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A vector whose magnitude is one unit is called a unit vector. The unit vector
in the direction of a and is denoted by a.
a

Symbolically, a=—
la]
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Scalar and Vector Quantities IN THIS CHAPTER ...
4+ Those quantities which have only magnitude and which are not related to any Scalar and Vector Quantities
S fixed direction in space, also do not follow the rules of vector algebra, are Representation of a Vector
L 1t 1 1
DO called scalar quantities or briefly scalars. e.g. Mass, volume, density, work, Types of Vector
se e temperature etc. Additi £V
T ition of Vectors
: : : ‘ Vectors are those which have both magnitude and direction and follow the biolicait ) ey
4+ rules of vector algebra are called vector quantities. e.g. Displacement, Msu‘lllp ication of a Vector by
: : : . velocity, acceleration, momentum, weight, force etc. ascaiar _

TIX Component of a Vector
rpoe . : i _—
oo Representation of a Vector Linear Combinations
POSI
00« A vector is generally represented by a direction line segment, say AB. Ais Orthogonal System of
called the initial point and Bis called the terminal point. The positive Unit Vectors

number representing the measure of the length of the line segment denoting Product of Two Vectors

the vgcto.r is ca!led t'he modulus or magnitude of the vector and the arrow Product o Three Vecions

head indicates its direction. : .

Reciprocal System of Vectors
b A A a B Application of Vectors
s The modulus of vector AB is denoted by |AB|. in Geometry
P Types of Vector
L
4+ Zero Vector or Null Vectors
: : : - A vector of zero magnitude i.e. which has the same initial and terminal
: : : . points, is called a zero vector. It is denoted by 0.
POBI
Poe i
444 Unit Vector
44+ 4
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oo Equal Vector
ee8 If magnitude and direction of two vectors are same, then
SR
-4 those are called equal vectors.
e
222! Parallel Vector
88 Two vectors a and b are said to be parallel if either both

have same line of action or support or there exists a

4+ 4 scalar A such that if A > 0, then a and b have same
.. e direction or sense. If L < 0, then a and b have opposite
SO direction or sense.
L . .
OEA Like and Unlike Vector
sew Two parallel vectors are said to be like when they have
5y same sense of direction i.e. angle between them is zero.
::: ' Otherwise vectors are said to be unlike vectors and angle
e between them is 7.
T 0 , A
I a
TIT o— 5 8
T b
T 1 1} C O
c
From figure, vectors a and b are like vectors and vectors
a and ¢, b and ¢ are unlike vectors.
+ 4+ Negative Vector
5w A vector having the same magnitude as that of a given
P vector and direction opposite to that given vector is called
.- negative vector.
- w &
g g Coinitial and Coterminal Vectors
gty The vectors which have the same initial point are
o8 coinitial vectors. Similarly, the vectors which have the
::: . same terminal point are called coterminal vectors.
1171
see: Free Vector
88l The vector whose initial point or tail is not fixed is called
-+ ::: free or non-localised vector.
Collinear Vector
Two or more vectors are known as collinear vectors, if
they are parallel to a given straight line. The magnitude
of collinear vectors can be different.
A Coplanar Vector
g Vectors are said to be coplanar, if they occur in same or
eyl common plane.
et Reciprocal of a Vector
: : : ' A vector having the same direction as that of a given
T TY vector a but magnitude equal to the reciprocal of the
i given vector is known as the reciprocal of a and is
TIl denoted bya .
1IT
Soll Localized and Free Vectors
444 A vector which is drawn parallel to a given vector through

a specified point in space is called a localized vector.

Force acting on a rigid body is a localized vectors as its
effect depends on the line of action of the force.

il
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Position Vector

Let O be a fixed origin, then the position vector of a point
P is the vector OP, if a and b are position vectors of two
points A and B, then

AB=b-a
= Position vector of b — Position vector of a
Addition of Vectors

The addition of two vectors a and b is denoted bya+ b
and it is known as resultant of a and b.

There are three methods of addition of vectors.

Triangle Law

If two vectors a and b lie along the two sides of a triangle
in consecutive order (as shown in the figure), then third
side represents the sum (resultant) a+ b.

Parallelogram Law

If two vectors lie along two adjacent sides of a
parallelogram (as shown in the figure), then diagonal of
the parallelogram through the common vertex represents
their sum.

Polygon Law

If (n — 1) sides of a polygon represents vector
a,, a,, as, ...,1n consecutive order, then nth side
represents their sum (as shown in the figure).

aj; +ap+ag.”

’

0]
a4

Properties of Vector Addition
(1) Vector addition is commutative,
ie. a+b=b+a
(i1) Vector addition is associative
ie. (a+b)+c=a+(b+c)
(iil) a + 0= a= 0+ a, where 0 is additive identify.
(iv) a + (-a) = 0 = (-a) + a where (-a) is additive inverse.

(v)|a+b|<|a|+|b|, equality holds when a and b are

like vectors.
A E P SIHICE HOR.
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:::: (vi)|a+b|=|la|-|b]ll, equality holds when a and b are
i unlike vectors.

'T1Y

: ::: Note Ifa and b are two vectors, then the subtraction of b froma is
LL L1 defined as the vector sum a and — b, /.e., reverse the direction of b
:::: and add ittoa.

L 1 1 1]

T T 11

Multiplication of a Vector by a Scalar

OO If a is a vector and A is a scalar, then A a is a vector
.- parallel to a whose modulus is| A | times that of a. This
-8 multiplication is called scalar multiplication.
: : : : If A and p be two scalars, then
:::: (i) A(ua)=Auna
L & X NI = —
::=: 9)(7L+p)a—)ua+ya
-ty (i) A(a+b)=2ra+ib
'T1Y
(11T Example 1. Ifaandb are the vectors determined by two
: : :: adjacent sides of a regular hexagon, then vector EO is
S (@ (@a+b (b) (@ b)

(c) 2a (d)2b

Sol. (b) OABCDE is a regular hexagon.
Let OA=aand AB=h.
Join OB and OC, we have

. D c
see

LN E B
L L

L

LR N b
LR R NI

T X 0O a A

L L XN

TIX OB=0A +AB=a+bh
44 Since, OC is parallel to ABand double of AB.
Sl OC=2AB=2b

L I 1T Now, BC=0C- 0B

LL Ll

=2b-(a+hb=b-a
CD=-0A=-a

and DE=-AB=-b

Also, EO =-BC
=-(b-a)
=a-b

Component of a Vector

The process of splitting a vector is called resolution of a
vector. In simpler language it would mean, determining
the effect of a vector in a particular direction. The parts
of the vector obtained after splitting the vectors are
known as the components of the vector.

Components of a Vector in 2D and 3D

If a point P lies in a plane, say XY-plane and has
coordinates (x, y). Then, OP = xi + yj, where i and j are
unit vectors along OX and OY -axes respectively.

IR
I T I T I AR IR EE
LI T I TR AR o

il
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The length of any vector r is given by

Ir|= xi+ yjl=yx?+ ¥

vi a
xi

X » »X
Oy i

Also, if point P lies in a space, has coordinates (x, y, z)
and i, j and k are unit vectors along OX, OY and OZ-axes
respectively. Then, the position vectors of P with respect
to O 1is given by OP (or r) = xi + yj+ zk

This form of vector OP is called component form. Here,

x, yand z are called the scalar components and xi, yj and
zk are called the vector components of OP (or r) along the
respective axes. Sometimes, x, y and z are also termed as
rectangular components.

"z
B/ y 2)
zk " .
vi
V) ] Y

Xi

The length of any vector r = xi + yj + zkis given by

lr)=lxi+ yj+ 2k |=x® + y® + 22
Note

= It two vectors a = (ay, @,, 8;) and b = (b, b,, by) are equal, their
resolved parts will also equal i.e. a, = b;, a, = b, and a; = b;.

» The resolved parts of a resultant vector of addition of two vectors
are equal to the sum of resolved parts of those vectors.

Linear Combinations of Vectors

Leta,b,c, ..., be vectors and x, v, z...be scalars, then
the expression xa + yb + zc +...1s called a linear
combination of vectors a, b, ¢, ...

Linearly Dependent and Independent
System of Vectors

(1) The system of vectors a, b, ¢, ... is said to be
linearly dependent, if there exists some scalars

X, ¥, 2, ...not all zero such that xa+ yb + ze +...= 0.

(ii) The system of vectors a, b, c, ... is said to be
linearly independent, if
xa+yb+ze+td=0=x=y=z=t..=0

Note

* Two non-zero, non-collinear vectors a and b are linearly
independent.

« Three non-zero, non-coplanar vectors a, b and ¢ are linearly
independent.

= More than three vectors are always linearly dependent.

