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INDERINITE INTEGRATION

1. Definition :

Integration is the inverse process of differentiation. The process of finding f(x), when its derivative
f'(x) is given is known as integration.

2. Integral as Anti Derivative :

If f(x) is a differentiable function such that f'(x)= g(x), then integration of g(x) w.r.t. x is f(x) + c.

Symbolically it is written as Ig(x)dx =f(x)+c, here c is known as constant of integration and it

d 2
=y 2
can take any real value. For example d (tanx) =sec” X | so jsec xdx =tanx+c.
X

3. List of Standard Formula :

Based upon the about method and the previous knowledge of differentiation of standard functions,
here is the list of integration of standard functions.

Function f(x) ( Integrand ) Integration jf(x)dx
Constant k Kx + ¢
n+l
e 1+c (n#-1)
1
— (x=0) /n|x|+c
X
8 +cC
a(a>0) /n a
e ex+ ¢
sin X —CosS X+ cC
COSs X sinx + ¢
sec? X tan x + ¢
cosec? X —cotx +c
sec X tan x sec x +cC
cosec x cot x — cosec X + C
L sin' x+ ¢
in~' x
1 - x2
1
> tan'x +c
1+ X
; sec'x +c
|| VX% -1
IIT-MATHEMATICS, AEP ==
-
2 STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS



4\ I: I: Since 2001... IN DEFINITE
A = LT - E
STUDY CIRCLE |NTEGRATION

ACCENTS EDUCATIONAL PROMOTERS

Theorem 1 :
Two integrals of the same function can differ only by a constant.

Proof :
Let f,(x) and f,(x) be two integrals of g(x). Then by definition f](x)=g(x)and f,(x) = g(x)
for all possible value of x.

= f(x)=6(x)Vx Let  h(x)=f(x)-f,(x) = h'(x)=0Vx
Now consider the interval [a, b] (a < b) then by Lagrange’s Mean value’s theorem, there exists
; h(b)—h(a
some c € (a,b) such that h'(c) = %
—a
Since h'(x)=0¥xso h'(c)=0
= h(b) = h(a) = h(x) is a constant function
Let h(x)=c = f(x)—-f,(x)=c¢c

Hence two integral of the same function can differ only by a constant.

Theorem 2 :

(i) j(af(x) +bg(x)dx = a j (f(x)dx +b j g(x)dx , where a and b are constants.

1
(ii) If(x)dx =g(x)+c, then If(ax+b)dx = gg(ax+b)+<;, where a and b are constants
and a#0.

IMlustration 1 :

Evaluate: J‘(ﬁ sin X —cos x)dx .

Solution:

j(\/g sin X — cos x)dx

\/gjsinxdx—_[cosdx

n
1

3cosx—sinx+c

—2COS(X—E)+C
6

. T
If in illustration 1, we write «/gsmx—cosx as —2cos[x+§], then what will be integral ?

T . . T
— 2|:cos X.COS g +sin X.sin E:| +cC

Illustration 2 :

Evaluate: f sec’ (3x + 5)dx

Solution:

We know that Jsecz xdx=tanx +¢

S0 J.s.ec2 (B3x+5)dx = %tan(Bx +5)+c¢
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4. Integration by Substitution :

4.1

It is not always possible to find the integral of a complicated function only by observation, so we
need some methods of integration and integration by substitution is one of them. This methods has
3 parts :

(i) Direct substitution (ii) Standard substitution

(iii) Indirect substitution

DIRECT SUBSTITUTION
if [f()dx =g(x)+c, thenin = [f(h(x))h'(x)dx ,

We put h(x) =t = h'(x)dx =dt So I= If(t)dt =g(t)+c=g(h(x))+c

Illustration 3 :

Evaluate: _[cot xdx .

Solution:
cosx dx
| = jcotxdx = I—
sin X
Put sinx =t = cos x dx = dt
dt )
So I=IT=€n|t|+c = /n|sinXx|+c
Illustration 4 :
J‘ dx
Evaluate: 2\/;(x +1)°
Solution:
Put x = t? = dx = 2t dt
dx 2t dt dt
= — ., . = P —— = _— = -1 = -1
So | JZ\/;(X+1) IZt(t2+1) Jl+t2 tan't+c tan («/;)+c
4.2 STANDARD SUBSTITUTION
In some standard integrand or a part of it, we have standard substitution. List of standard substitution
is as follows :
Integrand Substitution
x2+a2 or \/7 X=atan9
x? — a2 or Jx2—a? x =asecO
az - x2 or a2 —x2 X =asin0 or x=acos0
a+x and f X =acos20
(x +4/x% +22 T expression inside the bracket = t
2x 2X a® —x* tan ©
’ ’ X =atan
a?-x?" a’+x?’ a? +x?
252 -1 X =cos0
1 ( N, 1) X+a ¢
neN,n> =
2 . X+b
(x+a) n(x+b) "
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Ilustration 5 :

dx

Evaluate: J.(X+3)IS/I6(X_4)17/16 i

Solution:

|'—‘_[ dx =J- dx

X +3 15/16 X —4 17/16 15/16

phif  caiin (G S50 ) N, Cdx e
u X—4 = (X 4) = (X—4)2 = _7
g [= =1 J‘ dt _"_l.l‘tnlsfasdt _ —-16tl”6+c ) 167 %43 lf16+c
o} = {516 = g = —7 -— 1=
IMlustration 6 :
J‘ dx
Evaluate: T
Solution:
dx
| = A Put  x+x’—4=t
x+vVx* —4

X
2 [1+m]dx=dt = X+‘\)X2—4=t = 1)X2—4:t—X

2 2
4 N D IR AR o ot et CL S et
= AT gy SRR [ ) 4t T2t

t'-4) 1 L s -11/3
so = j.( e Jt” (- EIt dt—2jt dt
213 83

1 —2 +c = —t[1-t*]+c
2-2/3 -8/3 4
Where t = (x+w/x2 —4)

4.3 INDIRECT SUBSTITUTION

If integrand f(x) can be rewritten as product of two functions. f(x) = f (x) f,(x), where f,(x) is a
function of integral of f (x), then putintegral of f (x) = t.

IMlustration 7 :

X
Evaluate: I = dx .

Solution:

[ x Vx dx
I=J- 4—x3dx=‘[ﬂ
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Here integral of \/; ==x*? and4-x3=4 - (x372)2
Put 2=t — ‘\/;dx=§dt
3/2
So 1=3J'_dt - Zsin"[X J+c

Illustration 8 :

Evaluate: I(cos X —sin x)(3+4sin 2x)dx .
Solution:

| = I(cos X —sin X) (3 +4sin 2x)dx

Here integration of cos x — sin x = sin x + cos x
and 3 + 4 sin 2x = 3 + 4((sin x + cos x)?>-1)

Put sin x + cos x = 1

= (cos x — sin x )dx = dt

j(3+4(t2 —1)dt

[
Il Practice Problems # 01

So | %[4t2 ~3]+c

sin X + oS X
3

j [4(sin X + cos x)? —3] (wj(l +4sin2x)+c

Integrate the following functions with respect to x :
1 1
X +—
1. «/_ N 2. ——
1
. 1-—
SIn X —COS X X
3. e 4. 1
Sin X + Cos X X2+j+3
cos(tan' x)
2 -
B. el & 1+ xz)\/sin(tan'l X)

5. Integration by Parts:

If integrand can be expressed as product of two functions, then we use the following formula.
If,(x)fz(x)dx =f,(x)ffz(x)—If,'(x)jfz(x)dx)dx, where f (x) and f,(x) are known as first

and second function respectively.

Remarks :

(i) We do not put constant of integration in 1t integral, we put this only once in the end.

(ii) Order of f,(x) and f,(x) is normally decided by the rule ILATE, where | — Inverse,

L — Logarithms, A — Algebraic, T — Trigonometric and E — Exponential.
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Illustration 9 :
Evaluate: Ixz sinxdx .
Solution:

sz sin x dx

ijsin x dx —I(ZXJ. sin x dx)dx

-x’cosx + 2[x_[ces x dx —I(l_[ cos x dx )dx

=—-x2cos X+ 2xsinx—2cos x+¢

Illustration 10 :

J'sinl( 2512 de
Evaluate:
SRS Jax® +8x+13
Solution:
| = J.sin'l[ X de
Vax? +8x+13
o 2x+2
Here S ][ > ]= sin™ —2X+2
Vax? +8x+13 /(2X+2)2 +9
Put 2x+2=3tan0
3 5
= Zsec’0dO
dx 2SGC
2x+2 3tan © .
Also > = = sin0
JCx+2)’+9 3secH
So  |= Ejese<:2(acle
2
- é[ejsecze—j(ljsecze de)de] = 3[9tan9+£n(cose)]+c
2 2
3 2x+3 1(2x+2j [ 3 ]
= — tan +/n +cC
2 3 3 Vax® +8x +13
5.1 SPECIAL USE OF INTEGRATION BY PARTS

[£e)dx = [ (£(x)).1dx

Now integrate taking f(x) as 1% function and 1 as 2™ function.

(i)

I RGN () g
@ e ™ T w0 s
Now integrate taking f,(x) as 1* function and LX)H as 2" function.
g'(x) g(x,)

T
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(iii) If integrand is of the form e* f(x), then rewrite f(x) as sum of two functions in which one is
derivative of other.

J'e"f(x)dx = _[e" (g(x)+g'(x))dx =exg(x)+c

IMlustration 11 :
Evaluate: .[En xdx .

Solution:

jfnxdx = I(!@nx.l)dx = /nx.x — _[)l{.xdx

x/nx—x+c=x(/nx—-1)+c

Illustration 12 :
2

X
Evaluate: j - 3
(xsinx +cosx)
Solution:
x? XCOSX —Xsecx
| = I - s = Ix.secx - s |dx = — 7 4ttanx+c
(xsin X +cosx) (xsinXx +cosx) X sin X + cos X

Illustration 13 :

x—1Y .
Evaluate: j[ 2 ]e dx

X +1
Solution:

| = x—1 Y _ x2=2x+1
x*+1 (x*+1)*

1 N —2x
x*+1) ((x*+D

1 —-2x

Here derivative of

2 X
x—1 e
* d = ——+¢C
so e (xulJ x (x2+1)

Bl Practice Problems # 02

Integrate the following functions with respect to x :
1. X ex. 2, x /nx -
3. tan™" x. 4. /i (x2+ 1)
5. x sin~' x
IIT-MATHEMATICS; I-\
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6. Integration by Partial Fraction :

f(x
When integrand is a rational function i.e. of the form Q , Where f(x) and g(x) are the polynomials
X

functions of x, we use the method of partial fraction.

. 1 1 1
For example we can rewrite Gx—-1)(x+2) and 33x—1) 33x+2)’

If degree of f(x) is less then degree of g(x) and g(x) = (x—a,)"

f(X) Al AZ Aal
then we can put = + 7 Feeeeeee T
g(x) (x—a;)) (x-—a)) (x—a,)
BEbly . BxeCy By, +C,

x*+bx+c,) (x*+bx+c)’

Here A, A,.......... CA, , B, B ooeeene... BBl ........... c,C are the real

constants and these can be calculated by reducing both sides of the above equation as identity in
polynomial form and then by comparing the coefficients of like powers. The constants can also be
obtained by putting some suitable numerical values of x in both sides of the identity.

If degree of f(x) is more than or equal to degree of g(x), then divide f(x) by g(x) so that the
remainder has degree less than of g(x).

Illustration 14 :

dx
Evaluate: -[(x —D(x=2)x=3)"
Solution:
1 A B C
Put

= + +
x-DEx-2)(x-3) -1 (x-2) (x-3)
= 1=AXx-2)(x-3)+B(x—-1)x-3)+C(x—-1)(x-2)

1 1
Put x=1,weget,A=§ x=2 weget, B=-1 x=3,weget,C=5
Sk : IJ' dx J‘ dx +l dx / Vx?—4x+3
= — = =0 = n—— |+C
omedrET olx—1 Jx-2" 2 x-3 [x—2]|
Illustration 15 :
Evaluate: [ dx
valuate: |——————.
x+2)(x*+))
Solution:
Let 1 - +BX+C 1=AX*+1 Bx + C 2
e = = = A(X? + + (Bx + X +
(x+2)(x*+1) x+2 (& +1) ( )+ ) ( )
1
Put x=-2, we get A='5~
Now compare the coefficients of x> and constanttermwe get 0=A+Band1=A+2C
1 2
B=—,C=—
= 5 5

IIT-JEE | NEET | CBSE
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40 |__J‘x+2 5 x+l _Ix -1

= l[n|x+2|—i€n(x2+l)+gtan’lx+C
5 10 5

Illustration 16 :

x*dx

Evaluate: .[—2
x=D(x+1)

Solution:

Here degree of numerator is more than the degree of denominator so first we have to divide it to
reduce it to proper fraction.

x* 2x* -1
—r x-D+—
(x—=1)(x+1)? (x-D(x+1)

2x2 1 A B G
= + +
x-Dx+1)?* x-1D) (x+1) (x+1)?
= 2x2—1=A(x+1)2+B(x—-1) (x+ 1)+ C(x— 1)

Put

1 1
Put x=1,wegetA=E Put x=—1,wegetC=—5
3
Comparing the coefficient of x2, we get 2=A+B = B=E
1 dx
= | (x
so 1= (—1) j(x+1) 23 x+2)

x2

= ——x+lf{n|x—l|+§€n|x+l|+
2 2 2

+C
2(x+2)

Integrate the following functions with respect to x :
1 1
1 (x+1)(x+2) 2. 2
2 X
3. A-x)(1+x%)- % (x—-2)(x+5)"
. 2x” g 2tan x sec” X
2 2 - . 5
(x"+1) tan> x +3tanx +2
IIT-MATHEMATICS, \ s
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7. Algebraic Integration :

Using the technique of standard substitution and integration by parts, we can derive the following

formula :

i & _TantX4e i dx __1,X-a,

@) a’+x? a a (Fi) x*—a’ 2a x+a
d e [2

(iii) Zx > = sl li"‘c (iv) ——fn[x+ X" +a ]
a“—x a \}x +a

dx ==
(v) —Jﬁzﬁn[x+ xz—a2]+c

2
X a . X
(vi) \/az—xzdx:E\/az—x2 +5sin '“+c
a

2

(vii) \/xz+a2dx=%\/x2+a2 +a7€n x+x*—a’

2

(viii) \/xz—azdx=§\/x2—a2—%€n X +vx* —a’
71 INTEGRAL OF THE FORM

_[ dx ‘[\/ax tbxtc’ I\/ax +bx+c dx

ax’+bx+c¢'

b
put X+— =t and use the

b 2+4ac—b2
4a 2a

Here in each case write ax? + bx + ¢ = a(x+—
2a

standard formulae.

IMlustration 17 :

dx
Evaluate: I—z 1t 6
V=X +4x+

Solution:
_x2+4x+6=_(x2—4x+4)+10=10—(x—2)2

dx
I=.[ "10—()(—2)2 Putx-2=t = dx=dt

j—dt sin ——+¢ sin'][x_2]+c
= Jo-¢ T V10 ) V10
IMlustration 18 :

Evaluate: I\/3x2 —6x+10dx.

Solution:
3x2-6x+10=3(x-1)2+7
Put x—-1=t = dx = dt

IIT-MATHEMATICS, I-\sTunv
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t+ t+§ +cC

. LR F
|=J§I t2+§dt =\/§{2 t+3+6€n

where t=x -1

7.2 INTEGRALS OF THE FORM

b)d
Ij@f__)j“ Ic(z“b)dx [ax+b)Vex® +ex+f dx

ex’+ex+f ' +ex+f’
Here write ax + b= A(2cx +e) + B

Find A and B by comparing, the coefficients of x and constant term.
IMlustration 19 :
(3x +35)dx

Evaluate: .

Solution:
Write 3x + 5 = A(2x + 4) + B

3 J- 2x+4 j
A=—, B=-1 So | = =
= 2 27 Vx2+4x+3 CxE+4x+3
In 1stintegral put x2 + 4x + 3=t = (2x + 4)dx = dt

=5 ffimz)
= 3\/X2+4X+3—€n‘(x+2)+\/>(2+4x+3‘+c

7.3 INTEGRALS OF THE FORM

I (ax” +bx +c)dx | (ax® +bx +¢)dx
J(ex2 +fx+g) (ex2 +fx+g)

Here put ax? + bx + c = A( ex? - fx + g ) + B(2ex + f) + ¢ find the values of A, B and C by comparing
the coefficients of x2, x and constant term.

