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Objectives

After studying the material of this chapter, you should be
g€EoOMecTrV

¢ Understand the direction -ratios and direction cosines
of a line.

Understand to find the equations of lines and planes in
space under various conditions.

Understand to find the angle between two lines, two
planes and a line & a plane.

Understand to find the shortest distance between two

skew lines. ' @Hm l
Understand to find the distance of a point from a plane. I ——
PAGES
* CONCEPTS 1-10,15-17,23,

28-31,36-48,62-64
* ILLUSTRATIVE EXAMPLES
10-13, 17-19, 24-27, 31-33,

I 49-55,65-69
= * EXERCISES & ANSWERS
Ex. 11(a) 13-14
B INTRODUCTION e 15 b; o
In the previous class, we have already studied plane geometry, known as Ex. 11(d) 27-28
analytic geometry in 2-dimensions. Now we extend Ex. 11(d) 33-36
our scope of analytic geometry to 3-dimensions. In 3 Ex. 11(e) 56-62
the case of plane analytic geometry we confined Ex. 11(4) 69-71
ourselves to co-ordinate methods. In the same class Revision Exercise 82-84
we had elementary idea regarding 3-dimensional * HINTS TO SELECTED QUESTIONS
geometry in Cartesian form. Now we shall see that the Ex. 11(a) 14
study of 3-dimensional geometry becomes very simple Ex. 11(3) 23
with the help of vectors. We shall obtain most of the Ex. 11(d) 36
results in vector form by using the techniques of vector e G o4
Ex. 11(4 71

algebra. Nevertheless, we shall also translate them in

o . . * HOTS (Higher Order Thinking Skills)
the Cartesian form, which presents a better geometric (Eine raw: <

11-12, 14, 19, 21, 27, 33, 35, 53, 55, 60,

and analytic picture in many situations. 70-71, 82-84
In this chapter, we will learn following concept : * NYTRA 16, 23, 29, 37, 39,
* Direction cosines and direction ratios of a line joining two points. 42-44, 46
* About the equations of lines and planes in space under different conditions * NCERT-FILE

* Angle between two lines, two planes, a line and a plane.
* Shortest distance between two skew lines.
* Distance of a point from a plane.

Questions from NCERT Book 72-81
Questions from NCERT Exemplar
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81-82
SUB CHAPTER * CHECK YOUR UNDERSTANDING
3 » PRORE » 85
: / Rec V*j:', A
> 1 1 _0 K CVICW [p——— 85-86 ]
v * MCQ 86-92 §
* CHAPTER TEST-11 93 Zz
ETEW THREE DIMENSIONAL CARTESIAN FORM >
. Q
Let us take three axes in such O
a way that they form a right-handed c =
- L .
system. This means if a screw, -
placed at the origin, is turned in the >
5 ;& : o M
sense from positive x-axis o positive P g
y-axis, it moves in the direction of b
p()sili\’c' Z-axis. T{xe three '*/-""3‘: e —6 >, T
perpendicular co-ordinate axes P o
define the co-ordinate planes. X
A IN 0
X Fi <
1g. N
11/1 \:J
T
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The plane, passing through OX and OY, is called XY-plane (or XOY plane or Z-plane).

Similarly, YZ- and ZX-planes.

It is obvious that these co-ordinate planes are mutually perpendicular.

Let us associate any point P with the co-ordinates (x, y, z) in the following way :

Thro® P. draw a perpendicular, meeting XY-plane in N. We take PN = z. From N, draw perpendiculars on the X-axis and
Y-axis meeting them in A and B respectively. Take NB = x and NA = y.

Alternatively, thro’ P, draw perps. on the X, Y, Z-axes meeting them in A, B, C respectively. Then OA=x, OB =y
and OC = z. The co-ordinates x, y, z are laken as +ve or — ve according as the respective points are on the + ve or — ve side of
the corresponding co-ordinate axes.

Now we have associated an ordered triplet (x, y, z) with any point P in space in a unique way. Thus there exists one—one
correspondence between the points in space and the ordered triplets of real numbers.

11.1.1. DEFINITIONS

With the help of cartesian co—-ordinates, we have a better picture with regard to fundamental concepts.

(a) Rectangular Axes. 2

Let X'OX, Y'OY and Z'OZ be three mutually perpendicular straight lines. X

(I) The common point O is called the origin. P

(IT) X'OX s called the X-axis (or axis of X) 7

(TIIT) Y'OY is called the Y-axis (or axis of Y) P— -~

(IV) Z'OZ is called the Z-axis (or axis of Z). /O Y

These three, taken together, are called co-ordinate axes (or simply axes). H

X ;
Note. Since the axes are mutually perpendicular, therefore, they are called rectangular axes. \24

[£. KEY POINT Fig.

Gn the whole of this chapter, the treatment is with regard to rectangular axes. Thus by axes, we shall mean rectangular axes. )
. ZA
(b) Co-ordinate Planes.
(I) XOY, the plane containing X and Y-axes is called XY-plane. c L

(I1) YOZ, the plane containing Y and Z-axes is called YZ-plane.

(TIT) ZOX, the plane containing Z and X-axes is called ZX-plane.

These three, taken together, are called co-ordinate planes.

(c) Convention for Signs. —

(I) Distances measured upwards of XY-plane are taken as +ve and Y
downwards as — ve.

(IT) Distances measured in front of YZ-plane are taken as +ve and
back of it as — ve. X Fig.

(IIT) Distances measured 1o the right of ZX-plane are taken as +ve and left of it as — ve.

The three co-ordinate planes divide the whole space into eight compartments, known as octants.

(d) Co-ordinates of a point.

Let P be any point in space. Thro P, draw three planes parallel to co—ordinate planes and meeting the axes in A, B and C
respectively [(see Fig. of part (b)]. If x, y, z be the directed distances OA, OB, OC respectively, then the ordered triplet (x, ¥, 2)
are called cartesian rectangular co-ordinates of P and is denoted by P(x, y, z). From the definitions, we observe that :
“Given any point P in space, the ordered triplet (x, ¥, z) of real numbers is determined uniquely.”

Conversely, given the ordered triplet (x, y, z) of real numbers, we are to find the point of which these are the co-
ordinates. Cut off from O on the co-ordinate axes OX, OY, OZ distances x, y, z respectively and find the respective points
A, B, C. Thro™ these points, draw planes parallel to YZ, ZX, XY-planes respectively. The point of intersection of these planes
is the required point P whose co-ordinates are (x, y, 2).

5. KEY POINT

( There is one-one correspondence between the set of points in space and the set of ordered triplets of real numbers. )

USEFUL FACTS
(I) The co-ordinates of the origin O are (0,0,0).
(I) If the point P (x, y, 2) lies in the YZ-plane, then x = 0.
Conversely, if x = 0, then P lies in the YZ-plane.
Thus the equation of YZ-plane is x = 0.
Similarly, the equation of ZX-plane is y = 0 and the equation of XY-plane is z = 0.
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(III) Since X-axis is the common line of ZX and XY-planes,
: equations of X-axisarey=0and z=0.
Sumlarly the equations of Y-axis are z = 0 and x = 0 and the equations of Z-axis arex=0and y = 0.

JEEEA DISTANCE BETWEEN TWO POINTS

The distance between two distinct points whose co—ordinates are (x,, y;, z,) and (x,, y5, 2,) is :

J(xz —xl)2 +(y, - yl)2 +(zy - z,)z. (In Cartesian Co—ordinates)

NOTATIONS

(i) | AB | denotes the distance between A and B
(if) [AB] denotes the line segment AB.

RN SECTION FORMULAE

The co-ordinates of the point, which divides the line segment joining two distinct points (x;, y,, z;) and (x,, ¥, 2,) in

m;X; + mpX; m;y; +myy; myz; +myz;
s | ’ L4
my +mj my +mj m; +mjp

the ratio m,: m, (m, + m, # 0) are

B0k Yar 22)
GUIDE-LINES

Step (i) Multiply m; by x, and m, by x; .
Step (i) Add these two and divide the sum by m; + m, .

* ANITd13H

This gives x, the x-co-ordinate. Similarly, y and z-co-ordinates can be found.

Cor. 1. If Q divides the join of A and B in the ratio m: m, externally, then
the co-ordinates of Q are :

A(xlt y| ’ Z|)

mxy —mXxp my; —my, mi; —mzg

I ' Fig.
my —mp m —my my —my

]' where my —m,# 0 i.e. my # m,.

Cor. 2. Mid-point Formula.
If C (x, 3, 2) is the mid-point of [AB] with A (x}, y}, z;) and B (x5, y5, 25).
X1+X yi1tys z1+2

’ 2 ’ 2 ®

then the co-ordinates of C are (
1 X, +x Ay, + Azp + 2
Cor. 3. Pulung.}‘__}'g 2771 oul22 7] a2
my BT 2 AFL ™ A#)
IR CENTROID OF A TRIANGLE

(E]] Definition

. These are parametric representations.

SO0S0SQ6ELL 16* // OEL98BS6ELL" 16+

C Centroid of a triangle is the point, which divides all the medians in the ratio 2 : 1. )

This is also called as Centre of gravity of the triangle.

The co-ordinates of the centroid (centre of gravity) of a triangle whose vertices are (x,, y;, Z), (X, ¥5, Z,), (X3, ¥3, Z3)
are :

(X1+X2+X3 YitY2tY3 Zl+lz+23)
3 37 3 F
[5. KEY POINT

( Medians of atriangle are concurrent. )
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SUB CHAPTER

11.1

Direction-Cosines

IETEA INTRODUCTION

In this section, we shall deal with direction-ratios and direction-cosines. Also we shall find the angle between the lines
whose direction-ratios or direction-cosines are given.

IR DIRECTION-COSINES AND DIRECTION-RATIOS OF A LINE

Here we shall study the direction-cosines and direction-ratios of a line.

11.6.1. DIRECTION-COSINES OF A LINE

Let AB be a line in space. Through O, draw a line QP parallel to the AZ
line AB. Let the ray OP make angles o, B, ¥ with the rays OX. OY and
OZ respectively. B

Then the ray AB also makes same angles with the positive directions

of the co-ordinate axes. P
The cosines of these angles i.e. cos o, cos P, cos Y are called direction- A Y
cosines of the ray AB. Q 5 B $
Notation. The direction-cosines are usually denoted by </, m, n >. o
Thus I = cos o, m=cos B and n = cos Y.
Observation. Clearly the ray OQ makes angles T — o, m—f, T -y X Fig.
with the rays OX, OY and OZ respectively.
Thus the direction-cosines of the ray BA are :
< €os (T — ), cos (T —PB), cos (T—7) >
ie., <—cosd,—cosf, —cosy> ie., <-lL-m,—-n>.
Cor. The direction-cosines of the axes of co-ordinates. (N.C.E.R.T")

The x-axis makes angles 0°, 90°, 90° with the co-ordinate axes, its direction-cosines are < cos 0°, cos 90°, cos 90° >
ie., <1,0,0>.

Similarly, the direction-cosines of y-axis are < 0, 1, 0 > and the direction-cosines of z-axis are <0, 0, 1 >.

11.6.2. RELATION BETWEEN DIRECTION-COSINES OF A LINE

Let AB be a line with direction-cosines < I, m, n >.

<V
o
x
-

A € P STUDY CIRCLE
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Through O, draw a line parallel to AB.
Let P (x, y. 2) be any point on this line.
From P, draw PL, perpendicular on the x-axis.

I OP=rihmos@=Cr = [=%
opP ¥

= &x=Ir
Similarly, v = mr and z = nr.
Squaring and adding, ¥ + 2 + 22 = P2 (P + m* + n?)

= Per Bk

Hence, P+m?+ni=1

In Words : Sum of the squares of the direction-cosines of any line is equal to 1.

Another Form. If o, B. y be the angles, which OP makes with the axes, then cos? o0 + cos® B + cos2y = 1.

11.6.3. DIRECTION-RATIOS OF A LINE

Definition

Any three numbers, which are proportional to the direction-cosines of a line, are called the direction-
ratios of the line.

: ANI1d13H

If < a, b, ¢ > are direction-ratios of a line, then < ka, kb, kc > (k # 0) are also direction-ratios of the line.

Thus there are infinitely many sets of direction-ratios of a line.

11.6.4. CONVERSION OF DIRECTION-RATIOS TO DIRECTION-COSINES

If the direction-ratios of a line are < a, b, ¢ >, to find its direction-cosines.

Let < I, m, n > be the direction-cosines (d.c.’s) of the line.

SOS0S96ELL 16* // OE19856E667 16+

T'Ilcn.i:ﬂ:ﬂ:k (say), where k#0
a b ¢
= l=ak,m=bk, n=ck (i)
But Psm*+ni=1
= @R+ = = k== :

\/az +b% +¢?

Hence, from (1), the direction-cosines of the line are :

a b c - e .
= T = < = >, where signs should be taken all positive or all negative.

az+b2+r:2 az+1!;'2+|:‘2 u112+172-i-q'.‘2

Divide each of a, b, ¢ by * \/02 +b2+c .