SIROE T,
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esai Collinearity of Points or Vectors
TIY
TITY : : :
- Collinearity of Three Points
b Three points with position vectors, a, b and ¢ are
L3 L1l collinear if and only if there exists three scalars x, y,z
:::: not all simultaneously such that xa + yb + z¢ = 0 together 3
:::: withx+y+2=0 = OP:—E(2b+a)
GIGTaT Three points representing three position vectors can be 1 3
A4 represent two vectors in the plane. Also, ON= 3 @+2b)=- 3 (op)
++ Hence, points N, O and P are collinear.
- % @ c . .
OO Coplanarity of Points or Vectors
X 5 .
334 & » ., Coplanarity of Three Points
ol : = Three points A, Band C represented by position vectors
::: i 0 a, b and c respectively represent two vectors AB and AC
TIY i
1Ll Let A, Band C are three points represented by three t?;:)i \f;l;()cr::):::lfjviuge%::vrs :ﬁ:;::zswire laal :Ieays SRR S B
: : :: position vectors a, b and ¢ respectively. Now, these three Y P '
: : :: position vectors can represent two vectors AB and AC.

Now, the vectors AB and AC are collinear, if there exists

a linear relation between the two, such that AB=A AC.

Collinearity of Four Points

Let A, B,C and D be four points represented by four
S gtk position vectors a, b ¢ and d, respectively. C oplan arity of Four Points
R £ The necessary and sufficient condition that four points
g -g A with position vectors a, b, ¢ and d should be coplanar is
Ty D that there exist four scalars x, y, z, t not all zero, such that
L B N N
T ‘v a xa+yb+ze+td=0,x+y+2+t=0

L]

: : : i d The prove that the four points A, B, C and D having
.ee 0 position vectors as a, b, ¢ and d are coplanar
‘I 1 X _ e !
see. Now, these four position vectors can represent three Step 1 Find the vectors AB, AC and AD having the
-4+ vectors AB, AC and AD. . . reference point as A.
: : :: The vectors AB, AC and AD are collinear, if Step I1 Express one of these vectors as the linear
08 AC=m ABand AD = n AB and similar other cases for combination of the other two

more than four vectors. AB=) AC +p AD

Step III Now, compare the coefficients on LHS and RHS
in respective manner and thus find the
respective value of A and p.

Example 2. Let O be the point of intersection of diagonals
of a parallelogram ABCD. The points M, N, K and P are the
mid-points of OA, MB, NC and KD respectively, then N, O

and P are Step IV If real values of the scalars A and p exist, then

- @ collinear (b) non-collinear the three vectors representing four points are

e . coplanar otherwise not.
P (c) can't say (d) None of these . X L . .
apiestee 5 Note Three vectors ai + a,j + ask, byi + b,j + bsk and
- . w0 — + b

| a a a
o d Sol. (@) Now,M=2 N=2__ -3+2b e & o it oE
' Xry 2 2 4 i +C,j + ck are coplanar, if|b, b, bg|=0
222! o o s
eosi Example 3. The vectors
444 5a+6b+ 7¢ 7a-8b+9cand3a+20b +5¢
° :: : are (where a, b, c are three non-coplanar vectors.)
S8 (a) collinear (b) coplanar
(c) non-coplanar (d) None of these

bl - —
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:::: Sol. (b) Let A=5a+6b+ 7¢c,B=7a-8b+9c

11X and C=3a + 20b + 5¢

: : :1' A,Band Care coplanar.

:::: = xA+yB+zC=0

:::: must have a real solution for x, y and z other than (0, 0, 0).

alele Now, x5a+6b+7¢) + y(7a—8b+90 + z(3a+20b +5¢) =
= (Ox+7y+3z)a+(6x—-8y +202)b+ (7x+ 9y + 52)c=0

5x+ 7y +3z=0,6x-8y +20z=0,7x+9 + 5z =0

4+ [as a, b and ¢ are non-coplanar vectors]

- " ® 5 7 3

L

TR Now, D=(6 -8 20 |=0

S 7 9 5

L 5 . PR

I So, the three linear simultaneous equation in x,y and z have a

: :: : non-trivial solution. Hence, A, B and C are coplanar vectors.

L X ¥ N

-4+ Orthogonal System of Unit Vectors

: : :: Let OX, 0Y and OZ be three mutually perpendicular

straight lines. Given any point P(x, y, z) in space, we can
construct the rectangular parallelopiped of which OP is a
diagonal and OA = x,0OB= y,0C = z.

Here, A, Band C are (x,0,0),(0, y,0)and (0, 0, 2)
respectively and L, M and N are (0, y, 2),(x, 0, z) and
(x, ¥, 0) respectively.

.. Let i, j and k denote unit vectors along OX,0Y and OZ
RO respectively. We have, r= 0P =x1+ yj+ zk as OA = xi,
il OB = yjand OC = k.
L
L B N N Y
L N N 4
cee 5 N
sse. Pix.y.2)
111
11l
I 11 0] X
1 11 A
L I 1 1|
C
V4
ON=0A+ AN
OP=ON+ NP
So, OP=0A+ OB+ OC (NP=0OC,AN= OB)
r=|r|=| OP|=4x*+ y? + 2

A N r x'i + y'j + Z]; 2 4 2
= P=—=——=—"—=li+mj+nk
e el Jx? + y% + 22
e = r=ﬁ+mj+nf(
L N N N
[ X ¥ ]
sss.  Product of Two Vectors
[ & X NI
: : : ! There are two methods of products of two vectors.
++¢ Scalar Product or Dot Product

Let a and b be two non-zero vectors inclined at an angle
0. Then, the scalar product of a and b is denoted by a-b
and defined as

il
INT-MATHEMATICS

a-b=abcosH, 0<B<n

L

a a
(a) (b)

Since, scalar product of two vectors is a scalar quantity,
so it is called scalar product.

Properties of Scalar Product

While solving problems based on properties of scalar
product or dot product, always keep in mind the concept
of scalar product

(i) The scalar product of two vectors is commutative
ie.a-b=b-a.

(i1) If m and n be any two scalars and a and b be any
two vectors, then (ma)-(n b) =(na)-(mb)

(ii1) a-(btc¢)=a-b t a-c (distributive law)
and(btc)-a =b-atc-a
(iv) a-a= |a| 2
(v) If two vectors a and b are perpendicular to each
other, thena-b=10

(a)a-b <0, iff a and b are inclined at an obtuse
angle.

(b)a-b >0, iff a and b are inclined at an acute
angle.

(vi) Ifa-b =0, then eithera=0,b=0ora L b
(vii) Ifa=a, i+ ayj + a;kand b=bi+ b,j+ bk,
thena-b=a,b + ayb, + a3b;
(viii) i-i=j-j=k k=1landi-j=j k=k-i=0
(ix) If a=ai+ay)+ %ﬁand b=bi+ b+ bdl‘::, then

[&b} a, by + ayb, + azby
cosB = = - - -
lalbl] | faZ+al+al [o7+07+0;

If aa, + b b, + ¢y = 0, then both vectors are
a, a, a
perpendicular to each other and if Lo b_2 = b—B,
2 3

then both vectors are parallel to each other.
(x)la+ b+ cl®=(a+ b+ c)-(a+ b+ ¢)=|a|® +|b|*+ | ¢

+2(a-b+ b-c+ c-a)

(xi) Projection of b alonga= %
and projection of a along b= m and perpendicular
to b= la xb|
Ib|

\ ETL.II:I"M'r CIRCLE
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If b represents a force, then projection of b along a
represents the effective force in the direction of a.
Total work done = F- d =F d cosf where F is the

..l.ll.l.i!liig

2000000080000 8
2000000080000 8
A A A . i S S

B | force and d is the displacement.
4 (xi1) Maximum value ofa-b= |a||b|
-y (xii1) Minimum value of a-b=-|a||b|
- : : 1 (xiv) Any vector a can be written as,
- L] A A A A A A
L LLL a=(@-1)i+(@-jj+@-kk
L B R N
gty (xv) If r is a vector making angles o, and y with
TIl 0X,0Y and OZ respectively, then
1Y 5 % .
TIY cosa.=r-1,cosf=r-j=cosy=r-k
133 ¢+ oomB el eleooy
Son r=|r|cosoi+|rcosPj+|r|cosyk
2081 If r a unit vector then,
r = (cos 0)i + (cos B) j+(cos Y) k
(xvi) If a, b and ¢ are non-coplanar vectors, in space, any
vector r in space can be written as
b r=(r-a)a+(r-b)b+ (& ¢)¢c, wherea, b and ¢ are
Aued unit vectors along a, b and ¢, respectively.
LR (xvii) If T is a non-zero vector in space and a, b and ¢ are
- & 8
b three vectors, r-a=r-b=r-¢=0
- ..
Py = a, b and c are coplanar.
: : : : (xviii) If r is a non-zero coplanar to two given vectors a
:::11 and b, thenr-a=r-b =0= a and b are collinear.
L]
1171 . o . . &
11T Example 4. leta=2i+ Aj+3k b=4i+3-1,)j+6k
LI 12 & A A
:::: and ¢ =3i + 6 + (Ay — Dk be the three vectors such that
et b =2a and a is perpendicular to c. Then, a possible value of
L il 1 2 :
Ay, Ay, Ay) s (JEE Main 2019)
@ (1,3,1) (b) (1,5, 1)
1 1
o|-=,4,0 d (—,4,-2)
o(1es)  af]
i Sol. (c) We have, a =2i + A,j + 3k; b=4i + 3 -1,)j + 6k
Eatan and c=3i+6i+()»3—1)f(.
v Now, b=2a
.o =) 4i+ 3 -2A)j+6k=2Q2i+Aj+3k
L F ~ a a a S
L8, = 4i+ (3 -A,)j + 6k =4i+ 24 + 6k
see &
X —h =) =
see: = B3-2A-A)j=0
oo = 3-20-X,=0
IIT = 2M +A,=3 ..(i)
Tl . g
88 Also, as a is perpendicular to c, thereforea.c=0
-4+ = (2 + X, +3K)-(3i + 6 + (A; —7k) =0
- = 6+ 6, +3(A -1 =0

milll
I | TI-MA.THEMATICS
| TR —

" 6A, +3A; +3=0
= 20 + A =-1 (1)}
Now, from Eq. (i), A, =3 = 24,
and from Eq. (i), A3 =-2A, -1
(M, Ay, A3) =(Ay,3 -2A,-2), 1)

If =-%, then A, =4, and A, =0

Thus, a possible value of (A, &,, A,) =[—% ; 4,0)

Example 5. The projection of the vector i — j on the

vector i + j is

1
(@ 0 (b) —=
’ 2
(c) 1 (d) None of these
2
Sol. (a) Use formula for projection ofaon b = %

Let a=Ai—i,b=Ai+i
Projection of a on b is given by,
a~b_(i—i)'(§+i) X1+ (=) x1_

[ V2

Hence, the projection of vector a on b is 0.