, j(axz +bx +c)f(ex” +fx +g) dx

IMlustration 20 :

Evaluate: I (X Foxt 7)

Vx?+x+1
Solution:

Let x®+4x+7=A02+x+1)+B2x+1)+C
Comparing the coefficients of x?, x and constant term, we get
A=1A+2B=4,A+B+C=7

_ 302
= A=1,B=.,0=3
IIT-MATHEMATICS, l_\!;:up”mc“
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3. (2x+Ddx 9 dx
2
[= |VxT+x+1dx+= +—
=0 '[ 2'[VX2+X+1 2"-\/)(2+x+1
2
Now 2 = (X+i)2+ ﬁ
x“+x+1 5 5
1
**3 3 1 9 1
| = 22 +\fx2+X+1+§£n(x+§+w/x2+x+l)+3w/x2+x+1+52n[x+§+\/x2+x+1]+c

7.4 INTEGRALS OF THE FORM

J- dx 1
(aX+b)\/eX2—E—fX—1—g . Here 3X+b:?.

IMlustration 21 :

dx
Evaluate: J- 3 .
(x+2x> +4x +8
Solution:
—dt
Putx+2=% s dx = =

Now xX2+4x+8=(x+2)2+4

—dt i

dt L& 4
= t 1
so 1= 1 I1+4t2 gf ] 5
t —2+4 tz_l_i
t 4
1] 1
= ——/n + +—
2 |x+2 (x+2)7 4

7.5 INTEGRALS OF THE FORM
(ax +b)dx
> . Here put (ax + b) = A(cx + e) + B, find the values of A and B by
(cx +e)qex" +fx+g

comparing the coefficients of x and constant term.

+C

t+1ft2+l
4

+cC

IMlustration 22 :

(4x+7)
Evaluate: _[ > .
(x+2)x/x +4x+8
Solution:
Let 4x+7=A(x+2)+B — A=4B=-1
dx dx
So =4 —
'[\/X2+4X+8 '[(x+2)\fx2+4x+8
. 1|1 1 1
= 4inlx+2++x"+4x+8|+=/n + >+—|+c
2 x+2 Y(x+2)” 4
IIT-MATHEMATICS, I-\ =P
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7.6 INTEGRALS OF THE FORM

(ax® +bx +c)dx
_[ . Here put ax? + bx + ¢ = A(ex + f) (2gx + h) + B(ex + 1) + C, find the
(ex+f) 4/gx*+hx+i

values of A, B and C by comparing the coefficients of x?, x and constant term.

Illustration 23 :

2x* +7x+11
(x+2)Vx?+4x+8

Evaluate: .[

Solution:
Put  2x2+7x+11=A(x+2) (2x+4) +B(x+2)+ C
Compare the coefficient of x?, x and constant term, we get
A=1,7=8A+B,C+2B+8A=11 = B=-1,C=5

J‘ 2x+4 _'[ +5J dx
TIVx2+ax+8 T xP+4x4+8 (x+2x2 +4x +8

24/x* +4x+8 En‘(x+2)+\/x +4x+8 ‘——En ! +%+c

](x+2) (x +2)°

So

7.7 INTEGRALS OF THE FORM

J- xdx " o "
, here put cx? + e = t2,
(ax” +b)+/(cx” +e)
IMlustration 24 :
— J- xdx
valuate:
(2x2 +3)Vx> -1
Solution:
Put x2—1=12 = x dx =tdt
1 2
So |=JECH:=I— __I il = —tan'| [SVx* =1 [+c
(2t +5)t 2t +5 5 10 5
2
7.8 INTEGRALS OF THE FORM
dx
_[(axz b) \/(sz Te) Here 1% put x = ; and then the expression inside the square root as y2.
Hlustration 25 :
Eusluais [
valuate:
(x* +5)V2x% =3
Solution:
1 dt
Put = - dx = ——
u X : = X 7z
IIT-MATHEMATICS, I-\ =
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—dt J —tdt
= Izl 2 S T+ 2-30
t t
d
Put 2-3t2=y? = —tdt=y—3}-f
= ydy oy —VI3/5] V1375
y+xf13/

H__j 13—5y°
iy

7.9 INTEGRALS OF THE TYPE
Ixm(a +bx")Pdx(p # 0) . Here we have the following cases.

Casel: If p is a natural number, then expand (a + bx")? by binomial theorem and integrate.

Casell : If p is a negative integer and m and n are rational number, put x = t, when k is
the LCM of denominators of m and n.

m+1
Casellll : If T is an integer and p is rational number, put (a + bx") = t, when k is

the denominator of p.

a+bx"

m+1
CaselVv: If is aninteger, put —= t* , Where Kk is the denominator of p.
X
Illustration 26 :
2 2\
Evaluate: Jx 3(1+X3J :
Solution:
Here p=-1,is a negative integer and m and n are rational numbers.
Put x=f = dx 3t? dt
3dt
-2 251 2
So | = jt (1+t°)" 3t dt:j1+t2 = 3tan"'(x")+c
IMlustration 27 :
i 1\1/4
Evaluate: IX } [1"'?(3] dx
Solution:
. 1 1 1 m+1 % i -
ere m=-——,n=_,p= —— =4, which is an integer
3 3 P 4 n g
dx 3
so  (1+x")=t* =  3an-4rd
1= 12t - De‘de s RS R ERL G I
5

cori o
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IMlustration 28 :
Evaluate: Ix"“(Hx“)‘”zdx_
Solution:
1

Here m=—11,m=4,p=—5

m+1 10 1
n +p :—T—E = =3 which is an integer.
4 —
So put 1+f =t = 1+L4=t2 = —?dx:tht
X X X
dx
I 1\
So 1= xm(HJ ——J'(t _1)2. 2tdt
x4
1 Pt 1
= ——|(t* -2t +1)dt = —+———+c = L 1+—.
1N =03 Wheret x*

Bl Practice Problems # 04

Integrate the following functions with respect to x :

1

1. 1-4x? 2. (2-x)* +1

1 1
Xy Y eaxes
2x -3 1

5. . 6.
Vx?+x+1 4+x?

1

’ xvVxi+x+1°

8. Trigonometric Integrals:

8.1 INTEGRALS OF THE FORM :

j[f(sin X, COSX)

. X= IR(sin X, c0sX)dX \here f and g both are polynomials in sin x and cos
g(sin x,cosX)

X
x. Here we can convert them in algebraic by putting tanE =t after writing ,

IIT-MATHEMATICS, I-\ —
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2tan ~ 1—tan? 12(
sinx=——""_- and cosXx= :
) X ) X
1+ tan” — 1+tan” —
2 2
Some time instead of putting the above substitution we go for below procedure.
(i) If R(- sin x, cos x) = — R(sin X, cos x), put cos x =t
(i) If R(sin x, — cos x) = R(sin x, cos x) put tan x =t
(iii) If R(—sin x, cos x) = R(sin x, cos x) put tan x =t

Illustration 29 :

dx
sinx(2cos’x—1)"

Evaluate: j

Solution:

1
sinx(2cos® x —1)

1

R(sin x, cos x) = —sinx(2 — 1) = R — (sin x, cos Xx)

Here R(sin x, cos x) =

Soweputcos=t = -—sinxdx=dt

sin dx dt dt dt
= = 153 g = =2
l I(l—cosz x)(2cos’ x —1) I(t'—l)(Zt'—l) J‘tz—l Ith—l

«/—cosx—l
\/—2—cosx+l

l(,’n

2

cosx—1 +C

JE

cosx +1

Illustration 30 :

cos x dx

Evaluate: I T p .
sin” X(sin X + cos X)

Solution:

cos x dx

Here R(sinx, cos X) = — ,
sin” x(sin X +cos X)

R(- sin x, — cos x) = R(sin x , cos Xx)
Soputtanx =t = sec? x dx = dt

I-j cosx sec’ x dx ‘I dt

sec’ x sin” x(sin X + cos x) t (1%

1 _A B (S
t*A+t) t t& (1+t)
Put t=0,wegetB=1,putt=-1 wegetC=1
compare the coefficients of t?, we get0=A+C = A=-1
dt dt dt
t t 1+t

Let or 1= At(1 + 1) + B(1 + 1) + ct?

1+ tan x

= In —cotx+c¢

So | = —
tan X

STUDY CIRCLE
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8.2

INTEGRALS OF THE FORM :

J~ psinX+qcosx+r dx
asinx+bcosx+c '

here put psinx + gcos x +r=A(asinx + b cos x + ¢) + B(a cos x — b sin x) + C values of A, B
and C can be obtained by comparing the coefficients of sin x, cos x and constant term by this
technique. The given integral becomes sum of 3 integrals in which 1%t two are very easy in 3" we

X
can put tanE =t.

IMlustration 31 :

(5sinx +6)dx
sinx+2cosx+3

Evaluate: I

Solution:

8.3

Let 5sinx+6=A(sinx+2cosx+3)+B(cosx—2sinx)+C
Equating the coefficients of sin x, cos x and constant term, we get

A-2B=5
2A+B:0 :>A=11B=_2,C=3
3A+C=6

I=Idx_2-‘-(cosx—25inx)dx+3-‘- dx

: - Xx—2/m|sinx+2cosx+3|+3¢,
sinx +2cosx+3 sinX+cosx+3

X X
Put tan5=t = secZde=2dt

X
2dt 2dt (41 1+tan—
po=[—= | ——— - tan|— |+C - tanY| 2
= : J‘t2+2t+5 j(t+l)2+4 2 an -

INTEGRALS OF THE FORM :

i ay d . p+q-2 . o
sin” xcos'xdc, Where p and g are rational number such that —2 is a negative integer,

then puttan x =t or cot x = t.

Ilustration 32 :

Evaluate: J-sin'”S xcos 7 dx .

Solution:

7 3 p+q-—2
Here p=-——,q= —— -2
5 5 2
3/5
| = Isin"m Bxdx = J—de
sin™"”’ xsin” x
= J(cot x)7" cosec’x dx
Put cotx=t = cosec?x = —dt
5
So | = —jt”mdt = —E(COtx)2’5+c

IIT-MATHEMATICS, l-\l: P .
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9. Successive Reduction in Integration :

INDEFINITE
L -1 EE

INTEGRATION

Sometimes the integrand is a function of x as well as on n(n € N), then we use this method.

Ilustration 33:

Ifl = J. tan" x dx, then prove that (n—1) (I_+1_,) = tan™ x.

Solution:
Here | = jtan" x dx =I tan"? x tan” x dx
= I tan"? x (sec? x — 1) dx

= I tan™? x sec? xdx — I tan™? x dx

= I tan™? x sec? x dx —|_,

n—1
Hence (n—1) (I_+1_,) =tan"'x.

Bl Practice Problems # 05

0082 X

sinx

1

12+12cos0

sin® x —cos® x

Integrate the following functions with respect to x :
1
1 P 2,
1+2cosx
sin x
3 — 4,
sIn X + Cos X
1
N cos(x +a)cos(x +b) 6.

. 2
1-2sin’ x cos” x

Illustration 34:

1 + 2n-3 dx n
Provethat | x2" 2 -1 gy 1+x2 "
—d
the value of I(Hx )
Solution:
dx 1 -n
- - X _ 2x.x dx
|f|n I(]+x2)n (1+x2)n ,[(1+X2)n+|
2
X x“+1-1 X
s —— = +2n [l =1,
(1+x%)" I(1+x2)“+1 (1+x%)"

IIT-MATHEMATICS,

. Hence, compute
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X
=2nl,=(2n-1)1 + (1+x2)“
replacen - n-1
X
2(n-1)1 =(2n-3) In_1+m
X dx
=In= —+ In—=3 —,n N
n-1 142 1+x
Now, putn=2
dx i
o 2 = 2+tan X|+cC
1+x 21 1+x

TE
L= 5

INTEGRATION

Bl Practice Problems # 06

1 I x"dx n—laI | T
. = A, ,=—.X NX
" Jx'+a n *n
2. Ifl_= X.cosec"x.dx, n>3. Prove that
n-2 n_2
W= .cosec” .x xcotx+ g,
n-— n-2 n—1
X ,dx
g Ifl = log,
4 If T j a8 then prove that 2(n-1) a2l = 5 3T
. =2 e 7 e = 2 2\n-
oy " & rad)

+a .

20—~
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I ANSWER SHEET

Practice Problems # 01

1
1. 2 4n|x|+C 2. /n|/n x|+C 3. mj———+C
sin X +cos X
_ 1 1
. tan”} x+— |#C . —tan(4x-7)+C 3 i -1
4, tan (x x] 5 3 ( ) 6. 2y/sin(tan”' x)+C
Practice Problems # 02
2
; 1
1. *(x-1D+C 2. XT(ZEn x-1N+C 3. xtan'x—gén(l+x2)+c
1 xy1—x2
4. xlog(x*+1)—-2x+2tan'x+C 5. Zsm-‘(x)(2x—1)+ +C
Practice Problems # 03
X+ L o I L @+ x2)—fn|1-x|+tan™ x +C
== —n X )—enjl—Xx an X
1. Iogx+2 +C 2, 6Iog <43 +C 3. >
3 5 = 2 !
4. —In|x=-2|+=In|x+5|+C 5. 5 +tan'x+C 6. gntan;+ +C
7 7 X~ +1 (tanx +1)
Practice Problems # 04
1 in"" 2 : o 2+C ¢ 1 ‘
- 7. = +_ —_ + i +
43T XN-4x n’2—x+\/x2—4x+5‘
1 1 1
3, Z{€n1+—4 (1+ H+c 4. €n(x+2)+\/x2+4x+5‘+c
X
5 2 x2+x+l—4€n( j+ x? +x+1|+C 6. ix+ x2 4 |+C
7. —ﬂn—+ + /—+ +1|+
Practice Problems # 05
X
1 \/§+tan5 1 cox —1 1 )
1. —fn|——=|+C 2. cosx+—/n 1+C 3. —(l—/n|sinx+cosx|)+C
NEY \/§~tan§ COsSX + 2
2
1 0 1 ‘cos(x+b)‘ .
4. 2 tan2 +C sin(a — b) ‘cos(x+a)‘ +C 6. -5 sin2x + C

IIT-MATHEMATICS,
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B Solved Examples (Subjective)
Example 1 :
Evaluate : I=j.xln[1+%]dx.
Solution :

ln(1+1J=lnx+1=]n(x+l)—lnx

X X

1=jx1n(x+1)dx-[x1nxdx=1, ~1,

Pl ex’—1+1
Let us integrate |, and |, by parts. Put [, =len (x+1)dx=In(x +1)x———jx dx

X +1
X x? | x?
= —In(x+1)—— —d —— | (x—=1)dx = —In(l+x)——In(1+x)——+—
2()] j() I+ -2In (1) ="+ 2+ C
2
X ke -Leelxsc
2 4 2
x* 1,
Similarly 1, = lenxdx=?lnx——x +C
=1 -1 I—l(xz—l)ln(x+l)—£]nx+i+c
B 2 2 2
Example 2 :
|
dx
Evaluate j1+sinx+cosx
Solution :
N 2tanx /2 ; _l-tan’x/2 :
Ut sinx = o B /g andcosx= - 5o we have

1 dx
I:I : dx=j 5
1 +sinXx+cosx 2tanx/2 l—tan” x/2

1+ 5 + 5
l+tan" x/2 l+tan”“ x/2
_I 1+tan’ x /2 .
l+tan’x/2+2tanx/2+1—tan’ x/2
sec’x/2
= —I Put 1 + tanx/2 = t then sec?x/2 dx = 2dt
l+tanx/2
. j—-logt- Iog(1+tan—)+C
11T - MATHEMATICS. \
STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS



Letl .= Icos"’ X sin nx dx
Apply by parts taking cos™x as the first part and sin nx as the second part.

