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STUDY CIRCLE

yllabus Reference

*» SOME DEFINITIONS

Circle: A circle is a collection of all those points in
a plane, which are at a constant distance from a
fixed point in the plane.

O (centre)

The fixed point (say O) is called the centre of the
circle and the constant distance is called the radius of

the circle. A circle with centre ‘O’ and radius ‘r’ is
usually denoted by C(O, r).

Circular Region: The
circle and its interior, is
called the circular region.

Exterior of the circle

POSITION OF A POINT (P) WITH RESPECT
TO A CIRCLE

A point P is said to lie inside, outside or on the circle
C(O, r) according as:

(i) OP<r
(ii) OP > r or
(iii) OP = r

All the points lying inside a
circle are called its interior
points and all those points
which lie outside the circle
are called its exterior
points. P

ICBSEMATHEMATICS
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Circumference of a circle: The distance
covered around the circle or the perimeter of a
circle is called its circumference.

Chord of a circle: A line segment joining
any two points on a circle is called the chord
of the circle.

Diameter of a circle: A chord passing
through the centre of the circle is called a
diameter of the circle.

Semicircle: A diameter divides a circle into
two equal parts and each equal part is called
a semicircle.

Arc of a circle: A continuous piece of a
circle is called an arc of the circle.

Segment of a circle: Any chord divides the
circular region into two parts, each is called a
segment of the circle.

Concentric circles: Circles having the same
centres are called concentric circles.

Sector of a circle: The
part of the plane region
enclosed by an arc of a
circle and its two
bounding radii is called
a sector of the circle.

Minor sector

ANGLE SUBTENDED BY A CHORD AT
A POINT

Let AB be the chord of a circle C(O, r) with centre
‘O’ and radius ‘r’.

Take any point C on the circle. Join CA, CB,
OA and OB. Now, ZAOB is the angle
subtended by the chord AB at the centre of the
circle and ZACB is the angle subtended by the
chord AB at the point C on the circle.
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THEOREM 1. Equal chords of a circle subtend
equal angles at the centre.

THEOREM 2. (Converse of theorem 1)

If the angles subtended by the
chords of a circle at the centre
are equal, then these chords are
equal.

*¢ CONGRUENT CIRCLES

Two circles are said to be congruent if and only if
either of them can be superposed on the other so as
to cover it exactly.

T E NN NN N BB B

X N N NN N N N
N N N NN N NN

28 Or
“$-4- Two circles are said to be congruent to each other if
04041 and only if they have equal radii.
+ss = PERPENDICULAR DRAWN FROM THE
S CENTRE TO THE CHORD
44 Consider a circle C(O, r)
4444 with centre O and radius
‘r'. Draw OM L AB, where
AB is the chord of the
circle.
THEOREM 3. The perpendicular from the centre
to a chord bisects the chord.
22 THEOREM 4. (Converse of theorem 3)
¥-¥ The line joining the centre of a
o 00 4 circle to the mid-point of a chord
e e is perpendicular to the chord.
'ess. THEOREM 5. There is one and only one circle
ool passing through three non-
ool collinear points.
222, = EQUAL CHORDS AND THEIR DISTANCES
FROM THE CENTRE

A circle can have infinitely many chords. We shall

ICBSEMATHEMATICS

see that longer chord is
nearer the centre than the
smaller chord. 0
Distance of the centre from R s
the diameter [i.e., the longest

chord of the circle] is zero, kjg
because the centre lies on the

diameter.

THEOREM 6. Equal chords of a circle (or of

congruent  circles) are
equidistant from the centre (or
centres).

THEOREM 7.  (Converse of above theorem)

Chords equidistant from the
centre of a circle are equal in
length.

*¢ ANGLE SUBTENDED BY AN ARC OF A

CIRCLE

Consider a circle C(O, r)
with centre O and radius r.
Take an arc PQ. ZPOQ is
the angle subtended at the
centre of the circle by an arc
PQ and ~PRQ is the angle &,
subtended at the

circumference other than P Q
arc PQ or on the remaining

part of the circle.

THEOREM 8. The angle subtended by an arc

at the centre is double the angle
subtended by it at any point on
the remaining part of the circle.

COROLLARY: Angle in a semi-circle is a right

angle.

THEOREM 9. Angles in the same segment of

a circle are equal.

THEOREM 10. (Converse of theorem 9)

If a line segment joining two
points subtends equal angles at
two other points lying on the
same side of the line containing
the line segment, the four points
lie on a circle (i.e., they are
concyclic).
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= CYCLIC QUADRILATERAL THEOREM 12.  (Converse of theorem 11)

A quadrilateral ABCD is called If the sum of any pair of
a cyclic quadrilateral, if all the C opp ofite ?ng les of a
four vertices A. B. C and D lie quadrilateral is 180°, then the

on a circle. The four points A, quadrilateral is cyclic.
THEOREM 13. If one side of a cyclic

4+ # B, C and D are concyclic. X

S e B quadrilateral is produced, then

ve+. THEOREM 11. The sum of either pair of the exterlor angle is equal to

Y ) . the interior opposite angle.

Ty opposite angles of a cyclic

13 quadrilateral is 180°. = CONGRUENT CIRCLES

444 Or Two circles are said to be congruent to each other

o The opposite angles of a cyclic if and only if they have equal radii.

quadrilateral are supplemen- Congruent arcs of a circle, subtend equal angles at
tary. the centre.

NCERT & BOARD QUESTIONS CORNER
(Remembering & Understanding Based Questions)

Very Short Answer Type Questions

40 e 1. A, B and C are three points on a circle with Sol. Since angle subtended at the centre by an arc is
19--9-94 centre O, such that /ZBOC = 30° and double the angle subtended at the remaining part
o-4-3- ZAOB = 60°. If D is another point on the of the circle.

