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AREA BOUNDED BY
CURVES

Continuous curve which is bounded by under the certain condition, the space IN THIS CHAPTER ...

which is occupied, is called area bounded by curves.
o Curve Sketching

Curve Sketching « Sign Convention for Finding the

. g " ; Areas Using Integration
For the evaluation of area of bounded regions, it is very essential to know the SR

rough sketch of the curves. The following points are very useful to draw a
rough sketch of a curve.

Symmetry
(a) Symmetry about X-axis If all powers of y in the equation of the

given curve are even, then it is symmetric about X-axis, i.e., the shape
of the curve above X-axis is exactly identical to its shape below X-axis.

» Variable Area, Greatest and
Least Values

e.g. > =4axis symmetric about X-axis.

(b) Symmetry about Y-axis If all powers of x in the equation of the
given curve are even, then it is symmetric about Y -axis.

e.g. x°=4ayis symmetric about Y-axis.

(c) Symmetry in opposite quadrants If by putting —x for x and -y for y,
the equation of curve remains same, then it is symmetric in opposite

quadrants.
e.g. xy=c? x*+ y*=a” are symmetric in opposite quadrants.

(d) Symmetric about the line y =x If the equation of a given curve
remains unaltered by interchanging x and y, then it is symmetric about
the line y = x which passes through the origin and makes an angle of 45°
with positive direction of X-axis.
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Origin and Tangents at the Origin

See whether the curve passes through origin or not. If the
point (0, 0) satisfies the equation of the curve, then it
passes through the origin and in such a case to find the
equations of the tangents at the origin, equate the lowest
degree term to zero.

e.g. y°=4ax passes through the origin. The lowest
degree term in this equation is 4ax. Equating 4ax to zero,
we get x =0.

So, x =0, i.e. Y-axis is tangent at the origin to y* =4 ax.

Points of Intersection of the Curve
with the Coordinate Axes

By putting y = 01in the equation of the given curve, find
points where the curve crosses the X-axis.

Similarly, by putting x = 0 in the equation of the given
curve, we can find points where the curve crosses the

Y -axis.

e.g. To find the points where the curve xy? = 4a*(2a — x)
meets X-axis, we put y =01in the equation which gives
4a*(2a - x) =0 or x = 2a. So, the curve xy”* = 4a*(2a - x),
meets X-axis at (2a, 0). This curve does not intersect

Y -axis, because by putting x = 0 in the equation of the
given curve we get an absurd result.

Asymptotes

(i) Equate coefficient of highest power of x to get
asymptote parallel to X-axis.

(i1) Similarly, equate coefficient of highest power of y to
get asymptote parallel to Y-axis.

Note While constructing the graphs of functions, it is expedient to
follow the procedure given below

¢ Find the domain of definition of the function.

e Determine the odd-even nature of the function.

¢ Find the period of the function if its periodic.

¢ Find the asymptotes of the function.

e Check the behaviour of the function for x — 0*

e Find the value of x, if possible for which f(x) — 0.

The interval of increase and decrease of the function in its range.
Hence, determine the greatest and the least values of the function, if
any.

Regions Where the Curve does not Exist

Determine the regions in which the curve does not exist.
For this, find the value of y in terms of x from the
equation of the curve and find the value of x for which y
is imaginary. Similarly, find the value of x in terms of y
and determine the values of y for which x is imaginary.
The curve does not exist for these values of x and y.

e.g. The values of y obtained from y” = 4ax are
imaginary for negative values of x.
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So, the curve does not exist on the left side of Y -axis.
Similarly, the curve azy2 =x%(a - x) does not exist for
x > a as the values of y are imaginary for x > a.

Special Points
Find the points at which Q

X
tangent to the curve is parallel to X-axis.

= 0. At these points the

Find the points at which % =0. At these points the
Y

tangents to the curve is parallel to Y-axis.

Sign of % and Points of Maxima and Minima

Find the interval in which % > 0. In this interval, the
x

function is monotonically increasing, find the interval in

which ? < 0.In this interval, the function is
x
monotonically decreasing.

d?y
2

Put Q =
dx
obtained, to find the points of maxima and minima.

Keeping the above facts in mind and plotting some points
on the curve one can easily have a rough sketch of the
curve.

Following examples will clear the procedure.
2

Example 1. The graph of the function f(x) = = is

% ¥

//\\ / /\ (\\ /'/’

(@) £ ‘ b) ———L
0,0 (0,0)
'R\?""“'/'/" /\

© — ] d) —/

]/ -1,0)|(1,0

(_1'0)\ (1,0 /1,01, 00\

Sol. (c) Here,
-1
e
Symmetry On putting x = — x, the graph is unaltered.
.. Graph is symmetrical about Y-axis.
Passes through origin Since, (0, 0) not satisfies the given curve.
~.Graph is not passing through origin.
Intersection with coordinate axes Putx=0, theny =—
and put

f) =

(say)

y =0, then x==*1
.. Graph cuts the Y-axis at (0, —1) and the X-axis at (1, 0)

and (-1,0).
A = 1P i
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x* -1
Asymptotes y==
X“+1

Here, no asymptotes is parallel to Y-axis.

(since, x> + 1=0 for any value of x.)

Now, x2=y—+I
1-y
1-y=0aty=1

So, y =1is an asymptote parallel to X-axis.
Hence, required graph is

Note

If function is periodic and we can find it's period, then plot curve for the
interval equal to one period and repeat it.

iff(a)f(b) <0, curve intersects X-axis atleast once.

Similarly, iff(a){(b) >0 curve intersects X-axis even number of times.

Example 2. The graph of the function

f(x)=x+lt'5

X
Y Y
| Y =X y==x |
(a) 0.0 »X  (b) X
o y=x
(c) N X (d) None of these

Sol. (a) The function is defined for all x except for x =0.

It is an odd function for x # 0.
It is not a periodic function.
Forx—=>0%,f(} > + o, forx—> 07, f(x) > —o
Forx— —o0, f() &> — o0, for x— o, f(x) > =«
xli’[ni_{f(XJ -x} =0
.. The straight lines x =0 and y = x are the asymptotes of the
graph of the given function.
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Now, consider f(x,) — f(x) (for x, > x))
1 1
=X —X)+———
X X

=(x, — %) [1 - i} <0 for xx, €(0,1]
Xi1Xa

and it is > 0 for xx, €[1, ).

Thus, f(x) increases for x €[1, ®) and decreases for x (0, 1].

Thus, the least value of the function is at x =1which is f(1) = 2.

Thus, its graph can be drawn as

(1,27

3

(0. 0)
\™1,-2)

Example 3. The graph of the function f(x) = ) 7y 1S
1+ e’
Y
i e e = 1/2
(a) N /‘ a
|00 x
14
S B =1/2
(b) ) v ¥
©.0 .
14
©. 1)
@ T /‘; p—— ry=1/2
©.0 x

(d) None of the above

Sol. (c) The function is defined for all x except for x=0. It is
neither even nor an odd function. It is not a periodic function.
Forx—0",f() > 0forx— 0", f(x —>1

Forx— o, f(x — % forx— —o, f(X — %

lim (3=

X—two 2
. The straight liney = % is asymptote of the graph of the

given function.
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1/x

As x increases from (0, «), L, decreases from (0, ) and e

]/X)

X
decreases from (0, «). Thus, (1+ e"*) decreases from (2, ).

. f(¥) increases from | O ( ;_) for xe(0, ).

Similarly, f(x) increases from (% ,1) for x— (—,0).

i.e., f(X is an increasing function except for x=0.
Thus, its graph can be drawn as shown in figure.

YTo.1)

= 1/2 (asymptote)

|io, 0)
Sign Convention for Finding the Areas
Using Integration

We can tactfully apply the concept of definite integration
to find the area enclosed between the curves. But then,
we must be very careful, while applying the discussed
sign convention we will discuss the three cases.

Case 1 Ifin the expression I: f(x)dx,if b>a andf(x) >0

for all @ < x < b, then this integration will give the

area enclosed between the curve f(x), X-axis and the line
x=a and x = b which is positive. No need of any
modification.

Case I If in the expression j: f(x)dx,if b>a and

f(x) <0 for all @ <x < b, then this integration will
calculate to be negative. But the numerical or the
absolute value is to be taken to mean the area
enclosed between the curve y = f(x), X-axis and the
linesx=aandx=5.

Case III If in the expression I d f(x)dx, where b > a but

f(x) changes its sign a numbers of times in the interval

a <x < b,then we must divide the region [a, b] in such a
way that we clearly get the points lying between [a, b],
where f(x) changes its sign. For the region, where f(x) >0
we just integrate to get the area in that region and then
add the absolute value of the integration calculated in
the region, where f(x) <0 to get the desired area

between the curve y = f(x), X-axis and the line

x=aand x=b.

Hence, if f(x) is as shown in figure, the area

enclosed by y = f(x); X-axis and the linesx=a andx=05
is given by

A= j f(x)dx +

f f(x)dx{ + I: f(x)dx

IIT-MATHEMATICS, ,
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Example 4. The area bounded by the curve y =sinx
between x=0 and x =2m is
(@) 1 sq unit
(c) 4 sq units

(b) 2 sq units
(d) 8 sq units
Sol. (c) The graph of y = sin x can be drawn as
Required area = Area of OABO + Area BCDB
S 2n .
:-[0 | sinx|dx+ L | sinx| dx
n . 2r .
=IOS|nxdx+ J.n (—sin ¥ dx
[ sinx>0 forx [0, n]and sin x <0 for x €[, 2x]]
=[- cos x|} + [cos ] **
=—CcosT+ cosO + cos2m — cos
==(=1+1+1-(=1)
=4 sq units

Area between a Curve and Axis

(1) The area bounded by the curve y = F(x) above the
X-axis and between the lines x = a, x = bis given by

I: ydx= I:F (x)dx

(i) If the curve between the lines x = a, x = b lies below
the X-axis, then the required area is given by

U:(—y)dx — ’—j‘: ydx|=|— J‘:F (x)dx
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(ii1)) The area bounded by the curve x = F'(y) right to the
Y -axis and the lines y =¢, y =d 1is given by

Ld xdy =I:1 F(y)dy

y=d
x = F(y)
y=c:

Xe—t——X

(0]
v

(iv) If the curve between the lines y = ¢, y = d left to the
Y - axis, then the area is given by

[ oy = xdy) = Py

When ever we solve this type of question. Generally, we
follow the steps given below.
(i) First we sketch the given curve.
(i) Now, we find the intersection of curve with axis and
given line.
(iii) We select the bounded region in the figure and take
interval between bounded region.

(iv) Now, we apply the appropriate formula to calculate
the area of bounded region.

Example 5. The area of the region bounded by the curve
y? =x and the lines x =1, x = 4 and the X-axis in the first

quadrant is

(a) ? sq units (b) g sq units

(c)%1 sq units (d) None of these

Sol. (a) The area enclosed by the curve y = f(x), the X-axis and
the abscissa x=a, x=bis given by A = jb | y| dx.
a

The area of the region bounded by the curve, y* = x,
the lines x =1and x = 4 and the X-axis is shown in the figure.

Y y2=x

Here,a=1,b=4

Since, the given curve y” = xis parabola which is symmetrical
about X-axis (- it contains even power of Y) and passes
through the origin.