cos™ X cos nx I’Il

IIT-MATHEMATICS,

= |  =—- ——————|cos" "' x (sin x cos nx) dx
: n n
Now sin (n — 1) X = sin Nx c0s X — €OsSNX sin X
or COos Nx sin X = sin nx cosx —sin (n — 1) x
= Imn=—w = cos™ " x[sinnx cosx —sin(n —1)x]dx
’ n n
= Imn=—w M [ cos™ x sinnx dx + Icos "xsin(n —1)xdx
X n n
m cos" Xxcosnx m
= [1+_:|Im’n:_—+_lm_l’"_l = Imnzilmlnl
n L n © m+n
Example 5 :
Evaluate J= j dx
Yx -1 (x+2)°
Solution :
dx _ dx
Let I=] d;‘ 5 <f Ty _I( = -
4 — - 8 X+
Jx-1x+2) i/(ﬂzj (x+2) e
x -1 3 dx dt
=t . dx=dt Y
Nc:wputx_|_2 T (x+2) X or (x+2) 3
1 (t)1/4 4 X—]_ 1/4
I=| ———=—|(®)*dt ==|-2—+C =2 +C
I3()3’“ I() 31(1/4) 3lx+2

||
I- | J—— INDEFINITE
I_ = L)

STUDY CIRCLE
ACCENTS EDUCATIONAL PROMOTERS INTE G R A T ON
Example 3 :
Int i J‘ (X+2J
ntegrate "
Solution :
2
2 4
I= X 1— d . I de+ d_x
Ie[ x+4J X 2. .f I {x+4 (x+4)}
x+4 (X+4) Xx+4 (x+4)
Example 4 :
If 1, =J.cos'“ xsinnxdx thenprovethat | = 9% XCOSOX
" m+n : m+n
Solution :

cos™ x cosnx

m+n

\ STUDY CIRCLE
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Example 6 :
! dx
—3f(x+1)

Evaluate I\/(x )

Solution :
We put1+x=y* = dx=4y*dy

4_y3d

vy -y

j\/(x+1)i{/(x+1)dx =4 g0 e

2

1 by
=4f[(y+1)+y_l}dy _4{2

Example 7 :

Evaluate I 3/tan x dx

Solution :

y—

Let tanx = z*¥2, then sec? xdx = E z"2 dz

INDEFINITE
LT - E E

INTEGRATION

4y dy;

1

+y+log(y—1)} = 2y2 + 4y + 4log (y — 1), where x + 1 =y*

/3/23 a1 3 z 3 zdz
= z=—|—-—+dz = 7
= 3 v el i ey
z A Bz+C ,
Let A+2)(1-z+72) 1tz Zi—z+1 = 2=A(Z —z+D+(Bz+C)(1+2)
1
putz=—1.Then -1 =A(1 + 1+ 1) so, A=—§
1
Equating coefficients of z2 on both sides, O=A+C, - C= 5 and B=1/3
IZ 1
3¢ 1 dz 3¢ 37 3 1 1 z+1
=|— —+—|5—dz =——log(l+2z)+— | ————d
2-[ 3 1+z 2I22—z+1 20g( 2) 2-[22—2-1-1 ‘
1 (2z—1)+3
=——log(l+z)+— | ———dz
2 & ) ’[ZZ—Z-l-l
——~1~log(1+z)+ I(ZZ l)dZ+-3-_“ dz 5
2 z+1 4 [ 1] \/g
z—— |+| —
2 2
” 1
1 1 3 )
=——log(l+z)+—log(z* —z+1)+=. —=tan"' 24
2 g(l+2z) 2 g( ) PR 5
2
2/3 , _
=——1—10g(1+tar12’3X)+-1—10557,(tan‘”3x—tanl”x+l)+—\—/—_3—tar1"12tan i 1+c
2 4 NE)

IIT-MATHEMATICS,
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Example 8 :
2
Evaluate = | —————=dx
'[(x4 ~Dx*+1
Solution :

=_-[(X +1)' =(x" -1 _IJ- (x* +1) J- (x? —1)
RGNS ~DVx* +1 x* +Dx* +1
1
I=50=1 .

dt

x*(1+1/x)dx Putting x — 1/x = t, we get |, = .[

TEEE

Now putting t2 + 2 = u?

Now II

udu 1 u—ﬁ 1l (u—ﬁ)zzil u—ﬁ]
Ui '[ -2)u 2\/_ u+«/§ =22 K u' -2 \/Eog( t
| V \/_ X +1 x\/_
——og x* -1
X

e +X1)\_/>17 I[Hl]\/xuﬂ

X X
putting x + 1/x = v, we have I, =I dy , v2—2=w2gives
vyvi=2
d 1 IR
[l L L, oV e 1 R

W +w 2 2 I/ N S ke
1 [1 (\/ x\/_J x'+1

I=—— lo
: x? -1

IIT-MATHEMATICS, I-\ S
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Example 9 :

Solution :

Here integrand = o X L[ )1
[Here integrand = \/;

Jx+2 x+2 Wx [ Vx+2

2 — 1 1

X

and is a function of ./x and d.c. of = =7 . Second function. Hence put z=+/x .
Jx +2 8 2Vx 2 Sk

Let z:\/;, and dz= dx

1
2Wx

Jx X dx z’ _ z’
Now J.\/;+2dx=_[\/;+2_$ =I[Z+2)2dz—2fz+2dz

z -2y P4y +4

zZ+2 y y
4 2 2
=I(y—4+f)dy:y7—4y+4log|y|+c =M—4(Z+2)+410g|z+2|+c
y
2
+4+4
S . Z—4z—8+410g|z+2|+c = —X+4;4\/; —4x/;—S+4log |\/;+2|+c
Example 10 :
Bvaluate : |~
FEREE S x*+1+5%°
Solution :

1 2 1 1+x 1 x?—1
[=—|———dx = —[——=  _dx——[—"—""_d
2'[x4+1+5x2 ij4+1+5x2 5 ij4+1+5x2 *

J‘ 1+(1/x%) __I 1-(1/x%) x=(1,~1,)/2
x>+ (1/x")+5 X' +(1/x* )+5
1 1
For I, = we write x — ;=t=>[l+;]dx=dt
dt Lot Lo fx-lx . 1
= L=l5g—=5=F+ —=——tan For |, we write x + t
S F [ﬁ] 2 x

1 ot :L m._L o x+1/%
= (1—F)dx=dt 12—7t2+(ﬁ)2 \/gtal’l \/— \/— ( \/— j

Combining the two results, we get | = (I, - 1,)/2

) 2\1/7t [ ?/_”X) 2\lf [[%}rc

IIT-MATHEMATICS, \STUD”]RCLE

ACCENTS EDUCATIONAL PROMOTERS



: : Since 2001...
[_\ I= | INDEFINITE
STUDY CIRCLE INTEGRATION

ACCENTS EDUCATIONAL PROMOTERS

Example 11 :
Evaluate: I e dx
Solution :
2 3x 3x
. X“e e
Ixz  dx —I(Z . )dx - lxzeh AJ‘xehdx
1 5,4 21 1, 3 x2 2
=—x"e —=|x=e" e dx = — e Zxedr 4 ¥
3 3|: 3 .[3 3 e xe”*+—e
Ix XZ 2
o — x4+ |+¢
3 9 2
Example 12 :
2+sin2x
et | —— |dx
Evaluate._[ [1+0032x:|
Solution :
g~ 2+sin2x % _ - _[e" 2 I sin 2x dx
1+cos2x 1+cos2x 1+cos2x
2 2sinX cosx 2
= e + dx=|€e"|sec” x +tanx |dx
= | |:20052X 2cos’ x } I [ ]

= I=j.e"[t:clnersec2 x]dx=e"tanx+c

Example 13 :

£ Je
valuate : 5 1
Solution :
I 1
x3+1_(x+1)(x2—x+l)

Let f(x)=

1 A, Bx+C
= =G x+) x+1 X —x+1
= 1 =AM -x+1)+ Bx+C) (x+1)

Comparing the coefficients of x?, x, and constants
0=A+B,0=-A+B+C ,1=A+C

1 x 2
— A=1/3, B=-1/3 & C=2/3 -~  fo=_3 +_3 3
x+l x"—-x+1
x+2
Tedx 1 373 1p 2-x
Let I,=—|——==log|x+1|+C, Let Lefo3 " 3 e K[ <TX g
" 3dx+1 03 P x4 3P x4l

Express the numerator in terms of derivative of denominator.
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___J- 2x —4 I——l 2x —1 dx+lJ. dx
= x> —x+1 = : 6 x"—x+1 24 x"—x+1
1 2 1 dx
I,=——log|x" —x+1|+—
. : 6 el | ZIX —x+1
dx
=  L=——log|x* —x+1|+
’ J NE
X—— | +=
2 4
1
1 5 1 Ny
IL=——log|x"—x+1|+——=tan™ | —== |+ C
= 2 6 gl | Jg ﬁ 2
2
__1 2_ A 2xl dx _ _
= be—glogx —xal]s ortan [ﬁ J+C2 S e L1 R 8
1 1 1 2x —1
=—log|x+1|-—log|x* —x +1 +—tan‘[—]+c
3 gl | p gl | 5 75

1 x+1

\/x -x+1

(e

Example 14 :
3x+1
Evaluate: J‘m
Solution :

The linear expression in the numerator can be expressed as

d
3x+1=l&(x2+4x+1)+m = Ix+1=/2x+4)+m

Comparing the coefficients of x and constants both sides.
3=2/ &1=4/+m

3x +1 _13/2(2x+4) 5

= [=3/2 &m=-5 = 1= =
J-\/x +4x+1 \/x +4x+1

dx

*J‘ 2x +4 B I dx
Vx? +4x +1 Vx? +4x +1

3J- 2x+4

3pdt
=—|—F7———=—|-—F (Wheret=x2+4x+ 1)

27 x> +4x+1 2"‘\/¥
Let !2=5I\/x2+4x+1:5j\/(x+2)2—3 =5l0g | x+2+4/(x+2)* =3 [+C

= I=1,-1,=3 Jx*+4x +1-5log| x + 2+ Vx* +4x + 1 |[+C

Let

IIT-MATHEMATICS, AE

= 3t +C=3Jx> +4x +1+C
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Example 15 :
3cosx+2
Syaliaie] '[sinx+2cosx+3 g
Solution :

d
3cosx + 2 = A(sinx + 2cosx + 3) + B— (sinx + 2cosx + 3) + ),

dx
3cosx + 2 = sinx (A -2B) + cosx (2A + B) + 3A + ),
Comparing the coefficients of sinx, cosx and constant terms on both sides, we get
A-2B=0,2A+B=3, 3A+ ) =2

6 3 8
Solving these equation we get A=—, B=—, A=——
5 5 5
L +2 +3 +E —2s81 i
) J_ T _ 5(smx cosx+3) 5(cosx smx)—5
~ Jsinx+2cosx +3 sinx+2cosx+3

.[ 3cosx+2 dX_J-A(sinx+2<:osx+3)+B(cosx—25.inx)+k

sinx+2cosx+3 sinx+2cosx+3
: 1
= éx+ilog|smx+2cosx|—§I -
5 5 5Ysinx+2cosx+3

N I !
ow | —
sinx+2cosx+3

. 2tanx/2 1—-tan®x/2 ¢t
ut sinx= ————— =———— an i
1+tan’*x/2 1+tanx/2 2
X 1 ,x
— = —sec” —dx =dt
= tan2 t = 2 5
tan§+1
J- 1 dxzj- 2dt =2J' dt _ tan " 2 +C
sin X +2cos X +3 2 +2t+5 GelPe® = 2
tan = + 1
I - 3cosx +2 dx=Ex+§10g|sinx+2cosx|—§tan'l —2 |+cC
sinx+2cosx+3 5 5 5 2
IIT-MATHEMATICS, \ =
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Example 16 :
x2—3x+1
Evaluate J.i\/—l"*“2 dx
—X
Solution :

d
Let x2—3x+1=A(1-x3) + B_d;(l_)g)_,_x

Comparing the coefficients like powers of x

—(1—x2)+%(—2x)+2

x> —3x+1
A=-1,B=3/2, ) =2 J' —_[ dx
V1—x2 1-x?
3x 1
- _ |V1-x*dx— dx +2 | ——dx
B
xvl-x* 1 -2x 1
- | 4= — dx+2 | —dx
__|: 2 2811‘1 X} [ ]jxfl—xz "-\fl—x2
X 7,3 . i 2 6-x 7. 3 .
:—5 1-x +Esm x+341—-x*+C - 5 Wl—x +Esm x+C
Example 17 :
_[ dx
Evaluate (x+1)\/m
Solution :
dx
LetI=)———F——— Substitute: x + 2 =12 — dx = 2t dt
I(x+1)\/x+2
J' dx I 2tdt J' et = e o togl¥E+2 -1
= x+l(\/X+2) 1)\/_ t* -1 Rl t+1 s Vx+2+1 e
Example 18 :
I dx
Evaluate (x2+1)\/x2+2
Solution :
d 1 1
Let I=] > Substitute X=— = dx=—dt
(x2+1D)Vx2+2 t t

—idt

J' t2 _J- —tdt

I = - Let1+2t2=22 4t dt =2z d

= (1 Hj L, Y a+)1+28 © il z =
& Ne

IIT-MATHEMATICS, AEP ==

STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS



4\ N [ Jr— INDEFINITE
‘ — I T =) EE
STUDY CIRCLE |NTEGRATION

ACCENTS EDUCATIONAL PROMOTERS

—tan' z+C

-1 zdz _[ dz

:> I=7 2 1 =
[1+Z = ]r

72 +1

= I=—tan™' V1+ 2t +C=—tan™' 1+£2 +C
X

Example 19 :
J- dx
Evaluate J .y 4 2)Jx® +6x+7
Solution :
1 1
Let I:I dx Substitute x + 2= - — dx=-
(x+2)\/xz+6x+7 t t
2
— X2+6x+7= (%_ZJ +6(1_2) 7 HZ’%
1
dt
R b =]
\/1+2t 2 J1+2t—t
t t*

dt . aft-1 RS2 NN WY
= IZJWZ—SIH [$J+C = | = sin |:(X+2)\/5‘:|

Example 20 :

dx
Evaluate J.%/m+ <+1

Solution :

I=|s/—F— - E
Let I3x+1+ x+1 = I_j(x+1)”3+(x+1)”2

The least common multiple of 2 and 3 is 6.
So substitute x +1 =18 — dx = 615 dt

=.[ 6t°dt =6.[ tidt

1
=6t —t+1-———)dt
t?+13 1+t I 1+t)

=

t t?
— I:6(3—5+t—10g(t+1)]+c

On substituting t = (1 + x)"¢, we get

I=6((1+§)”2 _a +;)”3 F(1+x)" ~log((x + 1" +1)J+c

IIT-MATHEMATICS, AE e
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Example 21 :

112
Evaluate: Ix'm (1 + xm) dx

Solution :

Let Izjxlm (1 +x77? )112 dx

INDEFINITE
L0 -1 E E

INTEGRATION

Comparing with integral of type x™(a + bx")?, we can see that p = 1/2 which is not an integer. So

check the sign of (m + 1)/n

—=2_="2=3 = (m+ 1)/nis aninteger.
n 5 5

To solve this integral, substitute 1 + x%2 = t> then

= 5/2 x%2 dx = 2t dt =

4o 2
I=—|t°(t" =1)"dt
= 5_[ ( ) =

On substituting t = (1 + x¥2)'2, we get

_2 2 2 25172
l_gj(t — 1) ()" 2t dt

4 6 2 4
=— |t +t"=2t"dt
5I =

2(] + XS/Z )5/2

5/25\7/2 5/2+3/2
1=§[(1+X (e S Nl

7 3

IIT-MATHEMATICS,
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B Solved Examples (Objective)

Example 1 :
1
[=)| ———dx j
Il cos' x is equal to
(A) 24/2 (cotx ++/2 tan"' /2 cot x) (8) ~ \/_[\/Ecotx+tan (V2 cotx)]+e
(C) 24/2 {cotx +tan"' (cos x)} (D) none of these
Solution :
_j‘ 1 d (1+ cot® x) cosec” xdx
- (1+cos® x)sin®x X - 1+ 2 cot? X) Let P = cot x = dp = — cosec®xdx

I(l+p)dp I(2+2p )dp _ ljd _LI pdp

1+2p° 1+2p° 1+2p°
1 2
=——p—— =—— ——t 2
2P I1/2+p P (pV2)
1 1 -
=—50v:>tx——2\/5 tan '(cotx\/z)+0 Hence (B) is the correct answer.
Example 2 :
dx
Im is equal to
lln N +cC —lln X+ +c In 3 +c
G e S ® " o © M =
(D) None of these
Solution :
dx
Let I= J. I
X.(X +1) xn+l(1+ lnj
X
1
|f( J P, then dX dp
X
(=[P ="Tmp=——n { TIJ
n X
Hence (B) is the correct answer.
IIT-MATHEMATICS, I-\ -
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Example 3 :

J‘ dx -
(l+\/;)\/(x—x2) is equal to

+Vx 1+\/— e . =X S 2(&—1)
(1-x) ) U+ x) © a=xy © " Ji—x)

Solution :

Let I=I dx
(14X )y (x—x)

1
_as ——dx=cospd
If \/;_51np,then 2\/; pdp

I 2sinpcospdp _J~ I(l—smp)dp
(1+sinp)sinpcosp (1+sinp) cos” p

=2{J.sec2 pdp —I(tan psecp)dp}

[(x 1 S Wx -1
=2(tanp—secp)=2( (1—x) \/(I—X)J =2 N—x +C

Hence (D) is the correct answer.

