given]
a*—b*=3andab =2 (1)
and x* = x- x’=(a + ib) [(a® — b?) + 2iab)]
=(a® — ab* — 2ab*) + i[2a’b + b(a® — b%)]
=(a’ —3ab®) + i(3a’b — b*)=2 + 11i [given]
a® —3ab® =2
and 3a’b — b* =11 .(id)
From Eq. (i), we get
a’ + b* =@ - b?)* + 4a’b® =5
Then, 2a*> =8,2b* =2
at=4b"=1
= a=2b=1
and a=-2b=-1 [+ ab=2]
Finally, a =2, b =1 satisfies Eq. (ii).
Hence, a+b=2+1=3
(1 +i) =[+ i)
=(1+i*+ 20 =(1 -1+ 2i)
=4i2=—14 ()
1—f JE —i
J_+: 1+ mi
a-vmi)m -i) +(JE—i)(1—JEi)
nT+1 1+7
U —imi- A i
T+1
_TEmCE_ (i)
T+1
Given, z=£(1 +i)* 1-Vni + Vi
4 i+

- % (~4) (~2i) = 2mi [from Egs. (i) and (ii)]

z 21
Now, |z] =—=4
amp (z) /2
A"=1
= A=()"=e""r=01,2..,n-1
A=1, ezr:im} e41r!'.’n’ eém’!n’ o ezn(n—l) i/n

and (A+1"=1= A+1=1)" =¢*rim
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i i & T
= A =¥ Pin _ 1= ePTiln . 2 gin (—p),
n

p=012..,n-1

; T : 2m
A=0,e""™.2isin (—), e?™" 2i sin (—),...,

n n
i(n- . (m(n—-1
em(n l)/n'ZiSln( ( ))
n
For n=6,
g4Tiln _ pATil6 _ 2mil3
on .. 2m 1 i3
=cos —+isin—=——+—
3 2 2

i . n i ey T
and ™" 2isin (—) =¢e™/%.2i sin (—)
n 6
( T 7:) )
=|cos = +isin—]|-i
6 6

_(@ ,-)__ 1 i3
= = - +_

2 2

—+—1i
2 2

Hence, the least value of nis 6.

65. Given, z,, z,, 25, ..., 25, are the roots of the equation

50
z (z)" =0, then

r=0

50 50

Y @) =(z-2)(z~2,) (- 2)... —25)= 11 (z - 2,)
5% r=1

Taking log on both sides on base e, we get

50 50
log, [z (=) ] = 2 log, (z — z,)

r=0

On differentiating both sides w.r.t. z, we get

On putting z =1 in both sides, we get

50
Xr
50
r=0

_ 1
- , = (-z)
r=0
(1+2+3+...+50)__§ 1
51 2 (=-1)
=—(=5A) [given]
50
— X 51
= 2 =5\
51
= A =5
10 2qT 2qT
66. - (sinq——i cos q—)
i 11 11
Ly 2qm . 2qm
=—i Z(cosq—+ismq—)
¢=1 11 11

www.aepstudycircle.comn
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10
==id Y (COSZq—n+isin2q—n)—l
q=0 11 11

= —i{(sum of 11, 11th roots of unity) — 1}

=—i(0-1)=i
P
P= §(3p +2)(§,(sin2ﬂ—icosm))
p=1 q=1 11 11
32
=Y @Bp+2)(@i)
p=1

32 32
=33 p(i)f +2 X (i)’
p=1 p=1
32
=3 X p(i)? + 0=3S (say)
p=1
32
where, S= Y p(i)?
p=1

S=1-i+2:i2+3-i%+...+31-i3 +32.%
iS=1-i2+2-i%+...+31-i% + 32
A-0)S=@G+i®+i*+...+i%)-32i
=(0) —32i
_32i-(1+1)
(1—i)-1+i)
=-16(—-1)=16(1—i)
P=35=48(1-1i)

Given, A+i)P=n(n!) > @1 +i)-48(1—i)=n(n!)
= 96 =n(n!) = 4(4!) =n(n!)
n=4
A 2 .2 .
67. -- 1+1= 1+1i) =l+1+21=i
1-i (1—-i)A+1i) 2
\n 2
Given, i =Esin_1 dadi S
1-i b 2x
2
= i" =—sin™! p R
b 2%
2
= sin”' s =£(1)"
2x 2
= 158 (5 (i)") (i)
™ 5
Now, AM > GM
x+1
- 2
Xy =5 X1l sy
2 2x

[--1<sinB <1]

= n=4,81216,...
.. Least positive integer, n = 4
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68. (A) = (p.q), (B) = (p.r).(C) = (p.13)
iflz+2

+ —|=b,wherea > 0 and b > 0, then
z

(A) Here,a=1and b =2
Then,—1+x/§S|z|Sl+«/§
G=1+2
and L=-1+42
= G-L=2
(B) Here,a=2and b =4
Then, -2+ 6 <|z|<2+ 6
o G=2++6
and L=-2++6
= G- L =4 [natural number and composite number]
(C) Here,a=3 and b =6
Then, -3+ 243 <|z| <3 +243
G=3+2\3
and L=-3+23
= G-L=6
[natural number, composite number and perfect number]
69. (A)> (q),B—(q,1),C—(q,9)

We know that,
" (\/m ~Re(®) \/IZI —Re(z))
2 2

[natural number and prime number]

If Im(z) > 0= |Z|+Re(2) l\/lzl—Re(z)
2
If Im(z)<0
(A)f6 +8i = ( 1°+6 102 6]
(«/—+z\/—)
=iJ_(2+1)

10 — 10 +
and ( yﬂ\/g]

=+ (V2 + i2v2) =+ \2(1 + 2i)
=J6+8i +-6+8i
=+2@2+i)+~2(+20)
=321+ i) V2 =i),=3v2(1+i),v2(-1+1i)
z, =32 (1 +i),z, =2 (1-1),
z3=-3V2(1+1)
=2(-1+i)

. 2 2
. |z||2+|zz| + |24 ‘*‘|7'4|2

and z,

=36 + 4 + 36 + 4 =80 which is divisible by 8.

www.aepstudycircle.comn
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(B) w/5—12:'=i(,/132+5 i 132—_5)=i(3—2i)
and —5—12i=i(\/ﬁ—i\/13+5J=i
2 2

=5-12i + V-5-12i=+ (3 - 2i) + (2 — 3i)
=5-5i,—1-i,-5+5i,1+1i

z,=5-5i, z,=—1—1,

z;==5+5iandz, =1+

@2 - 3i)

vz |z, )% + |2a) + |24 )2 =50 + 2 4 50 + 2

=104=8 xX13

(©) 8+15i=:t(\]17+8 +i\/ﬂJ
2 2
(} 3f) £ 6+

and J—8—15i = {\/ﬂ—i\/l”SJ
2 2

. (3 —5i)

(5 %)%

z=,[8 + 15i + /-8 — 15i

i-—(5+31)+

\/_ (3 —5i)

z=7_§(8—2i),$(—2—8i),
1 & 1 :
E(—8+21),$(2+81)
z,=\/§(4—i), zz=w/5(—1—4i)

23 =+2 (- 4+ i)andz, =2 (1 + 4i)
2P |z |zt + |z, | =34+ 34 + 34 + 34
=136 =17 X8

70. (A) > (p,q,1,t);(B) = (p,s);(C) = (p,1)

(A) Here, the last digit of 143 is 3. The remainder when 861 is
divided by 4 is 1. Then, press switch number 1 and we get
ot

3. Hence, the digit in the units place of (143)*" is 3.
A=3
Next, the last digit of 5273 is 3. The remainder when 1358
is divided by 4 is 2. Then, press switch number 2 and we
get 9. Hence, the digit in the units place of (5273)"** is 9.
n=9
Hence, A+u=3+9=12
which is divisible by 2, 3, 4 and 6.
(B) Here, the last digit of 212 is 2. The remainder when 7820
is divided by 4 is 0. Then, press switch number 0 and we
get 6. Hence, the digit in the unit’s place of (212)7%%° is 6.