1900 i t ABC. Fi A 1 1
1000 c?rcleother han arc ABC. Find ZADC . . JACB= ~ /AOB = < x 60° = 30°
444+ Sol. Since angle subtended at the centre by an arc is _ 2 ' 2
1008 double the angle subtended at the remaining part Now, in ACBD, by using angle sum property,
9901 g h Vi
1008 of the circle. B we have
444+ c Z/CBD + #BDC + «DCB = 180°
1 A ZCBO + 90° + ZACB = 180°
= ERDG = 5 LHOC [+ ZCBO = ZCBD and ZACB = ~DCB
" the same /]
1 i ZCBO + 90° + 30° = 180°
=5 X9 ZCBO = 180° - 90° - 30° = 60°
. or ZOBC = 60°

.. =45 3. In the given figure, ABCD is a cyclic

‘e D quadrilateral. If ZADC = 96°, then find the

: .. 2. In the given figure, O is the centre of the measure of /ABE.

o 00 4] circle, ZAOB = 60° and ZCDB = 90°. Find D

Z0OBC.
96°

ICBSEMATHEMATICS
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Sol. Here, ABCD is a cyclic quadrilateral 6.

In the figure, PQRS is
/ABC + ZADC = 180° a cyclic quadrilateral. o
ZABC + 96° = 180° Find the value of x. )
ZABC = 180°-96° = 84° "
Also, /ABE + ZABC = 180° [a linear pair]  Sol. In APRS, by using angle 5 4
ZABEZA?;I; = iggz e e sum property, we have
Eiistire, _ABE = 96° /PSR + ZSRP + /RPS = 180 P

/PSR + 50° + 35° = 180°
/PSR = 180° - 85° = 95°
Since PQRS is a cyclic quadrilateral
/PSR + ZPQR = 180°
[ opp Zs of a cyclic quad. are supplementary]

o

If O is the centre of the circle, find the value
of x.

I RN
L X N N N N N N N A A
R E N NN NN NN AR

95° + x = 180°
x = 180°-95°
¥ = 85°

7. In the figure, O is the centre of a circle
passing through points A, B, C and D and
ZADC = 120°. Find the value of x.

Sol. Here, /PRQ and ZPOQ are angles subtended
by an arc PQ at the remaining part and at the
centre of a circle with centre O, respectively.

1 1
. - /ZPRQ = 5 ZPOQ = 5 X 60° = 30° 7
aee Also, in AOQR, OQ = OR = radii of same circle ,i \
S@9e = /PRQ = x A 5 B
o = % =al
reee 5. Inthe given figure, O is the centre of circle.

Ty If ZOAB=25° and ZOCB = 35°, then find

+ 444 the measure of ZAOC. Sol. Since ABCD is a cyclic quadrilateral
444 5 ZADC + ZABC = 180°
44+ [ opp. Zs of a cyclic quad. are supplementary]
120° + ZABC = 180°
ZABC = 180° - 120° = 60°
Now, Z/ACB = 90° [angle in a semicircle]
In rt. Zed AACB, ZACB = 90°
- ZCAB + ZABC = 90°
Sol. - InAOAB, OA =O0OB x + 60° =90
o a7e" = Z0OAB = ZOBA = 25° w1} x = 90°-60°
s In AOCB, OC = OB %= 8P
2% = Z0CB = ZOBC = 35° -..(ii) 8. In the given figure, O is the centre of the
-t Adding (i) and (i), we have circle. AB and CD are two chords, such
0o ZABC = 25° + 35° = 60° that OM L AB and ON L CD. If OM = ON
4444 Now, ZAOC =2 £ABC = 3 cm and AM = BM = 5 cm, then find the
4444 =2 x60° = 120° length of the chord CD.

ICBSEMATHEMATICS
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11. In the figure, quadrilateral PQRS is cyclic.
i NI If ZP = 80°, then find /R.
-
s A
. . . D
$38: — a0
L N C ‘
2+ Sol. Here, OM L AB, Pl w0
s 44y ON LCDand OM = ON = 3 cm Sol. - Sum of opposite angles of a cyclic quadrilateral
4414 Since equidistant chords are equal in length is 180°
1008 ~ CD=10cm ZP + ZR = 180°
... 9. An equilateral triangle ABC is inscribed in = 80° + ZR = 180°
a circle with centre O. Find the measure of = ZR = 100°
/BOC. 12. ABCD is a cyclic quadrilateral as shown in
Sol. Since AABC is an equilateral the figure, then find the value of (x + v).
ZA = 2B =20 =60 % 5
i o

A
+ o o

BB 90’ U
4t B\\/C D c

Sol. -+ x+y+ 110° + 90° = 360°

1088 1 x +y + 200° = 360°
1000 £B0G =307+ g <A - x+y = 160°
1088 - o0° + 1 % 60° 13. AD is a diameter of a circle and AB is a
1000¢ 2 chord. If AD = 34 cm, AB = 30 cm, then

=120 find the distance of AB from the centre of

10. Inthe given figure, /M is 75°, then find /0. the circle.
M
L ‘ ) g
A » D

cesi N B
L O .

#:08:4, Sol. - The perpendicular drawn from centre to the

'+ es. Sol. -+ Sum of opposite angles of a cyclic quadrilateral chord bisects it.

ol is 180° 1 1

10081 AM = AB= —-x30cm =15cm
S Z0 + /M = 180° 2 2

Ty o _ o 1

1000 20 + 75° = 180 Also, OA = 5AD =1 x5iem
1t = £0 = 105° 2

=17 cm

ICBSEMATHEMATICS
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In rt. AOAM, we have

OAZ = OM? + AM?
172 = OM2 + 152
289 = OM? + 225

OM? = 289 -225

OM? = 64

OM = /64 =8cm

Recall that two circles are congruent if they
have the same radii. Prove that equal chords
of congruent circles subtend equal angles
at their centres.

Given: Two congruent circles C (O,

C(Q’, ), such that chord PQ = chord RS.
To Prove: /POQ = ZRO’S

AN

PN "0 -

Proof: In APOQ and ARO’S
PO =RQV'=r
QO =80 =r
PQ =RS

APOQ = ARO’S

[by SSS congruence axiom]
= /POQ = ZRO’S [cp.ctl]

In the given figure, D

ABCDE is a pentagon.

Whose vertices lie on the

semicircle with centre O.