[5. KEY POINT

( P+m?+ni=1buta’?+b?+c2#1. )

CBSE-MATHEMATICS A S P STUDY CIRCLE
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11.6.5. DIRECTION-RATIOS OF LINE JOINING TWO POINTS

To find the direction-ratios of the line joining two points (xy, ¥, z;) and (X3, y3, Z3).

Let P (xy. yp. 21) and Q (x3, ¥, 2) be any two points on the line whose direction-cosines are < I, m, n >.

the axes

PQ JZ(Xz-Xﬁz

Hence, the direction-ratios of the line PQ are :

fQ JZ(xz—xl)z '

* ANITd13H

<SX=-XLV2-Yp2-3 >

i Y2—N L—q
VE-x? JEm-m)? Zep-x)

and the direction-cosines are :

ANGLE BETWEEN TWO LINES

< l;, my, ny > respectively.

Let PQ (= L)) and ST (= L) be two lines whose direction-cosines are Y4
given by @ < Iy, my, ny > and < [, my, ny > respectively.

Let ‘0" be the required angle between these lines.

Through O, draw OA (=r) || to PQ and OB ( =r) || to ST.

Thus ZAOB = 6.

7 (Lr,myr,nr)

SO0S0SQ6ELL 16* // OEL98BS6ELL" 16+

X2 =X Y2—=N -7
PQ = ——, PQ=~="—=, PQ= ——
= Q cosa cos S cos ¥
B e O Tl Y
- cosa  cosB cosy =PQ
Xy — X, - -
- Nt DR o | IR S| (= PQ)
1 m n
Xy — X, Xy — X,
| = 2 1 - 2 1 = [... PQ = ):('tZ-xl)z]
PR Ewm-x)
- | Y2 =0 -3 -1
Similarly, m = RN _ =Sl and n = 2"l _ 2 -l

(a) To determine the angle between two lines L; and L, whose direction-cosines are < l;, m;, n; > and

T

B(l,r,m,rn,r) f

Q
SP/

[ ] -
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Then PQ cos o = x5 — x1, PQ cos B = y5 — y;, PQ cos Y =25 — 1, where @, B, y are the angles, which the line makes with

0 (0,0,0)
[ Angle between two lines = Angle between their parallels)
. The co-ordinates of A and B are (I;r, myr, nyr) and (lpr, myr, nyr)
respectively.

Fig.

| AB |

\/(Izr—llr)2 + (m;_,r—m.r)2 + (nzr—n,r)2

= r\/(lz =1 )2 +(my —m, ) +(ny—ny o

= r\/122 +I,2 =2hL1 +m22 +m,2 =2mym, +n22 +"l2 =2nymy

= rJE +mE +n2)+ 02 +mp? +m2) =20y +mymy +my )

= rJI+1=2(l +mmy +mny) = r\2 =241y +mmy +nyny) .
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Now, by Cosine-Formula in AOAB, we have

MATHEMATICS

Revision module

OA?% +0B? - AB? _ Prdr=r [2=2(415 + mymy + myny )]

(112 + mlz

("112"22

* ANITd13H

But 0 €0 < m, so that sin 6 > 0.

+ nlz) (122 + mzz +: nzz) - (1112 +mymy + Illnz)z

2;2 2 2 2..9
— ()7~ + my"my=+ ny"ny= + 20 {Lmymy + 2 mymonyny + 2 mynply )

Hence, | sin 6 = J(mlnz —myn;)? +(nyl; —nyly)% +(1ym, —1,m, )2,

Tangent Form :

1|2122+ I|2m22 -+ l|2n22+ m|2122 + m|2m22 + my

2

(myny — mon))? + (nyly = nal))? + (Iymy — lomy)2.

cos 0 = =
2|OA|.|OB| 2rir
A+ 1=[2=2( Ly +mymy +mny)] 2Ll +mymy +nyny)
= 2 = 2 .
Hence, cos® = |+ mm;+nm,|.
ie. 0 = cos7! (Il + mymy + nyny).
Sine Form :
Since sin?@® = 1 —cos? 0,
sin? ® = 1 — ()], + mymy + nyny)?

[ cos O =1}l + mmy + nyn, ||

2 2; 2 2 2 ... )
Ny~ + ny~lhy™+ nypTmy” + nyptny©

2 2 7,2 2; 2
+ my™n T — 2 mymynny) + (<l + nytli= = 2 nynyly 1)

+ (12my? + b2m? = 2 1y lomymy)

sing J(myny —myny)? + (gl —ngly)* +(ymy —lpmy)®

tan® =

cos &

Cor. 1. Condition of Perpendicularity.
The two lines are perpendicular

iff s
2

SOS0SQ6ELL 16* // OEL98BS6E66 L6+

it IIIZ +mym; + njnp = 0.

Cor. 2. Conditions of Parallelism.

The two lines are parallel

L1; +mym, +nyny

ire =0° if sin® =0
= \l(mlnz —m2n| )2 +(n|12—n21| )2+(Ilm2—12m| )2 =0
_ 2 _ 2 _ 2 0
= (mln2 mznl) +(n|12 n21|) +(l|"l2 12m|)
=) myny —mpny = 0, nyly —nyly =0, lymy — lomyp = 0
' I‘ . m : n Il m m \'1]2 +m|2 +n|2
= —_———— = — —_——— e ——_—™—™—
I ny ny I my n 122+"'22 +n22
CBSE-MATHEMATICS A S P STUDY
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= = =—=—=- < |y =1, m; =m; and ng = n,.

aja + b]bz +C1Cy

alz + blz +cl2 \’azz + bzz +CZ2

cos® = =

Since the direction-ratios of Ly and L, are < ay, by, ¢ > and < ay, by, ¢ > respectively,

.. the direction-cosines of L and L, are :

q bl + | >

and <F

e s ik
\/012 +h+¢? \lal2 +h+o? \/‘112 +h?+?

ap b, )

* ANI1d13H

5. KEY POINT

R = + >

2 2 2 !
Ja? +b2 4y Ja? +b2 +c? Jaik +by% +c)?
[The signs, to be taken, are all + ve or all - ve]
. The angles between the lines are given by :

a;a, + b]bz +CyCy

cos® = = :
Ja,z +b|2 +c12 Jazz +b22 +022

MATHEMATICS

Revision module

(b) If < a, by, ¢; > and < ay, b,, ¢; > are direction-ratios of lines L; and L, respectively, then the angles between

o

\
If the lines L, and L, are non-perpendicular, then the acute angle between them is given by :
. aja, +hb, +cc
ch Shis 2|;zzbnb;2|z|2 2
Jal +b| +C Jap +b2 +C
and obtuse angle between them is given by :
e iy 13 | aja; +bb, +¢i6;| .
Vo +b%+o? a2 +b2 +o” y

SO0S0SQ6ELL L6* // OEL98S6E667 16+

Sine Form :

Since

CBSE-MATHEMATICS

.. 2
sinc 0 = 1 —cos- 0,

- (ayay +bby +¢ycy §t

o9
sin- 0
(al2 +b12 +c|2) (022 +b22 +c22)

(@2 +B2 +6.2) (@2 +b% +¢,2)~(ayay +byby +ycy)?

(@2 +B2 +¢%) (ay> +b% +¢,%)

(a1by —arly ) +(bycy —byey ¥ +(qay —cq i
2 2 2 2 2 2 ’
(al +b' +C| ) (02 +b2 +C2 )

But 0 €0 < m, so that sin 6 > 0.
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[(a.bz —azby y +(bjc; —bycy ? +(cqa; — 4 )
V (ﬂ|2+h2+clz)(022+%2+022)

Hence, sin 6

Tangent Form :

sin 6 + I(albz —ayhy 5 +(bycy = byey 4+ (cya; —cray >

e cos@ ~ V ajay + bbby +¢jcy

Cor. 1. Condition of Perpendicularity.
The two lines L, and L, are perpendicular

T
iff 0= 7 il ayay + byby + cjc3 = 0.
Cor. 2. Condition of Parallelism.
The two lines Ly and Ly are parallel
ir e =0° il sin@ =20
= J(albz —axhy y" +(hcy —by ) +(cay — a4y 2 =0
2 2 2
c ¢ (ayby —ayhy)” +(byey =byey)” +(qay —ca)” = 0
E = ayby — axby =0, bycy — bacy =0, cjay — cap = 0
E ’
C
o & L V. .
a b €2
LN PROJECTION
(a) Projection of a point on a line.
[Z}] Definition P

The projection of a point P on a line L is defined as P’, the foot of

SO0S0SQ6ELL 16* // OEL98BS6ELL" 16+

the perpendicular from P on L.
P L
Fig.
(b) Projection of a point on a plane. P
Definition
Let T be any plane and P be a given point, not on the plane T,
then P’, the foot of perpendicular on the plane, is called
orthogonal projection of P on the plane T. P
! 4
Fig.
(c) Projection of a line segment on a line. Q
Definition 2
P R
The projection of the line segment |PQ| on a line L is the
segment [P'Q’], where P, Q" are the feet of perpendiculars
from P, Q respectively on the line L. B Q >
Fig. .
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If *0" is the angle between the line segment [PQ] and the line L, then ZQPR = 6, where PR || L, meeting QQ’ in R.

- P’Q" = PR = PQ cos 6.

Hence, the projection of line segment [PQ] on the line L is | PQ cos 6, where ‘0" is the angle between the line segment

[PQ] and the line L.

Bl PROJECTION OF A SEGMENT

To find the projection of a line segment [AB] on line with direction-cosines <l, m, n>, where (x;, y;, Z;) and

(X3, Y2, Z;) are the co-ordinates of A and B respectively.

Let [AB] be the given segment. Then [A’B’] is its projection on the line L having direction-cosines < I, m, n >.

The direction-cosines of AB are :
Xy — X - -
P . e W T T
|AB| |AB| |AB]|

Now |A"B’|=| AB | cos 6
where ‘0" is the angle between L and AB.
socos 0= |+ mmy+ nny |

X=X I+ Y2— N . 273 i
| AB| | AB| |AB |

= |AB|cosO=|(x—x) I+ —-y)m+(z-z)n|
Hence, |A’B’ | =| (x3 = X)) 1+ (y2-y)) m+ (z;-z)) n|.

Frequently Asked Questions

Example 1. If a line makes angles of 90°, 60° and 30°
with the positive x, y and z-axis respectively, find its
direction-cosines. (N.C.E.R.T.)

Solution. Direction-cosines are :

NE)

; 1
< cos 90°, cos 60°, cos 30° > ie <0, e T>

~

Example 2. Find the acute angle which the line with

6 11

direction-cosines <—, —

V3’ Je

direction of z-axis. (C.B.S.E. Sample Paper 2019)
Solution. Since, 12+ m? + n*= 1,

e

,n> makes wtith positive

I 5 gl s
> —+—+n" =1 > —+—=+n° =1
3 6 3 6
y ~ l
= n“=1l-— = nc = —
2 2
i I
= n =$ => C()!s"}’=—7-.

where ‘y’ is the angle, which the line makes with z—axis.

Hence, y =45°or =

(1),

q._______
ry

Fig.

[Using (1))

Example 3. If a line has direction-cosines :

<- i, i, 2 >, then what are its direction-ratios ?
1111 11 s
(N.C.E.R.T)
Solution. Given : Dircection-cosines are :
-9 6 -2

[TRETRET
Clearly, <=9, 6, — 2 > is one set of direction-ratios.
All sets of direction-ratios are given by :
< — 9k, 6k, — 2k >, where k # 0.

Example 4. Find the direction-cosines of the line
joining the points (- 2,4,-5)and (1,2,3). (N.C.ER.T)

Solution. We know that the direction-cosines of the line
Joining P (x}, 1, 2)) and Q (x5, y,, 25) are :

S22 Y2 TN BT
[PQI ~ [PQ| ~ [PQ]

where 'PQ'=\/(X2 —x)t oy =)+ -yt
Here Pis (-2,4,-5)and Qis (1, 2, 3).

IPQ|= (1 —(~2)? +(2—4)* +(3—(=5)?
=J9+4+64=477.
Hence, the direction-cosines of the line are :
i={=9) 3=4. 53=(~5)

JTT W71 77

. 3 -2 8
e S/,

71 W7 AT
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Example 5. If a, B, y are direction-angles of a line,

prove that cos 2a. + cos 2p + cos 2y + 1 = 0. (N.C.E.R.T))
Solution. Since o, 3, y are direction-angles of a line,
socosZ o+ cos? B+ costy=1

1+cos2a  1+cos 28 1+cos 2y

= + + =1
2 2 2

= l+cos20t+ 1 +cos2B+1+cos2y=2

= cos 20 + cos 2B + cos 2y + 1= 0,

which is true.