Example 4 :

J‘ dx
o xisin'x ® equal to

(A) log, (tanx — cotx) + ¢ (B) log, (cotx —tanx) + ¢
(C) tan™' (tanx — cotx) + ¢ (D) tan~' (cotx — tanx) + ¢
Solution :
6
sec” X
Let l:J.d—x = —ﬁdx
cos® x +sin® x 1+ tan” x

2 2 2
(1+ tan” x)” sec” xdx
= I=I z If tanx = p, then sec? xdx = dp
1 +tan” x

=j ?k =tan"' (k)+c p—lzk, 1+L2 dp=dk
k™ +1 p p

1
-1
= tan (p_;J“LC = tan~' (tanx — cotx) + ¢ = tan™' (-2 cot2x) + ¢

Hence (C) is the correct answer.

IIT-MATHEMATICS,

ACCENTS EDUCATIONAL PROMOTERS



SIm:a 200t1...

I I
IIT-JEE | MEET | CBSE

A\ STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS

Example 5 :

J

(A) J-

Solution :
3+2cosx

Let I=[—T2=="
(2+3cos x)
Multiplying Nr. & Dr. by cosecx

3+2cosx

(2+3cos x)2 is equal to

sin x
¢ (B) [

+ 2cos X
(2+3cosx)

3cosx+2

2cos X
3sinx+2

Jro (52505

I__[ (3cosec’x +2cotx cosecx)

& (2cosecx +3cotx)*

—3cosec’x —2cot X cosecx 1

INDEFINITE
L= E

INTEGRATION

2sinx
3sinx+2

NETAN

sin X

(2cosecx +3cotx)?  2cosecx+3cotx

Hence (A) is the correct answer.

Example 6 :
1

(=) (%5

X
1 n+6
o
AN X

n+6

(D) none of these
Solution :

-1

dx is equal to
x?

+1

XZ
® | =

2

J (n+6)+c

+C

X

(3 5

X

l]dx , put X +l =p then, [I—Lszx:dp
X X

(

n+6

P +c =
n+6

Hence (A) is the correct answer.

= jpn+5 dp

Example 7 :

dx
If Im = A{In (p)® + 9p2 — 2p°® — 18p} + ¢, then

1 x' —6 1 x' —6
A) A= s B A:—’ —
B 2790727 P [ X’ ) ® A5 P [ X' J
X! 1 X —6Y)"
C A= 5 = D A:— =
© A=Sa? [;8-6} ®F A=50m2 [ X’ ]

IIT-MATHEMATICS,
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X
©) ( 2

Jre

2+3cosx

n+6
J (n+6)+c
+1
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Solution :

g

Let [1——6;)=p = 4—?dxzdp and x’ =(L)
X X 1

Y
_ 3 . 2
J-(l p) 1 Il p —3p+3p dp
42 (6) p (42) (216) p
= 54432 [Inpé + 9p? — 2p% — 18p] + ¢ Hence (B) is the correct answer.

Example 8 :

1/6
I(X+X 41'/? )dx is equal to
x(1+x")

(A) éx”3 +6tan™" (x”é)-lrc (B) EXZB —6tan” (XW)"'“C

2 2

3 2/3 -1 1/6
(€) _EX + tan (x )+c (D) none of these
Solution :

Substituting x = p®, dx = 6p® dp, we have

6p (p° +p* + 6(p° +p’ +1
_ p'(p° +p’ p)dp=j (@ +p )dp=I6p3dp+I(
p'd+p°) (p"+1) p

6
d
2+1] P

6p4 _3 2/3 “1{_1/6
=T+6tan-1p—EX +6tan (x )+c

Hence (A) is the correct answer.

Example 9 :

If If(x) cos xdx =%f2(x)+c, then f(x) can be

(A) x B)1 (C) cosx (D) sinx
Solution :

Given equation is satisfied if cosx dx = d (f(x)) = f(x) = sinx

Hence (D) is the correct answer.

Example 10 :
Inx—1 ? .
j m dX 1S equal to
X In x X . Y RS T
A 7 te ®) (Inx)?+1 © (nx)? +1 ® 3T

IIT-MATHEMATICS,
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Solution :
Putinx =t

X

INDEFINITE
LT - E E

INTEGRATION

t
)dt = ze +c
t+1

t—1Y 1 2t
I=|¢' dt=|¢' —
I (t2+1j j [t2+1 (t* +1)°
Hence (c) is the correct answer.
Example 11

if |

X + (cos™' 3x)’

\/1—9x2
value of Aand B are,
1 1 1 1
A=——;B=—— A=——; B=—
(A) 9 9 (B) 9 9

(D) none of these

Solution :
Let 3x =cos9 = 3dx=-sing dO

+6° 1

- sin 8dOo=——

—1j3— [lcose+62]de
3 sin O 3713

=—lsin9—193 +<:=—l
9 9 9

1
1-9x? —g(cos_l 3x) +¢
Hence (A) is the correct answer.

Example 12 :

j'lOX9 +10%log, 10
10* +x"

(A) log, [10*+ x| + ¢

(C) log_ |10*—2x"| +¢c

dx is equal to

(B) log, |10*=x"| + ¢
(D) none of these

Solution :

Put 10*+x©®=t = (10%log,10 + 10 x°) dx = dt

1
hdt:loge(t) = log, [10%+ x| + ¢

Hence (A) is the correct answer.

Example 13 :
dx
_[ (x—a)(b—x) is equal to

X+a
+c
b+a

(D) none of these

(A) 2sin”’ ( (B) 2sin”! (

X—a
+cC
b—aJ

IIT-MATHEMATICS,

(C) 2cos™ (

= +c
(Inx)* +1

dx =A+1-9x> + B(cos ™' 3x)’ +c, where ¢ is integration constant, then the

1 1
A-—;B=—
@273 9

x—a
+cC
b—a]
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Solution :

Putx = acos’ 0+ bsin’ 0. The given integral becomes,

__[ 2(b—a)sinBcosBdO
{(acos’ B+bsin’ @—a) (b—acos’ 0 —bsin* 0)

,[ 2(b—a)sinBcos6dO
(b—a)sinBcos O zZJdG

b X—a
20+c=2sin"" +c
b—a
Hence (B) is the correct answer.

Example 14 :

jidx is equal to
val-x*

2 X 3/2 2 X 3/2 2 X 3/2
(A) Esin’] (—] +c (B) gsin"(—] +c () gcos‘l(—j +c
a a a
(D) none of these
Solution :
X3
Integral of the numerator =
g 3/2
Put x*?=
3/2
t 2 X
We get [=— sin™! ——+c==sin"’ +C
Iw/ _¢2 T3 3 (a)

Hence (A) is the correct answer.

STUDY CIRCLE
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SUMMARY

Substitution

INDEFINITE
L= ) E E

INTEGRATION

(i)

(ii)

(iii)

It’If(x)dx:g(x)+c.then
If(h(x))h’(x)dx=g(h(x))+c k-
In /x> +4? putx=atan®

n /x>—a? putx=asec

n Ja>—x? putx=asin6

n Ja+x.+Ja-x putx=acosd

In (xi\/mf put x +v/x>+a’ =t
Iff (x) is a function of integral of f,(x) then

in J'f,(x)f:(x)dx put integral of £,(x) =t.

Integration as anti derivative

'INDEFINITE INTEGRATION |

(i)

(ii)

(iii)

(iv)

v)

(vi)

(vii)

Algebraic Integrals

In \/ax? + bx +¢ make the perfect square

(ax + b)dx

3 writeax +b=A(2cx+e)+B
ex”+ex+f

I(ax +bx +c¢)dx

writeax’+b+c¢
Jex’ +fx+g

=A(ex’+fx+g)+B(2ex+)+C

n_[ dx

(ax+ b)\/(cx: +ex+f)

Putax+b= 1/

I (ax +b)dx
In (cx+e)\/fx: +gx+h-

Putax+b=A(cx+e)+B

I (ax? + bx +c¢)dx
(ex+f)\/gx3 +hx+i

Putax’>+bx+c

=A(gx*+hx+i)+B(2gx+h)(ex+f)+C

InI xdx

(ax’ +b)y/(cx* +e)

Putex*+e=¢

IIT-MATHEMATICS,

? If f'(x) = g(x), then Ig(x)dx:f(.\')«»c
Partial function
| f(x) _ A, . A, A,
(x-a)" (x-a) (x-a)’ (x—a)"
g(x) __Ax+B A _x+B_
(x> +ax+b)™ (x’+ax+b) (x*+ax+b)"
By partial fraction

[£,(0f(x)dx
= f,(x)‘[fz(x)dx—I(f,'(x)jf:(x)dx}ix

and order of f (x) and f,(x) are normally

decided by ILATE.

Trigonometric integration
(i) InR(sinx, cosx)
If R(sin X, —cos x) =—R(sin X, cos X)
Putsinx =t
If R(—sin X, cos x) =—R(sin X, cos x)

Putcosx=t

— If R(—sin x, — cos x) = R(sin x, cos X)

Puttanx =t
(asinx +bcosx +c)dx

ii
(i) esinx+fcosx+g
Putasinx+bcosx+c¢

=A(esinx+fcosx+g)

+B(ecosx—fsinx)+C

AL

IlTlEE\NE CBSE
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PRACTICE SET

SINGLE CORRECT CHOICE TYPE
Each of these questions has 4 choices (a), (b), (c) and (d) for its answer, out of which ONLY ONE is correct.

INDEFINITE
LT - E E

[ E ]

~—

INTEGRATION

x-1

1. Antiderivative of
tan~" (\‘+l+ I)
(a) ™

(c) 2tan”' ,fx+l+1
X

(a) xesm X _ eSln X

secx+C
(b) (x+secx)e™™ +C
©) " cosx+C

d " (cosx—-secx)+C

sin> xdx
3.

1S
(x+ l)\/x3 +x2 +Xx

(b) tan”! J.\-+l+l
X
Jx+l+l
X

2. The integral of J' " (xcos x —sec xtan x) dx is

2. ain
(cos3 x+3cos” x+1)tan l(SCC X +C0sX)

(a) tan~ ! (secx+cosx)+c¢
(b) log tan™! (sec x + cos x)+ ¢

(c) ;+c

(secx +cos x)2
(d) None of these

-1 ,2n
4. ¢ 1+nx" A+ —x"

‘," ) -ll

5. If f(x)= lim n2 (V" — XMy x>0 then _[.\‘f(.\')dx

n-=»o0
is equal to
2 x> x2
(a) xT+lnx+C (b) —Tlnx+7+C
x x2 x2
© —4xmnx+C d —mhx-—+C
3 2 4
1+x4
6. —/(L\'=
I(l—.v4)3‘2
(a) —]—l+c (b)
x* - 5
X
(c) ;+c (d) None of these
],+.r
X~

1/2
7. Le:f(,ﬂ:7"‘:+23,x>0_1fj(f(';)) dx
2 X

1 (1+27(x)) \/E ( J3f(x)+ 2\+C

A ey B B Were

Where C is the constant of intergation, then
(@ g(x)=tan""(x),h(x)=In|x|

(b) g(x)=In|x|,h(x)=tan""(x)

(©) g(x)=tan"'(x),h(x)=tan"'(x)

(d) gx)=In|x|,h(x)=C(n|x]|

BT —2)

MARK YOUR

3. QOO0 | 4 @O | 5. @O®OG

RESPONSE
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8. j\/l+coscc xdx=

INDEFINI'E'EE

Il

INTEGRATION

sec’’2 9-sec'’? 0

12.  The integral I 5 tan 0d 0 is equal to
2+tan” 0
(@) +sin"'(tan x —secx) + ¢
secO+1 ;
(b) 2sin"'(cosx)+c @ V2in (s/25ec0]+(
(c) 2sin'|(cos£-sin£)+c (b) Llog sec @—+/2secO+1 e
2 2 J2 sec O++/2sec O +1
(d) t2$in"(sin£—cosﬁ)+c © Ltan"' secO+1 .
2 2 J2 V2secO
5 T 3 2n-14.
9, If f(.\‘)—nll_r’1;[2x+4x Biricivins +2nx""7 ) (0<x < 1), @ sec O—2sec 0 +1 ]
0g, +C
secO++/2secO+1
then J’ (f(x))dx is equal to
N \,Il_ -n
13. If f(x)= lim ,L0<x<l1,neN then
@ -VI-2 +¢ (b) \/l—,+c ne x4 x 7"
l=x*
'[(sin'l x) f(x)dx is equal to
1 1
Q) F e 0 Fe @ xsin~'x+vV1-x21+C
dx ) xsin'x+V1-x2 +C
10. If f(x)=[—5——5—,then f( ) - f(0)=
sin X COS x2
© —+C
7 o B .
(a) 5 (b) > L
(d) E(sm x)*+C
.12
(©) ? @ s " —x
4. If f(x)= lim = ,x>1; then
3x_4 n—»w0 \" + ‘P
11. Il‘f( ):x+2,lhcn If(,\-)d\' is equal to
3x+4 ) | \/1_2
J.'\f(x) ogix+ Vi+x )dx is equal to
2. |3x-4 \/l+.\'2
(a) nm'FC
x
(a) log(x+\/l+x2)~.\'+(‘
(b) -§ln|(l—x)|+3.\'+c {. » = 2
3 3 (b) 5[.\"Iog(x+ 1+x°)=-x]+C
8 X
© 5'"“_"’“5*“ (©) xlog(x+v1+x%)-log(x+V1+x2]+C
(d) None of these d Vi+x? Iog(x+\/l+.\'2)—x+("
VIR CTH & O®OO | 9 @OO® | 10.@OO® | 1. @O®O® | 12. @®OW

RESPONSE

3.@OOO

14 @®O@
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15.

16.

17.

18.

19.

20.
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If7, = _[col" xdx, then
f(]"'[] +2(I?_+13+ ...... [3)+Ig+[10 =

9 k 9tk

cot” x cot” x
@ -3 ® >
k=1 k=1
10 k 10
(c) L —cholk x
k= 10 =
The value of integral %0 is
(1+ msﬂ)
1 11
(a) l[mng) e, (b) 1((:05(—)] Ve
11 2 11 2
1
(©) %[Si“gj L, (d) none of these

Ifi,, = Icos"' xsinnxdx,then 71y 3 =413 5=

(a) constant (b) -cos’x+C

(¢) —cos*xcos3x+C (d) cos7x-cosdx+C
Anti derivative of the fucntion

5 gin x4+ X8 cosx.lnx is

(@) x*"* (b) ¥ ysinx

(¢) (sinx)* (d) x5 4 xInx

Let f(xy)= f(x).f(¥),Vx>0,y>0, where f(x) is not

constant and f(x+1)=1+x{l+g(x)} where lim g(x)
x—0

= (), then J-;.((r)) dy 18
X

v ¥
(a) —+c¢ by —+¢
‘,2
(c) 'T+r: (d) In|x|+c
. dx 1/n :
If IW=—[f(.\')] +C,lhen f(x) 15
@@ (1+x") (b) 1+x7"
() x"4+x7" (d) none of these

21.

22,

23.

24,

INDEFINITE
L= E E

INTEGRATION

lf.[ d;\' =-2f(x)+C,then f(x)=
(x=1D(=x" +3x-2)
2_' -—
(a) X (b) x-2
x-1 =]
x+2 x-1
© x-1 d x—2

x ’l 2,415
IM(L\*: .fl{x+\a'l+:c2 ' +C, then

1+ x~
1 1
@ A=—n=15 (b) A=— n=14
15 14
(€) A= L," =16 (d) none of these
16

e (2 - x%)dx _

(1=x)WW1-= x?
@ —C e ® V-2 +c

© €@-x") @ €+x)

”J‘!n(lﬂm x)
COS“X

%f(-\') Ing(x)-2x+v2tan”" f(x)+c, then

(a) Sf(x)=tanx, g(x)=1+ sin? x
by [f(x)= J2 tan x,g(x) = 1+sin’ x
(c) [f(x)=sinx, g(x)= 1+tan? x

(d) fix)= Jicosx,g(x) =1+sin’ x

15.@OO@ | 16 @OOW

MARK YOUR

7. @®O®

18.OOOO | 19 @®O®

RESPONSE

20.000@ | 21.O®OW

22.@®OW
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26.