Find the sum of ZACD and

/DEB.

Here, ZAEB = 90°
[ Z in a semicircle is right angle]
Now, ACDE is a cyclic quadrilateral and ZAED,
ZACD is a pair of opposite angles
ZAED + ZACD = 180°
Z/AEB + /DEB + ZACD = 180°
90° + «DEB + ZACD = 180°
/DEB + ZACD = 180° -
/DEB + ZACD = 90

A

14.

Sol. r) and

[given]
=

15.

Sol.

o0°

SEMATHEMATICS

16.

Sol.

17.

Sol.

18.

Suppose you are given a circle. Give method
to find its centre.

Take any three distinct points P, Q and R on the
given circle. Join PQ and QR.

Draw the perpendicular bisectors of PQ and RQ.
The two perpendicular bisectors intersect at O.
Thus, O is the centre of the given circle.

In the given figure, /ABC = 69°, Z/ACB = 31°,
find /BDC.

In AABC, by angle sum property, we have
£BAC + ZABC + /BCA = 180°

= ZBAC + 69° + 31° = 180°
= /BAC = 180° - 69° -31° = 80°
Also, «BDC = ZBAC
[angles in the same segment of a circle]
= /BDC = 80°

In the figure, O is the centre of the circle,
OM 1 BC, OL 1 AB, ON 1 AC and
OM = ON = OL.

Is AABC equilateral? Give reasons.
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Sol. OL L AB,OM L BC and ON L AC 21. In the figure, AB and CD are two equal
and OM =ON = OL chords of a circle with centre O. OP and
[Perpendicular distance of chords from 0Q are perpendiculars on chords AB and
the centre of a circle] CD respectively. If Z/POQ = 150°, find
AB = BC = AC ZAPQ.
[Chords equidistant from the centre

288t of a circle are equal]
so0 Hence, AABC is an equilateral triangle.
ces: 19, If O is centre of circle shown in figure and
B8 ZAOB = 110°, then find ZBCD.
444
et
Sol. As AB = CD
86, OP = 0Q
[equal chords are equidistant from the centre]
Ll = 22
[angles opp. to equal sides are equal]
Z1 + Z22 + ZPOQ = 180°
Sol. ZAOB = 110° 2,1 = 180° — 150° = 30°
R = Reflex ZAOB = 360° - 110° = 250° /1 = 15°
REppe Reflex ZAOB = 2 ZACB
RS 250° = 2 LACB
8- =5 ZACB = 2520 = 125°
leee: ZACB + /BCD = 180° [linear pair]
+9-4-4 125° + Z/BCD = 180°
444 =% ZBCD =:180%=125% = 55
‘=221 20. In the figure, if /BAC = 60°, Z/ACB = 20°, ) o
find ZADC. Since APB is a line segment
A ZAPQ + 1 = 90°
ZAPQ = 90° - /1
b5 = P —15° = '75°
ZAPQ = 75°
D 22. In the figure, chord AB of circle with centre O,
X B is produced to C such that BC = OB. CO is
R 20° joined and produced to meet the circle in D. If
s . ZACD =y and Z/AOD = x, show that x = 3y.
: E S E . Sol. In AABC, we have %
1000 ZABC = 180° - (ZBAC + «ZBCA) "
33 [angle sum property] . x > &
411 = 180° - 80° = 100° © by
1000 .+ ABCD is a cyclic quadrilateral, U
1+ ZABC + /ADC = 180°
ZADC = 180° - 100° = 80° Sol. In AOBC, OB = BC

ICBSEMATHEMATICS
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.. Sol.

=5 ZBOC = ZBCO =y
...[angles opp. to equal sides are equal]

Z0OBA is the exterior angle of ABOC
So, ZABO = 2y

...[ext. angle is equal to the sum

of int. opp. angles]
Similarly, ZAOD is the exterior angle of AAOC
x=2y+y=3y

If circles are drawn taking two sides of a
triangle as diameters, prove that the point of
intersection of these circles lie on the third
side.

AP is a diameter
£1 =90° i)
[ angle in a semicircle is right angle]
Similarly, £2 = 90° wiii)

Adding (i) and (ii), we have
L1+ Z£2 =90° + 90°
/PBQ = 180°
= P B and Q are collinear.
Hence, B lies on the side PQ of the AAPQ.

24. ABC and ADC are two right triangles

with common hypotenuse AC. Prove that:
ZCAD = ZCBD.

. Since AABC and AADC are two right triangles with

common hypotenuse AC.

ICBSEMATHEMATICS

(o]
ZABC = ZADC = 9(°
Also, ZABC + ZADC = 90° + 90°
= 180°
= ABCD is a cyclic quadrilateral.
[-.- opposite angles are supplementary]
=5 ZCAD = /CBD
[+ angles in the same segment]

. Two circles intersect at two points B and C.

Through B, two line segments ABD and PBQ
are drawn to intersect the circles at A, D

and P, Q respectively (see figure). Prove that:
Z/ACP =/QCD.

P
D
B
A
Q

C
ZACP = £ABP ..(i)
[angles in the same segment]
ZQCD = ZQBD sl

[angles in the same segment]
Also, ZABP = ZQBD ... (i)
[vertically opposite angles]
From (i), (ii) and (iii), we have
ZACP = ZQCD

. In a cyclic quadrilateral PQRS, if

/P - /R = 50° then find the measure of
ZPand ZR.

Sol. PQRS is cyclic quad., we have

/P + ZR = 180°
[opp. angles are supplementary]
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27.

Sol.
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ZP - zR = 50r [given]
= 2/P = 230°
ZP= 2320 =115°

£ZP =115
ZR=115°-
ZR = 65°

50° = 65°

Short Answer Type-ll Questions

If two circles intersect in two points, prove
that the line through their centres is the
perpendicular bisector of the common
chord.

Given: Two circles C(O, r) and C((,
Pand Q.

s) intersect at

i
v

To Prove: O0 is perpendicular bisector of the
chord PQ.