A=6

Next, the last digit of 1322 is 2. The remainder when 1594
is divided by 4 is 2. Then, press switch number 2 and we
get 4.
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Hence, the digit in the unit’s place of (1322)"%** is 4.

- L=4

Hence, A + L =6 + 4 =10, which is divisible by 2 and 5.
(C) Here, the last digit of 136 is 6. Therefore, the unit’s place

of (136)"* is 6.

& A=6

Next, the last digit of 7138 is 8. The remainder when

13491 is divided by 4 is 3. Then, press switch number 3

and we get 2. Hence, unit’s place of (7138)"**"! is 2.

. pL=2

Hence, A+pn=6+2=38

which is divisible by 2 and 4.

71. (A) > (1); (B) = (p.s); (€)= (q.)

z—E = b, wherea > 0 and b > 0, then

z

—b+ b+ 4a | |<b+ b% + 4a
S|Z|S

2 2

_—b+b*+4a

If

b+ b+ 4
X=faandu

(A) Here, a= 6and b=5
A=6andu =1

= M apt =6 +1°=7
and A —ptr =6 -15=5
(B) Here, a=7and b=6
: A=T7andpn =1
Mpr=7"+1"=8
ainil A —pt =71 —17=¢ 77.

(C) Here,a=8 and b =7

: A=8andp =1
M +pr =8 418 =9
}\}1

Statement-1 is false because 3 + 7i > 2 + 4i is meaningless in

=

and —pt =g 1% =7
72.

the set of complex number as set of complex number does not
hold ordering. But Statement-2 is true.

73.

Statement-1 is false as
(cos © + i sin ¢)" # cos n® + i sin nd
T .. T T ..
Now, | cos — + i sin — | = cos — + i sin —
4 2
=1 [by De-Moivre’s theorem]
.. Statement-2 is true.

We have,
|3z, + 1| =3z, + 1| =32z, + 1|

74.

25t 1 .
.. z, z, and z, are equidistant from | — 3 0 | and circumcentre
2 ; 1
of triangle is (— 5 0).

Also, 1+z, +2z,+2,=0

www.aepsludycircle.comn
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1+2z,+2z,+24
= —_—=0
3
Z;+z,+2z; 1

3 3

=

.. Centroid of the triangle is (— %, 0).

So, the circumcentre and centroid of the triangle coincide.
Hence, required triangle is an equilateral triangle.
Therefore, Statement-1 is true. Also, z,, z, and z, represent
vertices of an equilateral triangle, if

224zl 422 — (22, + 2,25 + 2,2) = 0.

Therefore, Statement-2 is false.

We have,
|z-1]+|z -8| =5 (1)
Here, z,=1,z,=8and2a =5
Now, |z, —z,|=|1-8| =|-7|=7
2a=5<7

Therefore, locus of Eq. (i) does not represent an ellipse. Hence,
Statement-1 is false. Statement-2 is true by the property of
ellipse.

Since, z;, z, and z, are in AP.
22,=2z,+ 2,
_z+zy
NS
It is clear that, z, is the mid-point of z, and z,.

= zZ,

.. 2,, z, and z, are collinear.
Statement-1 is true, Statement-2 is true; Statement-2 is a
correct explanation of Statement-1.

Principal argument of a complex number depend upon
quadrant and principal argument lies in (- 7, Tt].

Hence, Statement-1 is always not true and Statement-2 is
obviously true.

We have, Cparg(z):%
= tan"l(z)=E [letz = x + iy]
X -+
= X:tan£=1
x 4
= y=x
C:y=x (1)
C,:arg(z) =%
-+
-1(Y 3n y
= tan” | = [letz = x + iy]
X 4
= X:tanS—n——l
X 4
= y=-x
Cypy=—x ...(ii)

andCj:arg(z =5-5i)=m
= tan™! (y_5]=n

[letz = x + iy]
x=95
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=tant=0 =y=5
g

Cy:y=5
We get the following figure.

...(iii)

.. Area of the region bounded by C,, C, and C,
1/ 5-0 5-0
- =25
2|-5-0 5-0

.. Statement-1 is false.
OA =5+/2, OB =5+/2 and AB =10
(OA)? + (0OB)* = (AB)? and OA = OB

Therefore, the boundary of C,, C, and C; constitutes right
isosceles triangle.

Now,

Hence, Statement-2 is true.

z3—(Z,25)

Since, Im (z,2;) = -
2i

1 _ _
=—{z,25,-2,2
Zi{ 223~ 2373}
= | - ?
z,Im(2,2,) = 5{2,2223 -2,2,Z,} (i)

e = 1 - -
Similarly, z, Im(z;z,) = ;{22232, 2,725}
i

(i)

and z;Im(z,2,) = ..(1ii)

1 _ _
2_1'{232] Z, _232122}

On adding Egs. (i), (ii) and (iii), we get
z,Im(z,2,)+z,Im(z;2,) + 2, Im(2,2,) = 0
Therefore, this is proved.
Since, z,, z, and z, are the roots of
x* +3ax® +3bx + ¢ =0,
zy+z,+2z3=-3a
Z+2z,+2,

= ) |
3

212y + 2524 + 242, =3b
Hence, the centroid of the AABC is the point of affix (— a).
Now, the triangle will be equilateral, if

we get

and

i+ 2l 422 =22, + 2,2, + 242,
= (2,4 2, + 23)° =3(z2,2, + 2,25 + 2,2;)

(—3a)* =3(3b)

Therefore, the condition is a® = b.

=

> —1=0has roots 1, Oy, Oy, OLg, Oy,

(=) == 1) (x o) (x =0 ) (x =0t ) (x —t )

xS

~1 (o) (e —0y) (x —g) (2 —t,) ()
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On putting x = ® in Eq. (i), we get
5

o -1
—r| =-0,) (@ -o,) (@-oy)(@-o,)
o’ -1
= — =(®-0,) (@ —o,)(®—-o3)(®—oy) ..(ii)
and putting x = ®” in Eq. (i), we get
o'’ -1 2 2 2 2
e =@ —oy) (@ —o,) (@ —o;)(@ —ay)
0-1_ 2 2 2
P = —0) (O —a,) (@ —o) (@ —ory)  ...(iii)
On dividing Eq. (ii) by Eq. (iii), we get
w-o, o-0, o-o, o-o, (@ -1)>
o’-o, o'-a, o' -0, o' -0, (0-1)°
o' +1-20° o+1-20°
o’+1-20 © +1-20
-0’ -20°  -30°
= = =0
-M-20 -30
Letz=x+iy,thenz+z =x
.. From given relation, we get
= x=|x+iy-1]|
= x=[(x=1)+iy |
= x2=(x—1)2+y2 =>2x=1+y2
If z, = x; + iy, and z, = x, + iy,
Then, 2x, =1+y,’ (1)
and 2x, =14y, ..(i1)
On subtracting Eq. (ii) from Eq. (i), we get
2(x — x,) =}’|2 _J’z2
20 =x)=(, +y,) ", — ..(iii)
But, given that arg (z, — zz) =n/4
Then, tan™'|21=%2|=F o N17Y2_,
X, — X, 4 X; — X,
V1i—=YV2=X —X, ..(iv)
From Egs. (iii) and (iv), we get
Nty =2 [y -y, #0]

Im(z, +z,)=2
Hence, the imaginary part(z, + z,) is 2.
(i) LHS = (a® + b* + ¢* — bc — ca — ab)
(P +y*+ 28 —yz —zx —xy)
=(a + bw + c0®) (a + bo® + )
(x + yo + z0%) (x + yo© + z0)
={(a + bw + c®’) (x + yo + zw?)}
{(@ + bo® + cw) (x + yo’ + zw)}
={ax +cy + bz + o (bx + ay +cz)
+ o (cx + by +az)} x{ax + cy + bz + @?
(bx + ay + cz) + ® (ex + by +az)}
=(X +0Z + 0°Y) (X + 0°Z + 0Y)