27.

28.

If |

\/sin3 0cos’ 0sin(0 + )

a~Jcos a tan @+ sin @ + by/cos & + sin  cot @ + ¢, then

(a) a=2seca,b=2coseca, c €R

30.
(b) a=2seca,b=-2coseca,c €R
(¢) a=-2seca,b=2coseca,c €R
(d) a=2coseca,b=2seca,c eR
x2dx .
(xsinx + cos .\*)2
(@) Snx-—xcosx @) ZXsinx—cosx . 31,
XSin X+ cos x XSin X+ cos x
(c) sinx + xcosx +e (d) none of these
XSinx+ cos x
Ifj cos? x +sin 2x i
2 cosx—sin.\')2 )
L +ax+bin|2cosx—sinx|+c, then
2cosx —sinx 32,
1 2 1 2
a) a=—,b=— b) a==,b=-=
(a) 5 5 (b) 5 5
1 2 2
(v =——‘b=— d =__,b=__
(©) a 3 5 (d) a 5 3
Letl, = I’d—x, ,where n e N andn>1.1f/, and
(x*+a”)"
33.
1, are related by the relation
Pl, = —; x’ : +Q1, ;. Then P and Q are respec-
(x* +a* )"

tively given by
(@ (n-1)a%,2n-3 b) 2a*(n-1),2n-3

(c) a2(11+l),211+3 (d) az,a2 (n+1)

Jia)

(sin3/2 0+cos>’ 2 0)do _ 29.

INDEFINITE
LT - EE

INTEGRATION

Ifu, = I,r" Va? - x%dx.then(n+2)u, —(n— I)azu,,_z =

(a) x" (12—-.\’2 (b) _xll—l 02—x2

3/2

©) -x""a?®-x%) (d) none of these

If x)sin xdx =
If(r)snn\'cosrr 20 —a

2) In f(x)+c, then f{x)
is

Q) — b
( asinx+bcosx ® a?sin? x +b% cos® x
1 1
© 55— & ——
a“sinx+b” cosx asin” x+bcos” x
I (ax —b)dx a
\/c —(ax +b)2
( 2) ( 2)
(a) sin"'Lax+bx +k (b) tan"Labe J+k
c cx
(ax®+b)
(¢) sin”! o +bJ+k (d)tan"'(ax2+bx+c)+k
cx

If f(x)= tan "' x+/nJV1+x - Inl —x , then the integral

of -;—f'(x) with respect to xtis

(b) —n(1-xH+¢
(c) V¥ (d) m(l+xY)+c

Let f:[O,%}——)Rbe such that f{0) = 3 and

fi(x)= .lfa<f(£] < b, then aand b can be
I+ cosx 2
@ =Z.x b) 3,4
2
© 3+%,34+2 d 3+%, 3+3—7t
4 2 2 4

25.@®O@ | 26 @OO@

MARK YOUR
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RESPONSF

30.0000 | 31 @O

32.@®OO

3. @O

IIT-MATHEMATICS,

STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS



INDEFINITE
L - E E

INTEGRATION

Since 2001...

|
|
[ ] NIT-JEE | NEET | CBSE

A\ STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS

34. d (tan~" x) equals
-I.\P ( %49 39. The integral I[l\’z tanl—xscc2 lde equals to
5 X X
x< 1
() -"2—-5|n(1+x2)+(‘
, 1 1
b) 2+In(1+x)+C (a) .\'(tan—+sec—)+c (b) x? tanl—secl+c
() x*tan"'x+In(1+x%)+C * * * A
| 9. 2
xtan  x——=In(l+x")+(C
@ 2 ( ) (c) X tanl+c (d) (x3 —I)tanl+c
X X
35. If 0<x<§- then I\/I+Ztanx(tanx+secx) dx equals
to - 40. The value of J-C’mno(sece—sme)de is
I 0
(a) 3 Insecx+C (@) " Ogeco+c
(b) Intanx(secx+tanx)+C b) Ltan0
(¢) Insecx(secx+tanx)+ C ®) e sin@+c
0
(d) % {tan x (sec x + tanx)} % + C () e™"(secO+sin0)+c
; 5¢ seC secSd ) (d) tan 0 0+
3%, The integesl I( secba  secl8a N secS4a )d(llS e cosO+c
cosec2a  cosecba cosecl8a
equal to tan( n -x)
@ Ilsecsdal Injsec2al A [— oS dx=-2tan" u+c
108 4 cos” x\/lan3 x+tan” x+tanx
In|sec6ax| In|secl8«| 5 In |sec54a | - then u is equal to
6 18 54
(©) (a) Vi+tanx+cotx (®) 1+ tanx +tan? x
lln secbu l sec18u| | sec54a |+c :
6 " |cosec2a| 18 " |cosec6al 54 " |coseci8al (©)  Vianx+cotx (d) tan™"(tan x + cot x)
(d) none of these
. 22/3
oy - \2 42. The value of integral IW—'”m.d(3Jsin.t)is equal to
37. J‘ L—’J dx is equal to I+ (sinx)™""
(fnx)” +1
tns (@) sin"'(1+3sinx)+c
@ St ) "
x*+1 (nx)”+1 () sin' sinx +¢
(nx 8 X
T e’ +c 3=
© ([n.vr)2 +1 (d) 2 1 1 Isinx —1

38. J'({n(l+cos X)—xtan

(a) xI(n(l+cosx)+c

(©)

x2(n(1+cosx)+c

)dx is equal to

(b)x (n(1+secx)+c
(d)x(ntanx+c

(©) Etan"' [——ﬁm]ﬂ-

-] 3 sinx

V2

—{

(d) N

fea)

MARK YOUR

34.@®O®

35.000O

36.@@OO

37.@®OO@ | 38. @®O®
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2 2
x“(xsec” x+tanx)

43. The integral I dx is equal to

(xtanx+1)~

\,2
@ -———+c

xtan x+1
(b) 2log, |xsinx+cosx|+c

5

INDEFINITE
LT - EE

INTEGRATION

(@ 1 (b) -

© T d Ja

45. Ifxf(x)=3f%x)+2 then

() —%+ 2log, | xsinx+cosx|+c J‘ 2% - 12x1(x)+ f(x) e [
xtanx + A
X tan x (6/‘(.v)—.r)(.v2 —f(.\'))2 equals
X2 .
(d) ,—l—zloge [ xsinx+cosx|+c | |
.\”' tan X = —_—C —_—C
@ — f(x) (b) 2+ f(x)

dx
44, If =K tan"! (L M, M bei
.[((bez )m tan”' (Ltan0)+ being

constant of integration then KL is equal to

Ja)

520000 | #0000 | 40O

COMPREHENSION TYPE

This section contains groups of questions. Each group is followed by some multiple choice questions
based on a paragraph. Each question has 4 choices (a), (b), (¢) and (d) for its answer, out of which ONLY
ONE is correct.

1 1
© x—f(x)+‘ (d x+j'(x)+(

PASSAGE-1

g a a
for integral j/("" ;) -(l - —ZJd.\’ , put x+ T =t

In general if we have an integral of type If(g(x))g’(x)dx, we =

substitute o(x) = "x\dx = di ¢ s integral becomes 2 a a 2 a
substitute g(x) = t = g'(x)dx = dt and the integral becomes for integral Jf["' __2),(,\4 3 ),1\ put X” == =1

x j X
[ r@ar.

X
Some of the substitution can be guessed by keen observation of 2, 4a LN [T 2,98 _

I e : M A i for integral If _7 \X=—5)dx put X" +—5 =t
the nature of given integrand. For example, we have '

d | 1 Many integrands can be brought into above forms by suitable
dx x+;) =|_‘,—2- So if the integrand is of the type reductions or transformations
x? +1
l l I l. - d_\‘ =
f(-"*f) -(' ‘_) we can substitute X+—=1{ J.x“ +1
X b X
Some more similar forms are given below 1 | 2 —1 | 2 +1
—tan  ——+C b) sin - +C
La_ ® 7" ®) V2x
for integral If[‘ ““) [H ]‘1‘ put X
llg\/_‘r+| d r2+L+(‘
© V2x-1 @ x°

D

MARK YOUR

L @O

RESPONSE
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INDEFINITE

LI -

IE =

INTEGRATION

5
x° -1

dx =

(x4 +3x% + l)tan‘l (x+ I)
-

i |)
tz x+—|[+C
(a) tan (\'+x +

(b) (.\‘4—1) tan”~"! (x+l) “
x X

tan”~"' (.\'+l)
x

(¢) In +C

|
@ 3

f 2+I+—,+(‘

In x+l +C
X
4
x'=2
3. ————dx=
J‘xz\/.\'" +x2+2
1
) X
x*
x? +L7 +C
g

C

(b) fx2+l+r—22+C

(a
7 2
(c) f (d) fx' +\'_2+C
4. The derivative of =4 . =5 is —(4.\’_5 +S.\‘_6). So,
4 5
I 5;\' +4x —dx =
(x" +x+1)°
5 b : +C
@ x> 4x+1+C (b) "
o
© x*4x34C (d) +C
x +x+1
PASSAGE-2

Integrals of the form J’f(.\',\/a.\‘2 + bx +¢)dx can be evaluated

with the help of the Euler’s substitutions. There are normally three

Euler’s substitutions :
L First Euler’s substitution

Ifa>0,weput o2 4 px+c =1+ xa

2 2 2
or ax“+bx+c=t“+ax“t 21.\‘\/(7

or bx+c=1+ 2!.\'\/;

7.

Second Euler’s Substitutions

Ifc>0, weput \ax? + bx+c¢ =tx ++/c

or ax+b=r*x+2c
Third Euler’s substitution
If the trinomial ax? + bx + ¢ has real roots o and 3 that is

ax* +bx+c = a(x - a)(x - ) then we put

\)ax2 +bx+c=(x—a) or (x-p)t
15
J‘(.’f+ \ll+x2)
— )

X =
2
1+ x

(x+\/|+x2)'(’ 2 (x+\ll+x2)'5 .
(a) T+( T-’-(

15

( 1+ x2 —x)IS

(b)

I S— +C
© 151422 +2)9 G

I dx

(r—l)\/_\-3+3x_2 is equal to
(A) 2 X—2+‘. ®) -2.] »
olies x-1
¥ 2\/:+C D) —Z e
: x-2 ( —

If /(x) is the antiderivative obtained in Q. No.6 then the

limit I.in;Si';—\/f_(::) (x<2)is
X—>Z -
(@ 0 (b) 1
(c) -2 (d) not finite
PASSAGE-3

In some of the cases we can split the integrand into the sum of the
two functions such that the integration of one of them by parts
produces an integral which cancels the other integral.

Suppose we have an integral of the type J.[f(-") h(x)+ g(x)] dx

Let If(x) h(x)dx =1, and jg(.\') dx=1,
Integrating /, by parts we get

I = £(x) [ h(x) dx = [ {£(x) [ h(x) dx}dx

Suppose j{f‘(.\')Ih(.\') dx} converts to /,, then we get

Jia)

MARK YOUR
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3. @O

4. @OOO

5. @O | 6 @O
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L +1, = f(x) Ih(x)dx +C , which is the desired integral.
In particular consider the integral of the kind

- je-“ {f(xX)+ f(x)} dx = je-‘f(x) dx + [e‘ £'(x) dx
Integrating first integral by parts, we get (e* is second function)
1= f(x)-[e* f1(x) dx+[e* ['(x) dv=e"f(x)+C
1

(In .\‘)2
(b) xInx+C

8. The integral of f(x)= - is
In x

@ In(lnx)+C

X .
(¢) m+( (d x+Inx+C
0, Ix+sin.\'d\_:
1+ cosx
X . ) i i
(a) tan5+( (b) x lan2+(

L X
() x+cosx+C (d) € tan5+(

INDEFINITE
L0 - E B

INTEGRATION

xe®
10. dx =
“‘(l+.\')2
e’ C
¢ X +
(a) xe'+C (b) (x+1)2
x| e’
) e ———+C (d) +C
x+1 x+1
11.  Antiderivative of f(x)= log(log x)+ = 1S
(log x)~
(a) log(logx) (b) .\'log(logx)—é
g -1 log(log x) -
© lo&,\‘ ol (d) log(log) log x

£

MARK YOUR

8. @OV | 9 @OOG

RESPONSE

10.EOG | 1. @OO@

REASONING TYPE

o

() Statement-1 is true but Statement-2 s false.
(d) Statement-1is false but Statement-2is true.

In the following questions two Statements (1 and 2) are provided. Each question has 4 choices (a), (b), (¢) and
(d) forits answer, out of which ONLY ONEis correct. Mark your responses from the following options:

Both Statement-1 and Statement-2 are true and Statement-2is the correct explanation of Statement-1.

Both Statement-1 and Statement-2 are true and Statement-2is not the correct explanation of Statement-1.

1.  Statement-1 : If 7, :Jlan" xdx then 5(I4 +Ig) = tan® x

Statement-2 : If /, :Itan" xdx then

|
tan"*' x
I, = -1, 5 where neN

n
n+l

2. Statement-1 : If J.L(I.\: |0g(.(f(.\'))2 +¢ then
JS(x)

1
J@)==x%.

IM

dx=log, | f(x)|+c
70 8 | S(x)]

Statement-2 :

sin x ) .
+(
4+3cosx

I 3+4cosx /.\':(

- - -’(
3. Statement-1 : (4 + 3cosx)*

‘ (; ).uol
/\—+('. n#-l1

Statement -2 : I L fi(x)dx =

D

MARK YOUR

L @OOO | 2. @OOO

RESPONSE

3 @OOO

MULTIPLE CORRECT CHOICE TYPE

Eﬂ(h of these questions has 4 choices (a), (b), (c) and (d) for its answer, out of which ONE OR MORE is/are correct.
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1. If f(x)= lim e*@(/min0/n) 444 5. If’I.t_l/2(2+3x”3)_2d-\‘=
N=»a0
- 3 / \'”6
S(x) S « (C bei ’ . Atan”! ‘/:x”’ + B————+(C then
j‘ﬁaﬁ\ = g(x)+ C (C being the constant of 2 24353
sin’ ' xcosx

integration), then @ A= 1 b A= 1
) 3 V6 Ve
(a) g(z)=§ ©) B=] (d B=-l
. . X 4
(b) &(x)is continuous for all x 6. If I—dxﬁ s ix = tan™" f(x)—%lan“ 2(x)+C then
© g(ﬁ) _ _E x° +1
4 8 ® fO)=x+ ® f)=x-t
x .
(d) g(x)is not differentiable at infinitely many points -
© gx)=x7 d g(x)=x*
2 Ie"' <ﬂ+col2 (x+£]}dx is equal to
1+ tan x 4
\ll‘l \

7. The value of the mlcgral_[ (cos x +cos® x)sin xdyx is

@@ € tan(%—x)+(‘ (b) e"cot(%[—x)+(‘

(a) L "" ¥(3-sin? x)+c
X T X K .
(c) € tdn(\' 4)+C d) e c.ot(x+4]+€ ® oSin "'[l+%cosz.\‘)+c
1
3. lfl—j then (c) ‘"‘ *(3cos? x+2sin? x)+¢
0I+r”’
(@ I>In2 (b) 7<In2 (d) “" *(2cos? x+3sin x)+¢
-1 2n-1
(c) o (d) sl 8. lfl=I(‘ Lon D 5-dx= f(x)+g(x)+cthen
4 4 (xsinx+ncosx)”
4. If V x €[-1,0), I(cos"'.wcos“'\/l-xz)dv @ fO)= x7
X" sinx+ncosx
&= A.\'+f(x)sin_I x=2y1-x? +C, then x"secx
b Sf(x)=-— =
P p x"sinx+nx""" cosx
(@ A=7 ©) 4=7 (¢) g(x)=tanx

(¢) fix)=x (d) fix)=-2x (d) g(x)=secx

Jia)

MARK YOUR I. @@@@ 2. @@@@ 3. @@@@ 4. @@@@ 5. @@@@
RESPONSE 6. @O | 7. @O [ 8. @O®OW®

MATRIX-MATCH TYPE

Each question contains statements given in two columns, which have to be matched. The PqQr s t
statements in Column-I are labeled A, B, C and D, while the statements in Column-II are

labelled p,q, ry s and t. Any given statement in Column -I can have correct matching with ONE ®©®®®
OR MORE statement(s) in Column-II. The appropriate bubbles corresponding to the @@@@@
answers to these questions have to be darkened as illustrated in the following example: @@@@@
If the correct matches are A—p, s and t; B-q and r; C—p and q: and D-s and t; then the correct @@@@@
darkening of bubbles will look like the given.
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Observe the following Columns :
Column-1

(B) _[Sinz x cos® x dx

dx
© J-VZ ~3x—x2
5

Observe the following Columns :
Column-1

w =&
Jx(x+9)
(B) _[e"'(l —cotx +cot® x) dx =

(() Ism \+(.0i1\'d"_=

cos” xsin” x

dx
D) [——m—— =
) Ilfcos.\‘fsinx

Observe the following Columns :
Column-1

(A) J'(ealog.\' +e5 loga ) dx

®) [ '%[; ]

(©) ,[ 2 .dx

=
4sin“ x +4sin xcosx + 5¢cos” x

(D) I(\/sinx + Jcosx)“‘d.\:

q.