Const.: Join OP 0Q, O'P and O’'Q

Proaf: In AOPQO’ and AOQO’

OP = 0Q [radii of same circle]
OP =0Q [radii of same circle]
o0 = 00 [common]

= AOPO’ = AOQO’

[by SSS congruence axiom]
= «ZPOM = ZQOM [cp.ct]
Now, in APOM and AQOM

OP =0Q [radii of same circle]
/POM = ZQOM [proved above]
OM = OM [common]
= APOM = AQOM
[by SAS congruence axiom]
PM = QM and
/PMO = ZQMO [c.p.ct]

Also,/PMO + ZQMO = 180°
= /PMO = £ZQMO = 90°

Hence, OO’ is the perpendicular bisector of the
chord PQ.

[a linear pair]

SEMATHEMATICS

<t

28.

Sol.

29.

Two circles of radii 5 cm and 3 cm intersect
at two points and the distance between
their centres is 4 cm. Find the length of
the common chord.

Let C(O, 5 cm) and C(Q’, 3 cm) be the two circles
intersecting each other in P and Q. Let PQ be the
common chord.

OP=5em, OP =3 cm

00’'=4 cm

Now,

and

.. (O'P)?

ie.,

+ (00')2 = (OP)2
(3)2 + (4 = (5)
Then, by Pythagoras Theorem, we have
Z00P =90°
00" LOP
Also, we know that the line joining the centres is
the perpendicular bisector of the common chord.

ar

O’P=%PQ
= PQ =2 xQOP
= 2x3=6cm

Hence, the length of the common chord is 6 cm.

If a line intersects two concentric circles
(circles with the same centre) with centre O
at A, B, C and D, prove that AB = CD

(see fig.).
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Now, ZPOQ and ZPRQ are the angles subtended
by arc PQ at the centre of the circle and in the
remaining part of the circle.
’ ZPRQ = %LPOQ = % X 60°
= 30°

soe. Also, ZPSQ + £ZPRQ = 180°
v o0 e Sol. Draw oMLl ) [ opposite angles of a cyclic quadrilateral]
DS Since perpendicular from the centre of a circle to —  /PSQ + 30° = 180°
o0 @ a chord of the circle bisects the chord. . . "
5333 BM = CM 00 = LPS:Q= 180° - 30° = 150
100 E : (i) Hence, the required angles are 150° and 30°.
100 ® 31. In the given figure, Q
/PQR = 100°, /0\
where P Q and R
are points on a P R
circle with centre
O. Find ZOPR.
: Subtracting (i) from (ii), we have Sol. Since angle subtended at the centre by an arc of a
coe. AM-BM = DM -CM circle is twice the angle subtended in the remaining
t-9-0- AB=CD part of the circle.
‘ess. 30. A chord of a circle is equal to the radius of .. Reflex Z/POR = 2/PQR
*14 the circle. Find the angle subtended by the =2 % 100° = 200°
4444 chord at a point on the minor arc and also - /POR = 360° — 200°
4444 at a point on the major arc. — 160° (i)
\ ; :: . Sol. Let PQ be the chord whose length is equal to the Also, OP = OR =radii of the same circle
-4 radius of the circle. Let R and S be the points in s ~OPR = /ORP ...(ii)
major arc and minor arc PQ respectively. [~ angles opposite to equal sides of a triangle]
OP=PQ=0Q=r Now, ZOPR+ ZORP + /POR = 180°
R Z0PR+ ZOPR + 160° = 180°
[using (i) and (ii)]
b = 2/0PR = 180° - 160° = 20°
e = 40PR=%X20°=10°
:2.0:41 Hence, the required ZOPR = 10°.
E E E E 32. If diagonals of a cyclic quadrilateral are
Ty s b diameters of the circle through the vertices
‘eee of the quadrilateral, prove that it is a
444 rectangle.
++4+ = AOPQ is an equilateral triangle. Sol. ABCD is a cyclic quadrilateral. AC and BD are the

= ZPOQ = 60° diagonals of the quadrilateral ABCD.

ICBSEMATHEMATICS
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YT
D C To Prove: Circle passes through the point of
intersection O of the diagonals AC and BD.
Proof: Since diagonals of a rhombus bisect each
o other at right angles.
£COD = 90°

+e = ACOD is a right triangle with hypotenuse CD.

RO B 4 Circle drawn with CD as diameter passes through
o s 09 the vertex O of right ACOD.

o gas Since AC is a diameter [given] Similarly, circles described on AB, BC, DA as
494 Z/ABC = Z/ADC = 90° diameters will pass through O, the point of
108 ®( [angles in a semicircle] intersection of its diagonals.
11t Similarly, BD is a diameter [given] 34. In the given figure, P is 4
£ZBCD = ZBAD = 90° the centre of the circle. « ,
Now, in cyclic quadrilateral ABCD, we have Prove that:
ZABC = ZBCD = ZCDA = ZDAB = 9(° /XPZ =2(/XZY +/YXZ) 5
Hence, ABCD is a rectangle.
33. Prove that the circle drawn with any side of
a rhombus as a diameter, passes through the
point of intersection of its diagonals. Sol. Arc XY subtends ZXPY at the centre P and ZXZY
Sol. Given: A circle C(O, r) is drawn taking the side in the remaining part of the circle.

RO DC of a rhombus ABCD as its diameter. ZXPY = 2 (/XZY) (i)
»-0-0-9/ D Similarly, arc YZ subtends /YPZ at the centre P
8-804 B and £YXZ in the remaining part of the circle.
-4 ZYPZ = 2(LYXZ) (i)
¢34+ Adding (i) and (ii), we have
11t 6 ZXPY + £YPZ
+44-¢ = 2 (LXZY + £ YXZ)

i LXPZ = 2 (LXZY + £ YXZ)
Cc
Long Answer Type Questions
35. Iftwo intersecting chords B Construction: OM L AB and ON L CD

.. of a circle make equal Proof: In AOME and AONE, we have

see angles with the diameter C 71 = 22 [given]
ses pafs;ngftftrtough tfje" APS Z/OME = /ONE = 90°
8= -vy point of intersection, _

444 prove that the chords are i AAS Ok = O l jegrmian]

S equal. % By congruence rule,

E E E E ' Sol. Given: Inacircle with centre e AOME = AONE

100®! O chords AB and CD intersect at E such that OM = ON [c.p.ct]

4444 Z1 = /2 Hence, AB = CD [chords equidistant from
To Prove: AB = CD the centre are equal]

ICBSEMATHEMATICS
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36.