Example 6. The x-cordinate of a point on the line
joining the points P(2, 2, 1) and Q(5, 1, - 2) is 4. Find its
z-co-ordinate. (A.LC.B.S.E. 2017)

Solution. Any point R on [PQ] is :

(5k+2 k+2 '—2k+1)
X+ E+1" K+

Q(51,-2)

P(221)
Sk+2
P
=5%k+2=4k+4=2k=2.
=2(2)+1 ., —4+1 .
541 Le. 3 Le.— 1.
Example 7. Show that the points :
A(1,-2,-8); B(5,0,-2) and C(11, 3, 7) are collinear,
and find the ratio in which B divides AC. (Jammu B. 2012)
Solution. (i) The direction-ratios of AB are :
<5-1,0+2,-2+8> ie.<4,2,6>ie.<2,1,3>
and the direction-ratios of BC are :
<11-5,3-0,7+2> ie.<6,3,9> ie.<2,1,3>.
Thus AB, BC are either parallel or coincident lines.
But B is the common point.
Hence, the lines are coincident lines and
consequently the three points A, B and C are collinear.
(i) Let B divide [AC] in the ratio k: 1.
~(1lk+1 3k=2 7k-8
uB“(k+1’k+l‘k+l)

By the question,

Hence, the z-co-ordinate is :

C(11,3,7)

«/ B (5,0, -2)

. A(1,-2,-8)
But Bis (5,0, -2). [Given]

1lk+1 3k—2 Tk -8

=5, =0 and =-2
k+1 T T
> 1lk+1=5k+53k-2=0 and Tk—8=-2k-2
>  6k=4, 3k=2 and 9%k =6
2 2 2
> =3 k= 3 and k= 3
2

Hence, the reqd. ratio is %:l ie 2:3.

MATHEMATICS
Revision module

Example 8. Find the acute angle between the
lines whose direction-ratios are :
<L 1,2>and <-3,-4,1>.
Solution. If ‘6" be the reqd. angle between the lines, then :

|aya, +byby +ccy
O B 0 [0 e . 0
\/al +b +¢ \/az +by +¢3

() (=3)+ (D) (=4 + () ()
VI+1+449+16+1
|-3-442] s

T Jev26 T is6

Hence, 0 = cos™! L) ;
( V156
Example 9. Find the angle between the lines whose
direction-cosines are given by the equations :
3l+m+ 5n =0, 6mn - 2nl + 5lm = 0.

Solution. We have : 3/ +m+5n =0 (1)
and 6mn - 2nl + 5Im =0 ..(2)
From (1), m=- (3l + 5n) .(3)
Putting in (2), we get :
-6@3l+5n)n-2nl-5131+5n)=0

~18In - 30n* — 2nl — 152 =25 nl = 0

=
= —30n% — 4501 - 152 = 0
— 202 +3nl+ 2=0
= Cn+H(n+1)=0.
o LCither 2n+1 -0 or n+!l =0.
(D When 2n+1 =0 ie. = -2n.
From (3), m= —(-6n+5n)=n.
(I) When n+1 =0 ie. |l =-n
From (3), m = —(-3n+ 5n)=-2n.
.. Direction—ratios of two lines are :
<=2n,n,n> and<-n,-2n,n>
Le.<=2,1,1> and <1,2,-1>.
If *6" be the angle between the two lines,
1(=2) () + () 2)+ (D) (=] 1
then cos 6 = = -,
Va+1+1V1+4+1 6

Hence, 6 = cos™! %
Example 10. Find the length of the projection of the
line segment joining the points P (3,- 1, 2) and Q (2,4, -1)
on the line with direction-ratios < - 1, 2, -2 >.
Solution. The direction-ratios of the line are < -1, 2,—2 >.
Its direction-cosines are :

-1 2 =2

< T/, T, T/ >
,Jl+_4+4 Vi+4+4" 1+4+4
-1 2 =2

Le. < T 3 ? >

.. The length of projection of [PQ] on the given line
=y —x) I+ —y)m+(-z)n|

2-3)[= M+ @a+n[3 P
=8l = SlEEEHl=TE=1=2) ==
I )( 3) ( >(3) ( >(3)

110 6 ’
=‘_+—+—‘ = 17 - lz- units.

33 3 3
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Example 11. Find the area of the triangle ABC whose
vertices are :

A(1,2,4);B(-2,1,2) and C (2, 4, -3).

Solution. Area of AABC

1
= = |ABJ|AC] sin A A1)

Now |AB|= J(—2—l)2+(|-2)2+(2-4)2
= Jo+1+4 =14
and |AC| = \/(2—1)2+(4—2)2+(—3—4)2

= J1+4+49 = 54,

MATHEMATICS

Revision module

Now direction-ratios of AB are :
<=-2-1,1-22-4> je<3 12>
and direction-ratios of AC are :
<2-1,4-2,-3-4> je<l1,2 -7>.

(bycy —byy)* +(cyay - ya))
Hapby —azhy)
Ja,z +b2 +ci \Ja? +b3 +c3

oSinA=

B JET-92 424212 +(6-1)2
- Jo+1+41+4+49

CBSE-MATHEMATICS

A(124) V214529425 675
B TN TEN TN
y 675
me(l).areuquABC:EX ]4xJ5_4 xm
B(-212) C(24-3) = 15;/3 Sq. units.
Fig. -
(=l Definition
4 N
(a) (i) Parallelopiped. It is a figure bounded by three parallel planes. Thus the
parallelopiped is as shown in the adjoining figure : c L
It has six faces, viz. || gms. M
OCLB, AMPN, OBNA, CLPM, OAMC, BNPL. g
It has four diagonals viz. OP, AL, BM, CN. ) B
(ii) Rectangular Parallelopiped.
When the faces are rectangles, then the parallelopiped is a rectangular one. A Fig. o
N (b) Cube. It is a parallelopiped with all its faces as squares. )

Example 12. A line makes angles o, B, v, 8 with
the four diagonals of a cube, prove that :

cos® o + cos? B + cos? ¥ + cos? & = g

(N.C.E.R.T)

Solution. Let O be the origin and OA, OB, OC
(each = a) be the axes.
A -

C L

Thus the co-ordinates of the points are :

0 (0,0, 0), A (a, 0,0), B (0, a, 0), C (0, 0, a),

P(a, a, a),L (0, a, a), M (a. 0, a), N (a. a, 0).

Here OP, AL, BM and CN are four diagonals.

Let </, m, n > be the direction-cosines of the given line.
Now direction-ratios of OPare<a-0,a-0,a-0>
ie. <a.a,a>ie. <1, 1, 1>,
direction-ratios of AL are :
<0-a.a-0,a-0>ie<-a.a.a>ie. <-1,1,1>,
direction-ratios of BM are :
<a-0,0-a,a-0>ie<a,-a a>ie.<1,-1, 1>
and direction-ratios of CN are :

<a-0,a-0,0-a>ie<aa,-a>ie<l1, 1.—1>.
Thus the direction-cosines of OP are :
) L L L N
VAR
the direction-cosines of AL are < -i -l— 2 >

3 V3 43
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the direction-cosines of BM are < %

and the direction-cosines of CN are :
1 | |

BB

If the given line makes an angle ‘o’ with OP, then :

e oo
|l+m+n|

cos O = T (1)

If the given line makes an angle *B* with AL, then :

)5

1
y = D
3

- I

cos B =

MATHEMATICS
Revision module

|~l+m+n|
cos B = T .(2)
l=m+n|
Similarly, cos Y= T ..(3)
+m=-n|
and cosd= " — ..(4)

V3
Squaring and adding (1), (2), (3) and (4), we get :

cos? o + cos? B + cos? ¥ + cos> &

1
=; [(l+m+ n? + (=1 +m+n)?

. +(_1-m+n)2 + (L +m-n)?
1 1
= [4 (2 +m?+n?) = o [4 (1))

2 2 20} 2
Hence, cos® o + cos® B + cos= Y + cos® 8 =

I

EXERCISE 11 (a)

Fast Track Answer Type Questions

1. (a) Direction-cosines of (i) x-axis (ii) y-axis
(#if) z-axis are ........ (Fill in the blank).

(Kashmir B. 2017, 16)

(b) Find the distance of the point (2, 3, 4) from the

X-QXiS. (C.B.S.E. 2010 ©)

If a line makes angles 90°, 60° and 6 with x, y and

z-axis respectively, where 6 is acute, then find *6".

(C.B.S.E. 2015)

(7i) If a line makes angles 90° and 60° respectively,

with the positive directions of x and y axes, find

the angle which it makes with the positive direction

2. ()

of z-axis. (C.B.S.E. 2017)
2 -1 =2
3. If a line has direction-cosines <-§'—3-T> then

find the direction-ratios.

4. If a line has direction-ratios < 2, = 1, = 2 >, determine
its direction-cosines.
(N.C.E.R.T.; Jharkhand B. 2016;
Uttarakhand B. 2013, 15; C.B.S.E. 2012)
5. (a) Find the direction-cosines of a line passing
through the points (1, 0, 0) and (0, 1, 1).

(A.I.C.B.S.E. 2011)

Very Short Answer Type Questions

8. Show that the following points are collinear :

(1,2,7):(2,6,3):(3,10,-1).  (Jammu B. 2015,13)

9. Find the acute angle between two lines whose
direction-ratios are :

<2,3,6>and<1,2,-2>.

Short Answer Type Questions

12. Find the direction-cosines of the sides of the triangle
whose vertices are (3,5, -4), (= 1. I, 2) and (- 5,-5.-2).

(N.C.E.R.T)
13. Show that the lines with direction-cosines :
2 3 4. 4123 3 -4 12
—_— =2 K — — =D S— S— S—
13 13 13 13 13 13 13 13 13

are mutually perpendicular.

(b) Find the direction-cosines of the lines joining the
points :
(= 1,=1,=1)and (2, 3, 4). (Rajasthan B. 2012)
(c) Find the direction ratios and direction cosines of
the veetor joining the points (4,7, 2) and (5, 11,-4).
(Meghalaya. B. 2018; Nagaland. B. 2016)
(d) Find the direction cosines of a line segment joining
the points A(2, 5, 7) and B(3. 2, 9).
(Nagaland. B. 2018)
6. Write the direction-cosines of the vector :
A A

(i) =2i+j—5k (C.B.S.E. 2011)

A A A
(i) i+2 j+3k.(Assam B. 2015; Karnataka B. 2014)
7. Find the length of the projection of the line segment
joining (3, 4, 5) and (4, 6, 3) on the straight line :
z2-6

i (Tripura B. 2016)
5~ g = g ripura B. 2

10. Find the obtuse angle between two lines whose
direction-ratios are :
<3,-6,2>and<l,-2,-2>.
11. Find the angle between the lines whose direction-
ratios are :
<a,bc>and<b-c,c-a,a-b> (N.CLER.T)

14. Find the angle between the lines whose direction-
cosines are given by :

(i) l+m+n=0P+m*-n*=0

() 2l-m+2n=0,mn+nl+Im=0.

15. Find the area of the triangle whose vertices are :
A(1,2,3):B(@2.-1,4)and C (4,5,-1). (C.B.S.E. 2017, 13)

A c
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16. Show that the join of the points (4. 7. 8) and (2, 3.4) is 18. Determine the value of k" so that the line joining
parallel to the joinof the points (~1,-2, D and (1,2.5). the points A (k, 1, — 1), B (2, 0, 2k) is perpendicular to the
17. Show that the line joining the origin to the point | line joining the points C (4, 2k, 1) and D (2, 3, 2).
(2, 1, 1) is perpendicular to the line through the points 19. Prove that the angle between any two diagonals of
(3,5, -1)and (4, 3, - 1). 1

acube is cos™ —.

3
Long Answer Type Questions LATQ
20. Find the projection of the line segment joining the 21. If the edges of a rectangular parallelopiped are
points : a, b and ¢, show that the angles between the four
(i) (2. =3, 0), (0, 4. 5) on the line with direction- | diagonals are given by
2 3 -6 s P RO
cosines < T T > cos~ ! M_
a*+b*+c2
(i) (1, 2. 3). (4, 3. 1) on the line with direction-
ratios <3,-6,2>. 7
| Answers |
1. (a) (i) <1,0,0> (ii) <0,1,0> (iii) <0,0.1> (b) 5. 4 4
2.(i))0=30°(i)30°. 3. <2k, -k -2k>;k+0. 7.7—. 9. cos! —.
= & el - 1 ’
<= —— > o ,
= 3733 10. cos '(—7). 11. 90°.
% 5()<]ll>(b)<3 3 5> 2 "—1-3 2 3 12
- a T ., [ 4 - L - -~ -~
. g <=, =, =, <=, =,
. R e N A AN S A
i 6><%i—6 I T I
o 5374537453 Ja2' Ja2' Ja2
d) < ,‘,‘>. 137
\714 3I4 JI4 14. (i) 60° (i) 90°. 15. - 5q. units.
6. (i) < S e 5>(ii)<l : s ; 1
. ——, 5 _— == 13
J30 Y30 30 Via'Via ' Via 18. k= 1. 20. (i) = (i) 5.