=RHS
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ii =(a+ b + ¢’ —=3abc) (x’+y’ +2z° —3xyz
(i) LHS=(a’+ b* + ¢® —3abe) (x*+ y* + z* — 3xyz)
=(a+ b+ c)(@® + b® + c¢® —ab — bc — ca)x
(x+y+2)(x™+ y* + 22 — xy —yz — 2x)
=(@a+b+c)(x+y+z)
(@® + b* +
(x* + y* + 2% — xy — yz—2x) [using (i) part]
=(ax + ay + az + bx + by + bz + cx + ¢y + ¢z)
P+ Y24 25=YZ = ZX = XY)
={(ax + cy + bz) + (cx + by + az) + (bx + ay + cz)}
X2+ Y%+ Z22-YZ - ZX - XY)
=(X+Y+2Z)(X*+Y%+ Z%-YZ -ZX - XY)
=X*+Y’+ Z® -3XYZ=RHS

c? —ab — bc — ca)x

84. Let z=x+iy
|Z |2 = x2 3§ yZ
x4y =2i(x+iy)+2c(1+i)=0
(*+y* +2y+2c)+i(=2x+2c)=0
On comparing the real and imaginary parts, we get
x? +y2+2y+20=0 (1)
and -2x+2c=0 ..(ii)
From Egs. (i) and (ii), we get
y2+2y+c2+2c=0

—24 \J4—4(c® + 2¢)

(1-c*-2c)
-+ xand y are real.
1-c?-2c20 or 2 +2c+1<2
(c+12<H2) = -V2-1<c<42-1
0<c<+2-1 [ givenc 2 0]
Hence, thesolutlonlsz—x+1y—c+z(—1+\/l—c —-2c)
for 0<c<+2-1
andz=x+iyEnosolutionforc>«/§—1
85. Letz =x+iy

Re(z)=x=z;i (i)
and Im(z)=y= = ..(ii)
2i

The equation (2 — i) z + (2 + i) Z + 3 = 0 can be written as
z+z)-i(z—-2z)+3=0

or 4x+2y+3=0

.. Slope of the given line, m = -2

Let slope of the required line be m,, then

tan 45° = ™ m = 1= i T | 1_—_ml_+2
1+ mm 1-2m 1-2m,
1
=——,3
" 3

. Equation of straight lines through (- 1, 4) and having slopes
—%andSarey—4=—%(x+ l)andy —4=3(x+1)

= x+3y-11=0 and 3x-y+7=0
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Using Egs. (i) and (ii), then equations of lines are
z+2z 3 (z Z)

-11=0
2 2i
and M_M+7=O
2 2i
ie., 1-3i)z+(1+3i)z2-22=0
and B+i)z+(3-i)z+14=0

. 1+ .
86. Putting Tl = x in LHS, we get

LHS=(1+x)(1+x2)(1+x22)...(1+x?‘n)

_(1-00+0)0+x)a+x?)..0+2")
(1-x)

A=)+ DA+ 1+ 2)
- (1-x)
=2 Y E Yedlb )
- (1-x)
_-2)a+x*) _1-(H
 a-x  (-x

2 _—

1
TR

——2 _8*D g, )( ! ]=RHS
(_1—1) (1+1i) 92"

2

87. Since, arg (z —3i) =31/ 4 is a ray which is start from 3i and

makes an angle 31 /4 with positive real axis as shown in the
figure.

X+y=3 Y

*. Equation of ray in cartesian form is

y—-3=tan(3n/4)(x - 0)
or y—-3=—-x or x+y=3
and arg(2z +1-2i)=m/4

= arg(2(2+§—i))=n/4

or arg(2)+ arg (z + % —i) =n/4

1
or 0+arg(z+5—i)=1r/4
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or arg(z—(—%+i))=1t/4

which is a ray that start from point — = + i and makes an angle
7 /4 with positive real axis as shown in the figure.
~.Equation of ray in cartesian form is

y-1=1[x-(-1/2)] = y=x+3/2
From the figure, it is clear that the system of equations has no
solution.

Let =rcosoand 0 =rsino ...(1)
So that, a’+ 0% =r?
&5 r=la|
Then, a=|a|coso [from Eq. (i)]

coso=*1

Then, cos o0 =1 or — 1 according as a is + ve or — ve and
sino = 0.

Hence, o0 = 0 or 7 according as a is + ve and — ve.

Again, let 0 =r, cosforb=r sinf} ..(ii)
So that, 0+ b2 =r

o n=[b|

From Eq. (ii), we get b =|b | sin B

: sinf==%1

Then, sin § =1 or — 1 according as b is + ve or — ve and cosp=0.

T T i §
Hence, B = 5 or = according as b is +ve or —ve.

Let two non-parallel straight lines PQ, RS meet the circle
|z | =r in the points a, b and c.

2

Points a, b and z are collinear, then|a a
b b 1
z(@-b)-z(a—-b)+ab—-ab=0

Pt B r‘a b
= z|———|-z@-b)+—-—=0
a b b a

On dividing both sides by r* (b — a), we get
z zZ -1 -1 .
E + r—z =a +b (l)

For RS, replace a = b = c in Eq. (i), then

Z 2 =21 (i)
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On subtracting Eq. (i) from Eq. (ii), we get
a'b=2c"—a - b
2c -l -p™!

which is a required point.

z(c?-

Hence, z=

90. ‘- AD L BC

.. AP is also perpendicular to BC.
Az)

P@)
z,—2z T
Then, arg( ! )=—
23— 2, 2
z,— 2
Re( 1 )=0
Z3 =2,
Z-z Zy =%
Z,—2Z, 23—22
= L:O
2
zZ,—z zZ1—2 .
= i R FEWE S PRV ..(i)
Z3—Z; Z3—22

But O is the circumcentre of AABC, then
OP =0A=0B=0C
21 =1z, | = |2, | =1z, |

On squaring the above relation, we get
12 P =|2,* = |2, =25 ]

= 2Z =2\Z) =252y = 2324

v By B =
From first two relations =1 = = ...(ii)
z oz

. . Z, _z
From first and third relation =2 = =

...(iii)

z oz,
and from first and fourth relation ZT3 =Z (iv)
zZ  z4
5 _
; 2z, =2 z
From Eq. (i), we get + =0 (V)

Z3—2, %3
z

From Egs. (ii), (iii), (iv) and (v), we get

z
=
z,—z z
1 + 1 _0
Z3—2, %2 _Z%
Z3 %
z,—z 252 z,—2
= 1 1+2234=9 e #0
Z,—2, 2z, zZ,—2z,
Z,2
223 2,2
= + =0 =>z=-233
zz, z,
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91. From the figure,
o = (arg (z) — arg ()

2
o (o
and for every o, sin® = < | =
2 2
A
A@2)

k%)
x
@
|z lz-ol
(=
ko)
(o]
E B(o)

o

o]

o Real axis

In AOAB, from cosine rule
(AB)? =(0OA)? + (OB)? —20A- OB cos 0.
= |z-0P=z°+o|*-2]|z]| o | cosa

)’ +2z | | (1 - cosat)

.2 O
o )2+ 4|z || |s.mzE

= |z-0 " =(z|-

= |z-0 " =(z|-

2
= |z—m|2S(|z|—|m|)2+4|z||m|(%) [from Eq. (ii)]

= |z-0P<(z|-|o|)?+a?