Sol.

37.

In a circle of radius 5 cm, AB and AC are
two chords such that AB = AC = 6 cm, as
shown in the figure. Find the length of the

A
\

OA=0B=>5cm
AB=AC =6cm
.. B and C are equidistant from A.
AO is the perpendicular bisector of chord BC
and it intersect BC in M.
Now, in rt. Zed AAMB, #M = 90°
.. By using Pythagoras Theorem, we have
BM? = ABZ - AM?
= 36— AM? ...(i)
Also, in rt. Zed ABMO, #/M = 90°
By using Pythagoras Theorem, we have
BM? = BO? - MO?
= 25— (AO - AM)2
From (i) and (ii), we obtain

[radii]

Here,

(i)

25— (AO - AM)? = 36 — AM?
25 - A0? - AM? + 2A0 x AM = 36 - AM?
25-25+2x5%x AM =36
10 AM = 36
AM = 3.6 cm
From (i), we have
BM? = 36 - (3.6)2
=36-12.96
= 23.04
= = .23.04 =4.8cm
Thus, BC = 2 x BM
=2x48=96cm

Hence, the length of the chord BC is 9.6 cm.

In the figure, AB and CD are two chords of
a circle with centre O such that AB = 16 cm,
CD =12cmand AB ||CD. IfOP LCD and
if the distance between AB and O is 6 cm,

SEMATHEMATICS

Sol.

find the radius of the circle and the distance
of CD from centre O.

Here, AB||CD and AB = 16 cm, CD = 12 cm,
OP 1L CD and OP L AB

Since perpendicular from the centre of a circle to
a chord of a circle bisects the chord, we have

1

AQ=BQ=§>< 16 = 8 cm
and CP=DP=%><12=6cm
Also, OQ =6cm
Let PQ=xcm =0P =(x + 6) cm
Join OB and OD

Now, in rt. Z£ed AOQB, by using Pythagoras
Theorem, we have

OB? = 0Q? + BQ?
= 6% + 8
=36 + 64 = 100
OB=10cm
Again, in rt. Zed AOPD, by using Pythagoras
Theorem, we have
OP? + DP? = OD?

(x + 6)2 + 62 = 102
(x +6)2=100-36 = 64
(x + 6)2 = (8)2
= x+6=18
Either x+6=8 or x+ 6 = -8
= x=2 or x=-14

Rejecting negative value, which is not possible
= x=2

OP=2+6=8cm
Hence, the radius of the circle is 10 cm and the
distance of CD from centre O is 8 cm.
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38. The lengths of two parallel chords of a circle
are 6 cm and 8 cm. If the smaller chord is at
distance 4 cm from the centre, what is the
distance of the other chord from the centre?
Here, AB || CD, AB = 6 cm, CD = 8 cm and
ON =4 cm

OM 1L CD, ON 1L AB

Since the perpendicular from the centre of a circle
to the chord of the circle, bisects the chord.

Sol.

1 1
AN—BN—EAB—E X 6=3cm
0
c M" D
A N B
1 1

and CM =DM = 5 CD = 5 X 8=4cm
Let OM be x cm

Now, in rt. AONB, #N = 90°
By Pythagoras Theorem, we have
OBZ? = ON? + NB?

= OBR? = (4)2 + (3)2
= OR2=16+9=25
= =J25 =5ecm

Again, in rt. AOMD, #/M = 9(0°
By Pythagoras Theorem, we have

OM? = OD? - MD?
OM? = (5)2 — (4)
OM? =25-16
OMZ2 =9

=9 =3cm

Hence, the distance of the other chord (CD) from
the centre is 3 cm.

Bisectors of angles A, B and C of triangle
ABC intersect its circumcircle at D, E and F
respectively. Prove that the angles of the ADEF

/A /B /C
- £ and 90° - ==
2’ 2

respectively.

39.

are 90° -

SEMATHEMATICS

Sol. Let

40.

Sol.

Z/BAD = x, Z/ABE = y

and ZACF = z, then
ZCAD = x, ZCBE =y
and ZBCF=1:z
[AD, BE and CF is bisector of ZA,
/B and ZC]
In AABC,

ZA+ /B 4+ ZC = 180°

= 2x + 2y + 2z = 180°
or x+y+z=90 i)
A
F E
B o3
D
Now, ZADE = ZABE
and ZADF = #ACF
[angles in the same segment of a circle]
= ZADE = y and ZADF = z

= /ADE +/ADF =y + z

or ZD =y +z (i)
From (i) and (ii), we have

x+ ZD = 9°
= /D =90° —x

. LA | _4A

or /D = 90——2 [-X—Z]
Similarly,  <E = 90°— £B
Siid SF =op- 28

ABCD is a parallelogram. The circle through
A, B and C intersects (produce if necessary)
at E. Prove that: AE = AD.

Given: ABCD is a parallelogram. Circle through
A, B and C intersects CD produced in E.
To Prove: AE = AD
Proof: ABCE is a cyclic quadrilateral.
/B + ZE = 180° (i)
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L2\

ABCD is a parallelogram.
/B =21 ..(if)

Also,

Z1 + 22 = 180° [a linear pair]
or ZB + 22 =180° ...(iii) [using (ii}]
Now, from (i} and (iii), we have

/B+/ZE=/B+ 22
= LE= /2
In AADE, we have
LE= /2

= AD = AE

[sides opposite to equal angles of a A]

In the given figure, O is the centre of the
circle. Prove that:

Ix + Ly = Lz

Sol. Ll =272
[angles in the same segment]
Also, ZAOB=2/ADB
lz=2/1=/1+ 71
Zz=/1+ /2 B {)]
In AADE,

ext. Z/ACB=/y=/1+ /3

SEMATHEMATICS

= Ly =/Lz- /2 + /3 [using (i)]
Again, in AAEC,

ext. £2=/.x+ 43
From (ii) and (iii), we have

..(ii)
...(iii)

Ly=Lz-rx-23+ 23
Ly=Lz—- X
or Lz=Lx+ Ly

42. Prove that line joining the centres of two
intersecting circles subtends equal angles

at the two points of intersection of circles.