Column-I1
sin”! [2x+ 3J +e
17
4 2

X

4

e'log(x+2)+c¢

sin” x

3

Column-I1

log|1

log|1

secx—cosecx + ¢

2
- tan

—€* . cotx+c

Column-I1

INDEFINITE
LT - E E

INTEGRATION

. 1 2
—+—log (x*+1)+c
> 3 g ( )

-1
sin” x
5

+C

~tan (
- cot [

)
)

+c

b | =

+C

b | =

J+C

loga
2

|
- 4
(1+\ilanx)2

+c
3(I+\/tunx)3

1. pPar s

OOO®
®OOO
®OO®
®OO®

MARK YOUR

RESPONSE
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4 “.Ilog(,(x+ l+.\")dx

~
V1+x*

= fog(x) + C,Now match the entries from the following columns:

Column-I Column-I1
(A) f(2)i1sequal to p. 0
(B) g(0)isequal to q. 1
©) If Ij'(.\')g(.\')d.\’ = (1.\'3g(.\‘) +b(1+ x? /2 4 c(l+ x2 )! 2 4d, r 2
then a + ¢ is equal to l
(D) If j.eg("')d.\‘ =ax|x+V1+x? + ag(x)+ c) then a is equal to s. 2
1
t 3
5.  Observe the following Column : -
Column-I Column-I1
(A) If J..\-zd(tan“ '.\-) = x+ f(x)+c then f(1)is equal to p. 0
(B) ||~IJI + 2 tan x(tan x + sec x)dx = alog cos%—sin'—; +c q 2
, n
thenaisequalto (0 <x < = )
- . 2. 2% 2x o o . . T
©) If I.\‘ e“'dx =e”" f(x)+c, then the minimum value of f{x) is equal to L. Z
R x? 41 b )
(D) It I—;—;d-\’=“ log|x|+———+cthena-bis s. 1
x(x*+1)* x“+1 |
equal to t. 3
6.  Observe the following columns :
Column 1 Column I1

\‘+(c.o> 3\)“

dx
40' - 9,\“' +B(COS_I 3.\.’)3 + (‘, then

5
(2x + 1)dx x4+ x+1 . 1
oo —dx = Aln +C, the Am—
(B) IIJ‘ . ST ) . T— then q. 9
©) II'I.YS(x]() +x° +1)(2x'% +3x° +6) S dx
A 15 10 5.6/5 . 1
=——(2.\" +3x" 4+ 6x7)" " +C, then r B=_6
I X —x o
D) If . . B=1
& Vi-22 (I+\/l—\‘) 8
== f(x) +Ax* + Bln f(x)+C, then t. A=B
4. P qQr s t 5. P qQ r s t 6. P g r s t

®OOOO®
OOOOO®
®OOOO®
®OOOO®

MARK YOUR
RESPONSE
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COw >
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NUMERIC/INTEGER ANSWER TYPE

The answer to each of the questions is either numeric (eg. 304, 40, 3010 etc.) or a single-digit 88
integer, ranging from 0 to 9. [@e)e)
The appropriate bubbles below the respective question numbers in the response grid have to  |® QQ
be darkened. %%%
For example, if the correct answers to a question is 6092, then the correct darkening of bubbles |®|®|®|®)
will look like the given. [@)©)©)
Forsingledigitinteger answer darken the extremerightbubble only. %%%
3 0 a0 4. If J-cosecz.\‘ In(cosx ++/cos 2.\‘)dx
1. lfI 0 2 =tan"' Jf(0) +¢
cos - \/cos3 0+cos> 0+cos0 = f(x) In(cos.\' +4/cos Zx) +g(x)+ f(x)—-x+c,
then the least value of f(0) for allowable values of 0 is
equal to then f2(x) - g%(x) is equal to (O <x< %) )
2 If p= I o™ cosbxdx and Q= I ® sinbxdx , without
congtant of integration then e (P* + Q?) (a* + b%) is equal Jeotx —tanx 1
0 S ll'j 4+ 3sin2x o "\/_ f(\ * Wi
3. If Isin 4x e"'"2 Xdx = —Acos? xe“‘"2 Y4+ B, then A is i
0 <x <— then a is equal to
equal to 2
l. QOO 2. [COM 3. QOO 4 QOO 5. QOO
[0)(0)(0](0) [0)(o)(0)(©) [0)(o](0)(©) OIOIDID) DIOIDIO)
_ [©)[e)e]©) QIIDIO) [©)[e]e)e] [©)[e)e]©] QIDIDIO)
vou e I oo B Tororo BN o oo I o oo
Y
N ©000 OO0  [OIOR0 OO0 OO0
STUASE OO|®|® OO®|©) O|O®/® OOO® OOI®®
©)[0)[v]©) QIDIDID QIDIDID QIDIDID QIDID|D]
PIOIB(®)| OOI®IO) OO®I® [©le)e)e] PIOOI®
QOIOI® QOIOI® QOO ©lo))©] QOO
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SINGLE CORRECT CHOICE TYPE

x=1 =
L@ /=] dx I T
(x+])\/x3+.\'2+x — I_‘,n+(
¥ -1
:J' - dx 1+x"
(x+1)° \/,\‘3 +x° +x Here, Jf (x)= - then
1
|- ".\'"_I
= J. '\'2 dx f '(X) - n 2n
1 1 & (1=x")WI-x~
X+—+2|x+—+1
o o and Ie"(f(x)+f'(x))dx=e"f(x)+(‘
l - 2 __l_ - l/n__ 1/(n+1)
Put x+—+1=t"=|1 > dx = 2tdt 5 %)) Iim I1 o
X x" = n—rw
2udt dt = h
'.I=J = =2j2 =2tan"'1+C — i L( h_ h+l)
(" + 1) t°+1 _hl—Tth X =X
=2tan'l,/x+l+l+(‘ l ( (,,_ /') \ ok
x = lim —\x* ) _)) xh+l
sinx sinx h—0 h*
2. (@ g =Ie‘ ¥ xcosx d.\'—je Ysecxtanx dx
= {xe“"' —J'esm" dx} ~ {eSi"".secx—IeSi""' dx} ( :;l ) h
_ ) = lim g 7_1 (L) h+1
= xe" ¥ _SNX goo x4+ C h—0 h? h+1
63 h+1
sin” xdx
O I=J' 3 2 1
(cos” x+3cos” x+1)tan ' (sec x+ cosx) a* -1
Inx.1.1 < lim =Ina
Let tan~'(secx+cosx) =t = X
L f(x)=Inx
1
= > (secxtan x —sinx)dx = dt
1+ (sec x + cos \')" So, / =j‘.1jf(.\')dx=jxln xdx
2.3 2 2
or i S wee s =dt =% Inx- x—.ldx
cos” x+3cosx” +1 2 2 x
2 2
= ﬂ—/l1|1|+‘« "=
t 2 Y
=In|lan"(secx+cosx)]+c fig o8
1 " 6. (b) I=I—‘;3/,’d\'
14+ nx"" —x*" (1—~x")""

4. (¢) We hach —(L
_J'x3(x+l/x3)dx_ (x+]/x3)dx

\’") ‘
(l__‘,4)3/2 i 3

B J- ’H X nx"! " [ 1 7)2
5 : =X
1-x" (l—.\’")\/l—.\‘“" '\,2
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Let L—.1\‘2 = :9(——32—2.\‘](1.\'=d1

x2 x sin > +cos sin> +cos >
=It 2 2 =tJ’ 2 2 de
, d X X
= [.\‘-{——%} dx = ——;*dl 260 2CO52 J|—(Sln2 = C0s 2)
X
dt | 1
I__E ’3—/2=$+c= 1 2+C Put sin > — cos> = ¢ :[cos—+sm )dx 2dt
- 2 2 2
)
| I I:tf\/hl_',:ﬂsin Ly =i2sin"(sin§—cos§)+c
7 Q) 7 f(x))2 x+2)2 dx =
: ] ) ] 2x+3) x
5 ’2IH" 1
9. ( Let g,,(x)=l+x2+x4+....+x‘"= 5
x+2 32 =2 x° -1
s 2r+3=y2: T I) 242
' —4) S0, 2x+4x° +.....+2nx2"" =
-2 ydy
and dx=——"—— 2n+2 2n
(- 2},3 )2 b)) =g ()= 2x(nx —(n+D)x“" +1)
(x*-1)?
2y -2y
< I=-fy ) y? &
(1-2y%?% 3% -2 Now f(x)= lim h,,(v) as0<x<l
n—»o (\' -l)"
2y2 -1)3y* -2) Thus If(\’)d“‘_[idf
T Aty
( 2 1 )
=2 —_ d)'
ILB)*Z—Z 2)'2—1J - 2' — i
x“=-1 1-x°
_4J- dy J- dy
y e v > . (o) Here—5—5——4—negat|veevennumber
| Puttanx =t = sec2x dx = dt
2
=§. Izln ; - II In \/IE +C f(‘,)sz _I(I+tan2x)scc2xdx
- : . 1/2 =
23 y+\/; 2><\[i "5 Slnl/z.cos4.r Jtan x
cos
=LI g ]+\/_) \/El (l+’2\ 1/2 3/2
2 l—\/f \/_) \/_ =IL Jdt:j(r‘ S+ %)dt
{
ERIPNIE 2f(r ) _ J3f(v)+\/‘
V2 = 2f(X \]3f(x \/_ =21'/24~§15/2=2\/lanx+§(tan.\')5/2

Thus g(x)=log|x| and A(x)=log| x|
2 12
e . f(z)—f(0)=2+—=—
8. @ /= I,/Hcosu,\dx I 22t * o 9

smx
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1 f[ 4) x+2, Let, 322 13 fim B, (eGicme
. (b o 2. Le — =t . () f(x)_anfr’"H__ (w0<x<l),so
3x—4=23xt+4t Isin‘ x(f(x))dr=—jsin“'xdr
41+ 4
- 4t +4 P [
T 3(1-1) f(l)=3“t’)+2 = —[xsin”' x + I—-xz]+C
s  4x-1)+8 14. (d) Since,x>1so0 x" »( as n T
f( )—3(]_\‘) 2—31—_)+2 ] -2n
(1= Hence f(x)= lim - = |
) 4 8 n=>o |4 x "
3 3(x-1) So I\f(\')log(r+\ll+r )

jf(x)¢x=§x—§ln|x-||+c

\/1+
2 log(\'+\/l+\' )dx
-1V 1+
(secO—1)\secl tan 6d0 X

1+sec? 0 =\/I+x2 log(,\'+\/l+.\’2)
(secO—l)sccOlanOdG —I /l+x2 x+V1+x2

(1+sec” O)Vsecd e 5
x+\/I+x“ \/l+x"

sec@tan 0d0 = dt = V1+x2 log(x+V1+x?)-x+C

12. (b) The given integral is / =I

Put \sec =1t =

2+/secl
, 15. @ 1, =Icol" x d.\'=‘|.cot""2 xcot? x dx
¢ 7o F@°=1)
= 1474 S =Icot"'z.\'(coscczx—l)dr
| | = jcot"‘2 xcosec?x dx—1,_»
1- [1— ,]dz
_ ’- _ t" " Il—l. .
_2I 5 1 dt—ZI : 2 Thus I,,+l,,_2=w( il (1)
&= (l+ ) ) n—1
. t Ip+ L +2(I3 + ...+ Ig) + Ig + Iy
| | = +1g)+ (I3 + )+ (U4 + 1)+ (Is+13)
PR - S [",—g]"’“’“ W+ I+ T+ L)+ G+ 1)+ U+ I;)
+(I|0+Ig)
du 2 (-2
’=2j \/—- \/—| _ (cotx cot? x cotgx\
ll -2 2 Il+ | ——L-]—'-f- > T 4 9 J [usmg(l)]
1 t+:—\/5 ____icotk.\'
= —log, +C -k
i :+‘/— 2/7
16. (a) Let/= %
| ’ \/—1+I (14 cos0)
—=log, +C ) 2/7
2 2 241 (2sin® 0/2)
(2cos2 49/2)9/7
_ Llo secl - \/2sec9+l R
V2 scc0+s/25cc0+l (sin )

2 (cos0/2)'8/7
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17.

18.

19.

Sinee 2001...
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Put 2:[‘ o Q:d’
2 2
(sml) =
o Je | =——dt (Herem+n=-2)
J‘(wb,)lxn

=I(tan 1)4/7 sec? tdt

Put tant =u . sec? tdt = du
||/7
IuM?du-
ll/7
11/7
(lanl)”/7 = l(tang) +cC
11 2

() Iy3= Icos4 xsin3xdx
Integrating by parts, we have

cos3xcos? x

I3 =~
43 3

- gj'cos3 xsinxcos3x dx

Now,

sin 2x = sin(3x — x) = sin 3x cos x — cos 3xsin x, so,

cos3xcos? x

Iy = -~
4,3 3

4
+§ Icos3 xsin2x

- iJ’o:os4 xsin3xdx+C
3

cos3xcostx 4

4
+=l35—=I43+C
3 33.2 34.3
4
Therefore.%[“}_g/}z:_wfos"}(‘

or 7l43-4l3,5 = ~cos3xcos® x+ const.

(@) Let /= J'(x"’i“""l sinx+x"* cos x/n x)dx
Put xSin ¥ = ¢

= esin.\'ln Xy

" o]
= linxinx {smx.—+ In x.cosx} dx = dt
x

; sinx
— L {— +cosx/n x}dx =dt
X

= (¥ ginx+x¥"* cos x In x)dx = dt

I=Idt=t+c=xs"‘"+c

@ S)=f(x)f(y),Putx=y=1,wegetf(l)= fz(l)
= f(1)=1
Differentiation w.r.t x (partially),
we get yf'(xy) = [1(x).S(»)

Putting x=1_ y/'(»)= f'(1).f(»)

IIT-MATHEMATICS,

20. (b) We havej =
x°(

21.