— Hints to Selected Questions 00 oo —

M4.()!l+m+n=0 = n=—(+m).

Pam?-n2=0 = P+m?—(l+m?=0 =>1=0,m=0.
Whenl/=0, thenm+n=0 >m=-n.
Whenm=0,thenl+n=0 =/=-n.

SO0S0SQ6ELL 16* // OEL98BS6ELL" 16+

*. Direction cosines of two lines are :

<0,—n,n> and <-n, 0, n>

ie. <0,-1,1>and <-1,0, 1>.

[(OX=D+(=DO)+MD|_ 1
Vo+1+1V1+0+1 2

15. As in Ex. 11.

19. Refer Ex. 12.

If '8 be the angle between OP and AL,

et )[4 ) ) ) )

21. As in Ex. 12.

% Chgd= > 6 =60°.
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SUB CHAPTER

11.2 Straight Line in Space

RN INTRODUCTION

We know that a straight line is uniquely determined in space if it :
(@) passes through a given point and has a given direction or (b) passes through two given points.

We shall determine the vector equation as well as cartesian equation of a straight line under different conditions.

EEEEN SYMMETRICAL (CANONICAL) FORM

—3
(a) To find the equation of a straight line passing through a fixed point A and parallel to a given vector m.

2 s : - i
Let a be the position vector of the fixed point A and p | the position vector

of any point P, where O is the origin.

ZA ;«r\
- - P
Since AP is parallel to m, /
- A
= i
- -
(= . AP =X mfor some scalar A 2T
5 / a
m
e — - -
= OP-OA=Am > k7
- - -
= r-a=Am X Fig.
N
-> > -> Z
= r=a+Am (1), rv‘

X

)
)
)

which is the reqd. equation.

- -5 -
Cor. The vector equation of a straight line through the origin and parallel to the vectorm is r =\ m.

| W C
ALV >

AL

Cartesian Form.
Let A (x. y}. 2;) be the fixed point and let < @, b, ¢ > be the direction-ratios of the line.

|

) 14l

- A A A = A A A - A A A
Then r=xi+yj+zk.a=xji+yj+ykandm=ai+bj+ck.

SOS0S96ELL 16* // OE19856E667 16+

X31dW

5 A A A A A A A A A
Puttingin(l), (xi+yj+zk)=(xji+y j+yk)+A(ai+bj+ck).

YHL

N Y

- V¥ IN

Comparing coeffs. of 5 J k. x= xy+Ahay=y +Ab z=7+Ac (Parametric Form)

OHD

AA
A/
FaTAA\Y

X -Xq =y'YI =Z—zl (=)~)
a b

Cor. The equations of a straight line whose direction cosines are < I, m, n > and passing through the point (x, y,, z;)

= (Symmetrical Form)

YWY S
YV d

are : Jim IO s | U o |
l m n

HiY

This result follows the fact that the direction-cosines of a line may also be direction-ratios of the line.

78
T4 -
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(b) To find the equation of a straight line passing through two points (x;, y;, ;) and (x,, y5, Z,).

- -
Let a, b be the position vectors of the fixed points A and B respectively.

- A7
Let r be the position vector of any point P. g7
. . 9\#

Since A, B, P are collinear, i)

- > \ eyt

AP =\ AB for some scalar A \*\.‘!\‘1’\

A £ r
— — — — a b
= OP-0A=A(OB-0A)
- - - - 9 Y

= r-a=A(b-a)

- - - - 3
= r=a+A(b-a) S0 X Fig.

which is the reqd. equation.
Cartesian Form :
- A A A= A A= A A A

A
Here r=xi+yj+zka=xji+y j+ykb=xyi+y, j+2k.

. . A A A A A A A A
Putting in (1), xi+y3+zk=(x| I+y1J+ k) +A((xa=x))i+(y2 =y J+ (20 —29) k).
Comparing coeffs. of 57k X=X+ A (- Y=y + A -y 2= + A (5 -2)

= i WS i ¢ O ik W
X2-X1 Yz2-21 22—
Cor. COLLINEARITY OF THREE POINTS
Find the equation of the st. line through any two given points. If the remaining third point satisfies the equation, then the

(a) Vectorially :
- - —

Let r=a+Ab (1)
- - -

and r=a’ +pb’ «(2)

be two straight lines in space.

- —
Clearly, (1) and (2) are st. lines in the directions of b and b respectively.

-5 o
If ‘6" be the angle between the lines (1) and (2), then ‘0" is the angle between the directions of b and b’.

[ We know that the angle between two st. lines depends on their directions and not on their positions.]
g oy
b.b

- -
1b11b"

T
Now b.b’=1b 11b"1cos 8, which gives cos 0=

(A)

(b) Cartesian Form :

T - o A1)

and = = +U2)

be two straight lines in space.

A c P STUDY CIRCLEe
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= A A = A A A
Then b=bji+by j+bykandb’ =b)'i +b,' j+b3' k,sothat:

Db =(by by j by By (b 4 by’ by k) =byby’ + by’ + boby’

e =
and Ib |=,/b,2 +by% +by? and 1B’ 1= b2 +by'2 +by2

The result (A) of part (a) becomes : cos 0 =

Duby + baby’ * by (B)
Vor? + 27 b5y + 6% + by

Cor.1.If </, m,n>and <!’ m', n'> be the direction—cosines of two lines, then :

I RN e by
N N P

and "= b .m'= & ‘ni= i ;
R

The result (B) of part (b) becomes cos 6 = lI'+ mm' + nn'.
Cor. 2. Condition of Perpendicularity (Orthogonality).

(C)

When the angle between two lines is 6 =§. then from (B), b\ b, "+ byby" + byby' =0

and from (C),

'+ mm'+ nn'=0.

[ cos 2 = 0]
2

m

(@IENVE) EXAMPLES

Example 1. Find the direction-cosines of the line :

";1 mey=2Yl  (CBSE Sample Paper 2019)
Solution. The given line is xT_l=l=zT+l.
A=

Its direction-ratios are <2, -1, 2>.
Hence, the direction-cosines of the line are :

5 -1 2

< ' ; = >
Va+144 Ja+1+4 Ja+1+4

e, €— — —>

Example 2. If the cartesian equations of a line are :
3-x  y+4_22-6
5 © 7 4
write the vector equation for the line.
(A.LC.B.S.E. 2014)

. . 3=x  y+4_2:-6
Solution. The given line is s =5 ",

’

=3 _‘y—(—4)_2-3
-5 7 20

=
Its vector equation is :

- A A A A A A
r= (3i—=4j+3k)+A(=5i+7 j+2k).

Example 3. Find the equation of the line, which passes

through the point (1, 2, 3) and is parallel to the vector :

A A A
Ji+2j-2k. (Kashmir B. 2017)
Solution. The equation of the line is r=a+lb
I A A A
Le., r=(i+2j+3k)+A3i+2j-2k)-

Example 4. Find the vector of the line joining (1, 2, 3)
and (-3, 4, 3) and show that it is perpendicular to the
z-axis. (C.B.S.E. Sample Paper 2019)

Solution. The given points are a = (1,2 3) and

b =(-3.4.3)

.~ Vector equation of the line joining (1, 2, 3) and
(-3.4,3)is:
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a+\Mb-a)

-
r =

- A A A A A A A A A
>r = (i+2) +3k)+A((=3i +4j+3k)—(i +2j+3k))

A A A A A
r=0+2j+3k)+A(-4i+2)) (1)
Equation of z—axis is r =uk +(2)

Since (-4i+2j).k =0

. Hence, (1) is perpendicular to z—axis.

Example 5. Find the vector equation of the line through
(4, 3, - 1) and parallel to the line :

= A A A A A A
r=Qi-j+3k) +A@i-j+4k). () & K B 2011
Solution. The equation of the line is r=a+ib

ie. 7 = @i+3j-k+AGi-j+4k).
Example 6. Find the angle between the following pair
of lines :
= A oA n " A
r= +j k+A(i—-3j+2k),
r=21-jJ+k+pn@i+f-2%-
Solution. The given pair of lines is :

—) A A A
=i+j- k+l(l—3]+"k)
o A A A A A
and r=2i—-j+k+p3i+j-2k).

- A A A =y A A A
Here b =i-3j+2k and b'=3i + j- 2k,
where |B|=1+9+4 =414
and |B'|=90+1+4 =114

sothat 5.5 = (7 -37+2k)- 37 + j-26)
=(HA)+=3H(H+2)(=2)
=3-3-4=-4.

If *8" be the required angle, then :

b-b' -4 -4 -2

IR

cos@ =

=y, ) 2

Hence, 0= cos™ [—.) =m—cos”! (;)
7 7
Example 7. Find the angle between the following pair
of lines :
-Xx+2 y-1 z+3 x+2 2y-8 z-5
= = d = =
3 7§ =2 Ta §
and check whether the lines are parallel or
perpendicular. (C.B.S.E. 2011)

MATHEMATICS
Revision module

Solution. The given lines can be rewritten as :

x=2 y—=1 z+3
2 = 7 = _3 ---(l)
x+2 y—4 zZ—5 .
and - = el . (2)

Here <2, 7, -3 >and < - 1, 2, 4 > are direction-ratios
of lines (1) and (2) respectively.

2) =D+ (N (2)+(=3)(4)

G = JA+49+9 i+ a+16
—2+14-12
Jozvar
4
= 0 = =

Hence, the given lines are perpendicular.
Example 8. Find the point on the line :
x+2 y+1 z-3
3 2 2
at a distance 5 from the point (1, 3, 3).
(A.LLC.B.S.E. 2010)

Solution. Any [,x)ml on the line :
2 y+1 z—3
= (1)
P k-23k-1,2643) - wl(2)
The given point is A (1, 3, 3).

By the question, | AP | =5
> JGk—2—172 + (k-1
>3k-32 +(2k—4)% +4k2 =25

=32 +(2k+3-3)?2 =5

>0k% — 18k +9 +4k> — 16k + 16 + 4k = 25

> 17k* =34k = 0=>k=0,2

Putting in (2), the reqd. point is :

-2.-L3)or(6-2,4-1.4+3)ie (4.3,7).

Example 9. Find the equations of the line passing
through the point (-1, 3,-2) and perpendicular to the lines :

X y 2z x+2 y—l z+1 :
—===—and = . C.B.S.E. 2012)
1 23 =2 32 & '

X Y. I
Solution. The given lines are 7=§ (1)
- x+2 _y=1_z+l -
an 3 B 5 i)
Aty S R L, 5 -2y =2 B
ny line through (=1, 3, -2) is a b papt

Since (3) is perpendicular to (1) and (2),
a(h)+b2)+c3)=0 =2a+2b+3c=0 ..(4)

anda(-3)+b2Q)+c(5)=0=23a-2b-5c=0 ..(5
a b ¢

-10+6 945 -2-6

Solving (4) and (5),

= — I — I — I — I — ..(6)
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x+l _y-3 z+2
From (3) and (6), I
which are the reqd. equations.
Example 10. Find the Vector and Cartesian equations
of the line through the point (1, 2, — 4) and perpendicular

to the lines:

-d

r=@8i-19j+10k)+A(3i-16j+7k)

and r = (151 +295 +5K)+u(3i+85-5k).
Solution. Let the line be :

r=(i+2j-4k)+h@i+bj+ck) (D)
Since (1) is perpendicular to :
r=@i=19j+10k)+A3i-16j+7k)

F o= (15i+29j+5k)+p(3i+8j-5k).
a@3) + b(-16) + c(7) =0 .(2)

and

and

a3)+bB)+c(-5 =0 .(3)
Solvi a B b I
OVInE; 80-56  21+15 24+48
a b ¢
= — O — —
24 36 72
a b ¢
= 5= 3 = g (4)

From (1) and (4), the vector equation of the line is:

Fo=(i+2j-4k)+A(2i+3]+6k).
Cartesian Form:

A A

x;+yj+zk = (;+2f—4I:)+)\(2iA+3f+6I:)

1. Write the vector equation of the line :
x—=5 y+4 6-z
377 2
(Tripura B. 2016; C.B.S.E. 2010)

2. Show that the three lines with direction-cosines :

L et P RN T B
13713 713 13713713 13713713
are mutually perpendicular. (N.C.E.R.T))

3. Express the following equations of the lines into vector

form :
x=3 -y—8_ z—3
3 " -1 1
x+3 y+7_ -6 .
and 3 = > =2 (Kerala B. 2013)

CBSE-MATHEMATICS
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which is the required Cartesian equation.
Example 11. Show that, if the axes are rectangular,
the equations of the line through (x,, y,, z,) at right angles
to the lines :

X—X; Y-n -7

are = = .
mn; —myn; Myl —nyly Ijm, —1;m,

Solution. The two given lines are :

I . 3 1)
h m n
X
and LI A .(2)
12 nm ny
Any line through (x|, y;. ) is :
X=X - =3
LYo h 24 3)

1 m n
Since (3) is perp. to (1), = Wy +mmy +nn =0 ..(4)
Since (3) is perp. 10 (2), . lly + mmy +nny =0 .(5)
Solving (4) and (5),

1 _ m _ n
m|"2 —,"2"l - "112 —n2ll - IIM2 S 12m| -..(6)
P S Xl Yy )'|
From (3) and (6), mny — man, ._ mly = nyly
W . B
T lymy —lymy

which are the reqd. equations.