Sol. Given: P and Q are centre of two intersecting circles
intersects at A and B.
To Prove: /PAQ = /PBQ
Construction: Join P and Q
Proof: In APAQ and APBQ), we have

PQ = PQ [common side]
AP = BP [radii of a circle]
AQ = BQ [radii of a circle]
.. By SSS congruence rule, we have
APAQ = APBQ

= /PAQ = /PBQ [c.p.c.t.]
In the given figure, find the value of a, b, ¢
and d. Given Z/BCD = 43° and /BAE = 62°.

43.

Cc
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Sol. In AACE,
/ACE + ZEAC + ZAEC = 180°
43° + 62° + d = 180°
d = 180° - (43° + 62°)
= 180°-105° = 75°

-+ # a+d=180°
4+ 4 [opp. angles of cyclic quad. are supplementary]
coe a+ 75 = 180°
44 a = 180° - 75° = 105°
000 In AABF,
1% /BAF + /ABF + /AFB = 180°
44+ 62° + 105° + b = 180°
b = 180° - (62° + 105°)
b = 180°-167° = 13°
£DEF = 180°-75° = 105°
In ADEE
/DEF + Z/EFD + ZEDF = 180°
105° + 13° + ¢ = 180°
: 118° + ¢ = 180°
oo c = 180°-118° = 62°
EEE ~.a=105° b =13°c=62°, d = 75°
+++. 44. Show that the quadrilateral formed by angle
-3~ bisectors of a cyclic quadrilateral, is also
4444 cyclic.
es+. Sol. Given: A cyclic quadri-
+4-4-+ lateral ABCD, in which
4444 AP, BP, CR and DR are
1099 the angle bisectors of
/A, ZB, 2C and ZD
respectively, such that a
quadri-lateral. PQRS is
formed.
To Prove: PQRS is a cyclic quadrilateral.
28 Proof: Since ABCD is a cyclic quadrilateral.
88 ZA + £C = 180° and
sesi /B + /D = 180° ..(i)
88970 Also, AP. BP. CR and DR are the bisectors of
=gt =t ZA, /B, ZC and 4D, respectively.
X X X B
leee aA=mp-1m
'00® 2 2
X X I B
IXI11

/3

%4Cand44= %AD

ICBSEMATHEMATICS

45.

Sol.

From (i), we have

1 1 1
g A+ 5 £C = 5 (LA +£0)
1 o __ (¢]
ok x 180° = 90
1 1 1
5B+ 5 4D = 5 (4B +20)
- % x 180° = 90°
or L1 + £3 =90°
and Z£2+ £4 =90° ...(ii)
Now, in AAPB, by angles sum property of a A
Ll + 22 + £P = 180° ....(iii)
Again, in ACRD, by angles sum property of a A
L3+ 4 + ZR = 180° ...(iv)

Adding (iii) and (iv), we have
L1+ 2 +/43+ 44 + £P + ZR

= 180° + 180°
= 90°+90° + 4P+ ZR = 360° [using (ii)]
= /P + ZR=360°-180° = 180°
i.e., the sum of one pair of the opposite angles of
quadrilateral PQRS is 180°.
Hence, the quadrilateral PQRS is a cyclic
quadrilateral.
If O is the circumcircle of a AABC and
OD 1 BC, prove that: /BOD = ZA.

Join OC.
Now, in ABDO and ACDO, we have

OB = 0C [radii of same circle]

ZBDO = ZCDO = 90°

OD = OD [common)]

=> ABDO = ACDO
[by RHS congruence axiom]
A

v
N,
‘b c
= /BOD = ZCOD [cpict]
= 2/B0D= 2/C0D = /BOC .. (i)
Now, an arc BC subtends ZBOC at the centre O

of the circle and ZBAC in the remaining part of
the circle.
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e @1
4+
A X X A
1
/BAC = 5 ZBOGC
= ZA = % x 2/BOD [using (i)]
= ZA = ZBOD
<+« 46. Inthe given figure,
44 AB is a diameter of
4ol a circle C(O, r).
e el Chord CD is equal o
o429 to the radius OC. "
e If AC and BD when
X X X X
1008t produced intersect
+4-4-4 at P, prove that:
Z/APB is constant.
Sol. Join BC and OD.
In AOCD, we have
OC = 0D = CD = radius [given]
= AOCD is an equilateral triangle.
: =% ZCOD = 60°
“oe Now, arc CD subtends ZCOD at the centre of
Ses the circle with centre O and ZCBD in the
o044 remaining part of the circle.
- ACBD=%ACOD=%X60°=30°
1000 ZACB = 90° [angle in a semicircle]
44+ Also, ACP is a straight line
4444 /BCP = 180° - ZACB
= 180° - 90° = 90°
Thus, in ABCP, by angles sum property of a
triangle, we have
ZBCP + ZCPB + ZCBP = 180°
= 90° + ZCPB + 30° = 180°
[+ ZCPB = ZCBD = 80°]
PR 1. Prove that two circles cannot intersect at
1000 more than two points.

ree e Sol. Let there be two circles which intersect at three

L XX A

1008 points say at A, B and C. Clearly, A, B and C are
00! not collinear. We know that through three non-
44+ collinear points A, B and C one and only one

circle can pass. Therefore, there cannot be two
circles passing through A, B and C. In other

ICBSEMATHEMATICS

47.

Sol.

=" ZCPB = 180° - 90° - 30°

= ZCPB = 60° = Constant

= /APB = Constant

Two diameters of a S
circle intersect each
other at right angles.
Prove that the p

quadrilateral formed by N /

joining their end-points
is a square.

. Let PQ and RS be two perpendicular diameters

of a circle with centre O. We have to prove that
the quadrilateral PRQS is a square.