IIT-MATHEMATICS, ,

1 T-MATHEMATICS
Hrea b’ H‘Ww

.. Required area (shaded region)
=j:|y|dx=f IMdx=["Vxdx  (oy?=x Iy =R
4
32
3

2

= %[43/2 _13/2]___ %[(22)3/2 _-l]

2 14
=—[8 = 1] = — sq units
3[ ] 3 q

Example 6. The area of the region bounded
by x* =4y, y =2,y =4 and the Y-axis in the first quadrant is

(@ (4 —/2) sq units (b) (4 + +/2) sq units
<) 2(4 ~+/2) sq units (d) None of these

Sol. (c) To determine the required area, integrate x w.r.t. y and

take y =2 as lower limit and y = 4 as upper limit.
The given curve x* = 4y is a parabola, which is symmetrical

about Y-axis.

[+ it contains even power of x) only and
passes through the origin]
The area of the region bounded by the curve x> = 4y,y =2
and y = 4 and the Y-axis is shown in the figure.

Required area (shaded region) = jyy;b | x| dy

[here,|x|=\/4—yanda=2,b=4)=j24 [ x| dy

considering the elementary strip on Y-axis]

=[l2Jy dy [+ X2 = 4y, = x| =24y]

4

ai 4. 32 32
=2 T =§[4 —2 ]
2 1
=218-242]
3
8

= 3 [4-42] sq units

Example 7. LetS(a) ={(x,y):y* <x0<x<a}andAa)ls

area of the region S(a). If for 2, 0 <X <4, A(D) : A(4) =
then X equals (JEE Main 2019)
1
(b) 4(2]’
5

() 2(1)
25
1

1
4)\3 2)3
4 d) 2[=
© (25) A (5]
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Sol. (c) Given, S(a) ={(x,y) :y* < x,0 < x< a} and A(«) is area of
the region S(a)

Y E Px
0 »X
A(r)
x::k
X 127+
Clearly, A} = 2'[ Jxdx=2 x’_ e ol
0 3/2 i 3
Since, ﬂ = E, 0<r<4d
A4 5

= K_ZD(AJ(Z)
$£?2 5 4 5

13 13
=5 & = [i) = A= 4(1)
4 (25 25

Area between the Given Curves

Area bounded by the curves y = f(x), y = g(x) and the lines
x=aand x=b.

Let the curves y = f(x) and y = g(x) be represented by AB

and CD, respectively. We assume that the two curves do
not intersect each other in the interval [a, b].

Thus, the shaded area
= Area of curvilinear trapezoid APQB
— Area of curvilinear trapezoid CPQD

[ @ dx-["g@ de=["tf =) - g@)} dx

" A %y -
C w 5y=gm

9P |ox
X= =b

Now, consider the case when f(x) and g(x) intersect each
other in the interval [a, b].

First of all we should find the intersection point of
y = f(x)and y = g(x). For that we solve f(x) = g(x).
Let the root is x =c.

(we consider only one intersection point to illustrate the
phenomenon).

Thus, the required (shaded) area
=[te@ - f @} dx+ [1f @) - g} dx

YT 4 by =1
S
(2T
SR ST

O| a c b

IIT-MATHEMATICS, ,
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If confusion arises in such case evaluate jbl f(x)—g(x)| dx

which gives the required area.

Area between two curves y = f(x), ¥ = g(x) and the lines
x=aand x = bis always given by I:{ f(x) - g(x)} dx
provided f(x) > g(x) in [a, b]; the position of the graph is
immaterial, as shown in figures.
Whenever, we solve such types of problems, generally
we follow the steps given below.

(i) First, we sketch the given curves. (if necessary)

(i) Now, we find the intersection points of the given
curves by solving them.

(iii) Now, we select the bounded region in the figure of
curves and take the interval between bounded
region.

(iv) Now, we apply the appropriate formula to calculate
the area of bounded region.

Example 8. The area of the region in the first quadrant
enclosed by X-axis and x =3y and the circle x* +y* = 4 i

(@) 0 sq unit  (b) 377[ sq units (c) g sq units  (d) -275 sq units

Soll. (c) Firstly, find the intersection point of x=+/3 and x* + y* = 4
in the first quadrant and then draw a rough diagram to indicate
the required area. Now, divide the area into two parts one lying
under the line joining point of intersection to (0, 0) and other
lying under the circle and then integrate separately to find
required area.

Given equation of circle is x* + y* = 4

and x=\/§yory=ix

3
represents a line through the origin.
2 X
V=%
X+y2=41 A
! (/3,1)
X' < '\B
6 y 2.0
Yi

I-\ Z P e
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a L . T .
The line y = — x intersect the circle, so it will satisfy the

NE]

equation of circle

TJ_—1

[for first quadrant we take x = /3 and neglect x = — /3]
~.The line and the circle meet at the point (v3, 1.

Required area (shaded region in first quadrant)

When x=+/3, theny =

= (Area under the liney = forom x=0tox=+3)

V3

+ (Area under the circle from x=+/3 to x=2)

_jT dx+Iz Gl ryl=asy=44-x)
1 X 2 2? X :

_J_[ } [21ﬂ4—x +?S|n (ZH\B

T [(\3)2-0 ]+[0+2 sin” 1)——\/— 2s m"{{”
_¥3

_ Z(EJ_E_Z(EJ:ﬂ—Z—n:ESqUnitS
2 2 2 3 3 3

Example 9. The area of the circle 4x* + 4y* =9 which is
interior to the parabola x* = 4y is

4 —x* dx

1 1. (242 .
(@ — + — sin”' | —— | sq unit

6 4 g

V29 . (242 :
(b) = + = sin”' | == | sq unit

6 4 3

Y

SRR I

(d) None of the above

Sol. (b) Given, circle is 4x* + 4y* =9 and the given parabola is
x* = 4y. The two curves meet where
A4y)+ 47 =9 = 4y*+16y-9=0

-16 % /256 + 144

= y =

2 x4
-16++/400 -16+20 1 9
T8 8 22
X2 = dy

IIT-MATHEMATICS, ,
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1
Buty > 0, therefore the two curves meet wheny = N

When x2=4x%=2,i.e.,whenx=t 2

. Required area (shown in shaded region)

=2J':2( —y) dx= z{j“‘g 4"" dx— j’” }

Lo
6[{&) 0]

N | W x

222 -t0-01-22
4 6

._1(2\/5] 242
+=sin” | —— | -—=
4 3 6

(853

(ZI] sq unit
3

Example 10. The area bounded by the curves
x-1?

(a) (E = %J sq unit
(c) {— - g] sq unit

V2 9
=—+ =sin”
6 4

+y?=tand x* +y? =1is

(b) = [ﬁ - %J sq unit

(d) None of these

Sol. (c) Given, curve (x -1 + y* =1 0
y=41-(x-1?
which represents a circle with centre (1, 0) and radius 1
and curve
¥ +y?=1 ...(ii)
y =4/1= X

which represents a circle with centre (0, 0) and radius 1.
Both the curves are circle and meet where (x — 1) = x*

i.e. where 2x=Tor x = %

Y
x = 1/2

X—1)2 +y2=1
| ||||1 X

X2 +y2=1

\ I- I S]nnnzﬂlll
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Required area (shown in shaded region)

12 1
=2 [Io y; dx + L/zyz dx]
=2 {L;/Z,H ~(x=1)2 dx + L]/z\h - x* dx}
12
= Z[XT_1 y1-x=1%+ % sin”"! x_—q

1 Jo

1 ds
5 1 -1
=2(2— fi-—+ snn"(——J—(—JO——sm“(—U
2 4 2 2
+2 O+1sm"(1)—l,’1—l—lsin"1
2 4 4 2 2_
1v3 1= 1= n 13 =n
=2 === - +0+-—=|+=--=——-—
4 2 26 2 2 2 6

Example 11. Area (in sq units) of the region outside

2 2
x| I¥l =1and inside the ellipse X oY s
2 3 4 9 (JEE Main 2020)
@6(r-2  (b)3(n-2) ©3(4-m (d6(4-n)
Sol. (a) Equation of given curves
Id vl _, G0
2 3
and : % 1 ()}

On plotting the graph of given curves due to symmetry,
we can say the required area (area of shaded region)

ya
B(0,3)

= Area enclosed by ellipse — 4 (Area of AAOB)
= n(20) - 4(% x2 x3)

22
[ area enclosed by ellipse X—2 + % =1is nab sq units]
a

=61 —12=6(m — 2) sq units

IIT-MATHEMATICS, ,
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Example 12. Consider region R ={(x,y) e R? : x* <y <2x}.
If a line y = a divides the area of region R into two equal parts,
then which of the following is true? (JEE Main 2020)

@a*-6a’+16=0 b)3a’-80*?+8=0
©3a’-8a+8=0 da’-6a*?-16=0
Sol. (b) According to the question,
Yo y=X° y=2x

I:(\/; - %) dy = I:(J; -y/2) dy

" avo o’ 42 16_aVa o
3/2 4 3/2 4 3/2 4
2
= ﬂaJ;:a_+64—48:E:£
3 2 12 12 3
= 3a2-8 a’?+8=0

Hence, option (b) is correct.

Example 13. The area (in sq units) of the region
{(x,y):0<y<x*+10<y<x+ l,zles.'Z} is

(JEE Main 2020)
23 79 79 23
] b) == i d) =2
(a)16 ()24 (c)16 ()6

Sol. (b) Given region
{(x,y):0<y<x*+1,0 Sy5x+1,%SXSZ}

4 y=x2+1

y=x+1

(0. 1)

0
1.0

A > X
(12,00 (1,00 (2,0

= Shaded region in the figure
-.Area of required region is

1. 5 2
:L/z(x +1)dx + L (x+ 1)dx

2 1 [2 7T
3 1/2 2 1

1 1 1 4 1

=—tl-—-—+—=+2---1
3 24 2 2 2
1 1 72+8-1_79
=3 ———=—=—squn|t
3 24 24 24

\ I_ I s:n.znm.
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Example 14. The area (in sq units) of the largest rectangle
ABCD whose vertices A and B lie on the X-axis and vertices C
and D lie on the parabola, y = x* —1below the X-axis, is
(JEE Main 2020)
2

3

(b) (]

@ 4 2 N
33 343 343
Sol. (a) Equation of given parabolay = x* -1
According to symmetry let, the coordinate of A(-a, 0), B(a, 0)
C(a,a*-1)and D(-a, a* -1).

. Area of rectangle P(a) = 2a(a’ -1)
LY
y=x>-1
Al-a,0) 0O B(a, 0)
(1,0 o X
D Cla, a®-1)
(-a, a®-1) 0, 1)

Now, for maximaP'(a) =0 = 2(a’-1) + 42’ =0

1 .
= 3a’=1= a=— units

\3
Ch (1 —l) . sq units
NAERY Y

Example 15. The area (in sq. units) of the region
A={x,y):(x=1[x <y< 24x, 0 <x <2}, where [x] denotes the
greatest integer function, is (JEE Main 2020)

. Area of largest rectangle is

@22-2 m2p+r 021 W2zl

3 2 3 3 3 2
0, 0=<x«<1
Sol. (a) As we know that, y = (x=1)[x] =1 x-1, 1<x<2
2x-1), x=2

Now, on drawing the graph of given region with the help of
equation of curves

y =(x=-D[x]landy = 24/x

. Area of given region = L; 2x dx+ Lz (2+/x —x+ Ddx

4 5,1 [4 2 T
:[_xﬂ {_xﬁﬂ__ﬂ}

o |3 2 7

_AL 82y, 40
37173 372

82

1
= —— ——sq units.
3 2 q

IIT-MATHEMATICS, ,

|1 T-MATHEMATICS

Example 16. The area (in sq units) of the region
A ={(x x| x|+ly|<1 2y” A x|} is

1
2 b, 2
{a)3 ()6 (c)6

(JEE Main 2020)
S

dy 2

(d) .