[...
|z -0 |* <(]z |-l |)*+(arg (z) - arg ©))*

I. Aliter

Let z =r (cosO + isinB)andw =1, (cos 6, + i sin6,),

then|z|=rand|w|=r

Also, arg (z) =0 and arg(®w)=6,

and r<land r<1 [ given|z | <1, || <1] 93. Let the equation of line passing through the origin be
We have, z —® =(r cos® —r, cos0;)+i(rsin® —r, sinb,) az+az=0 ..(i)
|z =0 [* =(r cos® — 1 cos6,)’ + (rsin 6 —r; sin 6,)* According to the question, z,, z,, ..., z, all lie on one side of
= |z-0 > =r?+r’ —2m cos@ —0,) line (i)
=(r—r,)2+2rr1 i s lB=10,) azin+ azi>0"or<0forallz=],2,3,...,n ...(ii)
=(r—r1)2+2rr1(l—cos(e—91)) = E'lei+a2]f >0o0r<o0 ..(1ii)
i= i=
0-6
()2 .2 1 n n n
=(r—n)" + 4m sin ( 2 ) = Y z;#0 {Iszi=0,thenZ:Z,-=O,
i=1 i=1 i=1
6-6,) : n
s<r—r1)2+4rr1( ) [ Jsin®] <[0]] beeea' D) s zs,:o}
i=1 i=1
- 2 2
=(r—-n)"+m®-6,) From Eq. (ii), we get
<r-n)?+©0-0,)> [orn<1] az;+az;>0or<0foralli=1,23,...,n
s 2 | 2 _ 2 = = =
= |z-o |"<(]z| - [)* + (arg z — argw) = 2&%4, B4 S hor<0
II. Aliter Z; zZ;
Let z=rcos0 = |zi|2{—+—}>00r<0
G Z:
and ®=r cos 6, v
23 2 2 2 2 a a
re+n"—2mcos©®—0,)<r°+nr" —-2m +©-6,) = —+—>0or<0foralli=123
2 o Zi Zi
5 (0-6,)_(0-6, s S1 e
= rmsin® | —— [ <[ — s 5 ) 1. 1
2 2 and sin? x < x = —, —,..., — lie on one side of the line az + az =0
Z; 2, Z,

...(ii)

za(1)
Y
4 Poo)
P(@)
A1)
0 >X
Q(ZZO)
OP=|z-0|=|z|=1
OP =0A
OF, =]z, = 0] =12
and 0Q =| 2z, — 0| =|2Zg| =|z [|2,|=1|Z,| =2,
OR, = 0Q

lz] <1, |@|<1]

[from Eq. (i)]

D NT-JEE

COMPLEX

Il

92. Given,OA=1and |z|=1

Z9 0

zZz
)—arg(zf
e (52)
1
Z,

z2z

Also, ZP,OP = arg (ZO

2

: )
20]=

—arg (E_zo)

z

(z
=arg

|z |*

—arg (z z,) = arg (

=arg ( 2= 0 ): ZAOQ

z2z,—-0
Thus, the triangles POF, and AOQ are congruent.
: PP, = AQ

|z —zo| =]z 2 — 1]
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2 1
+a Y —>00r<0

n
or ay
= i=1z

I M=

,_Nllr—l

L | Lo |
Therefore, >, —#0 {If Y. — =0, then
12; i=1

i=12; i= i

1
_=0}
12

94. Given, |a||b| =Vab% ;|a|=|c|; az® + bz + ¢ = 0, then we
have to prove that |z | =1

= a +a

I M=

N | =

I M=

i=1

On squaring, we get

la|*|b|* =ab’cand|a| =|c|?
= aabb=ab’% and aa=c¢
= ab=bc and aa=cc ()

If z, andz, are the roots of az® + bz + ¢ =0

Then,zlandz_zaretherootsofi(f)z+I;E+E=0 ..(A)
c|
z,+zz=—;,zlzz—;
2 B ..(ii)
o b __ ¢
and Zi+t ==, 7=
a a
11 + -b b —
1 Z + 2z, /a___=__=21+z2
zZ, 2, %2z, c/a c
N [from Egs. (i) and (ii)]
1 z+z, -bl/a
and —+—="—2=——
zZ, z, zz, c/a
a be
O S U it
c caa

- 1
Now, it is clear that z, = —and z, =
Z

Then, |z, |*=1and|z, |* =1

Hence, |z]=1
Conversely Foraz® + bz + ¢ = 0, we have to prove

|z|=1=>|a||b|=+la b’

and la|=|c]|

lz|=1=z]*=1 = 2Z2=1=2=

N | -

From Eq. (A), we get
2
5(1) +E(l)+E=OOrEzz+Ez+E=0
z z

Also, az® + bz + ¢ = 0, on comparing

s aa=ccandab=bcs
= |a|=|c|and|a|[b| =a b’
95. (i) Letz, =r (cos o + i sin o),
z,=r,(cosP+isinP) and z; =r; (cos Y+ isin7y)
Szl =z =z =n

and arg (z,) = o, arg (z,) = B, arg (z5) = ¥
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Z3
From the given condition,
hnhn
nnonR=0
Is § B

= ’13 + rz3 + r33 =3nrr=0
1
:E('i +n,+1){@x —r2)2+(r2 _’3)2+(’3 _"1)2} =0

Since,

then (r — r2)2 +(rp - rs)z + (3 - ’i)z =0

ntr+rn#0,

It is possible only when
h=—n=n-n=n-5=0
h=n=n
and |z | =22 | =|2z3|=r [say]

Hence, z,, z,,2, lie on a circle with the centre at the origin.

(ii) Again, in A 0z,z, by Coni method

=) g
arg (23 ) = /2,02, = arg (2—3) = /2,02, ..(i)
z,—-0 z,
In A z,z,z, by Coni method
arg L4 Lz, 2 23= 5 Zz,0z4[property of circle]
z,— 2, 2

= arg (2—3) [from Eq. (i)]
2 z

1

arg (z_s) —2arg (u)
Zy Z,—%

2
z Z3—2
Hence, arg [ =2 | = arg | =>—-2
% Z2 =%

96. We know that,
Re (z,2,) <27, |
]7-||2 - |:‘.'2|2 +2Re(z,7,) S]z,|2 + |zz|2 +2|z,Z,)

= 2, +7-2|2$|7-1 |2+|7-2 |2+2|7-1||22| (i)
Also, AM > GM
2
1
e 15 7+ (12 |)
Je >

1/2
: -{ﬁ-lz. |2~%|z2 |2} [+¢>0]

1
2 2
= clz +Elzz| 22|z, ||z, |

1
. 2 2 2 2 2 2
Sz Tz [T 2z [z | Sz T4 22| + ez | +—‘;|22|

= |21|2 + |z, |2 +2|z; ||z, | (1 + 0) |z |2+ (1+ C-l)(lzz |2)

...(ii)
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From Egs. (i) and (ii), we get
|2+ 2, P <@+ )|z [P+ @+ Tz,

Aliter
Here,(1+¢)|z, |+ (1 +c¢ )|z, P =]z, + 2, |

1
=(1+c¢)zz + (1 + E) 2,2, — (2, + 2,) (2, + Z)
_ 1) _ _ _ _ _
=(1+c)zz, +|1+ - 232, —212) — 212, — 232] — 2,32,
g e - -
=cz,Z; + P -2Z, — 2,7
-z}

1 2 _ _
=—{c"2z, + 2,2, — cz,Z,
c

=% {cz, (cz, — Z,) — 2, (cz, — Z,)}

1 o 1 —
=E(CZ1 —-2z,)(cz; —zz)=;(czl -2,)(cz; — z,)
1 2
=;]cz,—zz| >20asc>0
|
(1+c)|z,|2+(1+—-)|22|2—|zl+22|220
c
Hence, |21+22| <(1+c)|21| +(1+ )|22|

97. 1f z be the complex number corresponding to the circumcentre
O, then we have

OA=0B=0C

A(z4)

By L2 —Ced
= |z =2 |=|z =2z, | =]z — 25|
= |z =2, [’ =|z =2z, | =|z — 2, |
= (z-2)(Z—-2))=(2-2,)(Z -7,)
=(z —25)(z - Z;) ...(1)
From first two members of Eq. (i), we get
Z(z,-2))=2(z2—2) -7, (z - 2,) ..(ii)

and from last two members of Eq. (i), we get
Z(23-2,)=7,(z —2,) —Z3(z —25)
Eliminating z from Egs. (ii) and (iii), we get
(22— 21) [2,(z — 25) = 23 (z — 25)] = (23 — 2,)
[z, (z —2) -7, (z — 2,)]

=Z3(z, —2) =7, (23 — 2,) + Z, (25 — 2,)]

...(iii)

or z[z,(z; - z)

=2,2, (2, — 7)) — 2523 (2, — ) — 2225 — 2,) + 2, Z, (23 — 2,)

or z X7 (z,-25)=2 2,7, (2, — 25)
- X |2, |* (2, — 25)
2 7z (z, — z3)

or
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98. Let z be the complex number corresponding to the orthocentre

99.