0

Example 6. Ifais a non-zero vector of magnitude a and A
is a non-zero scalar, then A a is unit vector if

@A=1 (b)A=-1 (©a=|A| (d)a=1|A|
Sol. (d) Vector A a is a unit vector, if|A a| =1

Now,|Aa|=1:|M|a|=1=>|}4|a|=1=>|a|=ﬂ [ A#0]

[given |a| = a]

1
|
1
a=—
2

=

Example 7. Let aand b be two unit vectors. If the vectors
c=a+2band d=>5a- 4a are perpendicular to each other,
then the angle between a and b is

(@ * b X X @ =
6 2 3 4

Sol. (c) Given that,
(i) a and b are unit vectors,
ie. |a|=|b|=1
(ilc=a+2bandd=5a-4b
(iii) c and d are perpendicular to each other.
ie. ccd=0
To find Angle between a and b.
Now,c-d=0 = (a+2b)-(5a-4b)=0
= 5a-a-4a-b+10b-a-8b-b=0
= 6a-b=3

= a-b=

So, the angle between a and b is g

A E Pz
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Example 8. Two forces f, = 3i - 2j + kand f,= i +3j -5k
acting on a particle at A move it to B. The work done, if the
position vector of A and B are - 2i + 5k and 3i - 7)+ 2k, is

(@) 20 units (b) 7 units

(c) 25 units (d) None of these

Sol. (c) Let R be the resultant of two forces f; and f, and d be the
displacement.

Then, R=f+f,=0i-2j+k +(i+3j-5k
=4i+]j-4k
and d=03j-7j+2k -(-2i+5k =5i-7j -3k

.. The total work done =R-d
=(4i+]-4K)-(5i-7j -3k
=20-7+12 =25 units

Vector Product or Cross Product
The vector product of two vectors a and b is a vector and
is given by
ax b=absinf n
where, 0 be the angle between a and b and nis a
perpendicular unit vector to both a and b such that a, b
and i form a right handed system.
lax b|=|al|b| sin6

Klag, s B
lax b|

axb

, where, n indicates direction of ax b.

i

Properties of Vector Product
(1) Vector product is not commutative,
ie. axb# bxa

But

(i1) If m and n be two scalars and a and b be two
vectors, then

bxa=-axb

(ma)x (nb)= mn(ax b)=(na)x(mb)
(i) ax(btc)=axb taxc (distributive law)
and(b t¢)xa=bxatexa
(iv) Ifa = a,i + a,j + a;k and b = bi + b,j + bk, then
ax b= [(ayby — azby)i+(azh, - a,by)j .
+(a,by — ayby) K]

i J k
or axb=la, a, a,
by by by

T-MATHEMATICS

(v) axb=10

Ifa= 0or b= 0or a and b are two collinear vectors.
oral| b, where a and b are non-null vectors.
(vi)ixi=jxj=kxk=0

<)

(vii) ixj=ﬁ,jxﬁ=i,f{xi=}
and jxi=-kkxj=-1,ixk=-j
(viii) Area of parallelogram OACB

B e
b
0
) S A
=0Ax BM
= absin6
=|ax b|

(ix) (a) Area of AABC = %| ABx AC |

(b) If a, b and ¢ are position vectors of A, Band C
respectively, then area of

AABC=%|axb+b><c+c><a|

(x) Moment of a Force about a Point Let F be the
magnitude of force acting at a point A of the rigid
body along the line ABand OM = pis the
perpendicular distance of fixed point O from AB,
then the moment of force F about O is

M=rxF
= Force x Perpendicular distance of the
point from the line of action of force

(xi) Area of quadrilateral OABC is %I OCx BA|, where

OC and BA are diagonals.
(xii) The unit vector perpendicular to the plane of

a and bare + lax b| and a vector of magnitude A

ax
perpendicular to the plane of (a and b or b and a)
. A(axb)
ig ———=,
lax b|
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(xiii)) Rotating body A rigid body is
spinning with angular velocity ® p
about an axis through 6.

The velocity of a point P in the

(d) None of the above

II T-MATHEMATICS
J T —

Sol. (c) Given that,a=3‘i+zi+2I‘( andb:Ai+Zf—2lA(
a+b=03i+2j+2k+(i+2j-2k
=4§+4i+0f(

bodyisv=0x OP=wxr ! and a-b=03i+2j+2k—(i+2j-2k=2i+ 4k
(xiv) Lagranges Identity For any two 0o i j k
vectors a and b; Now,(@a+b)x(@a-b =4 4 0
+ 4 > . ; ; a-a a-b 2 0 4
(axb)* = |a|®:|b|®- (a-b)* = " bb’.
4+ 4 & ' =i16-0-j16-0)+k(© -8
LI I A - S
"ew Example 9. The distance of the point having position =16i-16j -8k
ase £ % & ; 2 ;
:: : | vec.tor -1 +2j + 6k from the straight line pfssm:g thrcA)u.gh the = e+ Bla-B[= ‘/(1 07+ (1672 + (-8)?
Y point (2, 3, — 4) and parallel to the vector, 6i + 3j — 4k is
::: : (JEE Main 2019) =,/256 + 256 + 64 =~/576 =24
::: X @ 2413 (b) 4V3 © 6 d 7 . A unit vector, perpendicular to both (a + b) and (a - b) is
Sii Soll. (d) Let point P whose position vector is (- i + 2j + 6k) and a ; (@at+tbx@-b _, 16i-16j -8k
:::: straight line passing through Q(2, 3, — 4) parallel to the vector [@+b) x(a-b) 24
0008 n=6i+3j - 4k. _+8(zi-2i-u2)
AP(-126) - 24
=+ 1pi-2j-k
// d 3
. : o DA DA T
A P . Required vector is eltheri i -3 j -5
R Q@34 — e e W
- ow ( ) n=6i+3j-4k or _gi+gi+lk
"o ; " o . 3 3 3
. em *+ Required distance d = Projection of line segment PQ
v perpendicular to vectorn.  Example T1. Area of a rectangle having vertices
'L XN - |PQ % n| 1 1 1
ses: Il A(_:+_;+4kj,s(i+_;+4k1),c(i__;+4k)
:::: Now, PQ=?iti—1AOk,so 2 ; A 2 K
—~4-44 ij ok o andD(—i—Ej+4k)is
LI 1l = o =261 — 48j
':.1 PQxn=3 1 10 [=26i — 48j + 3k :
TIT - L
b4 4 4 6 3 4 ()] 3 (b) 1 (©) 2 (d) 4
[ T I I
(26)* + (48)* + (3)° s s - s 12 g
So, d= - = = Sol.(c)AB=PVofB—PVofA=(|+—j+4k)-(-|+—|+4k)
V62 + 32 + (4 2 2
_ [676+2304+9 =J2989 [ (=10 +(l_l); +(4-ak=2}
36+9+16 61 2 2
=49 =7 units and AD = Position vector of D — Position vector of A
L | | <[ ak] <[ Die ak)
iAol Example 10. A unit vector perpendiculat to each of the 2 2
el vectf)rsaA+beinda—b,wherea=3|+2|+2kand =[_1_(_1)]i+(_%_%)E+(4_4)|}=_§
==gh b=i+2j-2kis (JEE Main 2019) o
'Yy i j k
44 PN Ly DT E R PR . ABxAD=|2 0 0|=-2k
- 3 3 3 3 3 b BRaE R
‘I 1 X A N A i A a -
12 o245 2hor-214 45, 34 ,
::: : 3 3 3 Area of rectangle ABCD =| ABx AD| = /(-2)* =2 5q units
CT T 1 24 22 14¢ 2 4 1a 5%
S99 ©@=i-=j-—jor-=i+=j+-k [now, it is known that the area of a parallelogram
i 3 3 3 a 3 3 whose adjacent sides are a and bis|a x b|]

Hence, the area of the rectangle is| AB| x| AD| = 2 sq units
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Example 12. leta=i+2]j-3kandb=2i-3j+5k.
frxa=bxrr-(@i+2j+k=3andr i +5] -k =1,

o € R, then the value of a+| r|? is equal to (JEE Main 2021)