Sol. (d) The area of the given region

A={0oy):| x| +]y[ 1,2y 2| x|}
by the figure due to symmetry

1/2 X
A—4J-[1x(}dx
A ]

[‘.'2y2+y—1:0:>(2y—1)(y+1):0:>y:%]
L x272x3’2 112
2 32
:4[1,1,3]
2 8 12
Y
0, 1)
2°=x \(1/2,1/2) — =X
4 x+y=1
%
1,0 NC2.00A (1120 / (1, 0)
©.-1)
Y
=4[MJ
24
—Esq units
6

Example 17. The area (in sq. units) of the region enclosed

by the curvesy =x* —1andy =1-x* is equal to
(JEE Main 2020)
-+ 8 7 16
i b) = kd d) —
(a) 3 ( )3 (c) 3 (d) 3

Sol. (b) From the graph of given curves, due to symmetry the area
of the region enclosed

\an/

(-1,0) // //

0.-1)

1

4_1[01—x2]dx [x—é}

2
4 = —sq units
[:J !

0
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Example 18. The area of the region, enclosed by the 8x2 2 3
circle x* + y* =2 which is not common to the region bounded = [7 1= } ]
by the parabolay* = x and the straight line y = x, is I E— _‘(4 — {4 . ﬂ}
(JEE Main 2020) 3
(@) (121':—1) (b) —(1211:-1) (@] (24n-1) (d) (611:—]) 20 128

=36+ =——sq units
3 3 |

Sol. (b) Let the area of the region, enclosed by the parabolay? = x Variable Area. Greatest and Least Values
o o . y
and straight liney = X:S If ¥ = f(x) is a monotonic function in (a, b), then the area
A= I (Vx = Xdx bounded by the abscissa at x =a,x = b, y = f(x) and

Y y=x y = f(c), [where ¢ €(a, b)] is minimum, when ¢ = S
A=z > v g
(1 Example 20. |If the area bounded by f(x) = “ x? +aand
X (0 X the straight lines x =0; x =2 and the X-axis is minimum, then
the value of a is
y
22T 1 1
=[m‘?} =(m‘5)
0 ol
(2-1)-22.1 . 3 -y
3 2 6 6 (@) 3 (b) 3 (0) 3 (d) None of these
-+ Area of circle having radius r = v/2 unit is nr = 2 5
. The area of the region, enclosed by the circle x* + y* =2, SOk B) ' =x"~ 2= 4y~ 2 =0 . o
which is not common to the region bounded by the parabola P thatis gl el ede )
g 1 1 y P Thus, for the minimum and f(X) must cross the X-axis are
y? = xand the straight liney = x, is 2n — Py = g(lzn -1 042 ’
TRl
Example 19. The area (in sq units) of the region
{(x,y) eR?|4x* <y <8x +12} is (JEE Main 2020)
124 125 127 128
(@ — (b) — () — d) —
3
Sol. (d) The area of region {(x,y) eR |4x2 <y <8x+ 12} is area of
region bounded by curvesy = 4x* and y =8x + 12. 1 2
To get the point of intersection of curves, on eliminatingy, Hence, f(1) = 3 -1+a=0= a= 3
we get
4 =8x+12 Example 21. The value of the parameter a for which the
= X*-2x-3=0 = x=-1,3 area of the figure bounded by the abscissa axis, the graph of
y the functiony = x> + 3x* + x + a and the straight lines, which
are parallel to the axis of ordinates and cut the abscissa axis at
%*x’\% (3, 36) the point of extremum of the function, is the least is
U fmae @1 (b) -1 (©0 (d) None of these
1, 4) ©.12 Sol. (b) f=x +3%+x+a;f(N=3"+6x+1=0
X X V6
Car.0) [© = el
y
3 Hence, f(X) cuts the X-axis at% [[— 1+ ?) + [—1 - ?H =-1
So, required area = I(8x +12 — 4x)dx

-1 f1)=-1+3-1+a=0=>a=-1

[IT-MATHEMATICS, , AP e
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Area of Important Curves

1 T-MATHEMATICS
Hrea b’ H‘Ww

Curves Point of intersection Area of shaded region
K57
a'a
i) f(x, y): ax® <y <mx 2 3
0 fx y) 5 ! B(0,0), A [T m—) Area=1m—zsqunit
Ly=axt, y=mx a a 6 a
. B00) X
7l
YI
Y
XXy
i)f(x y):— + = <1 =
0 1xy) a® b g i Area:abLﬁsqunit
2. Yy (@, 0), B0, b)
a 2b
:>X—2+ﬁ231s5+Z
a b a b

(iii) Area of parabola
y? = 4axand its

latusrectum x = a

A(a,?2a), Ba, - 2a)

Area = g a? sq units

¥ T - 4a 4a 2
M)1(x y):y = 4ax 0(0,0), A(_2|_J Area =3 sq unit
and y = |mx m 3m®
v
W) f(x, y): X + y? <2ax 0(0, 0), A(@@, a), Ba, - a) (i) For x>0, y > 0 (area of Ist quadrant)
Af(a,a)
dy” >
and y* zax Area:aZ(E—g)squnit
4 3
(i) For x>0 0 X
(for Ist and IVth quadrant) ©, 0)
A 2 2 = s 4
rea = a Z—é =a 5—5 B(a'_a)
X2 = day Y (428 b3,
(Vi) f(x, y): x° = day 0(0, 0),

y2=4bx

A(482/3 bI/S 4a1/3b2/3)

Area = ? (ab) sq units

4 M 45113 b2/3)
X

(vii) Area bounded by
y =c?x?, X-axis and the
linesy=ay=b

0(0,0), A {? a],

(2

2 (b3/2 _
3c

3/2)

Area = sq unit

IIT-MATHEMATICS, ,
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Curves Point of intersection Area of shaded region
Y
m T K .
(vm)y:kcosSKVOstE ASDSXSE Area:asqumt
0<3x< g -
.00 (%0
2
Y
(ix) Area bounded by Alb — a,2/ab) 8
¥ =4a(x + a) B(b -a, -2 +ab) Area:E\/ﬁ(aJr b)sq units
y> =4b(b - x)
Y
1
®) gongmggi el t = Area = Area of PQRS
yE a”+b = 4 x Area of OLQM
X_ i - 1 and 1 4 -1 a :
BV B nPRE i’ﬁ =£tan 5 sQ unit

2 y2 ] Jas + b
20 ’
O<a<b Y

Y

(xi) If o, p >0, & >B, the area
between the hyperbola P o
xy = p?, the X-axis and Area = p" log B

the abscissa x = o, x=p

: : Since Z001...
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IT-

Practice Exercise

IIT-MATHEMATICS

GEIVY[2¥) Topically Divided Problems

Area between a Curve and Axis

1. The area of the region bounded by
y2 =9x,x=2,x =4 and the X-axis in the first
quadrant is
(a) 16 sq units
(c) 44 - \/5) sq units

(b) 42 sq units
(d) 44 + \/5) sq units
2. The area between x = y* and x = 4 is divided into
two equal parts by the line x = a, the value of a is
@ @ (b 2 © @' @ @
3. The area of the region bounded by the curve
y? = 4x and the line x = 3 is
(a) 2V3 sq units (b) 8V3 $q units
() 443 sq units (d) 33 sq units

4. Area lying in the first quadrant and bounded by the
circle x* + y* = 4 and the lines x =0 and x = 2 is

(a) 1 sq units (b) g sq units

(c) = $q units (d) L sq units
3 4
5. The area (in sq units) of the region
A={(x,y)eR><R|0Sx53,05y$4,y5x2 + 3x}is
(JEE Main 2019)
53 26
a) — d) —
(a) 6 (d) 3

59
(b) 8 (©) B,

6. The area bounded by the curve y = x|x|, X-axis and

the coordinates x = — 1 and x = 1 is given by

1 2 4
(a) 0 (b) g (c) 5 (d) 5

7. The region represented by |x — y|< 2 and |x + y|< 2

is bounded by a (JEE Main 2019)
(a) rhombus of side length 2 units

(b) rhombus of area 82 sq units

(¢) square of side length 2v2 units

(d) square of area 16 sq units
8. Draw a rough sketch of the curve y = \/x — 1 in the

interval [1,5]. The area under the curve and
between the linesx =1and x =5 is

MATHEMATICS, ,

10.

11.

12.

13.

14.

(a) % sq units (b) g sq units

(c) ? sq units (d) None of these

. The area of the region bounded by the curve

ay? = x°, the Y-axis and the lines y =a and y = 2a
is

(a) ga Y9.27% _q) sq unit

(b) §a|2'“ - 1| sq unit

(c) ga2|2m + 1] sq unit

(d) None of the above
The area bounded by the curve x = 2 - y — y? and
Y-axis is

(a) g $q units (b) g sq units

(c) g sq units (d) None of these

The area bounded by the curve |x|+ y = 1 and axis
of X is

(a) 1 squnit
(c) 8 sq units

(b) 2 sq units
(d) None of these

The area of the region bounded by the curve
xy —3x — 2y — 10 = 0, X-axis and the lines
=3 x%=4.i8

(a) 3 sq units

(b) 3+ 16 log 2 sq units

(c) 16 log 2 sq units

(d) None of the above

The area included between the curves y = —; 1
x“ +

and X-axis is
(a) g sq units (b) m sq units
(¢) 27 sq units (d) None of these

The areabounded by x = 1, x = 2, xy = 1and X-axis is

(b) 2 sq units
(d) None of these

A E P s
STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS

(a) (log2)sq unit
(c) 1squnit
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15. The area between the curve y = 4 + 3x — x? and
X-axis is
(a) 125/6 sq units
(c) 125/2 sq units

(b) 125/3 sq units
(d) None of these

16. The area bounded by the curves f(x) = ce*(c > 0),

the X-axis and the two abscissa x = p and x = g, is
proportional to

(@) f(p)f(@) (b) 1f(p) - f@]

(© fp)+ f(@) (@ Jfp) f(@

17. If the area above X-axis, bounded by the curves

y=2"andx=0andx=2is = then the value

og 2
of kis
(a) 1/2 (b) 1

(c) -1 (d) 2

1 .
lx, x = — and X-axis

18. The area bounded by y =sin~ 75

is
(a) (% + 1) sq unit

sq unit

(b) [1 - %] sq unit

(c) % (d) ( J_ «/- 1) sq unit
19. The area bounded by y = tan' x, x = 1 and X-axis is

(a) (% + log «/5) sq unit
(b) (g - log «/5) sq unit

(c) (g - log«/§ - 1) sq unit
(d) None of the above
20. The area bounded by the curve y =sin® x and lines

x= g,x =7 and X-axis is
(a) g sq unit (b) g sq unit

(c) % sq unit (d) None of these

21. The area bounded by the curve y =sec? x, y =0 and
|x] = Tis
3
(b) V2 sq units
(d) None of these

(a) V3 sq units

(c) 243 $q units
22.

Area enclosed between the curve y?(2a — x) =

and line x = 2a above X-axis is

(a) ma? sq units (b)

3na? .
2 sq units

(¢) 2ma?sq units (d) 3ma?sq units

IIT-MATHEMATICS, ,

23,

24.