O, since AD 1 BC, we get

A(z1)
F
AE
-
B(z,) D Cl(za)
(z -z, ) n
arg =
Zy — 2,4 2
. z - 1 - . %
ie. is purely imaginary.
Z;—2%,
ie. Re(z_zl)=0 or ﬂ+_Z__1=O (i)
2223 Z=23 23723
Similarly, Z—22 +27%2 _ [+ BE L CA] ..(ii)
23 =% 23—%

From Eq. (i), we get
7=z -2 (5H-2%) (i)
(22 _23)
From Eq. (ii), we get
P ] e Y iv)
(23 _21)
Eliminating z from Egs. (iii) and (iv), we get
(z z,) () (z —2,)(z3— 7))
(z5 — 23) (23— 7)
=23)(23,—7) —(z — 2,) (z;
=(z; — 73) (25 — 25) (23 — 7,)
orz {(z, — 2;) (z3 — ;) — (25 — 2;) (2, — 23)}
=(21 = 2,) (25 — 23) (23 — ) + 2, (2, — 23) (23 — 7))
—2,(Z3 —7,) (25 —2,)
=2 [ 2,24 =2y 2] = 25Zy + T3y = ZaZyF 2523 ¥ Ty —Z1 %]
—Z

2. e 2 .z 2
+(2, — 23) (232, — 27) + (23 — 7;) (2525 — 23)

21—z =

or(z —z)(z, —z) (2, — 2,)

e 2
=(z; — 2;) {z,23 - 23 + 232}

2 = 2/ = g o
=—{2{ (2, —Z3) + 25 (Z,— 7)) + 25 (Z, — 2,)}
+ {Z12,25 — 2,22, + 22,2, + 2,224

= 2)24%3 + 252373 — 212523} — 2 X (2,2, — 2, 7))

== 212 (z, = 23) == 2,2, (2, — 2,)
2 i 2
20 (Z,—Z,)+ 2 |z (2, — 2
Hence,z=2 1 3)_ Z|1_| (@, )
2 (z2; - 2,7)
1
Let9=;(2n+1)n,wheren=0,1,2,3,...,6

*70=0@2n+1)m or 46=(@2n+ 1)1 —30
or cos 46 =— cos30
or 2cos’20 —1=—(4cos’ 0 —3 cos )
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or 2(2cos’®—1)> —1=—(4cos’ 0 —3 cos 9)
or 8cos' @+ 4dcos’@—8cos’B—3cosO+1=0
Now, if cos 0 = x, then we have
8x' +4x? —8x* -3x+1=0
or(x+1)(8x* —dx’ —4x+1)=0
x+1#0
8x° —4x’— d4x+1=0

Hence, the roots of this equation are

T 3n 51
€OS—, COS—, COS—.
7 7 7

. Ch 51 117
[ since cos— = cos—, COS——
7 7 7
13m

COMPLEX

[ 0=
()

3n b
= cosT, COST = cos? and Eq. (i) is cubic]

(i) On putting Lz =yorx= L in Eq. (i), then Eq. (i) becomes
x Jy

- )

16 8 16 4 4
or 1+72_7=7 1+*2_7
y y vy y y
or y® —24y* + 80y —64=0
1 1 3
where y=—=—7F—=sec 0
x> cos’@
Thus, the roots of x* — 24x* + 80x —61=0

, T 23T 2 5T
are sec” —, sec”—,sec’ —
7 7 7

(ii) Again, puttingy =1+ziez=y -1
=sec’® — 1 = tan”0, Eq. (ii) reduces to
(1+z)> =240 +2)>°*+80(1+2)-64=0
or 22 —21z2% 435z -7=0
5 T 5 3T 2 ST
Hence, tan® —, tan® —, tan“ — are the roots of
7 7 7
2 —21x* +35x —7=0
(iii) Putting x = —in Eq. (i), then Eq. (i) reduces to
u
u® — 4u* — 4u + 8 = 0 whose roots are
5T

I in
sec —, sec —, sec —.

Therefore, sum of the roots is

T 3n ST
sec —+sec — +sec — =4
7 7 7

100. Let roots of z” + 1 =0are —1, o, o, o0®, o0, & °, & °,
s .. I
where o0 = cos— + i sin —

'+ 1)=(z+1)(z-o)(z -0) (z -at?)

z-a¥)E-o®)(z-a”)

i)

...(iii)

Il

(z" +1)

=(z-0)(z &) (z —a*)(z - ") (z —&t*) (z =& °)
(z+1)

=2+t -z 41

— (zz +1-2z cosg) (zz +1—2z cos 3775)

(zz +1-2z cosSTn) .(A)

Dividing by z* on both sides, we get

| ., 1 1

e el e B R Bl
z z z
1 1 1

= z+——2cos£ z+——2n:053—7I ,'z+——2cc)s5—"rc
z 7 4 7 z 7

. 1
On putting z + — =2x, we get
z

(8x? —6x) —(4x" —2) + 2x —1

(x=cof) (= o) (5=
=8| x—cos—||x—cos— || x —cos—
7 7 7

b
or 8x3—4x2—4x+1=8(x—cos;]

(x—cosrj?n] [x—cosSTTCJ (i)

So,8x° — 4x® — 4x + 1 = 0 and this equation has roots

T 3 5T
€0S8—, COS—, COS—
T 3n 51 Constant term
COS—COS—COS— = — ——————————
7 7 CoefTicient of x°
hid 3n 5T 1 ,
cos— cos—cosT =— § [ proved (i) part]

On putting x =1 in Eq. (i), we get

(1-eosd) (1= o) (1o
1=8|1—-cos—||1—cos—||1—cos—
7 7 7

L 2T . 23W |, ,5W
or 1=8]8sin’— sin®*=— sin*=—
14 14 14
Since, sinf > 0 for 0 <0 < m/2, we get
T 3m . 5m 1

sin— sin—sin— = —

= (i d (iii t
TRaRrT I (ii) [ proved (iii) part]

Again, putting x = — 1 in Eq. (i), we get

-7=-8 1+cosE 1+c053—:rc 1+C055—:rc
7 7 7

7=8 (8 cos’ i cos® 3—“ cos’ 5—“)
14 14 14

Since, cos8 > 0for 0 <06 < m/2, we get

o 3m 5w A7 .
COS— COS— COS— = —— ...(iii) [ proved (ii) part
Fhaaryiar (iii) [ p (ii) part]
On dividing Eq. (ii) by Eq. (iii), we get
T 3in 51 1
tan—tan—tan— = — roved (iv) part
iy - [p (iv) part]
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On putting z = {1+y) in Eq. (A), we get
-y
1+y) +Q _y)7=2 cos acos HCOS T
2(1-y)° 1-y)

Using result (ii), we get

1+y) +(1-y) =14 y? + tan? X
Yy B 4 ¥ 14

2 2311:)( 2 2511:)
+ tan“— + tan®—
(y 14 ¥ 14

Equating the coefficient of y* on both sides, we get

T 3n 5T
’C, + 'C, =14|tan’* = + tan* == + tan’—
14 14 14

25T _
14

' 3n
Therefore, tanza + tan’== + tan 5

101. Equation | z | =3 represents boundary of a circle and equation

| z—{a (1 + i) — i} | <3 represents the interior and the
boundary of a circle and equation| z + 2a —(a + 1) i | >3
represents the exterior of a circle. Then, any point which
satisfies all the three conditions will lie on first circle, on or
inside the second circle and outside the third circle.