In APOS and AQOS, we have

OP =0Q [radii of same circle]
£ZPOS = £QO0S [each = 90°]
0S =0S [common]
.. By SAS congruence rule, we have
APOS = AQOS
= PS = QS [e:piet]

Also, ZPSQ =90
[ Z in a semicircle is right angle]

Similarly, we have

QS = QR and £SQR = 90°
and RQ = RP and ZQRP = 90°
Now, in quadrilateral PRQS, we have

PS =Q5=QR =RP
and ZPSQ = £SQR = ZQRP = £ZRPS = 90°
Hence, PRQS is a square.

APPLICATION BASED QUESTIONS (Solved)

words, the two circles cannot intersect at more
than two points.

. If two non-parallel sides of a trapezium are

equal, then it is cyclic.

Given: A trapezium ABCD in which AB || DC
and AD = BC.

To Prove: ABCD is a cyclic trapezium.
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Construction: Draw
DP 1 AB, CQ L AB.

e NC

Proof: In rt. Zed AAPD

AB

and ABQC
Hyp. AD = Hyp. BC [given]
DP =CQ
[distance between two parallel lines is equal]
ZP=./Q [right angle]
By using RHS congruence rule, we have
AAPD = ABQC
=% ZA = /B and ZADP = ZBCQ
[c.p.ctl]
Now, Z/ADP = /ZBCQ
= 90°+ ZADP = 90° + ZBCQ
== ZADC = ZBCD
[+ . ZPDC = ZQCD = 90°]
or D= 20

Also, ZA + #B + 2ZC + #D = 360°

[£sum property of the quadrilateral]
ZA + ZA + £C + £C = 360°

2(£A + £C) = 360°

ZA + £C = 180°

Similarly, ZB + #D = 180°
Hence, ABCD is a cyclic trapezium.
In any triangle, if the angle bisector of ZA
and the perpendicular bisector of BC
intersect, prove that they intersect on the
circumcircle of the triangle.

Let angle bisector of ZA and perpendicular
bisector of side BC
intersect at a point P. Since

PM is perpendicular P
bisector of BC.

& BP = CP

=5 ZBCP = /ZCBP A B

Also, «CBP = ZCAP
[+ Zs in the same segment are equal]
Now, in ABCP, we have
«/BPC = 180° - £CBP - ZBCP
= 180° - £CBP - ZCBP
[ ZBCP = ZCBP]
= 180° - 2«CBP woll)

ICBSEMATHEMATICS

4. In the given figure,

/BAC = 2/PAC
= 2/CBP .. (ii)
[« ZPAC = ZCBP]
Adding (i) and (ii), we obtain
/BPC + /BAC = 180°

Thus, ABPC is a cyclic quadrilateral i.e., Points
A, B, P and C are concyclic.
Hence, P lies on the circumcircle of AABC.

Again,

ABCD is a cyclic
quadrilateral, in which
AE is drawn parallel
to CD and BA is
produced to F. If
ZABC = 70° and
/ZFAE = 30°, find

ZBCD. B-o

Sol. Since opposite angles of a cyclic quadrilateral are

supplementary
& Z/ABC + ZADC = 180°
= 70° + £ADC = 180°

= ZADC = 180°-70° = 110°
Now, ZDAE = ZADC

[alt. angles as AE || DC]
¥ /DAE = 110°
Again, #BAD = 180° - ZDAE - ZEAF

[Zs in a st. line]
= 180°-110° - 30°
/BAD = 40°
Now, #BCD + ZBAD = 180°
[opp. Zs of a cyclic quadrilateral]

= ZBCD + 40° = 180°
=% /BCD = 180° - 40°
/BCD = 140°

5. Inthe given figure, ABC

is an isosceles triangle
with AB = AC and P is

a point on side AC.
Through C a line is
drawn to intersect BP
producdin Q, suchthat B
Z/ABQ = ZACQ. Prove
that

o

ZAQC = 90° + %AA
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Sol. Here, through C a line is drawn to intersect BP

Sol.

produced in Q, such that ZABQ = ZACQ
But, they are angles of the same segment
- A, B, Cand Q are concyclic
Thus, ABCQ is a cyclic quadrilateral
= ZABC + ZAQC = 180° ..(i)
[opp. Zs of a cyclic quadrilateral]
Also, in AABC, AB = AC
=5 ZACB = ZABC ...(iif)
[£s opp. to equal sides of a A]
Again, ZA + ZABC + ZACB = 180°
[£ sum property of a A]

/A + ZABC + ZABC = 180° [using (ii)]
ZA + 2/ABC = 180°
ZABC = 90°- %AA ....(iii)
From (i) and (iii), we have
90° - %4A+ ZAQC = 180°
= ZAQC = 180°—90° + %ZA
1
= 90° + = ZA.
"2

ANALYZING, EVALUATING & CREATING TYPE QUESTIONS (Solved)

. Live and let live ! Keeping in mind the

campaign slogan, three students Priyanka,
Sania and David are protesting against
killing innocent animals for commercial
purposes in a circular park of radius 20 m.
They are standing at equal distances on its
boundary by holding banners in their hands.

(i) Find the distance between each of them.

(ii) Which mathematical concept is used in
it?

(i) Let us assume that A, B and C be the
positions of Priyanka, Sania and David
respectively on the boundary of circular park
with centre O.

Draw AD 1 BC.

Since the centre of the circle coincides with
the centroid of the equilateral AABC.

.. Radius of circumscribed circle = % AD

A (Priyanka)

B Cc
(SaniaDavid)

SEMATHEMATICS

2
= ZO—EAD

= AD=20><§
2
= AD =30m

Now, AD 1 BC and let AB = BC = CA = xm

! X
= BD-—CD—-EBC——E
In rt. ABDA, #D = 90°

By Pythagoras Theorem, we have

AB? = BD? + AD?