25

26.

IIT-MATHEMATICS

The area bounded by the curve
4y® =x% (4 - x) (x - 2) is equal to

n 3n 3n
(a) g (b) g () ?

(JEE Main 2021)
n

d) =

(d) 16

The area bounded by y = x® - 4x and X-axis is

(b) 9 sq units
(d) 12 sq units

(a) 5 sq units
(c) 8 sq units
The area bounded by the curve y = log, x, the

X-axis and the straight line x = e is
(a) e squnit (b) 1 sq unit

() 1- 1 sq unit (d) 1+ 2 sq unit
e e

The ratio of the areas between the curves y = cos 2x
and y = cosx and X-axis fromx =0 tox = % is

(b) 2:1
(d) None of these

(@) 1:2
() V3:1

Area between the Given Curves

27,

28.

29.

30.

For a >0, let the curves C, : y* = ax and C, : x* = ay
intersect at origin O and a point P. Let the line

X =b(0 < b < a) intersect the chord OP and the
X-axis at points @ and R, respectively. If the line

x = b bisects the area bounded by the curves, C; and
C,, and the area of AOQR = %, then ‘@’ satisfies the

equation (JEE Main 2020)
(@) x®+6x* -4=0 (M) x5 -12¢% +4=0
() x®—6x* +4=0 (d) x®-12¢% -4=0
The area (in sq units) of the region
{(x,y)e R?:x® <y <3-2x},is (JEE Main 2020)
31 32 2 34
oL o4 b d) 22
(a) 3 (b) 3 () 3 (d) 3
X 1,082« l
1 I 2
Given, f(x)={ = , x==
f 2 2
1-=z, l <x<1
2

2
gx) = (x - %) ,x € R. Then, the area in sq units of

the region bounded by the curves y = f(x) and
y = g(x) between the lines, 2x =1 and REENMSini2020)

1.3 1.3 1 3 V3 1
Wata Waty YWitg Wi

The area (in sq units) of the region
={(%,.9)3 x? < y<x+ 2}is (JEE Main 2019)

13 9 31 10
@ = ® 3 © d) —

STUDY C[RCLE
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31.

32.

33.

34.

35.

36.

37

38.
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The area (in sq units) of the region
y?

{(x, y):——<x<y+4;is (JEE Main 2019)
(a) 30 (b) 2—3 (c) 16 (d) 18
The area (in sq units) of the region bounded by the
curves y = 2" and y = | x + 1|, in the first quadrant is

(JEE Main 2019)

3 3 1 3 1

< log,2+2 (c) = |
(a) 5 (b) log, 3 (©) 3 (d) 2 Tog,2

If the area (in sq units) of the region
{(x,y):y? <4x,x+y<1,x20,y>0}isav2 + b,
then a — b is equal to (JEE Main 2019)
@2  wme © 3 @ -2

3 3 3

If the area (in sq units) bounded by the parabola
y% = 4)x and the line y = Ax, A >0, is %, then A is

equal to (JEE Main 2019)
(a) 26 (b) 48 (c) 24 (d) 443

The area (in sq units) bounded by the parabola
y = x% — 1, the tangent at the point (2, 3) to it and
the Y-axis is (JEE Main 2019)
8 56 32 14
hod o9 2e dy ==
(a) 3 (b) 3 (c) 3 (d) 3
The area of the region A ={(x, y);0<y<x|x|+1
and — 1 < x < 1}in sq units, is (JEE Main 2019)
4 1 2
2 b) - bt d) =
(a) (b) 3 (c) 3 (d) 3

If the area enclosed between the curves y = kx? and
x = ky?, (k>0), is 1 sq unit. Then, k is (JEE Main 2019)
g V3
J3 b) — L gy M8
(a) (b) 73 (c) 7 (d) 2
The area (in sq units) of the region bounded by the
curve x” = 4y and the straight line x =4y - 2 is
(JEE Main 2019)
7 9 5 3
(a) g (b) g (© Z (d) ;1_

| IT-MATHEMATICS

39. The area (in sq units) in the first quadrant bounded
by the parabola, y = x> + 1, the tangent to it at the

point (2, 5) and the coordinate axes is (JEE Main 2019)

14 187 8 37
(a) E (b) — () g (d) ﬂ

40. The area (in sq units) of the region bounded by the
parabola, y = x? + 2 and the lines, y=x + 1, x =0
and x = 3, is (JEE Main 2019)

15 17 21 15
(a) ? (b) Z (@] ? (d) ?

41. Let g(x) = cosx?, f(x) = Vx and o, B (ot < B) be the

roots of the quadratic equation 18x% — 9mx + n% = 0.
Then, the area (in sq units) bounded by the curve

y = (gof)(x) and the linesx =, x =f and y =0, is
(JEE Main 2018)

(a)%(\/ﬁ-n (b)%(Jﬁn)
(c)%(dﬁ-ﬁ) (d)%(ﬁ—n

42. The area (in sq units) of the region
{(x,y):x20,x+y<3 x%><4yand y < 1+ /x}is

(JEE Main 2017)
59 3 7 5
il 9 Ki 2
(a) 15 (‘b)2 (0)3 ( )2
43. The area (in sq units) of the region {(x, y): y* > 2x
and x? + y? <4x,x20, y >0} is (JEE Main 2016)
4 8
(a)m - g (b)m - §
442 22
L 7 A
(OF 3 ( ) 3
44. The area (in sq units) of the region described by
{(x,y):y*<2xand y > 4x - 1} is (JEE Main 2015)
7 5 15 9
/] 2 39 2
@55 ®) & © 54 @5

45. The area (in sq units) bounded by the curves
=x, 2y - x + 3 =0, X-axis and lying in the first
quadrant is (JEE Main 2013)

(@ 9 (b) 36 (c) 18 (d) %

Mixed Bag

Only One Correct Option
1.

The larger of the area bounded by
y=cosx,y=x+1land y=0is
(a) % sq unit (b) g sq units

(c) 1squnit (d) 2sq units

IIT-MATHEMATICS, ,

2. The area of the closed figure bounded by
6

y=3-B-xland y = is
|x+1]

(a) 12—3 +6log2squnits  (b) g + 6log 2 sq units
13 . 9 .
(c) & 6log2squnits  (d) e 6log2 sq units
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3. The region bounded by the curves
1
S—u S 2’ =
x 5 x y

this region, is

log x and y = 2%, then the area of

(a) % sq units (b) g sq units

(c) g sq units (d) None of these

4. The area of the region R = {(x, y) : x| <|yland
x2 + y2 <1}is

(a) %t sq units (b) %t sq units

(c) g sq units (d) g sq unit

5. If y = f(x) makes positive intercepts of 2 and 1 unit

on x and y-coordinates axes and encloses an area

2
of % sq unit with the axes, then _[0 xf’ (x)dx is
3 . .
(a) 2 sq units (b) 1sq unit
(c) g sq units (d) —% sq unit

6. The parabola y? = 2x divides the circle x> + y? =8

in two parts. Then, the ratio of the areas of these

parts is
3n -2 3n + 2
(@ 107w + 2 ®) 9 -2
6m -3 2n -9
d
© 11n -5 ()91r+2

7. The area bounded by the curve xy” = 4(2 - x) and

Y-axis is
(a) 27 sq units
(c) 1271 sq units

(b) 471 sq units
(d) 67 sq units

8. A curve y = f(x) passes through the origin and lies

entirely in the first quadrant. Through any point
P(x, y) on the curve,lines are drawn parallel to the
coordinate axes. If the curve divides the area
formed by these lines and coordinates area in m : n,
then the value of f(x) is equal to
(a) me+ n (b) me—n (C) xm’n

9. The area bounded by parabola y? = x and straight

(d) me’n

line 2y = xis

(a) % sq units (b) 1 sq unit

2 1
c) —sq unit d) — sq unit
()3q ()3q

IIT-MATHEMATICS, ,

10.

11.

12.

13.

14.

15.

16.

17,

18.

IIT-MATHEMATICS
Mrea b’ W‘Ww

The area of bounded region by the curve y = log, x
and y = (log, x)* is

(a) 3-e (b) e-3

1 1
(c) 5(3-9) (d) 5(6—3)
The area of the region :

R={(x,y):5x% <y<2x? +9}is (JEE Main 2021)
(a) 93 sq units (b) 12v3 sq units
(c) 1143 sq units (d) 643 sq units

The area enclosed between the curve y = log, (x + €)

and the coordinate axes is
(a) 9 sq units (b) 27/4 sq units
(c) 1squnit (d) 18 sq units

The area bounded by the curve y = log x, y = log|xl,

[log | x||is
(b) 6 sq units
(d) None of these

y=|logxland y =
(a) 4 sq units

(c) 10 sq units
The sine and cosine curves intersects infinitely
many times giving bounded regions of equal areas.
The area of one of such region is

(a) V2 sq units (b) 22 sq units

() 342 sq units (d) 42 sq units

If a curve y = a+/x + bx passes through the point

(1, 2) and the area bounded by the curve, line x = 4
and X-axis is 8 sq units, then

(a) a=3,b=—- (b) a=3,b=1
() a=-3,b=1 (d) a=-3,b=-1
Let y be the function which passes through (1, 2)

having slope (2x + 1). The area bounded between
the curve and X-axis is

(a) 6 sq units (b) g sq unit

(c) é sq unit (d) None of these

The area between the curve y = 2x* — x%, the
X-axis and the ordinates of two minima of the
curve is

(b) i sq unit

7 :
a) — t
@ 120 e 120

11 g 13 .
¢) —— sq unit d) —— sq unit
© 12059 @ 1505

The area of the region bounded by 1 - y? = |x|and

|xl+|yl=1is
(a) 1/3 sq unit
(c) 4/3 sq unit

(b) 2/3 sq unit
(d) 1squnit

\ I- I sn:.znm
| s NT-. JEElNEET\CBSE
I‘ STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS



A

Since 2001...

I- I: IlT-JEEINEETICBSE
STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS

19.

20.

21.

22

23.

24.

25,

26.

Area bounded by the curve y = (x = 1) (x — 2) (x - 3)
and X-axis lying between the ordinates x =0 and
x =3is equal to

(a) g sq units (b) 14—1 sq units

(c) ? sq units (d) 14—5 sq units

If the abscissa x = a divides the area bounded by

X-axis part of the curve y =1+ % and the abscissa
s

x =2, x =4 into two equal parts, then a is equal to
(a) V2 $q units

(b) 22 sq units

(c) 32 $q units

(d) None of the above

Area bounded by the curve y = xsin x and X-axis

between x =0 and x = 271 is
(a) 21 sq units (b) 3m sq units
(c) 4m sq units (d) 57 sq units

Let f(x) = min{x + 1, /(1 — x)}, then area bounded
by f(x) and X-axis is

1 § 5 5
a) — sq unit b) — sq unit
()6sq ()6 q

7 11 .
¢) — sq units d) — sq units
(¢ g% (d) 3 A

The area bounded by the graph y =[x — 3] |, the

X-axis and the lines x = — 2 and x = 3 is ([-] denotes
the greatest integer function)

(a) 7 sq units (b) 15 sq units

(c) 21 sq units (d) 28 sq units

The value of ¢ for which the area of the figure
bounded by the curve y = 8x% — x%, the straight

lines x = 1 and x = ¢ and the X-axis is equal to ? is

(a) 2 (b) y8-17
(c) 3 d -1

The slope of the tangent to a curve y = f(x) at

{x, f(x)}is 2x + 1. If the curve passes through the
point (1, 2), then the area of the region bounded by
the curve, the X-axis and the linex =1is

(a) é sq unit (b) - sq units

(c) é $q unit (d) 6 sq units

The area of the reg‘ion bounded by the curve
a*y? = (2a - x)x° is to that of the circle whose

radlus is a, is given by the ratio

(a) 4:5 (b) 5:8 () 2:3 (d) 3:2

IIT-MATHEMATICS, ,

27.