(a)

INDEFINITE
LT - E E

INTEGRATION

e SO D
f(v S
(2 )
.'j‘f(\‘) J' X - 1 L\‘_ CJ
S(x) S fm 2
v ()= f(1+h) f()
o h
= i 1+ h+hg(h)-1 -1
h—0 h
(L@ 2.
S(x) 2
dx

n, ])(n—l)/n

I dx _J‘ dx
5 o I (n=1)/n h xn+l(|+x—n)(n—l)/n
xTx 1+ )

xl

Putl +x"=¢
dx dt

"lax=dt or = =_Z then
xn+l n
& e de e
» =
I 2, .n (n—l)/nz_—." (n=1)/n :_._I’n dt
x(x"+1) ne ¢ n
| ’l/n—l+l 1/ 1/
= —tc =~ '"+C=—(|+.\‘_") "+e
nl/n=1+1
dx
Let I =

(x~- l)\/(—x2 +3x-2)

The trinomial x> +3x -2 = -(x=2)(x-1)

ut y(=x% +3x-2) = (x-2)t

—(x-1)

(rle<x<?2)
(x-2)
(2¢2 +1)
We get x=L2’2 s Sodx= ,21(11 =
t“+1 (= +1)°
Also, \J(-x* +3x-2) = —-
=+
2tdt
2 2
(17 +1)° 2 2
I = =|—=dt=——+
] 3 p j,z Sk
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Let 7= I(Y+\/_'l+\’ )H
+Xx

ut \/(I+x2) = —x (Euler’s substitution)

( \
= x+y(+x*) =t . LI+;de=d1
J(+x%)

dt

_dax __dt
\/(I+x2) t

22. (a)

=dt or

tdx
= —
\}(1+x2)
15
then [J= I’ dt

15

2\,15
= I,I4dl=_+ =w+c

15

I e.\’(z_xz)
—,dx
(I=x)y(1=x%)

23. (d Let/=

X S
I=I e(1+1=-x°) -

(1-x)](1-x%)

e

(1-x)0(1-x%)

|
Let f(x)= ’( ) S'(x) = ———=
(x=Dy(I-x%)

[ (S0 + £ (x)dx = e f(x)+c

X
=" (H—\’] +e=5 (]+':)+C
I-x 1-x*

Let /= j-]n(l+sm v)
cos” x

24. (b)

= I In(1+ sin2 x)sec2 xdx
Intergrating by parts taking sec?x as the second
fucntion, we have

(sin2x+l)—l

= 1n(l+sin2 x).tanx—2_[ dx

(I+sin2x)

dx

tanrln(l+sm X)— 2\'+2I—
(1+sin” x)

2
= tan.xIn(1+sin’ -\’)—2x+2IM

=
1+ 2tan“ x

IIT-MATHEMATICS,

INDEFINITE
L - E E

INTEGRATION

2 dt
" sec” xdx = —
2

Put \/Elan x=t

. 2 dt
% I=tanxln(l+sm2x)—2x+— o
ﬁjl it

= tan x In(l +sin? x)=2x+ \/ftan"Hc

(\/Etanx)+c

=tanx In(l +sin? X)—2x+ V2 tan™!

(sin3/2 0+ cos’? 0)do

Let / =
\/sin3 0cos3 Osin(0+ a)

sin®’2 0do
\/sin3 Ocos’ Osin(0+ a) "

cos’’'2 0do
\/sin3 Ocos’ Osin(0 + «)

do

\/c053 O(sin Ocos a + cos Osin &)

a do
\/sin3 O(sin @cos a + cos Osin «)
2 2
sec” 0doO cosec0do

='[\/(cosatan0+sin ) +I\/(cosa+cotOSin a)

Put cos atan 0+ sina = 1>, in the first integral and

. v J .
cos e+ cot@sin ¢ = u”~ in second integral

= sec’df= 2edt and cosec20d0 = —M
Cos & sina
I 2udt J- 2udu 2 2
= - = = t———u+c
(cosa)t “sinau cosa Sina

2 -
= \/(cosalan0+sm a)
cos a

J(cosa +cot@sina) +¢

sin &

x2dx

26. (a) —_—
(xsin x + cos \')

Let, / = j

d 2 ,
d—(x SIN X 4 COSX) = XCOSx , WEWrlIle
X

XCOsx \

(
B x
I= I(COS-\’) 'k(xsinx +cosx)2J “

XCOSXx

Integrating by part taking —————-
(xsinx+cosx)”

as second function, we get

A sSTU Dv CIRCLE
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X 1 dx
1=( . ][— - . ) 28. (b) f,.=fa—»n
cosx XSINX+Cosx (x" +a”)
J-(\’sm 'c:cow) : 1 dx ) J_ (=n)2x
cos” x (xsinx+cosx) = ¥ x= 2 +d2 ),H,
= - = +Isec2 xdx |Integrating by parts using 1 as second function]
cos x(xsinx+cosx)
2 2 2
. 1= X N "J-x +a” —a
= . +tanx+c¢ (.\‘2+a‘2)" (x2+a2)u+l

cos x(xsinx+cosx)

X sin x X 2
= — . + +c ——+2n(l -a“l,.)
cosx(xsinx+cosx) cosx (x +a°)"

—X + Sin x(xsin x + cos x)
= +c

- 2 X
cos x(xsinx + cos x) = 2na“l,, = —(r2 +a2)+(2"_|)!"

_ (sinx-xcosx) Replace n by n =1, then

(xsinx+cosx)

5 . 2(rr—l)azl,, —%+(2n 3,
27. (d) Llet/= (“’bx—“""mdx (" +a")"
(2cos.::—s.inx)2
.. _ 1 f nl / 2_.2
(cosx+2sm.r)cosx o w —I "N(a® - xydv = I b LEa ]
I (2008 %—sinx)? dx Integrating by parts taking x = ! as first function, we
have

Integrating by part , taking cos x as the first and

. 1 [~@2 =52y
M as the second function, we have =X 3

(2cosx —sinx)”

1 —sin xdx 2 (a? - x2)2
= COS) - _] e
¢ r{2cos.r—sinx} J.(2c:()s.wc—sin.'r) +J‘(" D 3 dx
_ COSI{ } ,[ —sinx dx (gt - x2)2
2¢cosx —sinx (2cosx—sinx) =u, = 3
cosXx
= (=D n2,2_ 2.[ 3 2
(2cos x —sinx) +—3 fx (a” = x")W(a® —x")dx
1 : 2 : n=-1,.2 _2:3/2 2
—~—(2cosx—sinx)——(-=2sinx —-cosx) = X (@ —x7) (n—Na (n—=1)
+ I 5 5 dx Up =— 3 3 Up-2 — 3 Uy
(2cosx —sinx)
=1,,2 _.2\3/2 2
d (n+2u,  x"(a”-x")"" (n-1)a"u,
I:N'y = AD‘""'”ED’} = 3 - 3 3
_ COS X _l ti'r—g (—Zsinx—ctiilsx)dr . =_xn—l(a2_x2)312 (n_l)a2"n_2
(2cosx—sinx) 5 57 2cosx-sinx & (n+2) (n+2)
cosx 1 2 = (n+2u, —(n—l)azun_z = —x"1(a® - ¥* e

=~ —X=—[n| 2cosx —sinx | +c
(2cosx—sinx) 5 5
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30. (b) Given jf(.\')sin xcos xdx = % In f(x)+c¢ 3. (0 v S(x)= I I lsccz [i]
2(b° —a”) ]+<.0:.r 2 cos?® (x/2) 2 2
Differentiating both sides w.r.t.x then ) ) )
! £ Integrating both sides with respect to x, we have
x

Sf(x)sinxcosx =

2 r
26" -a”) S f(.r)=tan[£)+c
1) 2
= 2(!)2 —az)sinxcosx = -
(xy ¥
. S(0)=0+c=3 then f(x)=|an[5]+3
= 2b% sin xcos x —2a° sin xcos x = L“),
(x)}
Integrating both side w.r.t. x we get f(”] tan( ]+3 4
2 4
—b%cos’ x—a’sin’x=— f{] )
X
Now 3+ % =34-22 =340 _33 34
B 1 4 7 x 14 14
or f(x)= 2. ... 2 2 2
(a”sin” x+b” cos” x) 22 1 2
2 bV and 3+5—3 14 3+ﬁ=7=457
3. @ Let/= [ OE
.\*\]c‘.\r' ~(ax” +b)” 3.78<4<457
b] n b4 T
dx Hence, 3+—<f[—) <3+=
I (ax —b)dx _,[ [ 4 2 2
‘j ( ) J 2 ( b]z It can be checked that other options do not satisfy the
—| ax+ ¢ —| ax+ ..
x x conditions.
Put ax+£=csin9 (a—iJ dx =ccos0d0 34. (a) _[1' d(tan~ x)—jx 3 dx
x x l1+x
0do .
then /= [£S25247 _ d0=0+k, k is constant of 2
I Jecos @ j —f{x— ] —%—%ln(l+x2)+C
1+ x2

2
245)
h J+k 3

ox 35. (¢) I=IJ]+2tan'x+2tanxsccxdr

i . . . 1) ax
integration. So, /=sin . L

32. (b) Sinccf(x):tan']x+InJ(l+x)—fnJ{l—x)

= J.\/sccz x+tan? x + 2 tan x sec x dx
1 1 1

L= 5 e 2
(1+x7) *) ) =I(secx+lanx)dx=In(secx+tanx)+lnsecx+('
S S S
1+x%) (1-%) (1-xY 36. (a) We have secbu " secl8a : sec54u
, , cosec2a  cosecba  cosecl8a
= —=f'(x)=
Zf( ) (1-x% B sin2¢::t+ sin 6a . sin18a
i " cosba  cosl8a  cosSda
X
x)dx* =
I /10 I(l—x“) sin2a 1 sinda

A, . 4 _ a4 Now, cos6a 2 cos2a cosba
Put 1-x" =t . —dx" =dt or dx" = —dr then

2

Ilf'(A')dx4 = _Iﬂ =—Int+c=In(1-x*)+c _ 1| sinbacos2a - cosbasin 2a
2 : cos2a cos ba
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= % (tan 6 —tan 2ax)

Similarly, SR U (tan 18 — tan 6cx)
cosl8a 2
L = 2 (tan 54 — tan 18«x)
cosS4a 2

Thus integral = % [ (tan 54c — tan 2 dx

_I|fn|sec54a| In|sec2a| i
2 54 2

37. (¢) Putinx=r=>x=¢ =dv=édl
7
t—=1)" ¢ | 2t
/= e'( ) it [ Y
_ e PR
2 +1 ([n.\')2+l '
38. (a) I=I((n(l+cosv)—\'tan )dx

x
= | (n(1 sx).ldx —| x tan —d
_[n( +cosx). ldx I\' an2 X

. X X
2sin = cos

=I(n(l+cosx).x+ B .xd.\'—J.xlan%dx

X
2cos>

=(n(1+cosx).x+ lean%dx—jxlan%'dx+c

=(n(l+cosx).x+c.

39. (¢ I(l\'z tan —:‘- - xsec? %)dx

1 1
= I3x2 tan —d.\'—."xsec2 —dx
X x

= tan l.\'} —I(s«.cz l](—%).ﬁdx—jxsccz ldx
x x)\ x* x

=33 tan L +c
X
40. @ Let /= J' "™ (sec —sin 0)d0
2 dt
Put tan® =7 = sec” 0d0=dr = dO = =
1+1°
( \
:I:Ie’L 1412 ——un J dt,
142 ) 1+2°

IIT-MATHEMATICS,

41.

42.

(a)

(c)

INDEFINITE
L T:Jl E IE
INTEGRATION

(1 t )
¢ = 1dt
L\/l+1 (1+1%)¥2 J

Integrating first part by parts we have,

' ! :
e dt I 3/.,ed1+c

t
J.(l+t )3”' (l+r )

1
e
\/I+12

!
e

= > +C =0 06504 ¢
V141

5
(tan x —1)sec” xdx %

I=-

(tan x + l)\/tan3 x+tan? x + tan x

Put tan x =1

/= .[ (r-1)
(l+l)\h w12+t

t“ -1

2
- —j dt
7 ) 3 2

(t° +21+I)\/t +1° +t

I_

| b

= L dt, put 1+t+-=u"
t

(I+2+I)\/I+|+l
t t

" l=_J‘ 2du -1

=-2tan
where u =

o —

u+c,

(]

14 u

|+ tanx +
tan x

: 2/3
IM.(I(,stin x)

1+ (sin.!r)‘”3

1422 1+1/¢2 I
= 7 = d - an
II+14 j(l—l/l)2+2 \/f_!

(3o 1 )
=Ltan_lt o \}3sin.\‘J
V2 2
(32 _1)
_ by Vsin®x -1
_\/itan Lﬁ3sinxj+c

AEP oz
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43. (¢) We note that di(.\' tanx+1) = xsec? x + tan x
X

we get

2 \g(.C X+ tanx
u[pual ety

(\'tdn\‘+l)‘

BCY (N N S G W
xtanx + 1 xtanx +1
X P 2,[ XCOS X
xtanx+1

2

X :
= ———————+2log, | xsinx+cosx | +c
xtanx+1

dx

XSinx+cosx

G i(.\'sin X+ COSX) = XCOSX)
dx

44 (¢c) Let ax® =bsin’0 = x= \/Esine
a
2ax dx= 2bsinOcos 04O

= dx= Md@ = \/Ecosed()
2ax a

b cos0d0
1= |—
\/;J-( b . 5

a+b.—sin” 0) .\/[;cos()
a

- Vaf—

(a +b2 sin? 0)

2
_\/;I sec” 040

(a sec 0+ b2 tan> 0)

. integrating by parts with x2 as first function,

INDEFINITE
L T:J‘ E I

INTEGRATION

Putting tanO==z

= sec? 0d0 = d= then

I—\/_I

a (I+—“)+b“ 2

_J;j

(a +b2 )z +(12

(a +b° )I
(a +b')
S 5 [ 2
= Ja ; A S ] A L P
a2+b2 a a

1 n_l(:\/az+b2\

. T ta [ J +¢, where
\/a(a2 +b? ) a

z=1tan0.

45. (@) Given x f(x)=3/2(x)+2
= f(x)+x'(x)=6/(x)f"(x)

== -
Now [ = £ 2X(x=6(CN+/(x) 4.

(61 (x)—x)(x* = f(x))?

2x— f'(x) 1
=2>1=- dx = +c
I @ -f@)? P-f)

COMPREHENSION TYPE

5
X _ X"
j > 1 dx—f 12
¥t (x— ] +2
X X
1 1
Put X=——mlD |+—,, dx = dt
X e
dt 1 ot
= =—tan —=+C
'[124»2 \/5 \/_
1 _|.\‘2—

IIT-MATHEMATICS,

2. (©) 1= B dx

(x4 +3x2 + I)tan‘l (x+ l)
X

l_l

2

X dx

=] | I
(.\'2 == +3] tan_'(x+x)

X

I | |
Put .v+—=t:[l——,jdr=dr and x2+—,,+2=t2
x" X

X

*e IZI%Z[nllﬂn_lll'f(‘
(t“+Dtan ¢

tan X+ -
X

=4{n +C

\ STUDY cmcus

ACCENTS EDUCATIONAL PROMOTERS



Since 2001

l_ IE I:
STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS

3.(b) ,_If‘—'2dx_j-‘4—‘2dr
Vx4 x2 42 x +]+21
-
2
X -

Put x2+i,+l =!:>[.r—i)dx=ﬂ.

¥ 2

X

we get /=I%=sﬁ+('= /.r2+l+i,+(‘
1 x-

10

4(d) Divide numerator and demoninator by x'" we get
5x70 +4xd
1= [SE A4
(l+x " +x7)
Put 1+ x4 + x~% = and evaluate
5(b) Put ]+.1r2 =(1-x)

[Herea =10, we can put /] 4 42 =1+xalso]

::>.\'+\a'l+.1r2 =/

(. )
or L|+—_}d.r=d!JD =
14 x~ I+ x°

15 f 2,15
.'.!=_[l'5 £=I—+C=—(x+ ]I;x ) +C

“r 15

dx _d_!
!

I
——— 4 (
15(V14 x2 —x)'°

6.(a) Herea<Oandc<0,but —x +3x-2 = —(x=1)(x-2)

So, weput y/—x2 +3x -2 = (x—2)¢ or (x—1)ror«(1-x).