& = (g]z +(30)2

2
%
x% — y 900
3
sz =900
x% =900 x %
x% = 1200
x = 1200 = 203
Hence, distance between each of them is
20V/3 m.
(if) Properties of circle, equilateral triangle and
Pythagoras theorem.
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2. A circular park of radius 10 m is situated in radius 25 cm, each scout holded the string
a colony. Three students Ashok, Raman and tightly. Find the distance between Rajat and
Kanaihya are standing at equal distances on Ramit, when distance between Rajat and
its circumference each having a toy Rohit and Rohit and Ramit is 30 cm.
telephone in his hands to talk each other Sol. LetP Q and R be the R (Ramit)
about Honesty, Peace and Discipline. Find position of Rajat,
the length of the string of each phone. Rohit and Ramit
88 : Sol. Let usassume, A, B and C be the position of three respectively. f
cee students Ashok, Raman and Kanaihya respectively Let O be the centre of Q
g-aa on the circumference of the circular park with circle. Points P and R (Rohit)
R S centre O and radius 10 m. Since the centre of circle are equidistant from %
‘00 coincides with the centroid of the equilateral AABC. Q. :
D. oe f A (Ashok) NOW, OQ is the F{Raiet)
perpendicular bisector of PR.
Let OQ bisect PR at S
o Inrt. APSQ, £S5 =90°
PS? = PQ? — SQ?
B L c = PS? = 900 — SQ? ()
(Rama“)\\_/ (Kanaihya) Also, in rt. AOSP. we have
.. Radius of circumscribed circle = - AD PS? = OP? - OS2
: 3 = = 625 - (0Q - SQ)?
‘oo 2 = 900-SQ2 = 625 (25 - SQ)2
co = 10 = 5 AD _ 2
soe 3 = 625 - 625 -SQ* + 50 SQ
eoei - AD = 15m = 50 SQ = 900 = SQ= 18 cm  ..(ii)
1Y Now, AD 1 BC and let AB = BC = CA = x From (i) and (ii), we have
100 1 @ PS% = 900 - (18)? = 576
::::: = BD = CDi= EBC=§ = PS =24 cm
eee(  Inrt Zed ABDA, /D = 90° - PR=2x 24 =48cm
-4 AR2 = BD? + AD2? Thus, distance between Rajat and Ramit is 48 cm.
2 4. Prove that among all the chords of a circle
2 = XT + 225 passing through a given point inside the
circle that one is smallest which is
2 = perpendicular to the diameter passing
T4 T 225 through the point.
4 Sol. LetP be the given point inside a circle with centre
= x? = 225X g = 300 O. Draw the chord AB which is perpendicular to
228 the diameter XY through P, Let CD be any other
eeoef = x = 1043 m chord through P Draw ON y
o=b=0r-t: L perpendicular to CD from O.
R Thus, the length of each string is 10+/3 m. “Then AONP is a tight triangle
'=... 3. Three scouts Rajat, Rohit and Ramit in the (see fig.). Therefore, its
10004 cultural show holded three stringed balloons hypotenuse OP is larger than A ‘
T with a message ‘Stop Child Labour’. Keeping ON. W kineur fhat the choid \'
::::ﬂ themselves on the boundary of a circle of nearer to the centre is larger C 2

ICBSEMATHEMATICS
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than the chord which is farther to the centre.
Therefore, CD > AB. In other words, AB is the
smallest of all chords passing through P

5. Prove that the sum of the angles in the four
segments of a circle exterior to a cyclic
quadrilateral is equal to six right angles.

** Sol. Given: A cyclic quadrilateral ABCD and £F, ZQ,
oo0 ZR and £S5 are four angles in the four external
R segments.
R To Prove: /P + /Q + /R
e-9-9-4: + £S5 = 6right angles.
0006¢ Const.: Join SB and SC.
Proof: Since sum of
opposite angles of a cyclic
quadrilateral is 180°
.. In cyclic quad. SAPB, we have
1+ ZP = 180° ... (i)
Similarly, in cyclic quad. SBQC, we have
2 + ZQ = 180 ...(ii)
and in cyclic quad. SCRD, we have
ROS Z3 + ZR = 180° .. (i)
R Adding (i), (ii) and (iii), we obtain
o999 L1+ 22+ 23+ £2Q + LR+ £P
244 = 180° + 180° + 180°
ol 25+ Z2Q + ZR + £ZP = 540°
4444 or /P + /Q + /R + /S = 6 x 90° = 6 right
1000 ¢ angles.

6. Let the vertex of an angle ABC be located
outside a circle and let the sides of the
angle intersect equal chords AD and CE
with the circle. Prove that ZABC is equal
to half of the difference of the angles
subtended by the chords AC and DE at the
centre.

~ Sol. Here, we have to prove that
i : : | ZABC = %(LAOC - /DOE),
- where O is the centre of the circle.
e Consider AOAD and AOCE
100 e« oa=o0C|, .. ,
1000 OD = OF [radii of same circle]

ICBSEMATHEMATICS

AD = CE [given]
By using SSS congruence rule, we have
AOAD = AOCE
= /A0D = ZCOE

Also, AOAD and AOCE are isosceles triangles
~. ZOAD = Z0ODA = #OCE = ZOEC = x (say)
In AOAC, we have OA = QC =r

= Z0AC = ZOCA = y (say)
[£s opp. to equal sides of a A]
3 ZAOC = 180° -2y (i)
In AODE, we have OD = OE =r
= Z0ODE = ZOED = z (say)
/DOE = 180° - 2z ...(if)

Since ACED is a cyclic quadrilateral

~. ZACE + ZADE = 180°

= x+y+x+z=180°

= 2x+y+2z=180° ... (iif)
In ABDE, we have

Z/BDE + #BED + ~/DBE = 180°

= 180°—(x + z) + 180°—(x + z) + «DBE = 180°

= Z/DBE = 2x + 2z - 180°
= 180°-y + z—180°
=z-y ..(iv)
[using (iii)]

From (i) and (ii), we have
ZAOC - #DOE = 180° - 2y — 180° + 2z
=2(z-vy)

1
E(AAOC—LDOE)= zZ—V ..(v)

From (iv) and (v), we have

1
ZDBE = 5 (£AOC - #DOE)

1
or ZABC = ° (£AOC - ZDOE).