28.

29.

30.

31.

32.

33,
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The area bounded by y = xe" and lines |x|=1, y =0
is

(a) 4 sq units
(c) 1squnit

(b) 6 sq units
(d) 2 sq units

The area enclosed by the curves
ly+xl<1,|y-xl<1and 2x® + 2y =1is

(a) (2+ 5) $q units (b) (2—5) sq unit

(c) (3+ %)sq units (d) (B—g)sq unit

The area bounded by the curve [x]+[y]= 4 in first
quadrant is (where [-] denotes the greatest integer
function)

(a) 3 sq units (b) 4 sq units

(c) 5 sq units (d) 6 sq units

Let A; be the area of the region bounded by the
curves y =sinx, y = cosx and Y-axis in the first
quadrant. Also, let A, be the area of the region
bounded by the curves y =sin x, y = cosx, X-axis

and x = g in the first quadrant. Then, (JEE Main 2021)

(8) A =Ayand A, + A, =+2

(b) A :A;=1:2and A + A,=1

(©) 24, = A,and A, + Ay =1++2
(d) A :A;=1:v2and A, + A,=1

The area of the curve enclosed by the curve

Ix+y|+|x—y|$4,|x|$1,y2,/x2—2x+1is

(b) 4 sq units
(d) 6 sq units

(a) 1 sq unit
(¢) 2 sq units

Area of the region bounded by the curve
y=25"+1.6 and curve y = b-5* + 4 whose tangent
at the point x = 1, makes an angle tan'(40 log 5)
with the X-axis is

et
(a) 2log; ( 27 )

4
(c) 3log; [27J

4
(b) 4log; (27)

(d) None of these

The area of the region bounded by the curves
y=exlogxand y= loﬁis
ex

e’-5
(a) T

e“+1
® 5

e?
() ?

(d) None of the above
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The area enclosed by circle x + y? = 4, parabola
y=x>+x+1 thecurve y = [sin2 E - COSE] and

X-axis (where [-]is the greatest integer function) is

(a) (iit —— + %J sq unit

3 43

(b) (2?“ +4/3 - é} sq unit 37.

(c) (E + LI 1) sq unit
3 V3 6

(d) None of the above

The area of the region satisfying and

max { |x], |y} < 21is

(a) (14 + 2log2) sq units

(b) 2log3 sq units

(c) (41 + log 3) sq unit

38.

39.
(d) None of the above

The area bounded by the curve
y= J.::: “(sin ' Vo) dt + Lc: (cos ' VO)dt

(0 £ x < /2) and the curve satisfying the
differential equation y(x + y*)dx = x(y* - x)dy
passing through, (4, - 2)

40.

1 T-MATHEMATICS
Hrea b’ H‘Ww

3(3n\* )
—| — | squmt
®) 8(16) 4

4
(c) é(?—:) sq unit

(d) None of the above

Numerical Value Type Questions

The parabolas y* = 4x and x% = 4y divide the

square region bounded the lines x = 4, y = 4 and the
coordinates axes. If S;, S, and S are respectively
the areas of these parts numbered from top to
bottom, then S; + S; + S5 = ............ .

The line y = mx bisects the area enclosed by the

linesx=0,y=0and x = % and the curve

y =—x2 + 4x + 1. Then, the value 6m is equal to

Area bounded by the line y = x, curve

y=Ff(x),{f(x)>x,Vx>1}and the linesx =1, x =tis
(t++/1+¢2) - (1++/2) for all £ > 1. Then, £(0) is

equal to

The graphs of sine and cosine functions, intersect
each other at a number of points and between two
consecutive points of intersection, the two graphs
enclose the same area A. Then, A* is equal to

(a) l(S—ﬂrsq unit (JEE Main 2021)
2116
Answers
Round I
I. (¢) 2. (d) 3. () 4. (a) 5 (¢) 6. (c) 7. (¢) 8. (¢c) 9. (a) 10. (¢)
11. (a) 12. (b) 13. (b) 14. (a) 15. (a) 16. (b) 17. () 18. (d) 19. (b) 20. (b)
21. (c) 22. (b) 23. (c) 24. (c) 25. (b) 26. (b) 27. (b) 28. (b) 29. (d) 30. (b)
31. (d) 32. (d) 33. (b) 34. (c) 35. (a) 36. (a) 37. (b) 38. (b) 39. (d) 40. (a)
41. (a) 42. (d) 43. (b) 44. (d) 45. (a)
Round II
1. (b) 2. (c) 3. (d) 4. (c) 5. (d) 6. (b) 7. (b) 8. (d) 9. (@ 10. (a)
11. (b) 12. (¢) 13. (a) 14. (b) 15. (a) 16. (¢) 17. (a) 18. (b) 19. (b))  20. (b)
21. (c) 22, (c) 23. (b) 24. (d) 25. (a) 26. (b) 27. (d) 28. (b) 29. (c)  30. (d)
31. (c) 32. (b) 33. (a) 34. (b) 35. (a) 36. (c) 37.(16) 38 (13)  39.(1) 40. (64)
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Solutions

Round I

1. Since, the given curve y
y*=9x is a parabola which I
is symmetrical about X-axis
(- the power to y is even) /%
and passes through the X3 = =g
origin).

The area of the region
bounded by the curve,
y*=9x,x=2 and x=4 and
the X-axis is the area shown in the figure.
Required area (shaded region)

=J:Iy|dx=_ll:3\/;dx [+ »*=9x=|y|=3Vx]
=3 [ﬁy Z3X2 2932 _ o 4 —9242] =2[8-242]
3z, 3
=4[4 - v/2] sq units
2. Given curve x=3)* is a y2 =X
parabola symmetrical about Y DA AC

X-axis and passing through

the origin.
The line x = a, divides the X'¢ X
area bounded by the

parabola and x =4 into two
equal parts.

Area of OAD = Area
of ABCD

Area of OED = Area of EFCD
= Area of OED = J.:y dxand area of EFCD = r Jx dx

[+ Y2 =x=yl=+x]

5270 [ 32 4
= IJ—dx '[x/—dx:{a/z] [3?}

o g [03/2 - O] - g [43/2 o a3/2]
3 3

= a3/2:43/2_a3/2:>2a3/2:8

= a?=4=a=@1)"

Therefore, the value of a is (4)?j3

3. The given curve is y*=4x, which represents a right

hand parabola with vertex at (0, 0) and axis along
X-axis and the equation of line is x = 3.

y2 = 4x

IIT-MATHEMATICS, ,

Required area

=2 x (Area of shaded region in the first quadrant only)
3 3 o

=2J:)Iy|dx=2'r02\/?cdx [ y*=4x= y=2Vx]

32 3 8 . 8
=4[=—| =2 [3¥2-0] == (3V3) =83 sq units
3/2|, 3 3

Therefore, the required area is 83 $q units.

, The area bounded by the circle and the lines x=0 and

x=2, in the first quadrant is represented in the figure
by shaded region.
Y.
X2 +y2%=4
B

NP

y' xX=2

X'¢

. 2 2 3
Required area=foly|dx=f0 4-x"dx
2
= iC\/éﬁ+ésin'l[ic)
2 2 AR

=0+2sin'1(1)—0=2><g=1tsqunits

. (¢) Given, y < x+ 3x

2 2
3 9 3 9

= <lx+=| ——=|x+—=]| 2 + -
& ( 2) 4 ( 2) (y 4)

Since, 0<y<4
and 0<x<3
.. The diagram for the given inequalities is

Yix
<«
y=x2+3x

: Ny y:ﬁix

= : 0
(=3,0) % 1 3

4 qx=3

~

and points of intersection of curves y = x* + 3x and
y=4are (1, 4) and (-4, 4)

1 3
Now, required area = J & + 3x)dx + I4 dx
0 1

3 27!
|y 2 +[4x]:f=l+§+4(3—1)
3 2 o 3 2

m+8—%+8—@squmts
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2 5 Y
6. Given, y=x|x|= x,z z20
-x°, x<0

Required area
=2 [Area under the

curve y = x%, between
%=0,5=1]

[~ the curve is symmetrical in D vy
opposite quadrant.]

=2'f;x|x|=2-|‘;x2 dx

37" o
2|1 | =2@®-0%)
8|, 8

2 sq unit
3

o E1.0C

0 A(1,0)

7. The given inequalities are |x — y| <2 and |x + y| <2.

On drawing, the above inequalities, we get a square

Now, the area of shaded region is equal to the area of a
square having side length

V€@ =0)% + (0 -2)% =272 units.

8. Given equations of the curves are

y=4x-1 ()

x=1 ...>11)
and x=5 ...(1i1)
Eq. (i) represents the upper ¥

portion of the parabola, whose
vertex is (1, 0) and axis is
X-axis.

Eq. (ii) represents the line o110 (5,0)
parallel to Y-axis and passes
through the point (1, 0).

Eq. (iii) represents the line Y J
parallel to Y-axis and passes
through the point (5, 0).

.. Required area
3/2
- ydv= [’ 7T ds [u}
1

=2 [6-12- -1

_4
3

(@™ =

19 sq units
3

IIT-MATHEMATICS, ,

| I T-MATHEMATICS

9. We have,
%
Area BUNC = [ xdy
a
2% iia o =2
=J" a’® 3 dy C y=-ea N
_3a"3‘ g2
5 a a = M
L ) B y=a
_sa3| 5 %
@a)* _ 0 2 A
1 5 5 2
3 adad = 3 o =
=— 2)3 -1|=—a”[2-23 —1| squnit
5 @) 5 q
; 1 y
10. The required area:J._Zxdy ~ y=1
1 2
=[,@-y-y)dy
i 2 37 A
=|:2y_.y__y_}
¥ 5.
—gs units
2% > y=-2

11. Given curveis|x|+ y=1

s Curveisx+ y=1,whenx>0

and—x+ y=1,when x<0

The graph of the curve is as given in the figure.
Y

A

xX+y=1 X+y=1

Cc O B

.. Required area = Area CAOC + Area OABO
0 1
=_|'_1ydx+ joydx

:_[_Ol(x+1)dx+_|.;(l—x)dx
o B

2
=l+l=lsqunit
2 2
12. The equation of the curve is
xy-3x-2y-10=0= 3x+10
x-2

Required area = _[ gk 10 dx= I { ( 2)}
3 x—

=[Bx+16 log(x-z)]g
=12+ 16 log2 -9 -1log1l
=3+ 16 log 2 sq units

\ I- I Sl e 2001...
s IT-. JEEl NEET | CBSE
l‘ STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS



Slrlt:a 2001..

I I
NT-JEE | NEET | CBSE

A\
A STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS

13. Required area = f_m

1
=2+ 1

=2 [tan™" x] = 7 sq units

14. Required area = Iz 2 dx
1 x
Y

xy =1

X
0 x=1x=2

= [log | x |17 = log 2 sq unit
15. Equation of curve are y =0 ...(1)
and y=4+3x-x° ...(i1)
On solving Egs. (i) and (i1), we get x=-1,4

*. Curve does not intersect X-axis between x=-1and
x=4.