(@) 9 (b) 15 (© 13 (d 11
Sol. (b) We have, rxa=bxr
rx(a+h) =0
r=Ma+h)
r=Ai+2j-3k+2i-3j+5k
r=A3i-j+2k (i)

r-(ai +2}+ ﬂ) =3
Puting the value of r from Eq. (i) in Eq. (ii), we get
oh =1

(i)

(i)

Also, r-(2i+5) — k) = —1 (V)
Put r from Egs. (i) and (iv), we get

20 —-A=1 ...(v)
Solving Egs. (iii) and (v) we get

a=1A=1
= r=3i- j +2k

[r’=14and =1
o+|r*=1+14=15

Example 13. The area of the triangle with vectices
A(1,1,2), B2, 3,5) and C(1,5, 5) is

(@) V61 sq units (b) % V31 sq units

(c) % V61 sq units (d) 24/61 sq units

Sol. (¢) To determine the area of triangle, use formula
A= %|AB x AC|.
The vertices of AABC are given as A(1,1,2), B2, 3, 5) and
C@1,5,5).
First, we find vectors AB and AC. S
AB=PV of B— PV of A =(2i + 3j + 5k) = (i + j + 2K)
=2-1i+3-1j+6-2k=i+2]j+3k
and  AC=PVofC-PVofA=(i+5j+5k-(i+]j+2k
=(0-Di+G6-1j+6-2k=4j + 3k

Now,

o
ABxAC=|1 2
0 4

w w =

=i6-12-j3-0)+k(4-0)=-6 -3 +4

| ABx AC| = /(=6)% + (-3)* + (4)*
=36 +9+16 =61

Area of AABC = %| AB x AC| = % xJ61= @ 5 units
Hence, the area of AABC is @ sq units.

il
T-MATHEMATlCS

Example 14. The moment about the point i + 2 + 3 kofa
force represented by i + j + k acting through the point
21+ 3} + IA<, is

@3i+3]  (b)3i+]j ©i-j (d)3i-3j
Sol. (d) Here, r=(2i+3j + k) (i +2j + 3k
= r=i+}—2l2 and F=Ai+i+ln<

Then, the required moment is given by
rxF=(i+j-2k x(i+j+k
k
-2|=3i-3j
1

i
=11
11
. Moment about given point =3i —3}

Product of Three Vectors
There are two methods of products of three vectors.

Scalar Triple Product (Box Product)

The scalar triple product of three vectors a, b and ¢ is
defined as(ax b)-e=|al| b|| ¢| sin 6 cos ¢ where, 0 is the
angle between a and b and ¢ is the angle between

ax b and c. It is also defined as [a b ¢].

Let a=ai+ay+ aﬁf{,b =i+ byj+ b.;ln(
and c=ci+cy)+ cﬁ:
i ok
Then,axb=|a, a, a|=1i Zz :‘
b b b L
o altly w
a, « a, a; a
@xbre=al, oy =ely 5" b
G G2 G
=b b b
G & G

Properties of Scalar Triple Product

(i) The value of scalar triple product does not depend
upon the position of dot and cross.
ie. a-(bxe)=(axb)-c

(11) If a, b and ¢ are cyclically permuted. The value of
scalar product remains same.
The change of cyclic order of vectors in scalar triple
product changes the sign of the scalar but not the

magnitude.
ie. [abe] = [beca]=[cab]
and [abe]=-[bac]=-[cba]=-[ach]

(iii) The scalar triple product of three vectors is zero, if
any two of them are equal.

(iv) The scalar triple product of three vectors is zero, if
two of them are parallel or collinear.

SHOE J0an.
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(v) If three vectors a, b and ¢ are coplanar, then [abe] = 0
(vi) [abe + d] = [abe] + [abd]
(vil) Scalar triple product geometrically represents the

volume of the parallelopiped whose three
coterminous edges are represented by a, b and ¢

ie.V=[abc]

(viii) If a, b, ¢ are non-coplanar, then [a b ¢]> 0for
right handed system and [a b ¢] < O for left handed
system.

(i) i j k=1
(x) [ka b ¢]=Fk[a b c], where kis any scalar.

(xi) Volume of tetrahedron with 0 as origin and the
position vectors of A, Band C being a, b and ¢
respectively, is given by

1
V==[ab
6[a c]

(xii) Four points with position vectors a, b, ¢ and d will
be coplanar, if

[dbe]+[dca]+[dab]=[abc]
(xiii) [aab]=0
Ifa=ali+a2:i+q,f{;b=b1i+bzfi+ b,,lland

X X G a G
c=ci+cj+ekthenfabel=|b b, b
G G G

In general, ifa = ¢;1 + a;m + ayn;
b=5b1+bm+ bnand c= ¢l + c;m+ ¢yn, then
G G G

abel=|b b,

G G G

b, | [1 m n]; where 1, m and n are

non-coplanar vectors.

(xiv) The position vector of the centroid of a tetrahedron
if the PV’s of its angular vertices are a, b, ¢ and d

are given by % (a+ b+ c+d).
Remember that [a— b, b— ¢ c— a]=0and
[a+ bb+cc+al=2[abc]
Example 15. Let x, be the point of local maxima of
f(x)=a-(bx 0, where and c= 7i — 2} + xk. Then the value of
a-b+b-c+c-aatx=x,is (JEE Main 2020)
(@) 14 (b) —4 (c) =22 (d) -30
Sol. (c) Given vectors a = Xi - 2} + 3l}, b=-2i+ xi -k
and c=7i-2}+ xk

And, it is given that

x -2 3
f=a-bxo=[-2 x -1
7 -2 x
=xx*-2) +2(-2x+7) + 3(4 - 7%
=x —27x+ 26

bl
IITI-MATHEMATICS

It is also given that f(x) has local maxima at x = x.

So,f'(x) =0 =33 -27=0 = =9

= Xy =13, but maximum at x, = -3.
Now,a-b+b-c+c-a

==2x-2x-3-14-2x-x+7x+ 4+ 3x=3x-13
~ The value ofa-b+ b-c+ c-aatx=x, =-3,is -22
Hence, option (c) is correct.

Vector Triple Product

The vector triple product of three vactors a, b and ¢ is
defined as a x (b x ¢). If atleast one a, b and ¢ is a zero
vector or b and ¢ are collinear vectors or a is perpendicular
to both b and only ¢, then a x (bx ¢) = 0. In all other
cases a X (bx ¢) will be a non-zero vector in the plane of
non-collinear vectors and perpendicular to the vector a.
Thus, we can take a x (b x ¢) = Ab + ue, for some scalar
Aand . Since,a Lax(bxc)a-lax(bxe)]=0

= A(a-b)+u(ac)=0
A(a-c)apu=—(a-b) for same scalar o.

Hence,a x (b x ¢)=(a-c)b —(a- b)c, for any vectors a, b
and c satisfying the conditions given in the beginning.
In particular, if we take,a=b =1i,¢= j,theno = 1.

Hence, ax(bxe)=(a-ec)b—-(a-b)c
and (axb)xe=(a-¢c)b-(b-ca
but (axb)xec#ax(bxc)

Example 16. Let a, b and cbe three unit vectors, out of
which vectors b and c are non-parallel. If o and 3 are the
angles which vector a makes with vectors b and c respectively

andax(bxc)=lb, then| o — B | is equal to
2 (JEE Main 2019)

(@) 30° (b) 45° (c) 90° (d) 60°
Sol. (a) Given,ax(bx ¢ = % b
= (a-gb-(a-b)c =%b [-ax(bxcd=(a-0b-(a-b

On comparing both sides, we get
1 ;
a-c=— ()]
2
and a-b=0 ... (i)
*»a, b and care unit vectors, and angle between a and b is o

and angle between a and cis 3, so

|al|c| cosp =% [from Eq. (i)]
= COSB=% [-]a]=1=|c[]
= B:g [ cos%:%] ...(iii)
and |a||b| cosa=0 [from Eq. (ii)]
= a=Z (iv)

-
From Egs. (iii) and (iv), we get
m T T
- = ——_-—_—=—= 300
|a=f 2 3 6
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s8ei Reciprocal System of Vectors

I 1T Let a, b and ¢ be a system of three non-coplanar vectors.
gt Then, the system of vectors a’, b’ and ¢’ which satisfies
. ..‘ ’ ’ ’

T 1T a-a’=b-b'=c¢-¢’=1and

200! a-b’=a-¢’=b-a’=b-¢’=c-a’=c-b"=0is called the

reciprocal system to the vectors a, b, c.