)

7,

4. (a) Find the cartesian as well as the vector equation
of the line passing through :
(i) (2.4, -5) and parallel to the line :
x+3 _ 4=y Z+8
35 6
(ii) (0, =1, 4) and parallel to the straight line :

(C.B.S.E. 2013)

—x=2  y+3_2:-6
7 3
(iii) (=1, 2, 3) and parallel to the line :

(Bihar B. 2014)

x=3. ¥kl iz=]
2 3 6
(b) The cartesian equations of a line are :

(H.B. 2013)

o x=5_y+4 z-6
(1) 3 = 7 = 5
(N.C.E.R.T.; Jammu B. 2015; A.I.C.B.S.E. 2011)
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 x+3 y-5 z+46
(1) ps = 3 = r

Find the vector equation of the lines.

(N.C.E.R.T")

(c) Find the vector equation of the line passing through
the point A(1, 2, — 1) and parallel to the line :
Sx-25=14-7y =35z (C.B.S.E. 2017)
5. (a) Find the equation of a line parallel to x—axis and
passing through the origin. (N.C.E.R.T")
(b) Find the direction-cosines of a line parallel to the
line :
2x-5 y+4 6-2
4 T 3 T 6
(c) Write the direction-cosines of a line parallel to the
line :

>3—x_y+2_z+2
3 =2 6
6. (a) Find the vector and cartesian equations of the line
through the point (5, 2, —4) and which is parallel to the vector

(C.B.S.E. 2009 C)

3i+2j -8k. (N.C.LE.R.T.)
(b)Find the equation of a line passing through the point
P(2, -1, 3) and perpendicular to the lines :
- A A A A A A
r=(i +j-k)+AQ2j -2 +k)
- A A A A A A
and r=0Q2i - j-=-3k)+u(i +2j +2k).
(C.B.S.E. 2012)
7. Find the equation of the line in vector and in cartesian
form that passes through the point with position vector

A A A A A A
2i—j +4k and is in the direction of i +2j — k.
(N.C.E.R.T)

8. Find the vector equation for the line through the
points :
(= 1,0,2)and (3, 4, 6).
(N.C.E.R.T; Assam B. 2018; Kashmir B. 2016,
Jammu B. 2016)
9. Find the vector and cartesian equations of the line
that passes through :
(i) the origin and (5, - 2, 3) (N.C.E.R.T")
(if) the points (1,2, 3) and (2, - 1, 4). (J. & K. B. 2011)
10. (a) Find the equation of a st. line through ( -1, 2, 3)
and equally inclined to the axes.
(b) Find the cquation of a line parallel to x-axis and
passing through the origin.
11. Find the angle between the pairs of lines with
direction—ratios :
(1<5,-12,13>;<-3,4,5>
(iiy<a,b,c>:<b-c,c—a,a-b>. (N.C.E.R.T.)
12. Find the angle between a line with direction-ratios
<2,2, 1 >and aline joining (3, 1, 4) 10 (7, 2, 12).
13. Find the angle between the following pairs of lines :

= A A A A A A
(i) r=3i+2j-4k+A(i+2j+2k)

MATHEMATICS
Revision module

- A A A A A
r=5j-2k+p@3i+2j+6k)
(N.C.E.R.T. ; Karnataka B. 2014; Kerala B. 2014;
Kashmir B. 2011)

- A A A A A A
@yr=3;i +j-2k+AG -j-2k)

r) A A A A A A
and r =(2i - j -S56k)+u (3i -5j —4k)

(H.P.B. 2016)

-3 y~1 z43

-
-
=:
=:
-
I

2 5 -3
' d‘x+2 _‘y—4_-z—5
I TR A
(Kerala B. 2018; H.P.B. 2017, 16, 13)
x-4 _y+1_z-6 -5 2y+5 z-3
(iv)x - Lo N O [ R i L

34 5 =2
(Meghalaya B. 2017)

(H.P.B. 2016; Meghalaya B. 2015)

= x+l_y-4 z-5
(vi) X+3=y ]=Z+3 and =y == .

5 4 1 | 2
(N.C.E.R.T.; H.P.B. 2013 S, 13 ; Kashmir B. 2011)
14. Show that the lines :

(i)x—S_y+2_£ x_ ¥y 2
7 -5 1 Lice 200 3
~ (N.C.EE.R.T; H.B. 2017, 15; Kashmir B. 2011)
ok ¥l z2=2 .2E2 y—& 245
@=Z=3="73 ™M =7 "2

(Meghalaya B. .’-()1 3)
are perpendicular to each other.
15. (i) Find the value of *p’ so that the lines :
1— Ty—14 - 71-17 - 6—
: =2 =2 3andl: =2 5= 2
13 2p 2 2" 3p 1 5

are at right angles. (Mizoram B. 2018)

l

Also find the equations of the line passing through
(3.2, -4) and parallel to line /.
(N.C.EERR.T;; A.LLC.B.S.E. 2014)
(i1) Find “k" so that the lines :
x=3 y+1 z—2 x42 4—y z+5
= = and = =
2 3 2k 1 k 1
are perpendicular to each other.  (Nagaland B. 2015)

16. Show that the line through the points :
(@) (1, - 1.2), (3.4, - 2) is perpendicular to the line
through the points (0, 3, 2) and (3, 5, 6)

(b) (4,7, 8).(2, 3, 4) is parallel to the line through the
points (- I, =2, 1) and (1, 2, 5). (N.C.E.R.T)
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17. The cartesian equations of a line are :

x+1l=6y-2=1-z

Find the fixed point through which it passes, its
direction-ratios and also its vector equation.

18. The points A (4, 5,10), B (2,3,4)and C (1,2, - 1) are
three vertices of a parallelogram ABCD. Find the vector and
cartesian equations for the sides AB and BC and find the co-
ordinates of D. (C.B.S.E. 2010)

19. Write the equation of a line, parallel to the line

=2 _y¥3 _z¥3

and passing through the point (1, 2, 3).

-3 2 6
(A.LC.B.S.E. 2009 C)
20. Find the equation of the line perpendicular to the
lines :
> A A A A A A
r = Qi+2j-4k)+A(i+2j-2k)
- A A A A A
and  r = (5j-2k)+u3i+2j+6k)
and passing through the point (1, 1, 1).
(Kerala B. 2014)
21. (i) Find the equations of the straight line passing
lhrou0h lhc point (2,3, - 1) md is pcrpmduular to the lines :
x-2 y+l z- 3 x=-3 y+2 -1
— = and = =
2 1 -3 1 1 1

(P.B. 2012, 10 S)
(it) Find the equation of the line which intersects the
lines :
-x+2_y—3_z+] x-1 y-2 z-3

= = and = =
1 2 4 2 3 4

Long Answer Type Questions

28. (i) Find the vector and cartesian equation of the line
passing through the point (1, 2, — 4) and perpendicular to the
two Iinc% :

8 + 19 -10 -1 -29 z-

x-8_y sl x—15 X _2 5_

3 -16 7 3 8 -5
(N.C.ER.T.; C.B.S.E. 2017, 12; H.P.B. 2015; Jammu B.
2015, 13, 12; Meghalaya B. 2015; P.B. 2012)

(if) Find the vector and cartesian equations of the line
passing through the point (2, 1, 3) and perpendicular to the
lines :

x—1 ‘y—2 z—3

MATHEMATICS
Revision module

pcrpcnduul.lrly and passes lhrough the point (1, 1, 1).
(C.B.S.E. Sample Paper 2018; W. Bengal 2018)
22. Find the equation in vector and cartesian form of
the line passing through the point :
(i) (2, - 1, 3) and perpendicular to the lines :

-

(1+1 k)+).(”t—"j+k) and

("1—1 3k)+/4(1+”1+"k)
(A.L.C.B.S.E. 2014; C.B.S.E. 2012)

(i) (" — 1. 3) and perpendicular to the lines :

r = (1—_1+k)+l(7|+]+3k) and

r-(z+1 k)+,u(1+1+k) (P.B. 2011)
23. Prove that the points (1. 2, 3), (4,0, 4), (-2,4,2)
and (7, - 2, 5) are collinear.
24. Show that the following points whose position
vectors are given are collinear :
(i) 5i+5k,2i+)+3kand—4i+3j-k
~ A A A A A A A A
() —2i+3j+5k,i+2j+3kand7i—k-
(P.B. 2014 S)
25. Find the points on the line through the points
A(l, 2, 3) and B (5, 8, 15) at a distance of 14 units from the
mid-point of AB. (Meghalaya B. 2016)
26. Find the equations of the perpendicular from the
point (3, =1, 11) to the line :
e Wt
2 3 4
27. Show that the line joining the origin to the point
(2. 1, 1) is perpendicular to the line determined by the points :
(3.5,-1).4,3,-1). (N.C.LER.T.)

T
-
r

]

29. (i) Find the vector equation of a line passing

through a point with position vector 97 _?+ k and parallel
to the line joining the points with position vectors
A A A A A
—i+4j+kand 1 +2j+ 2k. Also, find the cartesian
equivalent of the equation.
(i) Find the vector equation of a line passing through

the point with position vcclor? — 2}— 3}'2 and parallel to the

A A A
line joining the points with position vectors i — j+4k and

- LT AL AL A : ;
1 - 2 3 and f3‘ = ‘2‘—'5' 2i+ j+2k. Also find the cartesian form of the equation.
(Type : Assam B. 2017, A.L.C.B.S.E. 2014) HOTS
[ Answers |

-

(5:—41+6k)+,1(3z+71—°k)

3. 7 = Bi+8}+30)+131-j+R) and

- A A A A A A
r = (=3i=7j+6k)+u(-3i+2 j+4k)-
. r2  y=4 _FT¥5
4. (a) (i) 3 —5 6
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- A

r= (2z+41 5k)+7t(3:—51 +6k)

~ Y
Il
\.
+
N
z—
+
>
I
+
|
s.>
wlu
>
———

-

r=(—i+2j+3k)+AQi+3j+6k)
=> A A A A A A
(b)(i) r=5i-4j+6k+A3i+7j+2k)
e o A A A A A A
() F==3i+5j—6k+A(2i +4j+2k)

©) T=@+2j-k)+A(Ti-5]+k).

G 5 LI (P b <33__6>
o

= 3 -2 6

. =y

6. (@) r=(5+30)] +(2+20) ] +(~4—-8A)k;
x-5_y-2_ z+4

3 2 -8

- A A A
(b) r=(2i —J +‘4k)+1(", +1 2k).

7. r=2i j+4k+1(1+”1 k)
x=2

y+l_z -4
-Dl A 2[\— _ll\. A A
8. r=—i+2k+).(4i+4j+4k).
e X ¥ _2
9. (i) r—l(51—2_1+3k) ==5"3

(if) r—(1+ J+3k)+ﬂ.(l—31+k)

SOS0SQ6ELL 16* // OEL98BS6E66 L6+

x—l_y-2_z—3
1 =3 1

10.(@x+1=y-2=z-3 (b)) ==2=Z%,
1 0 0

' I g
. -1 o T
ll.Fl) cos (?5-) (if) >

52
12. cos  —.
3

. ar
13. (i) cos™! L) (ii) cos '( )
21 5V3

9 )
(iif) COS"( 0 ) (iv) cos-'(L)
938 546

CBSE-MATHEMATICS
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w3) ()
(v) cos - (vi) cos 3
9 542

70 .3—x_lly—22_z+4

15. (l)p—ﬁ' 3 - 140 - 2

(i) k=2

17. (—l,l.l): <2, 1.-6>;
33

=(_%f+;J+k)+A(2: +_1 6k).

=41 +55+10k+A (i +j+3k):

‘ll.

-
r

18.

=2i+3]+4k+(G+j+5k);

4
2—-x=3- y—Tz (3,4,5).

'x—l_y—2_z-3
-3 2 6

19.

2. r=(i+j+k)+2106i-12]-4b).
x=2_y=3_z+l

4 -5 |
x—1 =y—l =z+l

gy il 1

21. (i)

(i)
2. () r =("1 —_1+ 3k)+l(”1 +j —”k):

x—2 y+l z—3
2 1 -2

() 7 =20 — j +3K)+ A(4i =5 j+k):
x=2 'y+l_z—3
4 - =5 1
25. (7,11, 21) and (-1, =1, =3).
'x—3_y+l_z—ll
5 5 4 °

26.