4 5
. Required area = j_l @ + 8x - x") dx

2 374
- 4x+3i—x—
2 31,

[16+24—6—4+4—§—1]
3 2

3
_44_@_§
3 2
264-130-9 125 .
=T= sq units

16. Required area = Ipce“" dx
q

= [ce"]? =c[e” - ¢]

= f(p)-f@]
Y
ol T 17X
X=q x=p

17. Area bounded by curves y=2" and x=0and x=2 is
given by

’ ke ]2 % _
A=[Poax=| 2| <|Z -1
0 klog2| | klog2

IIT-MATHEMATICS, ,

I T-MATHEMATICS

Hrea b’ H‘Ww

But A = g
log2
2%_-1 3
klog2 N log 2
= 2% —1=3k

This relation is satisfied by only option (b).

18. Required area v
= Area of rectangle OABC on
— Area of curve OABO ( "2

m w4,
=———-|sinyd o
42 L o (DJC B8
TT /4 X
=——+ [cos ¥]j 0 A \
4‘/§ x=1x=1
1z

. - {L - 1} sq units
42 (V2
19. Required area
= Area of rectangle OABC - Area of curve OABO

Y
(0‘ %)C . y=mn/2
0 X

A
x=1

=— —I tan y dy— r + [log cos y]3'*

= E + log cos Z - log cos(0)

N

=E+log1—log\/§—log1

=(% —logx@] sq unit

N

20. Required area, A = th sin? x dx
w2
Y

>

‘ —sm X
ol L

I
2

= % j:q(l - cos2x )dx

[ sin 2x]"
x—
2 n/2

1
2
n
4

n/3 ;

21. Required area = I

n/3

= [tan x]™? ; =24/3 sq units
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22. Given equation of curve is y
y2(2a —x) =4
which is symmetrical about x=2a
X-axis and passes through
origin.
3 (o}
Y <o

Also,
2a -x

for x>2a
or x<0

So, curve does not lie in x >2a and x <0, therefore
curve lies wholly on 0 < x <2a

X2
-.Required area = I
,/ a- x

Put x=2 asin’0
= dx=2a-2sin 0 cos 6 dO

w2 3
.. Required area = Io 8a’sin® 0dO =8a? [—- —- —:l

[using gamma function]
2

3na ;
= 2 sq units

23. We have, 4y* = x*@ - x) (x - 2)

lyl=%lm
= R =§m
and y2=%"m
D:xe[24]
Req. area:j:(y, — yp) dx= j" 2 J@-0 @-2) dx ...0)
Applying f’ Flad = j" {a+ b=y

Area:j; 6-x) J@ -2 (x-2) dx ...(i)

From Egs. (i) and (i), we get

2A=6j:./(4—x) =2 dx
A=3j:,/1-(x-3)2 dx

3n

A=3.2.12=
2 2

24. y=x(x*-2%

,//l//////////////// /n,, ,
P ,,,

= y=x(x-2) (x+2)
. Required area = I_OZ (@ —4x) dx + I:I 2 —4x|dx

4 0 4 2
=|:x__2x2:| _{x__2x2}
4 o L4 0

=8 sq units

IIT-MATHEMATICS, ,

IIT-MATHEMATICS

25. Required area v
e /
=.[1 log, x-dx %
=[x log, x — x]{ X . "
=[elog, e—e—1logl+1] (1,0)|( 0)
=[e—e+1]=1sq unit
/3 y
I cos x dx [sin x]ﬂ/.} 9
J‘ cos2xdx [%} e 3
0
2 1y

27. Given curves C| : y? = ax, and Cs: x> =ay, (a>0),
intersect each other at origin O and a point P(a, a).
-+ 0(0,0), @ and P(a, a) are collinear. So, Q(b, b).

Y
x2=ay
x2:ax
P(a a)
Q (b, b)
x 0 éR b, 0) X
i (0O<b<a)
§x=b
v
Now, as it is given area of AOQR = %
= lb2=l = p=1 (- b>0)
2 2

*+ The line x = b bisects the area bounded by the
curves, C; and Cy, so

f[rf__]dx j[ - = as

2219 22 12T
=+ [53%‘53}0'[63/2‘531

2Ja 1 24* o 2\/E+ 1

3 3a 3 3 3 3a

2
= L/Eza—+1=> daa =a® +2

3 3 3a
= 16a® =a® +4+4a® = a®-12¢®> +4=0

. a satisfies the equation x® —12x% + 4 =0
28. The area of the region {(x, y) € R*: x* < y <3 —2x} is the

area of region bounded by curves y = x* and y =3 — 2x.
Y
(0,3)
3/2,0
X % x
héi A
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On solving y=3 - 2xand y = x°, For intersecting points A and B
we have ¥’ =3-2x = x> +2x-3=0 Taking, P=x+2=2x%-x-2=0
= x=-3,1, then (x, y) = (-3,9)and (1, 1) = P2+ x-2=0
1
So, required area = f[(3—2x)—x2]dx = x(x-2)+1(x-2)=0
-3 = x=-1,2 = y=1,4
1
g, 20 _2 So, A(11)andB(24)
2 3
1 -3 Now, shaded area = I[(x+ 2)-x ] dx
=(3—1—§)—(—9—9+9) -1
2
o Q2
5 32 . X 8 (4 8) (1 1)
=94+ -="= =| —+2x—-——| =|=+4—=|-|=-2+=
9+ = 3 sq units [2 3 ]_1 2 3 D) 3
29. On drawing the given curves —8—l—g
x, OSx<% 2 3 .
@) 1 1 =8—%—3=5—%=§sq units
y=f(x)= i x—2 )
1 2
1-ux, §<x51 31. Given region A {(x y):yESxSy+4}
and y=g(x)=(x-—l) , we have ¥?
2 % -?zx
Coc;rdmate of points - =2 0
A(2 ) B(1,0), C(— 1——) dD( ) and x=y+4=>y=x-4 ...(i1)
y Graphical representation of A is
L 47 .
7:)(
D (1/2,1/2) () Q
y=x/ HY=1% . / %
? i /N34 V3 < > >
X% ¢
X%% A(1/2,0)B(1,0) e Y 4
; : )
Y & L

So, ired = f shaded regi - s ’
s gequn‘e R TSRS On substituting y = x — 4 from Eq. (ii) to Eq. (i), we get

- 1‘_2[1—1: (3] ]dx (-4 =21

2 = ¥ -8x+16=2x
_} _j_ : =5 ¥ -10x+16=0
=J'£- (1—x—x’+x——)dx=.|‘.1 (——x’)dx = (x—2)(x—8) =0
3 = x=2,8
=[§x_ﬁ]'—2 _33 33 3, Lz(ﬁ_ljsqunits - y=-2,4 [from Eq. (ii)]
4 31 8 24 8 24 4 3 So, the point of intersection of Egs. (i) and (ii) are
. ‘ P@,-2)and Q(8, 4).
30. Given regionis A ={(x, y):2*< y<x+2} Now, the area enclosed by the region A
Now, the region is shown in the following graph 4 2 9 374
= [(y+ 4) - ]dy=[y—+4y-y—]
2 8 |,
{2
2 6 2 6

—8+16—g—2+8—— =30-12
3 3

=18 sq units
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32. (d) Given, equations of curves

x+1 ,x2-1
y=2and y=|x+1|=

-x-1 ,x<-1

- The figure of above given curves is

Y y=x+1

(1.2)

y=-x-1 y:2"

(0,1)

% 10 10 %

In first quadrant, the above given curves intersect
each other at (1, 2).

So, the required area = J: ((x+1)-2%) dx

> 1
= x_2+x— & '.'J.axdx= g
2 log, 2 | 1

og, a
1 2 1 3 1

==+1- + ===
2 log,2 log,2| 2 log,2

+C

33. (b) Given region is {(x, y): y* <dx, x+ y<1, x>0, y >0}

Ol A(1,0) A
Now, for point P, put value of y=1 - xto y* = 4x, we
get
1-x=dx=x*+1-2x=4x
- x> -6x+1=0
6+ .,36-4
= o= ——2 =3+ 242.
Since, x-coordinate of P less than x-coordinate of point
A(1,0).
: x=3-2V2

- 2/2
22«/; dx + f:_

B2 3 - 2/2 AT
=2 —= el [ e
312, 2

3 - 2/2

3
Required area = IO 23 (1-x)dx

T S (_1)_@-2@&“"—”2“
3 2 .
4[(«/_ 232 1_3+2J§+l(9+8—12«/§)
_(J__1) ——+2J_+ -6v2

=§(2J§—3(2)+3(J§)—1)—4J§+6

IIT-MATHEMATICS, ,

IIT-MATHEMATICS
rea b’ ln;f"?r-;fb’ow

= % 6GN2-7)-442 + 6= %—? = a~/2 + b (given)
So, on comparing a = e and b =- ?
a-b= 2 + L =6
3 3
34. (c¢) Given, equation of curves are
Y =4\ (i)
and y=Ax ...(>11)
A>0
Area bounded by above two curve is, as per figure
Y
L A/ \2=axx
I
0 : X

the intersection point A we will get on the solving
Eqgs. (i) and (ii), we get

Nx? = dhx
= x—i soy=4
)\.7 y
So, A(é,4)
A

Now, required area
4

512 2 YA
I(ZJ_ac AX) dx= 2«/_ *}{E}
0

0

fi_ﬁm 2_2§

ML 2 3h A
32 24 8
3% 3\
It is given that area = é
8 1
= S e
3v 9
= A=24

35. Given, equation of parabola is y =% — 1, which can be
. 9 9
rewritten as x” = y + lor x” =(y - (-1)).
= Vertex of parabola is (0, — 1) and it is open upward.
Equation of tangent at (2, 3) is given by 7" =0

%:xxl -1 where, x; =2 and y, =3.
= I8 _ae 1
2
- y=4x-5
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Now, required area = area of shaded region

= J'j(y(parabola) — y(tangent)) dx
- j::[(x2 -1)- @x-5)] dx
=[[@-ax+ ) dx=[ -2 da

_|&-2)
3

_e-2° 0-2° _
3 3

— 8q units
0 3

36. (a) We have, A={(x,y):0<y<x|x|+land-1<x<1}
When x =20, then 0 < y$x2+ 1
and when x <0, then 0 Sys—xg-o—l
Now, the required region is the shaded region.
¥

2,,

y=-x2+%/1/-} y=x2+1

»X

{ i
-1 [
y=0

[-y=22+1=22=(y-1), parabolamthvertex ©,1)
andy——x +1:>x”——(y 1),

parabola with vertex (0, 1) but open downward]

We need to calculate the shaded area, which is
equal to

[} 2+ Ddx+ [ 6+ 1) dx

0 1
3 -1 3 0

37. We know that, area of region bounded by the parabolas
x* =4ayand y* =4bxis %6 (ab) sq units.

On comparing y = kx® and x = ky” with above
equations, we get

IIT-MATHEMATICS, ,

38.

39.