++ In terms of a, b, ¢ the vectorsa’, b’, ¢’ are given by
133 ,_bxe
e abel’
SO ,_ cxa
233 b
(X T N , axb
TIX = '
TIX [abe]
L X 1 J
T Y i .
333 Properties of Reciprocal System
11t of Vectors
'Y !
-4 (1) Scalar product of any vector of one system with the
vector of other system is zero
ie. ab’'=ac¢=be¢=ba=ab'=ac=0
(i) fabe]lla b ¢]=1
_ Gi) i'=1,7=i K=k
o (iv) Leta’ b’ ¢ is a reciprocal system a, b, ¢ and r is
B any vector, then
:::. r=(r-a’)a+(rb’ )b+(rc’)ec
:::: r=(r-a)a’+(r-b) b'+(r-¢) ¢’
e (v) If the system a, b, ¢ are non-coplanar and so are
L K NI - # ’ ]
Y the reciprocal systema’, b’ ¢’.
-4 (vi) @+ b)-a’+(b+c)-b’ +(c+a)-¢ =3
TI1
S22 Example 17. Ifa b, canda’, b’, ¢ are reciprocal system
Son of vectors, thena’x b’ + b’ x ¢’ + ¢’ x a’ is equal to
@ a+b+c b a+2b-c
[a b [abd
a-b+3c 2a-b-c
ST d
{C)[abc] ()[abc]
Sol. (a) 'y = 2x9x(€xa)
- [a b
ki _{(bxad-ajc—{(bxq-da
-4 a b cf
. [b c alc [a b dc
gl [abc® [ab c
[ B N NI c
Y — (i)
Iy [a b ]
[ & X NI
sem Similarly, b"x¢"= N (1)]
-+t a b d
"T11 e b
1T and c’'xa’'= ...(iii)
T [a b
On adding Egs. (i), (ii) and (iii), we get
Pl Lt din <t oAt DT
a’'xb’+b'xc’+c'xa’=
[a b

il
I IIT-MATHEMATICS

Application of Vectors in Geometry

(i) ‘The points A, B and C are collinear’ means
(a) Area of AABC is zero
(b) b— a and c— a are collinear vectors
(c) b—a and c¢- a are parallel
(d) (b-a)x(c—a)=0
(e) There exist o, andy not all zero such that
ca+pfb+ye=0anda+p+y=0
Otherwise A, B and C are not collinear.
(i1)) ‘A, B,C and D are coplanar’ means.
(a) Volume of tetrahedron ABCD is zero.
(b) b—a,c-a and d- a are coplanar.
(c) [b-a,c—a,d-a]=0
(d) There exist o,B,yand 8 not all zero such that
ocga+Pb+ye+dd=0and a+pB+y+8=0
Otherwise A, B,C and D are not coplanar.

(iii) If a and b are the position vector of A and Band r
be the position vector of the point P which divides
to join of A and Bin the ratio m : n, then

mb £ na
r=—
mztn
‘+’ sign takes for internal ratio and
‘-’ sign takes for external ratio.

(iv) If a, b and e be the PV of three vertices of AABC and
r be the PV of the centroid of AABC, then

a+b+e
r=———
3

Example 18. Solution of the vector equation rxb=ax b,
r-¢=0 provided that c is not perpendicular to b, is

(a)r=a—(£]b (b)rzb—(a'd

b-c (b-n

©r= b*[HJa (d) None of these
a-c

Sol. (a) We are given;
rxb=axh
= (r-axb=0
Hence, (r — a) and b are parallel
= r-a=thb (i)
and we know r-c=0,
-~ Taking dot product of Eq. (i) by c we get
r-c—a-c=thb-o
0-a-c=th-0

= From Eqs. (i) and (ii) solution of ris

r=a—(£]b
b-c
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Ty
TIY
soe
: ::: Tetrahedron (vii) Centroid of tetrahedron is M,
L L 11 . . .
A tetrahed three d 1fi fi db
EEEE fou(:' srfiiaflg{;); 188 1firee dimensianst Migure Tnrmed. oy where a, b, ¢ and d are position vectors.
0o A Example 19. Ifa, b and care three non-coplanar
++ uni-modular vectors, each inclined with other at an angle
DOO 30°, then volume of tetrahedron whose edges are a, b and cis
e (JEE Main 2021)
v oo Y3V3 -5 3V3 -5
see B C (@ ——— (b)
"L L 12 12
b Infi , OABC — tetrahed
88 - gwre — tetrahedron (c) 2 +3 (d) None of these
: : : . AABC — base 12
::: X OAB,OBC,0CA — faces Sol. (a) Since, the volume of tetrahedron with edges a, b and cis
: : :: 0A,0B,0C, AB, BC and CA — edges [abcl
: : :: 0OA, BC,0B, CA, OC and AB — pair of opposite edges. Where,a-a=b-b=c-c=1
Properties of tetrahedron 0 s e ma=2E [given]
(1) A tetrahedron in which all edges are equal is called 1
a regular tetrahedron. V= . [ab]
s (1) If two pairs of opposite edges of a tetrahedron are 2-d b aee
- perpendicular, then the opposite edges of the third ~ vie [ab = 1lb-a bb be
S pair are also perpendicular to each other. 36 36
Ty . . ca cbh cc
P (iii) The sum of the squares of two opposite edges is the
e same for each pair of opposite edges. 1 ﬁ ﬁ
L N N N » . N 2 2
41y (iv) Any two.opp0s1te edges in a regular tetrahedron are 1143 i
XY perpendicular. =—|= 1 =
YT Y 36| 2 2
::: X (v) Volume of a tetrahedron ABCD is 43 3 .
1 kL £
EEEE o/a-db-d c-dl|, 2 2
: : :: where a, b, ¢,d are position vectors. = é # - %
(vi) volume of a tetrahedren whose three coterminous
edges are in the right handed system are a, band ¢ vl 3535
o 1 12
1s given by 3 [a be]
4y
[ N N N
L B N N
[ X X NI
L X X NI
L & X N
L X X B
TIT
Ty
117
117
TIT
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(©) lal=Ibl+|c]
(d) None of the above
. A vector of magnitude 5 units and parallel to the

resultant of the vectors a = 2i + 3 k and
b= i— 2j+ Kk, is

V10 + 3\/10 1*

g —— b) + —— =

(a) £ 1 g ) (b) 9 21
)i%ii%oji (d) None of these

. If the points (-1, - 1, 2), (2, m, 5) and (3, 11, 6) are

collinear, then the value of m is
(a) 2 (b) 4 (c) 6 d 8

. A vector r of magnitude 3v2 units which makes an

v EDUCATIONAL PROI
g8
L L X NI
L X X N
TTY
Ty
L L L1
TIT
TTY
HH : :
2 | Practice Exercise
b ]
L I
0% GEIVY[2¥) Topically Divided Problems
b
L X X NI - 7S - n =
::: : Algebra and Modulus of Vectors 7. The two vectors j+ k and 3i— j+ 4k represents the
Sesl 1. If vectorsa, = xi— j+ k and a, = i + yj + zk are ltwo s;de; “;B an:il AC, ;espe(l:qtizely of a AABC. The
- ;

: : :: ollmear then a possible unit vector parallel to the engjﬁo MU et S \/4—818
444 vector xi+yj+zkis (JEE Main 2021) ® 5 ®) -

(a) E -j+k) (b) % (i-J) (©) V18 (d) None of these

© i(i—}+f() @ i(§+:i—l:;) . If|al|=3 and -1 <k < 2, then | ka| lies in the interval

V3 V3 (@ [0,6] () [-3.6] () [3.6] (@ [12]

: . A unit vector in XY -plane, making an angle of 30° . If a and b are the position vectors of A and B,
e in anti-clockwise direction with the positive respectively, then the position vector of a point C in
g direction of X-axis is BA produced such that BC = 1.5 BA, is
Y 1B 8 3a-b (b) a-3b

| (a) —i+—i (b) 4i+3 (a) 3a
SRR 2 2 . (©) 0.5(a-3b) (d) 0.5(3a - b)
L. N N i A & & A ~ A
:::: © ?“i (d) ?H%j . The value of A for which the vectors 3i-6 j+ k
"eel - and2i—4:i+}\l; are parallel is
s . If a = b + ¢, then which of the following statements 2 3 5 9
Soel (@ = ) = © = @ -
TTY is correct? 3 2 2 5
:::: (a) lal-Ib|=]cl . The points a — 2b + 3¢, 2a +3b - 4¢,-7Tb +10 ¢
T (b) lal+|b|=]c| are

(b) non-collinear
(d) None of these

(a) collinear
(c) can’t say

. If a and b are two non-collinear vectors and

xa+yb=0

(a) x=0Dbut yis not necessarily zero
(b) y=0but xis not necessarily zero
(¢c) x=0,y=0

(d) None of the above

. Five points given by A, B, C, D and E are in a plane.