For the existence of such a point first two circles must cut or
atleast touch each other and first and third circles must not
intersect each other. The arcABC of first circle lying inside the
second but outside the third circle, represents all such possible

points.
Let z = x + iy, then equation of circles are
x2 + y2 =9 .(1)
(x—a}+@y-a+1)*=9 (i)
and (x+2a)’+(y—-a-1)°>=9 (i)

Circles (i) and (ii) should cut or touch, then distance between
their centres < sum of their radii

= J@-072+@-1-07<3+3
= a*+(@-1)?%<36
= 2a° -2a-35<0

1+ 1- 1
= az—a—§500r(a—7\/7—1)[a——‘/7_)$0

2
: —;/ﬁ < aS1 +2\/ﬁ .(iv)
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Again, circles (i) and (iii) should not cut or touch, then distance
between their centres > sum of their radii

V(=2a-0+(@a+1-0)7>3+3

or \[5a2+ 2a+1 >6

= 5a2 +2a +1>36
or 5a% +2a-35>0
2
= a2+?a—7>0
i sl 11 =144 /11
or a-— a- >0
5 5
=4 =11 T
a€|—oo = v - , (V)

Hence, the common values of a satisfying Egs. (iv) and (v) are

ae(]_‘h_l —1—4\/ﬁ)u(—1+4\/ﬁ 1+J7_1]

2 5 5 2

102. (i) From De-moivre’s theorem, we know that

sin(@n + 1) o0 = 2" *'C, (1 —sin®a. )"
sinat — #*1C, (1 —sin®at)" "' sin’at
+..+(=1)sin"a
It follows that the numbers
T . 2W . nm
n ,sin s ey SIN
2n+1 2n+1 2n+1
are the roots of the equation.
2n+1C](1 _ x2)nx_2n+ 1 C3(1 _ x2)n—lx3 S (_ l)nx2n*l

= 0 of the (2n + 1) th degree

si

Consequently, the numbers

H T . 271 .
sin’ ,sin’ s, sin? are the roots of the
2n+1 2n+1 2n+1
equation

A A-x)" =201 -x)"""x+ ..+ (-1)"x"=00f
the nth degree
(ii) From De-moivre’s theorem, we know that
sin2n + 1) a.=""*'C,(cosot)* sinot
- 210, (coso) ™~ Esin’oL + ... + (—1)"sin®" ot
or sin(n+1)a =sin”*'
{#+1¢, cot®a - *1C, cot® 20+ C5 cot® ot -}

T 21 3n nm

It follows that o =

2n+1 2n+1" 2n+1""""2n+1
Therefore, equality holds
210 cot™ o — e, cot ™ 2o+ cot” Tt a-... = 0
It follows that the numbers
cot? T , cot? . ey COt? n are the roots of the
2n+1 2n+1 2n+1

equation

1o mElo -ty Mo -2 o
of the nth degree.
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103. Let y =|a + bo + co?|. For y to be minimum, y* must be
minimum. 108. —|=1 = |z|=
y? =|a + bo + c0?|* =(a + bo + c?)(a + bo + c®?) z——
=(a + bw + c®’) (a + b® + c®’)
y? =(a + bo + cw®) (a + bo® + cw)3
=(a® + b® + ¢* —ab — bc — ca)

=%[(a—b)2+(b—c)z+(c—a)2]

Clearly, locus of z is perpendicular bisector of line joining
points having complex number 0 + i 0 and 0 + é
Hence, z lies on a straight line.

: 0-0z).
109. Given, ( z] is purely real = z #1
Since, a, b and c are not equal at a time, so minimum value of B _ _ _
y? occurs when any two are same and third is differ by 1. g (‘0 - o)z) = [‘D - (1)2] _0-0z
= Minimum of y =1 (as a, b, c are integers) i i i

. . n 5 (@-02)(1-7)=(1-2)(® -0Z)
104. Equation of ray PQis arg(z + 1) = r e (5 — 1) (—B)=0
2 - - .e s H
Equation of ray PRisarg(z+1)=—E & (=" -1 @p)=0 [-o=a+if]
4 2 =
T T T #I A0
Shadedregionis—z<arg(z+1)<z :>|arg(z+1)|<z . |z|=1andz #1 [ B#0]
10
. (2km . 2km
|PQ| = (+2)* + (2)% =2 110.) sm(i)+1cos(i)
So, arc QAR is of a circle of radius 2 units with centre at . 0 o —2kmi
P (-1, 0). All the points in the shaded region are exterior to =y 2 e (@ i 2kn =3 ze 1
this circle |z + 1| = 2. e 11 11 o)
ie. |z+1|>2and|arg (z + 1)| < % - _21k1m
Gl =i| e —1[=1i(0-1) [*-sumof11,11throotsof unity= 0]
105. In AAOB from Coni method, =2 1=e””2=i k=0
Z,-
=—i
ee 2 -
B(ZB) 4 > A(2+@)=ZA 111.:: z2°+z+1=0
B w2 V2 z=m,0°
RLB
A 2 z+izo+l=oto=-1
‘{2;/ \\‘:{2‘ . z ®
(@)C Do) = z2+i2=m2+%=m2+w=—l
z ®
zp —1=(z, —1)i z3+%=m3+%=1+1=2
zZp=1+Q+\Bi—1)i=1+01+iV3)i z o
=1+i-3=1-V3+i z“+%=m“+%=w+—=—1
Ze=2-2z,=2-Q2+\Bi)=—+3i 21 (i)
5 5 2
and z2p=2-2p=2—-(1-B3+i)=1+3-i i il e
H th ti - i, —3i — 1. 1 1
ence, other vertices are (1 «/§)+1, \/?:1,(1+~/§) i - z6+_6=m6+_6=2
106. Letz, =1, (cos 0, + i sin0,)and z, =r, (cos 6, + i sin B,) “ L
. : 2 2 2 2 2 2
“|z, + z,| = [(r; cos O, + r,cos 0,)* + (r; sin O, + r, sin 8,)*]"* S R R
i b 21— 1 1 2 2 1 1 2 2
112. Let OA =3, so that the complex number associated with A is
%02 1/2 291/2 )
= +iny +2 0, -6 =[(nh + ;
Ly oy kit S, =) (5 +r)] 3e™* If z is the complex number associated with P, then
Sz 2o =z + 2|
Therefore, cos (6, —0,) =1 4 AN {Nent)
= 6,-0,=0 €
= 0, =6, :
Thus, arg (z,) - arg (z,) =0 /2 > A 3™
107.(x-1)*=-8 = x-1=(-8)"? 3
= x—1=-2 -2, -20° W /4 £
=5 x=-11-2m,1-20° g (East)
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z-3¢™ 4 ., 4 120.-: zz (% + z%) =350
0-3¢™* 3 3 Put z=x+iy
= 3z -9 ™4 =12ie™* = 7 =(3 + 4i) ™ = (x* + y*)-2x* - y*) =350
113. Letz =cos0 + isin 0 = (* +y*)(x* -y?) =175 =25 x7
z cosO +isin® = x*+y?=25x"-y*=7
1-2z% 1—(cos20 + i sin 20) = x*=16,y*=9
_ cos 6 +isin 6 x=t4y=%3%x,yel
25in”@ —2isin@ cos O Area of rectangle =8 X 6 = 48 sq units
cosO +isinB i 2 2m=1 > (2m-1)i0 B
= — — =— 121. ZIm(z )=ZIm[e ]=Zsm(2m—-l)9
—2isin0(cos® +isin®) 2sin6 feel o] i
15 5 :
Hence, 5 lies on the imaginary axis i.e. x = 0 or on Y-axis. -3 2sin(2m—1)6sin 6
1-z - 2sin 0
m=1
Aliter =
Lot B2 e z . 1 __ 1 __ 1_ =z cos(2m—2).6—c052m9
l=z" 2Z=2% ZT=2Z z-z (2—2) - 2sin O
2i m=1
2i o o
i cos 0°—cos300 1 —cos60
- . ) . = = ...e=20
2 Tm]z| which is imaginary. 25in 6 2 sin 2° ( )
114.|z + 4| <3 foit i
. . . . . - 2 =
=z lies inside or on the circle of radius 3 and centre at (— 4, 0). 2sin2°  4sin2°
Maximum value of |z + 1| is 6. Y s .
.
122.|z — —|2||z| - — = 22||z|-—
z |z] |z]
4
" /_\ o, => -2glel - s2 = —2|z|<|z[P -4 <22
< > Z
4,0 JA (0,0) »
(-1,0) = |z|*+2|z|-420
and 1°-2|z|-4<0
Yy = (Iz| +1)® 25 and (|z]| -1)* <5
115. L;et A =set of points on and above the line y =1 in the argand ~A5 <|2|-15+5 and |z]+12+5
ane.
. ; . 2 2 _ a2 = V5-1<|z|<\B5+1
B =set of points on the circle (x =2)° + (y =1)° =3
C=Re(l-i)z=Re[(1-i)(x+iy)]=x+y Phbas=(-Nntey
= TR y= JE Z4 t 1-t Zy
Hence, (A N B N C) has only one point of intersection. d i
= z,,z and z, are collinear.
116. The points (— 1 + i) and (5 + i) are the extremities of diameter L= 2
, : Thus, options (a) and (d) are correct.
of the given circle. S
e - 2=z _ZT-%4
Hence, |z+1-i|"+|z—-5-i|°=36 Also, —
2,-2, Z,-%
117. |z - w| <||z| - |W|| Hence, option (c) is correct.
and |z — w| = distance between z and w 2n . . 2¢ 1. .43
. ) ) 124. 0 =cos — +isin—=——+i—
z is fixed, hence distance between z and w would be maximum 3 3 2 2
for diametrically opposite points. @ is one of the cube root of unity.
= |z-w|<6 = ||z|]-|w|l <6 24 1 o o?
= —-6<|z|-|w|<6 = -3<|z|-|w|+3<9 & sed .
118.-: z,=1+2i @ 1 —
Sz =6+451 = z,=-6+7i Appl R R.+R.+R
in - R, + + R ,, we get
119. Put (- i) in place of i. PPYINg %4 ! 2 3 g
z z z
-1
Hence, T o z+0® 1 (=0 [“1+0+0°=0]
1+
o' 1 z+o
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Now, applying C, — C, — C,, C; = Cy — C,, we get