IIT-MATHEMATICS
Hrea b’ M‘Wﬂ

4(1,=land4b=l = a:=iandb=i
4k 4k

- Area enclosed between y = kx® and x = ky* is

E(L]{L}L
3 \4k)\4k) 3K*

1 . ’
= — =1 [given, area =1 sq unit]
3k™
= R=l o p=t L
3 NE]
1
= k=— [ k>0
V3
Given equation of curve is x* =4y, which represent a
parabola with vertex (0, 0) and it open upward.
_x2
Y Y=
_x+2
=73
B
X . X
40 2
Y+

Now, let us find the points of intersection of x* =4y
and4y=x+2

For this consider, x* = x + 2
= ¥-x-2=0
= (.r—2)(x+1)—0
= x=-1x=2
1

Whenx=-1, theny=1

and when x=2, then y=1
Thus, the points of intersection are A{— 1, i) and

B@2,1).
Now, required area = area of shaded region

= Jﬂ1 {y (line) — y (parabola)} dx

2 2 2 3 2
=J‘~(x+2_x_de=1[£+2x_f_]

=1 4 4 4 2 3 |
A[zra-3)-(2-2+ )

4 3 2 3

:1 8—1—3 :1 5—l :gsqunits
4 2 4 2] 8

Given, equation of parabola is y = x® + 1, which can be

written as x° = (y-1).

Clearly, vertex of parabola is (0, 1) and it will open
upward.

Now, equation of tangent at (2, 5) is

y+a:2x+l

I-\ = 1P e
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[~ equation of the tangent at (x;, y,) is given by

T =0. Here, %(y+y,)=xxl+1]

= y=4x-3
y=4x-3

Required area = Area of shaded region
= f; y(parabola) dx — (Area of APQR)

- f('f(x‘2 +1) dx - (Area of APQR)

(59 -36-D

[ area of a triangle = % x base x height]

-(5+2)-0-3()°

14 25

"8 8
_112-75 _37
24 24

40. Given equation of parabola is y=x+ 2, and the line is
y=x+1
Y y=x2 +2

y=x+1

>X

3.0)

The required area = area of shaded region

=j; (2 +2)- (x+1)) dx=£j (2-x+1)dx

e
2 2

it sq units
2

IIT-MATHEMATICS, ,

41.

43.

| IT-MATHEMATICS

We have,
= 18x* - 9nx + n% =0
= 18x% —-6mx — 3nx+ 2 =0
Gx-m)Bx-m)=0
m TN
= = 2
6 3
Now, oa<f
T T
eP=3
Given, g(x) =cosx’and f(x) = Jx
¥ = (gof) (x)

y=8(f(x)) =cosx
Area of region bounded by x = o,x =, y=0 and curve

y=g(f(x))is
w3 )
A= Icosxdx = A=[sin x]ﬂf;

n/6
m_V3_1
6 2 2

T
A =sin — —sin —
3

(b) Given equations of curves are y2 =2x

which is a parabola with vertex (0, 0) and axis parallel
to X-axis.

And
which is a circle with centre (2, 0) and radius

=2 ...(i1)
On substituting y* = 2xin Eq. (i), we get

¥+ ¥ =4x ssL)

x% + 2x=4x
= x> =2x
=3 x=0orx=2
= y=0or y=12 [using Eq. (1)]
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Now, the required area is the area of shaded region,

ie. Ya
A(2.2)
X2+yP=4x
J 0. 0N Bl2oy X
y2=2x
+Y
Required area = Fiveniot cirvle (;fc“de - J.:s/-27c dx

-2 [ e - f[w}

-n—i[%/_ 0]= (n—g)sq units

44. Given region is {(x, y): y* <2xand y>4x -1}
y? < 2xrepresents a region inside the parabola

yi=2x ()
and y >4x — 1 represents a region to the left of the line
y=4x-1 ...(11)
The point of intersection of the curve (i) and (ii) is
@dx-1)*=2x
= 16x* + 1 -8x=2x
= 16x* -10x+1=0
N 11
28

3 ; 1
.. The points where these curves intersect, are (5 ,1)

and(l —1)
8 2

"

9
= —— sq units
8 16 32

IIT-MATHEMATICS, ,

I T-MATHEMATICS

Hrea é,rlnjeyrujﬁnv

45. Given curvesare y=+/x o))
and 2y-x+3=0 (1))
On solving Egs. (i) and (ii), we get
2Jx - (x)? +3=0
= Wx)?-2Jx-3=0

AV
4\7
y $)(rb¢0
X Ll X
/3
-3
~ 1%
Ly’
SN Wx-3)x+1)=0
=5 Jx = [~ ¥x = — 1 is not possible]

y=3
. Required area = J:? (xy — x,) dy

4 2
=[ 1@y +3) -y dy
3718
3 0
=9+9-9=9

Round IT

1. y=cosx and y=x+ 1 meet at the point (0,1) y=x+1
passes through the points (-1, 0) and (0, 1) meets X-axis

at(_—n,O) and(E,OJ.
2 2

=|3i=|

2. First consider y=3

Forx<3,y=3-@B-x)=x

Forx>3,y=3+3-x=6-x
6

|x+ 1]

Again, y=
6
Forx<-1,y=——=(x+1)y=-6
x+1

Forx>—1,y=——6 =((x+1)y=-6
x+1

I-\ 1= 1P e
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ol1 2 3 4 5 6 B
~. Required area
= Area of shaded portion

=1x6x3— r 6 dx+lx2x2+1xlx1
2 2x+1 2 2

1 13
=9-6log2-2--=—-61log2
0g 29 0g

3. Since, the inverse of a logarithmic function is an
exponential function and vice-versa and these two
curves are on the opposite sides of the line y = x. Thus,
y=2" and y=logx do not intersect. Their graphs are
shown in figure. The shaded region in figure shows the
area bounded by the given curves. Let us slice this
region into vertical strips as shown in figure. For the
approximating rectangle shown in figure, we have

length = (y, = y,), width = Ax
area = (y; — y,)dx
Y ) = o
(x4, y1)
P

AP
g |

VEA 1.0 (2 0)
(1/2,0)

Y x=1/2x=2

= log x

X

As the approximating rectangle can move horizontally
between x=1/2 and 2.

- Required area
2
= j'”,(yl - yp)dx

o (2 — log x)dx

- P(x;, ») and @(x,, ¥,) lie on
y=2% and y = log x, respectively.

Sy =2%and y,=logx

2* ’
= —xlogx+x

log2 .
={i—2log2+2}—{L llg2+—}
log 2 log2 2 2
_@-V2) 5

—lo 2+— t
loge 2 B2+ g saunits

IIT-MATHEMATICS, ,

IIT-MATHEMATICS
rea b’— M‘Ww

4. Required area = Area of the shaded region

=4 (Area of the shaded region in first quadrant)
U2
=4-|.0 (1 — yo)dx

V42 P
=4I0 1-2*-x)dx
o UV2
=4[%x\ﬁ1 -2+ %sin'l x- g]

0
1 1 1 1 .
4[—x +7x£—f]=ﬁsqumts

22 2 274 4] 2
5. Clearly, y = f(x) passes through (2,0) and (0, 1).
0=f@) and1=f()

Al [ ey dx=> (given)
S0, , [®)dx= 3 give
Now, [ xf'@de=@fe)}-[ f@)da
’ 0 0 g
2 3
= [} o' @dx=[2f@) -0f O] -~
4
2 B 3_3
= Iﬂxf (x)dx—2x0—0x1—z— .
6. Let the area of the smaller Y L%
part of circle be A, and 2y
that of the bigger part be t8 y? =2
A,. We have to find A X A@\2,0)
Ay ) O\ C G

The point Bis a point of

intersection (lying in the

first quadrant) of the Y

given parabola and the

circle, whose coordinates can be obtained by solving

the two equations y2 =2xand »° + y2 =8,

= P +2x=8
= (x-2)(x+4)=0
= x=2,-4

x =—41s not possible as both the points of intersection
have the same positive x-coordinate.

Thus, C=@2,0)
Now, A, =2[Area (OBCO) + Area (CBAC)]

= 2J:ijldx + I;‘Z Yo dx],

where y, and y, are respectively the values of y from
the equations of the parabola and that of the circle.

I_\ = P
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or A =2 [J.Ols/ﬂ dx + I:\xz V8- xzdxil

3/2}2 [x 2, 8. 41 «x ]2\’2
x +2| =48-x"+—sin” —=
" 2 2 22 |,

=1—6+2 2n +(2+4x£) =(é+2n)squnits
3 4 3

= A1=2[~/§'§

Area of the circle = 7t(2~/§)2 =87 sq units
4

Hence, A, =8n - A, =6m - 5
4
—+ 27
Then, the required ratio Ay o 2+3n
Az 61 — 4 9 -2
3

7. In the equation of curve xy* =4( — x), the degree of yis
even. Therefore, the curve is symmetrical about X-axis
and liesin0 <x<2.

The bounded area by the curve is 2I§ ydx

=2 22‘/2;rdx =4 2w}2;x dx
0 X 0 x

Put x=2sin%0
= dx =4sin 0-cos 0dO

w2 |2 —2sin%0
2sin”0

A= 4I -4 sin 0- cos 0dO
w2 -
- 8]0 2 cos® 0d0

w2
= sJ'O (1 + cos 20)de

=8[0+sin@] 8[ +0- O:l
2 2

Ia

8. Area (OAPB) = xy Y
x y = f(x)
Area (OAPO) = j( f(vat
Therefore, area B P.y)
(OBPO)=xy- [ f(ydt X X

According to the given condition, v

xy— J':f(t)dt i

j:f(t)dt n
= nxy = (m + n)j:f(t)dt
On differentisting w.r:t. x, we get
n(x%2+ y) =+ w @)=+ my [ 3= 1@)]

mdx &

n x y

= E-lnx=lny—lnC,whereC is a constant
n

= y= an{n = f(x) - anin

IIT-MATHEMATICS, ,

IIT-MATHEMATICS
rea b’ ln;f"?r-;fb’ow

9. Given curves are y>=xand 2y =x

= ¥ +2y=y=0,2
i . I
= ’.[(;(yz - 2y)d4 = [’% - yz]n = % $q units
10. Area A = J‘: [log x — (log x)*] dx
2
= &\Ogeﬂ
y= 0% *
e 1)
X
o/

A= flclogxdx - J'lv (log x)%dx
= [xlog x — x]{ — [x(log x)* — 2(xlog x — x)]¢
=[e-e-(-1)] - [e(1)* -2e+2e- ©2)] =1-(e-2)=3—e
11.