28.() r=(i+2)—-4k)+AQ2i+3j+6k):

x—I _y=2 z+4

2 3 6
(i) r=(2?+}+3£)+l(2?—7}+4fc)z

A c P STUDY CIRCLEe

x—2 y—I1 z—3

2 =7 4

29. (a)r_(‘>x—1+k)+k("t—"1+k)
X=2 y+1 2-1
T

g A

(i) r= "j 3k+l(1+" -2k);
—l_y+2_z+3
1 2 =2

w
=
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4. (b) (i) The line passes through (5, — 4, 6) and has 70
direction-cosines < 3,7, 2 >. if P=11"
x+l_y-2_2-3 18. Mid-points of [AC] and [BD] are same.

10. (a) Equations of the line are
1 1 1
x=1_o9-2 -3

> x+l=y-2=z-3. 23. Equations of AB are 3 B = g
18, T ¢ x—-1 y-2 2z-3 C lies on it.
. (i) Lines are : = = A A A A A
=3 2p17 2 29.()Here b = (i + 1)+ (2] -4 )+ 2k - k)

i g .' x=1 _'y—S__z—6
an 2 . _3pl7 - I had _5 .

Lines are perpendicular

A A

A A A =l A
=2i-2j+k and a=2i-j+k.
.. The equation of the line is :

= A A A A A A
r=2i-j+k+AQ2i-2j+k);etc.

-3p) (2
1) (—3)(7”)+(7”)(l)+(2)(—5)=0

ETEEN PERPENDICULAR DISTANCE OF A POINT FROM A LINE

To find the perpendicular distance of the point (&, B, y) from the line :

o O o O’ 1Y
1 m n

* ANITd13H

~&j F-3 _E-
m n

The given line L is = (1)

Let P (0. B.y) be the given point.

Let A be the point (x. v, ) -

-

Join AP. Draw PM perp. on the line L.

-
Z
lw )

n
=

(
Q\

In AAPM, by Pythagoras’ Theorem, we have :

PM2 + AM? = AP? i.e. PM2 = AP - AM? (2)

OJ1lVS ¥

But AP? = (x) — 0 + (3 = B? + (3 - ¥?

) 14N«

and | AM | = Projection [AP] on the line L = (x; —00) I + (y, = Bym + (=7 n,

ot

NYHL X31dWO

SO0S0SQ6ELL 16* // OEL98BS6ELL" 16+

where < I, m, n > are direction-cosines of L
= AM?=[(x; - ) I+ (v, - By m+(z, - Y) n]*.
Putting in (2), we get : PM2 = [(x; = 00% + (3, = B)? + (2, = V] = [(x; = ) [+ (y; = By m + (z, = V) m]2,

which gives the required perpendicular distance.

GUIDE LINES

Step (i) Find | AP |, by distance formula, and hence find AP,
Step (ii) Find | AM |, by projection formula, and hence find AM>.
Step (iii) Find | PM |, from the relation PM? = AP? - AM?.
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EXAMPLES |

Example 1. Find the length of the perpendicular from

x-2 y-3 z-1
5 3

Solution. Let P (3, 4, 5) be the given point and L the

the point (3, 4, 5) on the line

; . x-2 _y—=3 iz-1
given line : == - .
2 5 3

Let Abe a point (2,3, 1) on L.

The direction-ratios of L are <2, 5, 3 >.
Its direction-cosines are :
2 5 3
< 5 ; >
J4+25+9 J4+25+9 J4+25+9

.. . 2 8§ B
le. < e
V38 V38 38
Now PM? = AP? - AM? A1)
T [Pythagoras’ Theorem)
m .
- P(3.4,5)
7
m
DN . S (S
9071 /38 /38 J38
A2, 3.1) M L
Fig.

But 1API=y(3-2)2 + (4= 3% +(5-1)2
[Distance Formula)

=3 T+16 =418

and | AM | = Projection of [AP] on AL

%
=(3-—2);+(4—3)i+(5—l) 3

[Using (xy —x)) I + (y, =y ) m + (2, — 2,) n]
2 & 5 @ 12 19

Putting these values in (1), we get :

SO0S0SQ6ELL 16* // OEL98BS6ELL" 16+

2
PM? = (//18)? —(i] =|8-3T(;:=18-£=ﬂ.

V38 2 2

Hence, | PM I="¥ units,

which is the required perpendicular distance.

CBSE-MATHEMATICS

Example 2. Find the co-ordinates of the foot of the
perpendicular drawn from the point A (1, 8, 4) to the line
joining B (0,-1,3)and C (2,-3,-1). (A LCBSE 2016)

Solution.

Any point on BC, which divides [BC] in the ratio k : 1, is :

¥ -1 ~k&3
k+1" k+1 " k+1

sa(l)

A(1,8,4)

-

B8 C
(0.-1,3) (2,-3,-1)

Fig.
This becomes M, the foot of perp. from A on BC
if AM 1 BC «4(2)
But direction-ratios of BC are :
<2-0,-3+1,-1-3>ie.<2,-2,-4>
Le: <lL,-1,-2>
and direction-ratios of AM are :

2k -3k -1 -k+3
< -1, -8,
k+1 k+1 k+1

ie. <k-1,-11k-9,-5k-1>

S Dueto 2, (Hk-DH+ (-1 (-11k-9)
+(=-2)(-5k-1)=0

= k-1+11k+9+10k+2=0

= 22k+10=0 = k=——.

. From (1), the co-ordinates of M. the foot of perp. are :

-10 15 5

— il =g

11 11 11
- M TN

A c P STUDY CIrRCLEe
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Example 3. Find the vector equation of the line parallel

to the line :
-1 3-y =+l
5 2 4

and passing through (3, 0, - 4).

Also, find the distance between these two lines.

x=1 y=-3 z-(=1)
Solution. (i) The given line is 5 S

1)
Its direction-ratios are < 5, - 2, 4 >.
The vector equation of the line through (3, 0, — 4) parallel
to(l)is:

7 =(3f—4l:)+/1(5?—2; +4£) A2
(it) The cartesian equations of (2) are :
x=3 Y= _g+d
5 © -2 @&
To find the distance between (1) and (3) :
A(1,3,- isapointon (1).

wl3)

* ANI1d13H

;(1 3-1) M L
Fig.
The direction-cosines of (1) are :
-2 4 >

5
<J25+4+|6’J25 4+16 25+4+16

SOS0SQ6ELL 16* // OEL98BS6E66 L6+

5 -2 4
le. —, — ).
("
Now PM2 = APZ - AM? ..(4)
[Pythagoras' Theorem)
But |AP] = J(3=12 +(0-3) + (-4 +1)?
= J4+9+9=V22
[77)+0-3(-7)
- = @=1) 7= —3y| =
and |AM| = 3-1) 735 +(0-3) Jas

4
+(—4+l)(ﬁ)
10+46-12 4
T Jas a5
16 990-16 974

Putting in (4),PM2 = 22— —=——— =—
utting in (4) 35 35 35

974
Hence, |PM| = F units.

CBSE-MATHEMATICS

MATHEMATICS
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Example 4. Find the equations of the perpendicular
drawn from the point P (2, 4, - 1) to the line :

X+S5 y+3 z-6
1 4§ <8
Also, write down the co-ordinates of the foot of the
perpendicular from P to the line.

x+5 y+3 z-6
Solution. The given line AB is = 2 -9

1
sk}

Any point on line (1) is :
(k—5,4k -3, - 9% + 6).

P(2,4,-1)

Fig.

For some value of &, this point is M such that PM is perp.
to line (1).
Now direction-ratios of the linec are < 1,4, -9 >
and direction-ratios of PM are :
<k-5-2,4k-3-4-9%+6+1>

le<k-7,4k-7,-9% +7 >.
S KRk-D+BH @K -+ =D %+7)=0
>k-T7+16k-28+8lk-63=0
> 98k = 8 =>k=1.
S Mis(1-5,4-3,-9+6)ie (-4, 1,-3).
.. The equations of PM are :

x=2 y—4 z+1 x=2 y=4 z+I]
-4-2 7 1-47 -3+1 "7 "¢ 3 -2
. ox=2 y—4 z+1
ie. == ="73— =7
Hence, the equations of PM are :
=2 _y~-4 z+l|

6 3 2

and foot of perpendicular is (- 4, 1, =3).

REFLECTION OR IMAGE OF A POINT
ON A STRAIGHT LINE

If the perpendicular PM from P on the st. line AB
be produced to P' such that PM = MP', then P’ is called
the image or reflection of P in the given line.

[For fig., see Ex. 5]

Example 5. (a) Find the image of the point (1, 6, 3)
in the line :

_=s =3
i 2 3
(C.B.S.E. 2010 C)
A e P STUDY CIRCLE
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(b) Also, write the equation of the line joining the given
point and its image and find the length of the segment
joining the given point and its image. (C 5.5 2010 )

Solution. (a) Let P be the given point (1, 6, 3) and M,
the foot of perpendicular from P on the given line AB :
x_y-1_2z-2

TR (= k (say))

P(1,6,3)

P
Fig.
Any point on the given line is :
(k,1+2k,2+3k).
For some value of k, let the point be M.
. Direction-ratios of PM are :
<k-1,1+2k-6,2+3k-3>
ie. <k-1,2k-523k-1>.
Since PM L AB |
LDk -D+ 2D R2k-5+3)Bk-1=0
= k-1+4k-10+9%-3=0
= l4k=14
. Foot of perpendicular M is (1, 142, 2+43) i.e. (1,3, 5).

= k=1,

Let P(a, B.¥) be the image of P in the given line.
Then M is the mid-point of [PP].

a2+|=l‘[3;6=3‘y;3=5
= 0+1=2B+6=6,y+3=10
= oi=1,p=0,Y=T.
Hence, the reqd. image is (1, 0, 7).
(b) (i) The equations of the line PP’ are :

x=—1 y—©6 z-3
I-1 ~0-6 " 7-3
) x~1 y—6 z-3
ie. 0 > g
x-1 y—©6 z-3
= — — <
0 -3 2

(ii) Length of segment [PP’]
Ja-1? +(0-6)* +(7-3)?
JO+36+16 = 52 = 213 units.

CBSE-MATHEMATICS

MATHEMATICS

Revision module

Another Form

Find the image of the point (1, 6, 3) in the line :

r=j+2k+A(i+2j+3k):

Solution. The cartesian equations of given vector equation
are :

x_2-1
1

Now it is same as above.

Example 6. Find the co-ordinates of the foot of
perpendicular and the length of the perpendicular drawn
from the point P (5, 4, 2) to the line :

r=—i+3j+k+1Q2i+3j—k).

Also, find the image of P in this line.

(Mizoram B. 2016; A.I.C.B.S.E. 2012)

Solution. (i) The given line is :

r= —;+3}'+12+/l(2;+3}'—12)

The given point is P (5, 4, 2).

P(5, 4, 2)

P
Let M be the foot of perpendicular from P on the given line
AB.
Any pointon (1)is (= I + 2k, 3 + 3k, 1 — k).
For some value of &, let the point be M.
Direction-ratios of PM are :
<-1+2k-53+3k-4,1-k-2>
ie. <2k-6,3k-1,-k-1I>
Since PM L AB,
“22k-6)+3Ck-D+ (=D (=k-1)=0
> 4k-12+9%-3+k+1=0
> 14k-14=0=>k=1.

Foot of perpendicular Mis (= 1 +2, 3+ 3,1 - 1)
ie (1,6,0).

(if) Length of Perpendicular

= J(5-1)* +(4-6)* +(2-0)*

= J16+4+4 =24 = 2/6 units.

A c P STUDY CIrRCLEe
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(iii) Let P' (&, . y) be the image of P in the given line.
Then M is the mid-points of [PP’].
a+5 "B+4—6 y+2

=1

2 2 2

0

MATHEMATICS
Revision module

> a+5=23+4=12,y+2=0
> a=-3,f=8y=-2

Hence, the reqd. image is (-3, 8, =2).

EXERCISE 11 (c)

Short Answer Type Questions

1. Find the distance of the point (1, 2, 3) from the line
joining the points (-1, 2, 5) and (2, 3, 4).

2. Find the distance of the point (1, 2, 3) from the
co-ordinate axes.

3. Find the distance of ( = 1, 2, 5) from the line
passing through the point (3, 4, 5) and whose direction-
ratios are <2, - 3,6 >.

4. Find the perpendicular distance of the point (1, 0, 0)
from the line :

Xx—~1 v+l 2410
2 -3 8

Also find the co-ordinates of the foot of the
perpendicular.

5. (a) Find the length of the perpendicular from the point
(1,2, 3) to the line :

vx—6_y—7_z—7
3 2 =2

-

(b) Find the perpendicular distance from the point
(1,2, 3) to the line :
7 =6i+7] +7k +AGi+2] -28)
Long Answer Type Questions
10. Find the image of the point :

. . . Xx=3 y+2 2z-3
(a) (1) (2,0, 1) in the line " e

5
. (PB. 2014)
(i) (1,6,3)intheline 2=Y—""_2~<

1

(H.B. 2018)

(b) Find the image of the point A(-1, 8, 4) in the line
joining the points B (0, -1, 3) and C (2, -3, -1).