Three forces AC, AD and AE act at A and three
forces CB, DB, EB act at B. Then, their resultant is
(a) 2AC (b) 3AB (c) 3DB (d) 2BC

. Let ABCD be the parallelogram whose sides AB

and AD are represented by the vectors
2i+4 j-5kand i+ 2 j+ 3k respectively. Then,

n T . .
angle OfZ and 2 with Y and Z-axes, respectively is if a is a unit vector parallel to AC, then a equal to

(@) r=13i+3j (b) r=3i#3j (a) %(3i—6}—211) ®) - (31+6_|+2k)

() r=-3i+3j (d) None of these © %(31 —6j-3k) @ %(Bi +6j-2k)
|'|Il||| ST 2.
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: : : . 15. If D, E and F are respectively the mid-points of

: ::: AB, AC and BC in AABC, then BE + AF is equal to
1 3

b @ DC () (BF () 2BF (&) _BF

ooo

L 1 1 1] 2 g

T 16. If three points A, B and C have position vectors

(1, x,3),(3,4,7) and (y, - 2, - 5) respectively and if

4+ 4 they are collinear, then (x, y) is equal to
e (@) ©2,-3) () (-2,3)
* e () 2,3) (d) (-2,-3)
£ N N
e 17. If position vector of a point A is a + 2b and any
SO point P(a) divides AB in the ratio of 2:3, then
(11X position vector of B is
111 (a) 2a-b () b-2a
:::: (c) a-3b (d) b
444 18. If A, B,C, D and E are five coplanar points, then
b4 DA + DB + DC + AE + BE + CE is equal to
(a) OE (b) 3DE
(c) 2DE (d) 4ED
19. The vectors a(x) = cosxi + (sin x)j and
- b(x) = xi + sinxj are collinear for
. (a) unique value of x,0 <x< %
R (b) unique value ofx,g<x<%
- (¢) no value of x
cee. ;s n
gy (d) infinitely many values of x,0 < x < 5
L L X NI
L 1 R N
e Scalar or Dot Product of Two Vectors
222 and Its Applications
Il
11l 20. The angle between two vectors a and b with
magnitudes /3 and 2 respectively, having
a-b=6is
n T n n
2, B i a5 =
(a) 1 (b) 2 (c) 6 (d) 3
* 21. In a AABC, if|BC|=8,|CA|=7,|AB|= 10, then the
) projection of the vector AB on AC is equal to
i (JEE Main 2021)
L 25 85 127 115
- — B) — = d) —
e (a)4 ()14 (c) 20 ()16
g A I 2 A R
s 22. Ifa=2i+2j+3k,b=-i+2j+kandc=3i+j
e : . such that a + Ab is perpendicular to ¢, then the
EEE: value of X is
1
ool (a) 2 (b) 4 (c) 6 (d) 8
08 23. If a, b, ¢ are unit vectors such thata + b+ ¢ =0,

then the valueofa-b+b-c+c-ais

1 3
(@) 0 (b) =5 (©) 3 (d) 2
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25,

26.

27.

28.

29.

30.

31.

32.

If the vertices A, B, C of a AABC have position
vectors (1, 2, 3), (-1, 0, 0), (0, 1, 2) respectively, then
Z ABC (£ ABC is the angle between the vectors BA
and BC), is equal to

n

T
(a) 2 (b) 1

o 10 ) _1( 1J
c) cos” | — d) cos™| =
© ( V102 @ 3
Given, two vectors are i- :] and i+ 2J, the unit
vector coplanar with the two vectors and

perpendicular to first is
1

ww%ﬁ+b ®) i)
(c) % (i + :i) (d) None of these

The scalar product of the vector i+ j+ k with a unit

vector along the sum of vectors 21 + 4 — 5k and
A+ 2j+ 3k is equal to one. The value of A is
(a) 1 (b) 2 (c) 3 (d) 4

Let a and b be two unit vectors and 0 is the angle

between them. Then, a + b is a unit vector, if
2n

n n n

=2 == == d) ="
(a) 1 (b) - (©) ” (d) 2
The value of a, for which the points, A, B, C with
position vectors 2i- :] + ﬁ, i- 3j - 5k and
ai - 3j + k respectively are the vertices of a right
angled triangle with C = g are
(a) -2 and -1 (b) -2 and 1
(¢c) 2and -1 (d) 2and 1
Ifa=2i-j+ l;,bz i+ jj—2l§andc= i+3:i—l;,
then the value of A such that a is perpendicular to
Ab + cis
(a) -1 (b) -2 (c) 1 (d) 2
The projection of vector a = 2i — j + k along
b=i+2j+2kis

2 1
@ 3 ®) o (©) 2 @ V6

If a and b are unit vectors, then what is the angle
between a and b for /3 a — b to be a unit vector ?
(a) 30° (b) 45° (c) 60° (d) 90°

If A, B,Cand D are the points with position vectors
i+ j- le,2§— j+3l:x, 2i-3k and3i- 23+ lA(,
respectively, Then, the projection of AB along CD is

1 3 2
@ﬁf<mm' @ﬁ @ET
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::: X 33. Let u, v and w be vectors such thatu + v+ w=0.
EEEE If|u|=3,|v|=4and|wl=5ithen
u-v+v-w+w-uisequal to
L 1 1 )
11 @ 0 () 25 ©-25 (@1
L L 1 1] PR . % i &
et 34. If the vectorsa=1i-j+ 2k, b=2i+4j+k and
b ¢=Ai+j+uk are mutually orthogonal, then (A, )
v is equal to
- e (a) (_ 3v 2) (b) (27 - 3)
b (©) =2,3) (d) (3,-2)
cee 35. Let a and b be two unit vectors such that angle
: : : ' between them is 60°. Then, |a — b|is equal to
33y @ 5 ) V3 (© 0 @ 1
iy 36. Let ABCD be a parallelogram such that AB= q,
: :: : AD= p and ZBAD be an acute angle. If r is the
I vector that coincides with the altitude directed
-4+ from the vertex B to the side AD, then r is given by
3
(a) r=3q P q)p (b) r*—q+(p qu
(p-p) p P
3(p-
© r-q- [" “]p @ r=-3q 20D
p-p (p-p)
e 37. If|al =3, | bl = 4, then a value of A for which a + Ab
R is perpendicular to a — Ab, is
LI : 9 3
ces @ % ® 3
L B N N 3 4
oe ©° @3
LA L NI 5
ceel 38. The angle between a and b is 3 and the projection
111
::: : of a in the direction of b is _—6 , then |alis equal to
211 43
1T
3
444 (a) 6 () g (©) 12 @ 4
39. Ifa-i:a-(i+:]')=a-(i+:i+l;),thenaisequalto
@) i ®) k
© j @ i+j+k
ik 40. 1f the angle between i + k and i + j + ak is g, then
PR the value of a is
. (a) Oor 2 (b) —4o0r0
:::: (¢) Oor-2 (d) 2or-2
e 41. Forces acting on a particle have magnitude 5, 3 and
sl 1 unit and act in the direction of the vectors
444 61+ 2j+3k, 3i - 2j+ 6k and 2i - 3j - 6k,
1T respectively. They remain constant while the
::: : particle is displaced from the points A(2, -1, - 3) to
e8! B(5, -1, 1). The work done is
(a) 11 units (b) 33 units
(¢) 10 units (d) 30 units
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43.

45.

46.

47.

48.

49.

50.

If E ai =0, where |a;|= 1,V i, then the value of

Z Z a,-a,is
1<i<j<n
(a) n® () -n © n (d —g

Leta =i+:i+«/n§f§,b=bli+b2_‘i+\/§l:xand
¢ =51+ j++/2 k be three vectors such that the
projection vector of bon aisa. Ifa+ b is

perpendicular to e, then |b |is equal to
(JEE Main 2019)

(a) 6 (b) 4 () V22 (d) V32

Let a and b be unit vectors inclined at an angle
20.(0 <o < m) each other, then|a + b|< 1, if

(a)a=g (b)a<g
(c)ot>2?jI (d)—<0t<2?TI

The length of longer diagonal of the parallelogram
constructed on5a + 2b and a — 3b. If it is given that

lal= 22, |b| =3 and angle between a and b is E, is
(a) 15 (b) V113 (c) v593 (d) v/369

The unit vector perpendicular to i— j and coplanar

with i+ 2jand 2i+ 3jis

5j T 1 & 4 g &
() J_a (b) 2i +5j (C)ﬁ(l+J)(d)l+J

If a and b are two unit vectors inclined to X-axis at
angles 30° and 120°, then |a + b| is equal to

(a) \E ) V2 (© 3 @ 2

If a, b, ¢ are the pth, gth, rth terms of an HP and

—(q—r)1+(r—p)]+(p q)kandv=—+ ;+E,
c
then
(a) u, vare parallel vectors
(b) u, v are orthogonal vectors
() u-v=1
(d) uxv=i+j+k
If a, b, ¢ are three non-coplanar vectors and p, q, r

are reciprocal vectors, then

(la + mb + ne) - (lp + mq + nr) is equal to
(a) I+m+n ) P+m®+nd
© P+m%+n (d) None of these
The sum of two unit vectors is a unit vector.
The magnitude of their difference is