z 0 0
0 z+0°-0 1-o |=0
o’ 1 —w? z+0-
= z[z+o?w)Ez+0 0 ) -1-0)1-0%)]=0
= 222 -0 -0)P-1-0-0 +0*)]=0
= zZZP -+l -H-1+0?+0 -03]=0
= z¥=0
z=0

125.|z —i|z||=|z + i| 2|
(A) Putting z = x + iy, we get yy/x° + y* =0

ie. Im(z)=0
4
(B) 2ae=8,2a=10 = 10e=8 =e=—
5

©.3)

0.0)

=5, 0)\—\_/ (5,0)

©.-3)

16
b* =25 (1——) =9
25
2

2

«
25 9
1

(C)z=2(cos®+isinh)—————
2(cos© + isin0)

=2(cose+isinB)—%(cosG—isinB)

3 5
z=—cosO+ —isin®
2 2

Letz = x + iy, then

x=§cose andy:gsinﬂ
2 2

- e

2 2

4 4
o EE A
9 25
2 2
= =+ 2=
9/4 25/4
9 25 2
= —=—(1-e¢
- 4e)
9 16
e=1-—=—

= =
25 25
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(D) Let w =cos® + i sin 6, then
1
z=x+iy=w+ —
w
= x+iy=2cos@
: x=2cosOandy =0

126.-: xXX—x+1=0
L 1-4) 1+i3
2 2
1+i3 1-i3
= and
2 2
2
x=-0% -0
a=-0’pf=-0
= a2009+52009=_m4018 _m2009
=0 -0’=-@© +o?)
——(-1)=1

127.|z - 1| =]z + 1| =]z — |
= |z-1f=|z+1=|z-i]
= z-DE-1)=@E+1)(z+)=(z-i)(z+i)
= zz—-z-z+1l=zz+z+z+1=zz+iz—-iz+1
= —z2-Z=z+Z=i(z-2)
From first two relations,
2z+z)=0 = Re(z)=0
From last two relations,
z+zZ=i(z—-zZ) = 2Re(z)=-2Im(z)
Im(z)=0
z=Re(z)+ilm(z)=0+i-0=0

Hence, number of solutions is one.

From Eq. (i),

128. We have, |z -3 -2i|<2
= |2z —6 — 4i| < 4
Now, |22 — 6 — 4i| = |2z — 6 + 5i) — 9|

2|2z =6 + 5i| = 9|
From Egs. (i) and (ii), we get
12z —6 + 5| —9|< 4
= —4<[2z-6+5i|-9<4
= 5<|2z -6+ 5i| <13
Hence, the minimum value of |2z — 6 + 5i| is 5.
129.-: |z|=1 . z=e"

2iz 2ie™ 2i
Re = Re — [=Re -
{1—22] (1_8218] (e—ﬂ_em]
=Re D =Re| - !
—2isin@ sin 6

1
=———=—cosecB
sin

cosec<—1 = cosecO =21
= —cosecB>21 = —cosecB <-1
= —cosec B €(—oeo, —1] N [1, )

Re( = 2] E(= o0, 1] N [1, =)

1-2z
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130.: |z|=1.Let z =¢'®
z-1=e® —1=¢922i sin (0/2)
1 1 o 19/2
= ST PR T T
z—1 2ie"'*-sin(0/2) 2sin (0/2)

1 i-e” 02 1 (n e)
= =——— .. arg — ==
1-z 2sin(8/2) 1-z 2 2

( 1 ) T 6‘
arg ———
11—z

2 2
1
arg(l_z) -
131, |x’=xX=(@+b+c)@+b +¢)
=(a+b+c)(@+b+¢)
=lal* +|b* + |c|* + ab + @b + bc + bc+ ca +ca ..(i)

.. Maximum value of

T
2

lyl> =y¥ =(a + bw + c0?) @ + b + tw?)
=(a+ bo + cw?) (7 + b® + co?)
=(a + bo + cw?) (@ + bo® + to)
=lal* +|b* + |c|* + abw?® + abw
+ bew*™+ bew + caw®+ caw ...(ii)
and|z|* = zZ = (a + bo® + cw) (a + bo® + cw)
=(a + bo*+ ) (@ + b®* + c®)
=(a + bo® + ) (@ + bw + cw?)
=la|* +|b|* + |c|* + abo + abw?

+ bew + bew? + caw + caw?  ...(iii)
On adding Egs. (i), (ii) and (iii), we get
|x|* + |y|* + |z]* =3 (|a|* + |b]* + |c[*)
+0+0+0+0+0+0( 1+0+0*=0)
x> +yI* + |2*
laf* + [6F + 1"

132.- RC(Z)=1 =1 = z4+2Z=

Since, o, B € R
.. The complex roots are conjugate to each other, if z,, z, are
two distinct roots, then z, =z, or z; =z,

. Product of the roots = z;z, =
= zz, =B
B=|z|"=[Re(z))’ + Im|z|*
=1+1Im|z[*>1
[ roots are distinct ..
B>1 or Be(l, )
133.-- 1 +0) =(-0?)