Put—x?+3x-2=t(x-2)=(= X (rl<x<?)
X -
W . 202 +1 p 2t dt
eget, X¥= and ax =
o 41 (r2+l)2
So, the integral becomes
2t dt
2 2
(= +1)° 2
I= =|=dt
A2
Lt2+1)'r2+l
:—g+('=—2 x—2+(,

IIT-MATHEMATICS,

INDEFINITE
LT -1 E E

|
INTEGRATION

7.(¢) The antiderivative is —2,}':;2 . So, the limit is
-Xx
( .
sin| -2 x=2
’ L l—xJ
im
x—2 \/E
e x—2)
smL—'.’ )
= lim X o fx2, ]
x—2 ( 2 _\'—2 l—.\' \12—_\’
l-x
=lx-2=-2
1 1
— th
8-(6) j[ln X (]n x}2:|’r
p- -l ar - [—
|I1 x (In x)° X (In x)~
=L+C
In x
25in ¥ cos ¥
ot I,r+sinx - X+ SI"ECOSE
I+cosx 2coszx
2
1 : )
=J‘5.rscc2 %{Lr+.[tan%a’.\'
Integrating second integral by parts taking 1 as second
function, we get
1 2 ; 1 ;
I= j—xsecz Id,\‘+xtani—‘[J.‘.—sec2 x dx
2 2 2 2 2
=xlan£+('
2
(x+1=1e*
I= dx
10.d) I( R kil e
X
=je“ : + l, dx=——+C
x+1 (x+1)° x+1

i[L] ——
“dx\x+l) (x+1)2
IL() ; =j{log(log.r)+ a ,}dx:j(logulz]e' dr
- t
[Putting log x = 1]

=[¢ {(log.u) [%—Iiz]}dr

= (logr —1] = xlog(log x) - ——
t log x

0g x)
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INDEFINITE
LT - B E

INTEGRATION

~

REASONING TYPE

3+4cosx

1. ) [,= Ilan" xdx 3. @ I =I X _dx
. " ’ (4+3cosx)”
= Ilan""' xsec” x —Itan"" xdx
3cosec’x + 4 cot xcosec x
tan” ' x =J 5——dx
= n—l 1, 5 (4cosec x+ 3cot x)
(Mulitplying N_and D, by cosec? x)
Putn=6, 5(Is+14)= tan® x 2
Statement -1 is true and statement -2 is false. _.[ )} S (x)dx,
1 2 1 21'(x) where f(x) =4cosecx+3cotx
2 (b) If(")dleog(f(.\‘)) +C 3m=ﬂ
’ ’ ] . ] ~ sinx
:‘>f'(x)=%:>f(x)='—: f(x) 4cosecx+3cotx 4+3cosx
- - Statement -2 is clearly true
Statement -2 is clearly true.
EE MULTIPLE CORRECT CHOICE TYPE
1. x)= lim e*@n(l/mlog(l/n) 2tan x 1
(ed) JS(x) S 2. (bo) I= je" E— +cot?| x+ - dx
But lim tanl/nlogl/n
n-—ra0 ) o)
= Ie"{ s —l+cosec? (.\’+£)}dx
 lim (logn tanl/n) P I+cotx 4
n—so\ N 1/n o " -
So, flx)= = I"X {— cot (x + 2) +cosec” (x + Z) }z/x
S(x) sec? x
Hence , [=imedv = [ = dx - & cot| x+ %]+ C = cot| X —x]+C
sin’ ' xcosx (tan x) minades (i s v
B Again,
=I l|+|’,x dt (Putting ¢ = tan x) &
M/ v 3z s
I=¢ cot(——.\)+(“-e LOI( +——v]+(‘
/3 5/3 3 3 3 2/3 4 2 4
- j(l‘”" +1"")dr=—§1"x"' - e
- =e* lan(.\‘—g)Jr('
_ 3 (+dmn’y)
8 tan’ Vlan 2 2
3. (a0 As 0<x<]l = x“<x2 <x
_ 3 (l+4lan X)
Thus, g (%) = = = =i 1 1 1
8tan'x\/' tan” x = |+x<1+x”“<l+x
n 15 1 1 1 :
andg(z]=—§ Idx <.[ dx <J- d.\’
slex Qled™2 glax?

Clearly g is not defined at x = 0 and odd multiples

of % . So (b) is not correct.

II T-MATHEMATICS,

— lnz<l<Z
4

uml
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4.  (bd) cos 'WI-x* ==sin”'x, v x<0

ot I(cosfl x+cos”! V1 -x2 Px
=I(cos_' x—sin_lx)dx
=_[[%—2$in_l x] dx

=£x—2xsin'lx+_[ 2x
2

dx

1-x?
= gx—?_xsin”' x=-2V1-x*+C

5. (a,d) Let 7 =J-"‘7”2(2+3-\‘”3)72d\‘
Putx = {6 dv= 6{5(";
then /= [¢73(2+3%)2 6%t

2 2
=6If_”d,=éfi
(2+3%)* 9 (2+,2J~
3

Now put = [%) tan @

:ﬁju - c0520)d0 = {9- = 29} +C

=L{ __M}w
J6 1+ tan’ 0

-

2

]+3.r“
2
1/6
— tan~' \/Ex'”’ —L +C
N 2 2+3x/3

IIT-MATHEMATICS,

(x?2 +1)? - 252

(x+ D =x2 +1)

x*+1)
(.\'6+I}

dx

(bl Let / = dx = |

2 2
=J- (.: +L)dx _Zj- xﬁdx
(x"=x"+1) (x"+1)

(l+ Izjdx
ol Feremr
(x“—l+x2)

1

1 d:

=I( +x3J ) _2,[ x2dx
? () +1

(+-3)

. 1
In first integral put x ——=1
x

a 2_‘- x2dx

(.r3 )2 +1

1 . .
(l + —,] dx = dt and in second integral put x> = u
2

) du

x dx=7 then [:j'

dt 2¢ du
e J‘

pl 2
I+t I+ u”

R T R
= tan l—glan u+c

= tan”" [.r—l) —Etan_'(,t3)+c
x/ 3

(a,b)Put 7 = sin’x
The integral reduces to

’
I= %Ie’(Z—r)df = %e’ —%4»(:

= %esi"-”(:’a-sin2 x)+c¢

sin® x 1 2
=¢e I+ECOS X |+cC

2 -
(h,c)l=.[ x“+n(n-1) 2d.t'
(xsinx+ncosx)
2n-2

Multiplying and dividing by x~

2

,_I (x2 +n(n-1)x2""2 "
(xsinx+ncosx)’ x>""2
B 2n=2
_ (x“ +n(n-1))x
! _J. n-l1 dx

. >
(x" sinx+nx""" cosx)”

Let x" sinx+nx""' cosx =1

-2

n-I1

= (nx""'sinx+x" cosx+n(n-1)x"

l-\ = 1P
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cos x —nx"" sin x)dx = dt

=2 >
= x""“cosx.(x“ +n(n-1))dx=dt

> -2
(x* +n(n—=1)).x"""cosx
-1 2
cosx)

I —
(x" sinx + nx"

Integrating by parts; we get

1
I =x" sec x.(— ]
x"sinx+nx""" cosx

X" secxdx

TE
E I
ON

LI -

INDEFIN;
INTEGRATI

N J‘ x" secxtan x+ nx" " secx

dx

(x" sinx+nx""" cosx)

x" secx 2
- — + | sec” xdx
x"sinx+nx""" cosx

x" secx
I=- | +tan x + c.
x"sinx+nx""" cosx

EE MATRIX-MATCH TYPE

A-r; B-s; C-p; D-q

(A) Ie“' [$+ log(x+ 2)](& =e"log(x+2)+c¢

(B) Isin2 x(1- sin? X)cos xdx

=I sin? x cos xdx — Isin" x.cosx dx

sin®x sin’ x
= - +¢
3 5
dx i1 2x+3
(©) I 5 - = sin [Jﬁ

5
X 3 X
dx = [.\“ -Xx+ ]dx
®) 'l-.\r2 +1 I 2

x°+1

2
I4 x~

=———+l(n(x2+l)+(‘
4 2 2

2. A-s; B-t; C-r; D-gq
(A) Since /= Im

Put +/x =!:La{r= 2dt

Jx
. I:J ’2d! :Etanfl(%)+('

“+9 3

2 [Jx)
=3 tan 'LTJM“

IIT-MATHEMATICS,

.
B) - Ie" (1-cot x + cot” x)dx
2
= je" (cosec”x +(—cotx))dx = e* (—cot x) +¢
(©) I (tan xsec x + cot x cos ecx)dx = secx —cosecx + ¢

dx
®) -[ 2 x X X
2sin'(']—2sin(')cos( )
2 2 2
3(.\‘) |
cosec

=I 2/2
I_ [‘r)

cot )

A-r; B-p; C-q; D-s

I ALC .
dr—jf(x).ir—lob

X
I—col(—) +
2

a+l x
(A) I(x" +a¥)dv=2—+ -4 &
a+l (loga)

I

l+
B) _[ dx put x——=1t (x2+i’]dr=dr
24 - * e
Xx“
dt 1l x2=1)
= —=tan +C
If' +(2)? 2 L J2x
©) 1 sec® x dx :lj sec® x dx

2 5
tan” x+tan x + 4

2
|
tan x + +1
2

= llan'I [lan.r+l] +C
4 2

2
S€C™ X

dx =
®) J‘(\lqm\‘+\lcos x)! "-(\:‘tan.a:ﬂ)4

dx

\ STUDY CIRCLE
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2tdt)

2tdt 1 1
= =2 - dt
I(l+l)“ J.(1+l)3 t+1?

1 1
=- +—+c

t+1?% 3@+1)}

X =2 2
(Using tan x =1~ = sec” xdx=

-1 2
= +
(I+\/lan.\')2

A-r; B-p; C-t; D-s

Ifn(.\'+\/l+.\'2)dx: /

-
1+ x~

Put Iog(x+\/l+x y=i=>

+c.
3(1+4/tan .\-)3

=dt

\]I+\*
2
log(x + V1+x?

2
SO,I=I!(1!=%+(‘= +C.

1
2
Thus,

(]

x
2

B)  g(x)=log(x+ Va2 +1)
2 3
(C) Now, j%log(x +Vx2 +1)dx = %Iog(x+ Vx2 +1)

(A) Sf(x)=

~%I_ \'+\/]\* +1{ 2\13‘”}(1:

3
=—log(r+\/\ 4 )——J.\/i
x“+1

Putting x> + 1 =7

i3

= "—Iog(x+ \/x2 + I)—l_[(t?' —1) dt
6 6
3

= %log(x+ \).\‘2 + l)—%(l +x2 )3’12

re+at) 2 4C
6
(D) J.eg(“')d.\‘ = J.(.\'+ VI+x2 )dx
2
=XT+§ l+x2+%ln(x+\/l+x2)+(“
=%x(x+\/|+x2)+%g(.\')+(“

IIT-MATHEMATICS,

INDEFINITE
LLT - EE

INTEGRATION

5. A-r, B-q, C-t,D-p

2
£
dx = (l— J dx
+x2 J- 1+ x2

(A) j.xzd(tzm"l x)= II

1

=x+tan x+C= f(x)=tan " x

(B) IJl + 2tan x(tan x + sec x) dx

= I\/(sec.\w tanx)* dx

=In|secx+tanx|+In|secx|+C

14sinx -
=In 3 +C=In - +C
cos” x I —sinx
-2
X _..X s x .oxl
=In|cos—~=sin—| +C =-2In|cos——sin—|+ C
2 2 2 2

—J'Z\‘i dx

7e

(©) I\‘ eXdx = x*

4
x4 +1 (x2 +l) - 2x2
(D) I.Y(X2+|) '[ \'(\ +|)~
(1 2¢ )
= L——%J dx =In|x|+ ,1 +C
X (x*+1)° x“+1
Xa=b=1

6. A-p,qt;Bop;Coq:D->p,s
(A) Let 3x=cos0 = 3dx=-sin0d0 , then integral is

cosO o
_11_3_;0
3 sin0®

=—lsin0—103+c
9 9

sin0d0 = —lj(lc050+62Jd0
3J 3

1

= 1-9x2 —l(cos_I 3,\')3 +c
9 9

| 1
Hence 4= -3 B= e

l-\ SSUCY TETiE
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(B) Given integral is

j' 2.\'+l7 i =I 7dt =—lln
(x(x+1)* =1 t° -1 2

¥ +x-1
(©) I.\’S(.\'m X+ l)(2.\’l() +3x° +6)”5dx
= I(.\'M +x + l)(2.\‘I5 +3x'0 + 6x° )I/de

Putting 245 4 3x10 4 6x° =¢°

4
= (.rM +x +x* )dx = %-dl

=1J'15dr=Lr(’
6 36

=3L6(2.\"5+3.\'| +6x° )6/5

3
) D Y (e I S )
J‘\/I—xz (1+\/l~x2)

2
x“+x+1
—_—|+c

INDEFINITE
LLT - EE
INTEGRATION

let 1+vVl-x2 =z ,:Ldv-d-

2\/1—.\"'
\‘(l—\'z) 1

o )

=J'( —|)2 d=

=I.‘-2—-ﬁdz = I:d:—ZIa’:+I%(I:

-

='7—2:+(n1:|+c

dx

_ ('N'z—-*)' 201+ VT=x)? + (nfl+V1-27|+c

2+x2 +2V1-x2
AEE - ¥) ien1+1-2 +¢

5
=—(l+\]l—x2)—%+(nl+\ll—x2+c

EE NUMERIC/INTEGER ANSWER TYPE

1. Ans.:3

.30
sin’

I= = B do
cos_)\/cos3()+coszo+c030

.0 0\ .-,0
ZSm,).cos2 .sin 5
= = do
2¢0s> \/cos 0+ cos> 0+cos 0

2sin? gsin 0do

-]

» 0 B
2cos” > \/cos3 0+ cos” 0+ cosO

Put cos@=t = —sin0dO=dt

Also cos 0= 2cos” g—l—l—ZRm‘,g:l

1—1
- 7 (% ~1)dt

|
A+ONB +2 41 2 +1)2NB +22 +1

IIT-MATHEMATICS,

(o
l t°

r+ +2 I+ +I

Put I+ +I—u = (I——l—,—] =2udu

1 2udu 1
’=;I 2 =tan“'u=tan",’l+-+l+c
< (l+u‘)u t

- /D
= tan"'(cos O+secO@+1)"2 +¢

So, f(0)=cosO+secO+1>2+1=3
Ans.: 1

Let P= J'e““' cosbxdx, Q = J‘e"“’ sin bxdx
P+iQ = j @ (cos bx +isin bx)dx

[We may apply integration by parts twice also]

J’ e eib.\‘ dx = I e(aﬂ'h)x dc

glatib)x i (cosb\'+lsm bx)(a —Ib)

=—+¢
(a+ib) 2 4%

\ STUDY cmcus
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e™ {(acosbx + bsin bx)} +ie™ {(asin bx - bcosbx)}
2 2
(a” +b%)

(l X (L\

(asin br bcos bx)

(acosbx+bsmbr) +'
(a +b? ) a® +b?

Equating real and imaginary parts on both sides, we get

¥ (acosbx + bsin br)
(a +b2 )

P= I e™ cosbxdx =

=1 ™ cos(bx - ¢)+ ¢ and
5

e™ (asinbx - b(.osb\')

(a +b)

= Ie”" sinbxdx =

L]
I

: e Y sin(bx + @)+ ¢

[ (b
where r=+va® +b> and ¢=tan '(—)
a

(P? + Q)2 = 2™
(neglecting constant of integration)
P? + 0?)a® +b%) = 2%
3. Ans.:2

= Isin 4x e Xy = I2sin 2xcos 2xe"™ *dx

(l—tanz.\'\

N
= 4Isin .\'cos.\'L 3 J e Xy
|+ tan” x

2 6 2 tan? x
= 4J. tan x.sec” x.cos” x(l —tan” x)e™" “dx
Put tan’xy = ¢ = 2 tan x sec’x dx = dt

, (-0 fel=21 ,
 I=2 dt = —2[[ 3Jedt

(1+1)? (t+1)

——2][ ]e’d{
(1+I)' (r+|)

! 2
e -
—+c=-2cos x. ™ ¥ 4 ¢
(t+1)°

IIT-MATHEMATICS,

INDEFINITE
LT -1 E E

INTEGRATION

Ans.: 1

"
I= Icoscc“.\' In(cos x++/cos 2x)a'x
= —cotx.log, (cosx ++J/cos 2x)

1
-|(-cotx), —mmF——
I cosx ++/cos 2x

{—sin x+ %(cost)_'/’ (—sin 2x).2}dx

= —cotxln(cosx+ Jeos 2.\')

Iolx sin xv/cos2x +sin 2x
o
\/cos7\(coa\‘+\/(.os7\')

= —cotxln(cosx+ Jeos 2.\‘)

dx

J’COS x\/cos2x — COS xcos2x

cos2xsin> x

= —cotxln(cosx+ Jceos 2.\')

J‘ COs X

. 2
Jeos2xsin” x

dx+ Icotz xdx

Now, - .[ cos xdx

S )
Jeos2x sin® x

cos x dx a dt

sin? x \/I—ZSinzx 12\/1—212

| |
Put t=— = dt =-—du
u )

udu

IS

Thus /= —cotx/n (cosx+ Jcos 2.r)

+\Ic.osec X—2—-Cotx—x+c¢
s f(x)=—cotxand g(x)= \/coseczx -2

= —Vu? -2 = —Jcosecx -2

Hml
A STUDY CIRCLE
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5. Ans:2

B ‘/EJ- (cosx—sinx) dx
Jsin2x(4+3sin2x)

Putcosx +sinx =z
(cosx—sinx)dx=d=

I\/—_[\/(-

~D(@+3)(z> -1)
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