(a) 2 (b) V3 (© V2 @ 1

ll"cl A
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: : :: 51. For non-zero vector a and b, if|a + b|<|a — b, 58. The two adjacent sides of a parallelogram are
444 then a and b are 2i-4j+5k and i - 2j - 3k. Then, the unit vector
i (a) collinear parallel to its diagonal. Also, its area are
:::: (b) perpendicular to each other 3. 6+ 2a» . )
08 (¢) inclined at an acute angle @ PR kand 11V5 sq units
(d) inclined at an obtuse angle 9. 6+ 3=
sl 5 (b)—i——j+—kand11\/§squnits
4+ ++ 52. Let there be two points A and B on the curve y = x T 977
P in the plane OXY satisfying OA -i=1and (c) %i - % j+ %l} and 11y/7 sq units
LA B _
sos iOSB i=— 2 then the length of the vector 20A - 30B @ N ot above
et 2 2 % A 3 o
44 (@) V14 ®) 2451 (©) 3441 @) 2441 59, LetaA=1A+4JA+2k,b=31—2J+7kand
TTY . ~ e - ¢ = 21— j+ 4k. Then, a vector d which is
33 53. leenthat(x—a)-(x+ka)—8and}f-?—2,then per%elzdiculfirtol?othaandbimAdc-tAi=1§,is
soe the angle b?(’atween (x —a)and (x+aS)1s (a) g(i_32j_14k) (b) g(i_32j_14k)
:::: (a) cos_l(—) (b) cos_l(—) E o )
288 J14 V21 (c) - (321 —j—-14k) (d) None of these
(c) cos_l(iJ (d) cos_l(i)
V21 V21 60. If|a]=8,|bl=3and|axb|=12, then value ofa-b
is
Vector Product or Cross Product of @) 643 ®) 83
B Two Vectors and Its Applications () 123 (d) None of these
e 54. Leta=i-2j+k and b=i-j+ k be two vectors. 61. Leta=3i+2j+xk and b =i-j+k, for some real
e If ¢ is a vector such that bx e=bx aand ¢c-a=0, x. Then, |ax b| = r is possible if (JEE Main 2019, 8 April)
g then c- b is equal to (JEE Main 2020) @) D \/g ®) \E< r33\/§
L EE Y 1 3 1 2 2 2
Ty (a)é (b)-é (C)-§ (@ -1 3 3 3
ceel © 3\/i<r<5\/i (d)r25\/i
Tos 55. If u and v are unit vectors and 0 is the acute angle B 2 E
11T between them, then 2 u x 3v is a unit vector for 62. Using vectors, the area of the AABC with vertices
° E -+ (a) exactly two values of 0 A(1,2,3), B(2,-1,4) and C(4,5, - D is
e (b) more than two values of 6 137
L I 1 1] /
(c) no value of 6 @) 9 (b) V137
(d) exactly one value of 6 © 1 Ji37 @ 1 /378
56. Let a and b be two non-zero vectors perpendicular 2 2
to each other and |a|=|b|. If|a x b|=|a|, then the 63. Leto =3i+jandp = 2i- j+3k. If =B, - B,
angle between the vectors (a + b + (a x b)) and a is where f, is parallel to o and B, is perpendicular to o,
* equal to (JEE Main 2021) then p; x B, is equal to (JEE Main 2019)
e 1,2 2. .2 1, 5. 0%, et
pod: @ sin'l(%J b) cos'l( %) @ 5 6 -9§+ k) e ol
- w0 —3' 9. Pk d 3'_9.——k
TR (c) Cos_l[%) (d) Sin_l(%) © Sl Ll € B—9)—-6k)
: : : » o 6 64. For any vector a, the value of
: : : . 57. Let a, b and ¢ be three unit vectors such that (ax )2 +(axj)?+(ax k)2 is equal to
coa a+b+c=0.IfA=a-b+b-c+c-aand (a) a2 (b) 3aZ (©) 4a’ (d) 2aZ
+++ d=u ¥ T+ lisieh gaee, S Fusmedire, i 65. Iflal=10,|b|=2anda - b = 12, then value of | a x blis
"T11 (A, d) is equal to (JEE Main 2020)
T 1 1 3 3 (a) 5 (b) 10 (c) 14 (d) 16
Soo (a) [—,3bxc) (b) (——,3cxb) . ,
2 2 66. The number of vectors of unit length perpendicular
(© (§,3axc) () (—§,3axb) to the vectorsa =2 i+ j+2k andb= j+ k is
2 2 (a) one (b) two (c) three (d) infinite
|'||"|| - SHCE 200
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ool 67. The value of a- (b + ¢) x (a + b + ¢) is equal to () all except two values of A
:::: @) 0 ®) a © b @) ¢ (d) no value of A
Son 68. If the vectors ¢,a =xi+ y j+zk and b = j are such 77. }f thf vo}u{'rle of par, allecl‘)pi}’?d fo.n'ned by the vec@rs
444 that a, ¢ and b form a right handed system, then ¢ i+2j+k, j+ Ak and Ai + k is minimum, then % is
000! is equal to (JEE Main 2019)
' T T| - % 1 1
—xk 0 -— —— 3 d) -3
o i) wia ®o @-%= ®F% (© V3 (@ -3
4+ () yij d) —zi+xk . L .
. 5. G @ 5 & i 5 A ~ 78. Let a=i+j+ Kk, b=1-j+2k and
. 69. Ifa=i+j+k,b=1+3j+5kande=7i+9j+11k, X i o
ve then the area of the parallelogram having ¢ =xi+(x-2)j- k. If the vector c lies in the plane
SO diagonalsa + band b + c is ofa and b, then x equal to
LR B N = =
333 @aE B 0¥ @6 oy 0 ik Hsa e
41y 2 2 79. A unit vector coplanar withi+ j+ 2k and i+ 2j+ k
::: X 70. The moment about the point M (-2, 4, — 6) of the and perpendicular to i+ j + k is
282 force represented in magnitude and position AB, @ j-k ®) i+j+ k
a ——

: : :: where the points A and B have the coordinates J2 3

(1, 2, - 3) and (3, — 4, 2) respectively, is 3ok i+2j+k

(a) 8i-9j-14k (®) 2i-6j+5k © [7@ ] @ —7% )

(©) -3i+2j-3k () -5i-8j-8k e

¢ 80. Leta=1i+2j+4k,b=1i+Aj+ 4k and
. Let a, b and c be three vectors such that a # 0 and a8 s iS5 st
i axb:2axc,Ial:|c|=1,|bl=4and|bxc|=\/ﬁ. c=21+4j+(A l)kbe'coplanarvectors.@en,
P . the non-zero vector ax ¢ is (JEE Main 2019)
e Ifb - 2¢ = Aa, then A is equal to i sk B i
DO @ 1 b -4  ©3 @ -2 () ~10345) () ~101 -6}
e (¢c) —14i-5j (d) —14i+5j
L B N N L)
1Y Scalar T,rlpl.e Product and 81. If a, b and c are the three vectors mutually
oo Its Appllcatlon perpendicular to each other to form a right handed
:::: 72. The vectors A i+ j+ 2k, i+ j— k and system and |a|=1, |b|=3 and |¢| =5, then
444 2i- j+ 1k are coplanar, if [a - 2bb -3c c - 4a]is equal to
:::: (@) A=-2 (b) A=0 © A=1 @ 4==1 (@ 0 (b) —24 (c) 3600 (d) -215
'T17 73. The value of[a - bb - ¢ ¢ — alis equal to 82. If the volume of a parallelopiped, tho§e coterminus
edges are given by the vectors a =1+ j+ nk,
0 1 2 d) 3 A % A i X &
@ ®) © @ b=2i+4j-nkandc=i+nj+3k (n>0),is 158 cu
74. For any three vectors a, b and ¢ the value of units, then (JEE Main 2020)
[a+bb+cc+alisequal to @) 7=9 ®) b-c=10
(a) [abc] (b) 2[abc] (c) a-c=17 (d) n=7
i (c) 3[abc] (d) None of these o s axs e
. 83. [ik jl+[k jil+[jk i]is equal to

... 75. Let a, b and ¢ be three non-coplanar vectors and let
- (a) 1 (b) 3 (c) -3 d -1
Sl P, q and r be vector defined by the relations. TN & "
=S bxe cxa axb 84. Ifthe vectors pi+j+ k, i+gj+kand i+j+rk
'YX =—(q= andr = -Then, the
el [abe] [abe] [abe] (where, p # g # r # 1) are coplanar, then the value of
: : : - value of the expression pqr —(p+q+r)is
oo (a+b)-p+(b+e¢)-q+(c+a) risequal to (a) -2 (b) 2 (©0 (d)-1
- (@ 0 () 1 © 2 @ 3 85. A tetrahedron has vertical at
-+ :: : 76. If a, b, ¢ are non-coplanar vectors and A is a real 0(0,0), A(1, 2,1), B(2,1,3) and C(-1, 1, 2). Then, the
- number, then the vectors a + 2b + 3¢, Ab + 4c and angle between the faces OAB and ABC will be