¥

J3 ~ p
Required area =2 Io 2x* + 9 - 5x%) dx
N )
=2 J’O © - 3x%) dx
=219z -2 =12V3
12. A= Ilo_ log, (x + e)dx
= I: log tdt (put x+ e=1)

=[tlogt — t]{ =1 sq unit
13. log xis defined for x>0

|log x| 20 and |log|x|| >0

A =4J'; |log x| dx = —4.[(1 log xdx

=—4[xlog x — x]},

=—4(-1) =4 sq units
14. Y

n/4 y=sinx Y= COSX

/ X

I-\ 1= 1P e
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Intersection points of curves

y=sinx, y=Ccosx are(E 5—”)
) 3 g dr

: 3 n 5m
Since, sin x > cos x on [Z 3 T]

A= Fﬂzsin x — cos x)dx

—[cos x + sin 227/ * =242 sq units

15. Since, y= a\/; + bx passes through (1, 2).

2=a+b ws(1)

Area bounded by this curve and line x =4 and X-axis is
8 sq units.
Then, [+ bx)dx=8

2a 394 , b 20
= — + — =8

3h]o2hb

2a o
=5 ? -8+8b=8=2a+3b=3 1))
. From Egs. (1) and (i1), we get
a=3
and b=-1
16. & =2x+1

%
= y=2f+x+c
= y=x2+x (c=0,putx=1,y=2)

(“1)2_ gl
2) TV,

which is equation of parabola

having vertex V(—l,—l}
2" 4
0 . 5
=U—1 (x" + x)dx’
[x3 xz}o 1 .
=|—+—| =—-squnit
3 2], 6 (<1/2,-1/4)
v
17. - y=2x - 22 ... Q:st -2x
dx

For maxima or minima, put ) =0,we get x= —% 505 %
%

Then, d“g/ >0, d_‘z <0
dx | dx® i

: V2 4 .2
.. Required area = -[-1/9 @2x" — x%)dx

—Ls unit
120 4

18. Since, |x |+ |y|=1 y
x+y=1, x>0, y>0 0.1)
x-y=1, x>0, y<O0

-x+y=1, x<0, y>0 X’(_Lo)
-x-y=1, x<0, y<0
and 1-y*=|x|
—y2=x, x20

= 2
1-y"=-x, x<0

IIT-MATHEMATICS, ,

IIT-MATHEMATICS
‘ﬂ?uvéylﬁﬁ’nﬁhwr

~.Required area
1
=‘2j0,/(1 —x)dx|+

2 :
=—squnit
3 q

+ [ G D) x| -

(4

19. Required area
=U;(x— 1) (@-2) (x-3)dx

+f(x-1) (x-2) (x-3)dx

+‘E(x—1)(x—2)(x—3)dx

9 1 1 11 g
=—+ —+ —=—sq units
4 4 4 4
4 8
20. Area=.|‘ (l+—,,)dx
2 X"
Since, the ordinate x=a i

divides area into two y i
equal parts, therefore 0 ; 4'X

(52 )
-

= (a—§)—(2—4)=l[(4—2)—(2—4)]
a 2
=8 =22 sq units

= a—§+2=2=>a
a

on
21. Required area = j: xsin xdx + U xsin xdx
n

y = X sinx
L_x
ﬁwzn

={-xcosx+sinx} § + |{-xcos x + sinx} 2|

=m+0)-0+0)+|(-2n+0)—(m +0) |
=T + 31 =47 sq units
. x+1, -1<x<0
22, f(x)=m1n{x+1,,l(l—x)}—{\/m’ e

- J';,I(l -x)dx

. Required area = U_Ol (x+1)dx

= 7/6 sq units
23. Required area:f.)l[x—S]Idx
-1 } 0
=[,llx=3lldx+ [ |lx-3]ldx
1 2 3
+j0 I[x—3]Idx+-|‘1l[x—3]Idx+J;|[x—3]|dx
-1 0 -1 2
=[5 dx+ [ dede+ [ '3 -dx+ [2dx+ [1dx
=5(1)+4(1)+3(1)+2(1)+1(1)= 15squnits
AEP
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24. Forc< 1,_[1 Bx* - ¥)dx= 13—6
c

8 1 8 & 16
—+

= _———— —_=—
3 6 3 6 3
5 8 & 16 8 1 17
= =+t |=——-+=-=—
3 6| 3 3 6 6

= ¢ = —1 satisfy the above equation.

For ¢ 2 1, none of the values of ¢ satisfy the required
condition that

r (Bx" - 2 )dx = 16
1 3

25. We have, b =2x+1
dx
= y=2a"+ x+ ¢, it passes through (1,2)
c=0
Then, y= ©+x

Required area = I{l o+ x)dx= g sq units

26. Given curve a’y* = 2a — 0)x°
Cut-off X-axis, when y=0
0=Ca-xx" ~x=0,2a
Hence, the area bounded by the curve
a'y’ = Qa -x)x" is

oy .52
A = J'Zﬂ M dx
0 a

Put x=2asin’
dx =4asin Ocos 0 dO
A _J‘TD‘Z«/2TI cos 0(2a)”*sin® 04 asin Ocos
L=

i = do
o2
e 32&2'[0 sin® 0cos?0.d0
= 32a2'M I [by walli’s formula]
8:6-4-2 2
ana
8
Area of circle,
A, =na?
A4 _5
A, 8
= A :A,=5:8
27. Since, | x| =
x=%1
ot -
y= erﬂ 5 1<x<0
Jce']r 0<x<1
. Required area = I lxe"‘ dx| + ;xe‘ dx

=|{-xe™* — e}, + |{xe* - €}

=2 sq units

IIT-MATHEMATICS, ,

IIT-MATHEMATICS
Mrea b, M‘Ww

28. Area of the square ABCD =2 sq units

Area of the circle =1 x % = g sq units
. n .
Required area = (2 - EJ sq unit

29. 5 sq units.

W\

- N W s O,

z

Z
00 1 2345

X

2 .
30. A + A, =J'0 cosx-dx = s.in:clgz =1

A—

w4 ’
A, :_l.0 (cosx—sinx)dx=|(sinx + cosx)lg“ =42-1

A=1-(2-1)=2-2
A_ 2-1 1
A, V2(2-1) 2

31. Required area = % X 2 x 2 =2sq units

!
1.2 § (1.2
(1.0) o X
(-1,-2) (1,-2)

32. Forx=1,y=b-5"+4=5b+ 4and?:b-5" log5s
x

= 5blogb=40logb=b=8
The two curves intersect at points where

\ - I: snn-zum
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8-5" +4=25"+16
= 5% -8.5+12=0
=% x =log; 2, xlog; 6
Hence, the area of the given region
log; 6
= [ (85" + 4 - @5x" +16)} dx
085 <«

1 -',6
=J-log.q (85x

085 <

-25% -12)dx

a . log 56
8:5° . 25

i log ,5 log, 25

log 52

_5log536 8_510g56

= -
log,25  log,5

510g 54 8. 5]0g 52

log, 25 - log, 5

= 8 oneg g+ —-18
2log,5 log,5 2(log,5) (log,5)

-12(log; 6

- log; 2) +

16 ¢!
=—— —12log: 3=4log; ¢' —4log: 27 =410
log, 5 o 5 %s g“[m]

33. Both the curves are defined for x > 0. Both are positive
when x> 1 and negative when 0 <x< 1.
We know that, lim+ logx — —oo

x—0 1
G ogx
Hence, lim L — oo,
x—0 ex

Thus, Y-axis is asymptote of second curve.
and lim exlog x{(0) (—e) form}

x—0* 1
= lim %(— — form)
x—0* 1 /x oo
=1 ell /xz =0  (using L’ Hospital’s rule)
x—=0" (-1/k°)
Thus, the first curve starts from (0, 0) but does not
include (0, 0).

Now, the given curves intersect, where

exlogx= lo&c
ex
ie. (e*x?-1)logx=0
ie. x= 1,l (since x> 0)
e
Hence, using above results figure could be plotted as
Y
1 1
2 et
ri
.. The required area = J. ( 0BY _ ex log x) dx
ex ,
_1[ (ogx* 2 :
o B -e JC—(2logx—1)
€ 2 Ve 4 e
B é-5
4e

IIT-MATHEMATICS, ,
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34. 5= [sinzf + cos f]
4 4

0,-2)
1 <sin25 + cosf
4 4

Forxe (-2,2)
[ . 9% x]
y=|sin“—+cos—|=1
4 4
Now, we have to find out the area enclosed by the
circle x* + y* =4, parabola (y - 2) = (x+ %J Jine y=1

and X-axis. Required area is shaded area in the figure.
Hence required area,

= 3x1+(\/§—1)x1+f_01(x2+x+1)dx

+2[ ([1-P)dx
3 P 0
=(2\/§—1)+[x—+£+x]
3 2 |,

2

+2[£,/ —x2+2sin“(fﬂ

. 2/l
1.1

_(2J§-1)+[0—(—§+5—1)]

+ 2[(0+ ) — (£ + 2?7‘)]

—eB-)+2+2_ 3
6 3

3(2_11: + 3 —1) sq units
3 6

35. Consider the curve |y + % Uy =™ ;
This curve is symmetrical about both the X and Y-axes.
Y
a9 ] © 2
==
(=In 1% R, 0)
2,2 =S

Also, forx=0gives|y|=%and|y|=0forx=1n2

I-\ = 1P e
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Also, x>1n2.] y| <01is not possible.

Also, max {|x|,|y|} <2 1is the interior of the square
with vertices 2,2), @, —2) (-2,2) and (-2, -2).
The region | y| + % > ¢l and max {|x|,|y|} £21is given

above (as shaded portion).
.. The required area = 4(4 —ar OABO)

log 2 1 1
Area OABO = 7 ——|dx==(1-1log2
ea J. ( 2) X 2( 0g2)

. Required area = 4(% + 1ng2) = (14 + 2log?2) sq units

36. y(x+ y’)dx=x(y’ — x)dy
= xydx+ y'dx=xy’dy - x°dy
= xd(xy) = x* 3(ld —ldx) ——————— A0
N=xy | dy-3 X X
L gy
(y)® = \x
1 1(y) ’
= A U)+c
xy 2
At x=4,y=-2
2
Hence, l=l(—lj +c¢=c¢=0
8 2\ 2
Hence, yg +2x=0
So, f) = (-20)"
The second equation given is
9 52.'
y= rm “sin™! Jidt + ro *cos™! Jidt
U8 L
= Yy =x-2sinxcosx+ x-2cosx(-sinx) =0
Hence, yis constant.
Putsinx=cosx=—
V2
]
Hence, y= J‘U:(sin‘1 Jt + cost Vt)dt
U2
e (E) g=r.3_ 38
vs\ 2 2 8 16
3n
So, =—
0 8(x) 16
So, we must find the area between y = f(x), y= ?—:
3n 3n
At =—;x= — | =P(sa
T ( 16) ey
Hence, required area = _[ ( (2x)m)dx
43\0 4
= 3_7tx+21/3.x_ :1(31)
16 4B 8\ 16
P
1y, 1 64 16
37. Area S, _Z-[oy dy—z X? — sq units
Area S; = lJ“‘x2-alx o =X L sq units
470 4" 3" 8

IIT-MATHEMATICS, ,
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(4.4)

N

So
S3 c

D (4.0)

Area of square (ABCD) =4 x 16 sq units

= S,=16-8, - S3=16—13—6—? 13—65qun1ts
S, +8S,+S; =16
38. By the given condition, v 2.5)
Area OLMP =2 area of AOQL P
—jma+4x—x2)dx—2(l-§.QL) Q
0 2 2
4 P32 1
—| gy % :2(l.§.3_m) O Lx=-32
3 1 292 2

3.9 27 (9 )
= o — =2 M

2 2 24 8
. PRI . ST
9x2 6

39. The area bounded by y=f(x) and y=x between the
linesx=1and x=t1is

[ re)-vax
But it is equal to (¢ + 1 + %) — (1 + v/2)
jl'{f(x) —xdx=(t+ 1+ %) -1 +2)

On differentiating both sides w.r.t. ¢, we get
f@A)-t=1+

=Sft)=1+t+

t t
NIES 1+¢2
= f@X)=1+x+ s ‘

,/1+x2

fO)=1
40.

A= J5 (sin x — cos x) dx = [~ cos x —sin x]sm

5m . n) ( T . n)
cos — + sin— | —| cos — + sin —
4 4 4 4

Al
SR

= At =(@22)' =64
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