(A.L.C.B.S.E. 2016)
11. Let the point P (5, 9, 3) lic on the top of Qutub
Minar, Delhi. Find the image of the point on the line :
x-1 _ =2 .z=3
2 3 4
12. Find the foot of the perpendicular from the point
(1, 2, 3) to the line joining the points (6, 7, 7) and (9, 9, 5).
(Nagaland B. 2018)
13. Find the length and the foot of the perpendicular
drawn from the point (2, = 1, 5) to the line :
x=11_y+2 z+8
10 -4 -1

(H.B. 2018)

6. (a) Find the foot of the perpendicular from the point
(i) (2, = 1,'5) on the line :

x=11_y+2 _ z+8
10 -5 11

(C.B.S.E. 2009 C)

5 2 3
(J. & K.B. 2011; C.B.S.E. 2009)
(b) Also find the length of perpendicular in part (if).
(C.B.S.E. 2009)
7. Find the co-ordinates of the foot of the perpendicular
from the point A (1, 0, 3) to the line joining B (4, 7, 1) and
C(3,5,3).
8.A(1,0,4),B(0,-11,3),C (2,3, 1) are three points
and D is the foot of the perpendicular from A on BC. Find
the co-ordinates of D.
9. Find the perpendicular distance of an angular point
of a cube from a diagonal, which does not pass through that
angular point.

) Cx+3  y—=1  z+4
(if) (0, 2, 3) on the line = ;

14. Find the equations of the perpendicular drawn from
the point (2, 4, - 1) to the line :
x+5  y+3 -6
1 4 -9
15. Find the perpendicular distance of the point (2, 3, 4)

’ -x
fromthe line eds
2 6

I=2
=
Also find the co-ordinates of the foot of the
perpendicular. (C.B.S.E. 2009 C)
16. Find the equations of the perpendicular from the
point (3, =1, 11) to the line :

Also, find the foot of the perpendicular and the length
(H.B. 2018)
17. Aline passing through the point A with position vector

of the perpendicular.

- A A AL - A A A
a=4i+2j+2k isparallel to the vector b =2i +3j +6k.
Find the length of the perpendicular drawn on this line from a
A A A
point P with position vector 71 =i+2j+3k.
(A.LLC.B.S.E. 2015)

A c P STUDY CIrRCLEe

N

ya
lw |

m
L

1OMLYS ‘Y00

) 14l

HL X31dWO

YHD YNY

N AA(



* ANI1d13H

[ ] -
: P SINCE 2001... MATHEMATICS

IHT-NeecT-CBSe

STUDY CIRCLE Revision module

ACCENTS EDUCATIONAL PROMOTERS

. Answers |
10. (@) (i) (3.-2.0) (i) (1.0.7) (b)(-3.-6, 10).
o 2. V13.410.45. . .
11 11. 3.5, 7).
— (b) (- 3,6, 10).
< 4 ?. 4. 2J6.(3.-4.-2). 12. (3.5.9)
13. units: (1, 2, 3).
S.(a)-(b) 7. . \/ﬁ
x—2 y—4 z+1
14 = =
" (531 -122 —240) 2 6 3 2
(a) (i) ’ ’ .
41 41 41 - (ﬂﬁﬂ)i —
(i) (2.3.- 1) (b) J21. "\49749749)77 7
2(311 8(_ 1 z) 6 22221 21 6o 50 E.
‘1333 ) 19" 9°9) ,l —6 4
2 ) _ 17. l 530 units.
9. a 3’ where a is the edge of the cube. 7
m COPLANAR LINES
Let the two given linesbe 2L Y~ N _~ % =n (say) (1)
g m n
and X H YR 2% =y (say) (2}

When the lines are coplanar i.e. they lie in the same plane, then either they are parallel or they intersect.

L, m n : o
If 'IL =—L =—L _then the two lines are parallel and consequently they lie in the same plane.
2 M m

In other words, two parallel lines are always coplanar. In case the two lines are not parallel, they are coplanar if they

intersect.

If two non-parallel lines do not intersect, they are not coplanar. Such lines are called skew lines.

‘E} Definition

SOS0SQ6ELL 16* // OEL98BS6E66 L6+

C

Two lines, which are neither parallel nor intersecting, are called skew lines. )

EEET SHORTEST DISTANCE BETWEEN TWO LINES

(Z}] Definition

(

(i) Line of Shortest Distance L)
If L, and L, are two skew lines, then there is one and only one
line which is perpendicular to both and is known as the line of
shortest distance.
(ii) Shortest Distance.
The shortest distance between two lines L, and L, is the distance
| PQ |, where P, Q are points at which the line of shortest distance P

: Fig. L
meets L, and L, respectively.

CBSE-MATHEMATICS
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. KEY POINT

Gf two lines in space intersect at a point, then the shortest distance between them is zero. )

-> - - - - o

(a) To find the shortest distance between two skew lines r =a; + Ab; and r =aj + Ab,.

) - —
Let two skew lines Ly and L, be r =a; + Ab A1)
- - -
and r=a;+ub -(2)

o -
Take any point S (@))on L, and T(a2)on L,.

-
By def., PQ is perp. to (1) and (2)
— o —
= PQ is perp. to both by and by

— - -
= PQis parallel to by x b,.

o o
; » A . . A bl X b2
- The unit vector n along PQ is given by n=————.
c |b, xb, |
o —‘ A . . . .
Let PQ=d n,where d is the magnitude of the shortest distance vector.

— —
Clearly, PQ is projection of ST on PQ.
— —
Now if *0" be the angle between PQ and ST, then PQ = ST cos 6.

But cos0 =

=P ey A > -
PQ.ST dn.(a; -a))
— - :

IPQIIST|  d|b xby |

-d e d Y -
Hence, d=PQ=STcose=(b' xby).(a, —a,).

SO0S0SQ6ELL 16* // OEL98BS6ELL" 16+

- -

Iby x by |

(by xby).(a - a;)
X .la, —a
Since d is always to be taken as positive, . d= 1 _2’ _’2 1°1.
[by xby |
Cor. If two lines intersect, thend = 0
- - - -

i.(’. (blxbz).(az—a|)=0.

(b) To find the shortest distance between two parallel lines: r =a;+Abandr =a; +ub.
Let two parallel lines L, and L, be : 7 = t;: + l; A1)

- - -
and r=a,+Ab «(2)

These are clearly coplanar.

- - -)
Clearly, either of L, and L, is parallel 1o b and they pass through the points S (a;) and T (a;).
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d=PQ=STcos(90°-0)=STsin 0

(@) T(Q)

e T e
=(ST)IbXSTI= bx(az—al)'

— -
|6 [(ST) 151

o - -

b x(a; —ay) S(@)

Since d is always to be taken as positive, . d=

(c) To find the shortest distance between two straight lines whose equations are :

-5 _Y-"Nn_2-3
I my n,

X-X3 _Yy-¥3_2-2
1 m; ny

and

Let PQ be the S.D.
Let < 1, m, n > be its direction-cosines.
Then

and

Iy +mm; +nn =0
112 +mmy + nny =0

) m n

S [ v, = = 1
M myny —myny - mly —naly  Limy — Lym

.. Direction-ratios of PQ are :
<mny —myny. nyly —nsly . Iimy — Lmy > .
.. Direction-cosines of PQ are :
<My —mm iy —bmy
‘/Z (mlﬂz —nnpn )2 'J): (mlnz —mym |2 J}: (M|I’I2 —mymn )2
.. Length of the S.D. = | PQ |= Projection of [AB] on PQ

nyly = myly

>,

_ (xp = xp) tmpny —mmy) + (ya = 1) (myly = mply) + (2 — 7y) (hymy — lymy)
JZ (mny —mom )2
Cor. If two lines intersect. then :
(Xy = X)) (myny —myny) + (vo = y)) (nyly = nyl)) + (25 — 2)) (Iymy = m) = 0
Q=% N-h a<-a
— ’l ml ﬂl
) my ny

=().

EEEH CO-PLANARITY OF TWO LINES

Consider the two lines :

7= a+hby

 J
and r

- —
a; +pby

% . P -3 . =
(1) passes thro” A having position vector @ and is parallel to b and

, : s = . >
(2) passes thro” B having position vector @2 and is parallel 1o b, .

A

(1.2| Yo

/B/

P

Fig.

Q)Q/Le

/

Alxy. y,, 2,)}

SHORTEST
DISTANCE

J_\.‘L‘

Fig.

(3)
(4)

P STUDY CIRCLEe
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—

Thus AB =

i . - -
pv.of B—pv.ofA=a;—a .

. : - .| o5 o
The given lines are coplanar if and only if’ AB is perp. to b xby

—_—
i.e. AB- (b xby)=0
i.e. d, the shortest distance between (1) and (2) = 0.
CARTESIAN FORM :

= (ay—a))- (b xby)=0

Let A and B have co-ordinates (x. y,. z;) and (x,, y,, 2,) respectively.

7 7 ; g :
Let by and by have direction-ratios :
<ay. by. c; >and < a,, b,. c,> respectively.

- A

AB =
= 2.9 4
where by = ai+hj+ck
and 1;; = ayi+bhyj+cyk.

2 . w50 1.3
The given lines are coplanar if and only if AB- (b xby)=0
This can be expressed, in cartesian form, as :
=X Y2=n 22—y
q b A = B
a by &

Frequently Asked Questions

Example 1. The vector equations of two lines are :
r=i+2f+3k+r@i+3j+4k) and
-

r =z?+4j“+5ﬁ+u(3'i\+4f+sﬁ).
Find the shortest distance between these lines.
(P.B. 2016)
Solution. Comparing given equations with :

A

(p=-x)i +(n2=-nJj +(z-3) k

[As above)

=3 =
by xby 1= (= )2 + (22 + (= 1)?

N rers S

Also, a,—a,=(2-1)i+(4-2) j+(5-3)k

AL Ao
=1+2j+2k.
. d. the shortest distance between the given lines is
given by :

- - - -
(by xby).(ay —ay)

d=
- -
|b|><b2|
(—?+2f—'\) (?+21A'+2I?)

- Jo
—-14+4-2

J6

A c
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Example 2. Find the distance between the lines

L, and L, given by :

->

r=i+2j-4k+12i+3j+6k)and

{

r=31+3]-5k+p@i+3j+6k). (NCERT)

Solution. Clearly, L and L, are parallel.
Comparing given equations with :

- - - - - -
r=a +Aband r =a, + ub, wehave:

_,
b =21+3]+6k,sotha

)
|b[=y4+9+36 =449 =7

=3 A A A
and ay=i+2j-4k: 02=3?+3.,]\—5k.

- - A A
Now ay-a;=(3-1i+(3-2))+(-5+4)k

=2i+j-k.

AA A

- -5 - i j ok
L bx(ap-a)=12 3 6
2 1 -1

= T (=3-6)— ] (=2-12)+k (2-6)

= -91+14] -4k

-~ d. the distance between the given lines is given by :

-97+147 -4k
7

1-97 + 14 -4k

JSI +196+16

=—4/203 units.

N e ]

Example 3. Show that the two lines

x—1 -2 z-3 - -
=3 = andx .

- =z intersect.

CBSE-MATHEMATICS

2 3 4 5
Find also the point of intersection of these lines.
(Mizoram B. 2017; Meghalaya B. 2014; P.B. 2012)

Solution. The given lines are :

MATHEMATICS
Revision module

: Ly:—=——=— 2
and L 3 > " k)
Any pointon Ly is QA + 1, 34 + 2, 44+ 3) vl
Any pointon Ly is (Sp+4,2u+ 1, ) (4)

The lines L, and L, will intersect iff points (3) and (4)
coincide
i 2A+1=50+4 . 3A+2=2u+1.4A+3=p

Taking firsttwo, 2A-5pu=3 w(3)
Taking middle two, 3A -2 pu=—1 .(6)
Taking last two, 4h-p=-3 A7)

Solving (5) and (6), A=-1and p=-1.

Puttingin (7). 4(-1)+1=-3

= — 3 =- 3, which is true.

Hence, the given lines L and L, intersect.

Putting A = ~1 in (3), [or p = -1 in (4)].

we get the reqd. point of intersectionas (=1, -1, 1).
Example 4. Show that the lines :

4¢3 y-1 =z-3 x+1 y-2 z-§

= and =
-3 1 5 | 2 5
are coplanar. Also, find the equation of the plane.
(N.C.E.R.T)

Solution. Comparing the given equations with

and a, b, o
we get:
x==-3y=Lz=5: x;=-1,

1
undal =—3.bl =l.Cl=5:02=—|.b2=

=X =N 22—y
Now| @ by q

a by 0

-1+3 2-1 5-5 2 1 0
=2 9l l-313
-1 2 5 -125
=205-10)-1.(-15+5)+0=-10+10+0=0.
Hence. the given lines are coplanar.
(ii) The equation of the plane containing given lines is :
x+3 y-1 2z-5

-3 1 5 |=0

[Ref. Art. 11.17 (e)]
-1 2 5

SE+HS-10)-(y-D(E=15+5+(z-5(=6+1)
=0

A c
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>-5x-15+10y-10-5z+25=0
>-5x+ 10y-5z=0=>x-2y+z=0.
Example 5. Find whether the lines :

r=(i-j-k)+12i+J)
and;=(2‘i\—})+/l(li\+i-f;)

intersect or not. If intersecting, find their point of
intersection.