Given, 1+®)' =A+ Bo = 1+®=A+ Bo

Im(z)) # 0]
=-0’=1+0

=

On comparing, we get A=1, B=1
; (A, B)=(1,1)
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134.

135.

136.

137.

D NT-JEE

Given,z?‘+z+1=a = z’+z+1-a=0

-1 ,/(4a -3)

z=— - — =
2

3
Hence, a# —; [for a =3/4, z will be purely real]
Let z = x + iy, then
z? _ (x + iy)? _(xz—y2+2ix)
z-=1 (x+iy-1) (x—=1+1iy)

_(xz—y2+2ixy)(x—1—iy)
- (x=1+iy)(x—1-iy)

=(x—1)(x2—y2)+2xy2+i[ny(x—l)—y(xz—yz)]
(=1 +y*

Now, Im( 2! }=0
z—1

=, 2xy(x—l)—y(x2 —y2)=0

= y@x*-2x-x2+y%)=0

= y(xi+y?-2x)=

= y=00rx2+y2—2x=0

Hence, z lies on the real axis or on a circle passing through the
origin.

Given,|z| =1and arg(z) =6 .(1)
= IzP=1 = zz =1
= z " ...(ii)
z
1+i2 1+z
= from Eq. (i
arg (1+z‘) arg (1+1/z) [from Eq. (ii)]
=arg(z)=0 [from Eq. (i)]
Aliter I
Given, |z| =1and arg(z)=6

= z=e'®

1+2z 1+e'® 0y _ _
arg (m)—arg[l+e_ﬁ]—arg(e )=arg(z)=0

Aliter IT Given, |z|=1and arg(z)=0
Let z = ® (cube root of unity)

ar i r H—m—ar 1+0 (- @ =0
Blidz Eli+® P ’

(_mz)
arg
-

=arg (w)=arg(z) =06
zo=2a—%

2|zo|2=r2 +2

(C1+o+0°=0)

2 2

1 1
=ri42 :>2‘2a—: =’a—: 2
o

1
2‘2(1.—:
o o

1 1 1
:>7|a[2+W—8=0 = |ot|2=lor; = |ot|=10r —
o

NG
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138.

eJSMS/<
- \(
e 51/6

[~~——]—1
1/2 1/2
m="E+i=ein.‘6 p = gimm/6
) )
As z;ePNH, :>zl=1,em6,e_m"6
As z,ePNH, = z,=-1, eisms, g 15T/
22,0z, =2m/3, where z; =™ z, = ¢ **/¢
Sol. (Q. Nos. 139-140)
Letz=x+iy,51:x2+y2<16
D +i(y++3
Now, Im E= D +1( \/—) >0
1-3i
= Sz:«/gx+y>0=> S;:x>0
V3x+y=0 (0, 4)
S
060" | (4,0)
Pe
(1.-9)

139. min |1 —3i — z| = min |z — 1 + 3i|

= perpendicular distance of the point (1, — 3) from the straight

V3 -3
2

_3-43
2

line«/f;x+y=0=

140.AreaofS=(lJ oL X42+(1Jﬂ: ><42=20_n
4 6 3

141. Since,|z| > 2 is the region lying on or outside circle centered at

(0, 0) and radius 2. Therefore, |z + (1/ 2)| is the distance of z
from (— 1/ 2, 0), which lies inside the circle.

Hence, minimum value of |z + (1/ 2)|

=distance of (—1/ 2, 0) from (-2, 0)

1 2 5
= —£+2 +]0-0"=3/2

1
lz| -
2

Aliter

1
|z +(1/2)] = ‘2275

lz+(1/2)| 23/ 2
142. Clearly, z;° =1, V k, where z, #1
(A) z-z; =e XD =1 if (k + j)is multiple of 10

i.e. possible for each k.

[ ]z] 2]

Il

(C) Expression =

(B) z, -z =z, is clearly incorrect.

z—1 z—1

10

=1

2 2km
D)1+Zz,=0=1+ % cos(—]:[)
k=1 10

143.-:

144.

145. -

.. Expression =2

z; — 2z, =1
2—-2zz,
2 = 2
= |z =2z, " =2 -2z, |
= (z; —22,)(z; —22,) =2 - 2,2,) 2 — 2,Z,)
= (2 —22,) (7, —22,) =2 — 2,2,) 2 — Z,2,)
= 22, —22,Z, —2Z,z, + 42,2, =4 — 22,2, — 22,2, + 2,Z;2,Z,
2 2 2 2
= |z + 4|z "+ 447 |z,
2 2
= (lz["-490-|z])=0

|z, | #1
|-"31|2=4 or |z [=2
= Point z, lies on circle of radius 2.
Leta =3, b =-3, ¢ =2, then

)4n+3 4n+3

(a+ bw+c0®)*" " +(c+ aw + bo® +(b+ co + aw®)

=0
=(a+ bo + cv®)

4n+3 4n+3
- c+am+ bw’)*"? N b+ o+ aw’) i
a+ bo + cw® a + bo + cw’

4n+3

4n+ 3(1 +mfm+3 +(0\)2)'1:1+ 3) =0

= (a+bw+ c?)
=> 4n+ 3 should be an integer other than multiple of 3.

n=1245

oy = COS(E) + isin(E) = g™/
7 7

Oy —ok = em(k-t—]}p’?_em:kl? - emkf?(em,‘?_l)

. o L. Tr
- emkl?_em.‘ltl_Z]Sln ALl
14

= |0l — 0O |=2sin T
k+1 k 14

12

. [ . I
o -0 |=12 X2sin| — | =24sin| —
3 0t 0t (14) (14]

k=1

and 0Ly, —Ol,;_, = em(4k—1).’7_eirt(4k—2)f7=e‘nt(4k—2)l7(e in f7_1)
z _ & . T

=em:(4ic 2)!?_em/14_21mn(_)

= |o — 0y _,|=2sin (E
4k—1 4k-2 14

3

T T
E [0t 4 —y —Olyps|=3 x2sin (—J =6sin (—]
— 14 14
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12
zlu’k+1 _akl

k=1
Hence, =4

3
2|u4k—1_u4k—2|
k=1

2+ 3isi
146, Letz = 27315108
1—-2isin®

z is purely imaginary
zZ=-z

- 2+3isin®) _ (2+3isin0 1 1 1 11 1
1-2isin®) |1-2isin0 148. LetA=|1 —0*-1 o’|=|1 o© o
1 ®

2 -3isin® 2+ 3isin @ L s @
= - | =—=—
1—-2isin®

1+ 2isin®

= (2-3isinB)(1 -2isin0)+ (1 +2isin0)(2+3isin0)=0

1
= 4-12s5in’08=0 or sin29=§

1
0 =sin!|—
(\EJ
147. - x+iy=
a+ ibt
- i a — ibt
X W=—""-7=
Y a® + b’
a_ a
X=—F5, =
@+ by 7
1
2 2
or Xty =m——s=—
Y a® + b*

‘.’"E'..'} www‘aepsludycirclc.comn

_zbifb“ =—3(1 + 20)

+ bt

(a ) =— 3z =3k (given) (- 1+ 20 =2)
k=—z
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x
or x2+y2—7=0
a

1
.. Locus of z is a circle with centre (2—, 0)
a

and radius = L, a >0
2a
Alsoforb=0,a # 0, we gety = 0.
locusis X-axisand fora=0,b #0, weget x =0
locus is Y-axis.

2 7 2

)
(“1+0+o’=0andw® =1)

Applying C, = C, + C, + C,, then we get

3 e 1 e 1

A=|0 ® o’ (r1+0+0=0)
0 o’ ®

=3 (w* - w*)

=3(-1-0-m) (o =landl+o+n’=0)
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