Solution. The given lines are :

. (?-f-2)+1(2?+f)
and r o= Qi-fruG+j-k
ie. ro= A+ it=1+D) =k D)
and ? = QEpiEE1E D=k o)

If the lines (1) and (2) intersect, then for some values of

A and u, we have :
1424 =2+ (3)
-1+iA=-1+u ()
and -l =-u=>pu=1 .(5)

* ANITd13H

Puttingin(4), -1 +A=-1+1=2>4A=1.

Thus A =1and u = 1.

These also satisfy (3). [+ 1 +2(])=2+ 1 ie 3 =3]
Hence, the lines intersect.

Putting 4 = 1 in (1),

A

T = =T+ =k = Si=k.

Putting u« = 1in (2),

A

r=Q+)i+(=1+)j—-k = 3?—k.

SO0S0SQ6ELL 16* // OEL98BS6ELL" 16+

Hence, the point of intersection is (3, 0, = 1).

Example 6. Find the shortest distance and the vector
equation of the line of shortest distance between the lines
given by :

Short Answer Type Questions

Find the shortest distance between the following (1-4)
lines whose vector equations are :

'+}+M2?—f+l?)

CBSE-MATHEMATICS

EXERCISE 11 (d)

MATHEMATICS

Revision module

->

r=(3i+8j+3k)+A(3i—j+k) and

- A A A A A A
r=(3i-7j+6k)+p(-3i+2j+4Kk).

Solution. The given equations in the cartesian form are :

x=3 y=8 z-3

I
YT i 1

(=2) (1)

x+3 ‘y+J 2z~
-3 2 4

| 6
and Ly: (=p) sal(2)
Any pointonL; is GA+3,-A+8,A+3).

Any pointonL, is (=3 -3,2u-7,44+6) .

If the line of shortest distance intersects (1) in P and (2)

in Q. then the direction-ratios of [-;(3 are :
<-3u-3-3A-32u-7+A-8,4up+6-A-3>
ie. <3A+30+6,-A-2u+ 15 A-4p-3>.
Since PQ is perp. to line (1),
SB)BA+3L+6)+ (=) (=A=-2n+15)
+(D(A-4p-3)=0
= HA+7u=0 #l3)
Since PQ is perp. to line (2),
S(=3)GA+30+6)+2 (-A-2u +15)
+4(A-4p-3)=0
= ~TA-29u=0 (4
Solving (3) and (4), A=0,p=0.
- Points P and Q are (3, 8, 3) and ( - 3, -7, 6)
respectively.
% S.D.A=|PQ|
=J(=3-32 +(=7-8)2 +(6-3)?

=36+ 225+9 =270 = 34/30 units

and the vector equation of line of S.D. is :

- A A A A A A
r=3i+8j+3k)+W(-6i—15j+3k).

- - - -
|[Using r=a+i(b-a)l]

=3 A A A A A A
and r=2i+j-k+pn3i-55+2k).
(N.C.E.R.T. ; Kerala B. 2016; Kashmir B. 2016, 12,
11; P.B. 2015, 10; H.P.B. 2013 S, 11; H.B. 2010)
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—71A'+6I?+u(-3‘+2}+472)
(P.B. 2012)

A A A A A A
(i) (i — j+2k)+A(2i + j+3k)

A A A A
and Q7 +3j - k) +u (i —2j +2k).
(Assam B. 2016)

- A A A A A A
i) r=0i +2j+3k)+A(i -3j+2k)
-> A A A A A A
and r=@4i +5j+6k)+u 2i +3j + k).
- A A A A A A
3.() r=6i+2j+2k+A(i-2j+2k)
- A A A A A
and r=—4i-k+pn3i-2j-2k)

(N.C.E.R.T.; H.PB. 2017, 15; P.B. 2013 ; Jammu B. 2012 ;
C.B.S.E. (F) 2011)

e d A A A A A
(i) r=@i—-H+A+2j-3k)
- A A A A A A
and r =(i— j+2k)+pn Qi +4j-5k)
(C.B.S.L. 2018, I1.B. 2010)
youy o A A A A A A
(i) r = (i+2j—4k)+A(2i+3 j+6k)
- A A A A A A
and r = (3i+3j+5k)+ u(=2i+3 j + 6k)
(H.P.B. 2017; H.B. 2017, 15)
A A A A A
+2j-4k)+A(2i +3j +6k)

i) r =(i

A A A A A
+3j-5k)+u Qi +3j+6k).
(Jharkhand B. 2016)

aBHT=A=-Di+A-Dj-a+Mk
- A A A
andr=(1-pW)i+QRu-1j+@u+2)k
- A A A

@ r=(+M)i+Q2=-2)j+(1+N0)k

and 7 =20+ -(1—) J+(=1+20) k.

5. Consider the equations of the straight lines given by :

- A A A A A A
Ly:r = (i+2j+k)+A (i—- j+k)
- A A A A A A
Ly r = Qi—j=k)+u Qi+ j+2k).
CBSE-MATHEMATICS

MATHEMATICS
Revision module

- A A A = A A A
If a = i+2j+k, b = j-j+i,
= A A A > A A A
a2 = 2i—j—k, b2 = 2i+ j+2k,then find :
L - L -
(i) a—a, (it) br—b,
(i) Byx by (i) a,xa,

) (Byxb,).(ay—ay)

(vi) the shortest distance between Ll and L2.
(Jammu B. 2018, 16, 14, 12, 11; Assam B. 2018;
Karnataka B. 2017; H.B. 2017; H.P.B. 2016; Bihar 2014)

Find the shortest distance between the following (6 - 7)
lines whose vector equations are :

- A A A
6. (i) r=(1=-0)i+@=2)j+3-20k
- A A A
and r =(s+1D)i+Q2s-1)j-2s+ )k
(N.C.E.R.T.; Kashmir B. 2018, 11; Jammu B. 2016, 15W,
14,13; HP.B.2013,12,10 S, 10; A.I.C.B.S.E.2011)

- A A A
i) r=3-0i+@+20)j+@-2)k

- A A A
and r=(1+s5)i+3s-7)j+(2s-2)k,
where t and s are scalars.
( H.P.B. Model Paper 2018; H.P.B. 2018, 17, 16, 14, 13;
Kerala B. 2018)

- A A A
7.(4) r=@+3A)i—-(9+16A) j+(10+7N) k
- A A A A A A
and r =15i+29j+5k+pn (3i +8j—5k)
s A A A A A A
(if) r=3i=15j+9k+X(2i-7j+5k)
- A A A
and r=Qu-hi+(+p) j+(9-3n)k.
8. Find the S.D. between the lines :

s X y Z x-2 y-1 'z+4
(l):=_—3=Tund 3 =_5= >
(H.B. 2016)
. x- y=2 2z-3 x+1 y=1_z-1
W) === 3 S 3 Spe———— 5

(Jammu B. 2013)

m)'x+l .y+l -z+l d'x—3 'y—5 .z—7
("'7_—6_l‘ml_—2_l

(H.P.B. 2018, P.B. 2017)

,Ax—3 Ay—8_z—3 dx+3 'y+7_z—6
WD =071 ™37 "3

(Kerala B. 2013)
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Determine whether or not the following (9 - 11) pairs
of lines intersect :

- A A A A A A
9. r=-2j+3k)+A(—i+j-2k)
- A A A A A A
and r=@G-J-k)+pG+25-2k).
hd A A A
10. r=QRQA+DH)i—-(A+Dj+A+1)k.
d A A A
and r=0p+2)i-Gu+5 j+Qu-1Dk.

Long Answer Type Questions

13. Find the shortest distance and the equation of the
shortest distance between the following two lines :

= A A A A A A
r=(—i+j+9k)+ A (2i+ j-3k)

and 7 =1 =157 +9k) +p 2 =75 +5h).

14. Find the shortest distance and the vector equation
of the line of shortest distance between the lines given by :

- A A A s S
() r=(-4i+dj+k)+A(i+j—k)

- A A A Yo aial
and r =(=3i -8 -3k)+p (2i +3j+3k)
(if) -;=(—i+5j)+'“_"+j+k)
and F=(=i=3j+20)+uGi+2j+k).

15. Write the vector equations of the following lines and
hence determine the distance between them :

x-1 ‘y—2 z+4 x-3 .y—3 z45

2 3 6 4 T 6 T 12
(C.B.S.E. 2010)
16. Show that the lines : il = y+3 = g2
3 5 7
and ’x—-2 =.y—-4 =.z—6
1 3 5

intersect each other. Also, find their point of intersection.
(C.B.S.E. 2014; P.B. 2012)
17. Show that the lines :

() 7 =3i425-dk+ Ai+2j+2k)

and T =5i-2j+pu(3i+2j+6k) (A.LC.B.S.E. 2013)
« NA A A A

(i) r =G+j-k)+A3i—])

- A A AA
and r = Gi—k)+u(2i+3k) (C.B.S.E. 2014)

are intersecting. Hence, find their point of intersection.

11.

12.

18. Show that the lines :

(a)

(b)

and

do not intersect.

19. Find the S.D. between the lines :

20.

(i)

(i)

21. Show that the lines :

X -

x=1_y+1 _z-1

MATHEMATICS
Revision module

‘x—l_y+l_z_x+l_y—2.z—2
2 3 " 5 170
. -9 .
Prove that the lines : X l=y 2= 3umJ
2 3 4
x=2 y=-3 z

'x—?. -1
and =2 =

3 2 5 4 3 -2

- A A A A
r=(>+j)+AQi—k)

N A A A A A
r=Qi—j+uli+k—k)

(Meghalaya B. 2015)

x=1_y=2_z-3 ’ x=2_y-4_z-5
2 3 4 ™M T3 T4 s

.

find also its equations. (P.B. 2014 S)

Show that the following lines are coplanar :

5—x .y—7 &3
-4~ -4 =5 7 ~ B 3

(C.B.S.E. 2014)

x+3_y-1_z-5
-3 1 5

x4l _y-2 _ z-5

T T

(Jammu B. 2018; Uttrakhand B. 2013 ;
Assam B. 2013)

a+d y-a z-a-d
o-9 o o+d
x-b+c y-b z-b-c S IR
= = are coplanar.
=7 B B+y

22. Find the equations of the lines joining the following
pair of vertices and then find its shortest distance between the

lines :

(1) (0,0,0),(1,0,2)

(N.C.E.R.T))

(i) (1, 3,0). (0, 3, 0).
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| Answers |
1. . - A A A A A A
:159 , 13. 4\/31r=(3i+3j—3k)—,u(4i+4j+4k).
57 3
. .o ass - A A A R N N
2. (i) 3¥30 (i) J234 1) ﬁ‘/ﬁ ' 14.() 62 r =(=5i+3j+2k) 4 y(i-2]+3k)

645 . W5 . (i) 42, 7 = (1 + 3] =2

3.9 i) — i) — (iv) 0.
o) 5

2k)
5~/_ i W2 15. r =(z+"1 4k) (21+31+6k)

+,u(1—4j+5k)

& - A
and r (31+3] Sk (41+6]+|"k]
A A AN AN A A . A A

S.() i—=3j—=2k (i) i+2j+k (i) =3i +3k l

293 units.
A A A

(iv) —i+3j—=5k (v)-9 (w')%\/i units. (I -1 —3)
- 22 2

829 ' 17. () (-1, -6,-12) (ii) (4,0, -1).
' ;/9_ (i) 35 .

‘ 19. Ja
7.G) 14 (if) 443 ‘
‘ 22.() r —l(1+"k) —-l-_-i
| V2336
&(i);xﬁ (ii) —— (iii) - (iv) 3430 . . 0 2
) - A x-1 y-3

(n) =(i+3j)-
9. No. 10.No. 11.No. r=(i+3))-pi: 10

S.D. = 3 units.

16x=9=10-3y=6z-25.

9. Show that S.D. #0. ‘ 16. Show that S.D. = 0.

SUB CHAPTER

11.3 The Plane

CBSE-MATHEMATICS

A plane is a surface such that if we take any two distinct points on it, then the line joining these points lies wholly on it.
We can specify a particular plane in several ways as :

(i) One and only one plane can be drawn through three non—collinear points.

Thus three given non—collinear points specify a particular plane.

(ii) One and only one plane can be drawn to contain two concurrent lines.

Thus two given concurrent lines specify a particular plane.

(iii) One and only one plane can be drawn perpendicular to given direction at a given distance from the origin.
Thus the normal to the plane and the distance of the plane from the origin specify a particular plane.

(iv) One and only one plane can be drawn through a given point and perpendicular to a given direction.

Thus a point on the plane and a normal to the plane specify a particular plane.

Of the above, (iii) and (iv) are most useful.
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