(21 - 1) ¢ are non-coplanar for
(a) all values of A
(b) all except one value of A

il - —
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::: - 86. The sum of the distinct real values of u, for which 91. fa=i+j+k,b=i+j,c=1iand
4+ the vectors, i + j + K, i+ pj+ k, i+ j + uk are (a x b) x ¢ = Aa + b, then A + p is equal to
: ::: coplanar, is (JEE Main 2019) (@ 0 (b) 1 (© 2 d 3
EEEE (a) 2 ()0 ©1 @-1 92. Ifa = i+2j+ 3k and
Tl 87. IfA=2i+3j+4k,B=1i+j+5k and C from a left b=ix(ax )+ jx(axj+kx(axk), then
4+ handed system, then C is length of b is equal to
123 (@) 11i-6j- k ) -11i + 6} + k Ea;g/f% L] ﬁﬁ
554 (© 11i-6j+k (@ 11§ +6j-k S R
Y 93. Leta=j-k and a =1i- j- k. Then, the vector b
g 88. Let the volume of a parallelopiped whose o )
see: conterminous edges are given by u =1+ j+ Ak, satxszymAg e b+c=0anda- bf 3:’ =l
-y v=i+j+3k and w=2i+ j+kbe 1 cu unit. If0 be (@) —i+j-2k (b) 2i-j+2k
4+ the angle between the edges u and w, then cos6 (© i-j-2k @ i+j-2k
L1l can be (JEE Main 2020) s on o m R By oh A
ses: . (b) @ 7 (d)5 94. Ifa=2i+3j-k,b=-i+2j-4kande=1i+j+Kk,
:::: . 3\/_ GJ_ 8 6V6 7 then (a x b)-(a x ¢) is
89. Let o € R and the three vectors ) @0 (®) 68 ) —6 ) 74
a=ai+j+3k, b=2i+j-ok 95. If(a><b)xc?=—5a+4banda-b=3,then
and & =od - 2j+ 3k. Then, the set ax (bxc) is equal to
={o.: a, b and ¢ are coplanar} ; (a) 5b-3c (b) 3c-4b
i C (JEE Main 2019) © 3b—5c @ 4b - 3c
o (@) %S sgieton 96. If (ax b) x ¢ = a x (b x ¢), where a, b and ¢ are any
P (b) is empty three vectors such thata-b#0,b-¢ #0, then a
. (c) contains exactly two positive numbers and ¢ are
L % .
TE (d) contains exactly two numbers only one of which (a) inclined at an angle of B Yatwoan thew
1Y is positive 6
Y (b) perpendicular
+4++ Vector Triple Product and Its (©) parallel
EEE : Applications (d) inclined at an angle of % between them
1
L 2 1 1 . A a A A &
:::: 90. a x[a x (a x b)lis equal to 97. Leta=1i-j,b=i+j+ k and ¢ be a vector such that
(a) (axa)-(bxa) axc+b=0anda-c=4,then|cl is equal to
(b) a-(bxa)—b-(axb) (JEE Main 2019)
(c) [a-(axb)a 19 17
@ (a-a) (bxa) (a) 8 (b) 7 (9 (d) Py
+ 300\PA1D Mixed Bag
o ne vorrec ion a=(a-a)Ja+(a- +(a-c)e
Only One C t Opt (a-a)a+(a-b)b+(a-c)
ces. 1. Let a, b and ¢ be three non-zero vectors such that no B=(a-b)a+(b-b)b+(b-c)e
g two of them are collinear and ¥ =1(a ca+(b-c)b+(c: clc
-4 (ax b)><c=1IbI|c|a. If 0 is the angle between (@ V° (b) 3V © V© @ 2v
e : . tors b an d3 th lue of sin 8 i ) 3. If a, b and ¢ are non-coplanar vectors and r is a
oo VECIUES B R00.6, WS 8 VRIDD WENIR T15 @EE Main 201) real number, then the vectors a + 2b + 3¢, Ab + 4c¢
: :: : (a) & (b) ﬁ © 2 (d) 243 and (2A — 1)¢ are non-coplanar for
: : :: 3 3 3 (a) no value of A
2. If V is the volume of the parallelopiped having three (b) all except one value of A
coterminus edges, as a, b and ¢ then the volume of (c) all except two values of A
the parallelopiped having three coterminus edges as (d) all values of A
|'||"|| u-cuw'.
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Ty
: : :: 4. Let u, v and w be three vectors such that
TTY [ul=1,|v|= 2, |w|=3. If the projection of v along u
L L 1 1 &
T T is equal to that of w along u , v and w are
:::: perpendicular to each other, then |u — v + wl|is
00! equal to
1T (a) 4 ) V7 (© V14 @ 2
4+ 5. If aand b are perpendicular vectors, then
DOO( ax(ax(ax(axb)))isequal to (JEE Main 2021)
! 1 y
:::1 (a) Elal'b (b)yaxb
LN N N
- © lal'b d o
L R B N
gy 6. Let b and ¢ be non-collinear vectors. If a is a vector
:::: such thata - (b + ¢) =4 and
T ax(bxe)=(x?-2x+6)b +sin y-¢; then (x, y)
11T . .
88 lies on the line
:::: (@ x+y=0((M) x—y=0 (c) x=1 d) y=m=n
7. Let a, b and ¢ be three unit vectors such that
ax(bxe)= ?(b + ¢). If b is not parallel to ¢,
then the angle between a and b is (JEE Main 2016)
e 3n T 2n 5m
of By alb 7 | Y
s (a)4 ()2 (C)3 ()6
: : : ! 8. Let|al= 22, |b|=3and the angle between a and b
L I I
..o is™.Ifa parallelogram is constructed with
L B N N 4
L]
: : : [ adjacent sides 2a — 3b and a + b, then its longer
: : : : diagonal is of length
e (@) 10 ) 8 () 2V26  (d) 6
:::: 9. Let O be the origin. Let OP = xi + yj — k and
:::: OQ=—i+2j+3xf(,x,y€R,x>0besuchthat
-4

|PQ |=v20 and the vector OP is perpendicular to
O0Q.IfOR =3i+zj - 7k,z€ Ris coplanar with OP

and OQ. Then, the value of x2 + y"2 +22%is
(JEE Main 2021)

(@) 7 (b) 9 (c) 2 (@ 1
10. If the positive numbers a, b and ¢ are the pth, gth
and rth terms of GP, then the vectors log

12. If a is a unit vector and projection of x along a is 2
and a x r + b =r, then r is equal to

Pl a-i+lpgb-j+19gc-kanq

. ew (q-r)i+(r—p)j+(p—q)kare

gy (a) equal (b) parallel
(LY (c) perpendicular (d) None of these
ee e B i oa A

:::: 11. Leta=i-k,b=xi+j+ (1-x)k and
el c=yi+x:i+(1+x—y)l;.Then,[abc]dependson
:::: (a) Neither xnor y (b) Both xand y
1TIl

- (c) Only x (d) Only y

L 1 1 1]

ess:

(a)%[a—b+axb] (b)%[2a+b+a><b]

bl
I | TI-MATHEMATICS
P —

13.

14.

15.

16.

17.

18.

19.

20.

(c) a+axb (d) a—axb

Let a, b and ¢ be three unit vectors such that a is
perpendicular to the plane of b and e¢. If the angle
between b and ¢ is g, then |a x b — a x ¢|is equal

to

(a) 1/3 (b) 1/2 (c)1 (d) 2
Ifr=abxc+fPexa+yaxband[abc]=2, then
o + P + v is equal to

(a) r-(bxec+ exa+ axb)(b) %r-(a+ b+ ¢)

(c) 2r-(a+ b+ ¢) (d) 4

Ifa + 2b + 3¢ =0, then
axb+bxc+exa=~kaxb,

where £ is equal to

(@ 0 (b) 1 (c) 2 (d) 3
Leta=a1’i\+a23+a3fx,b=blﬁ+b23+b3f;,

c=clﬁ+c23+c3f:. If|e|]=1and (a x b) x ¢ =0, then

a, a; ag

b, by, by isequal to

¢ C C3

(a) 0 (b) 1 (© lal®*Ibl* (d) |axb|?

If a, b and ¢ are coplanar vectors and A is a real
number, then the vectors a + 2b + 3¢, Ab + pe and
(2A - 1)e are coplanar for

(a) r=1 (b) A=

() A=2 (d) no value of A

A vector a has components 3p and 1 with respect to
a rectangular cartesian system. This system is
rotated through a certain angle about the origin in
the clockwise sense. If with respect to new system,
a has components p + 1 and /10, then a value of p
is equal to (JEE Main 2021)

5 4
(a) 1 (b) _Z (c) 5 d -1

DO | =

If A(—4, 0, 3) and B(14, 2, — 5), then which one of the
following points lie on the bisector of the angle
between OA and OB (O is the origin of reference)?
(a) 2,2,4) (b) 2,12,6)

(¢ (-3,-3,6) a @,1,1)

In a four dimensional space where unit vectors
along the axes are i, j, k and 1 and a;, as, a3 a,
are four non-zero vectors such that no vector can be
expressed as linear combination of others and
(A-1(a; —ay)+u(a, +ag) +y(ag+a, —2a,)
+ag + da, =0, then

(@ A=3 () pu=-2/3 (&) y=2/3 () 8=1/5

A\ E P
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b 21. Unit vectors a and b are perpendicular and unit
: ::: vector ¢ is inclined at an angle 0 to both a and b. If
:::: c=o0a + b +y(a xb), then
o @) a=P (b) y*=1+ 20
!::! 9 9 1+ cos20
(c) Y7 =cos20 d p =T
4+ 4 22. a and b are two given vectors. With these vectors
GG as adjacent sides, a parallelogram is constructed.
cececy The vector which is the altitude of the
gy parallelogram and which is perpendicular to a is
00 @ @D gy (b) —{lal*b- (a-b)a}
TIY lal” lal®
Y © M ) M
soe |al | bl
:::: 23. a),ay aze R-{0}and a, + a, cos 2x + agsin®x=0
1T for all x € R, then
(a) vectors a = a,i + azji + a;,l:: and b =4i + 2:i + kare
perpendicular to each other
(b) vectors a = ali + aZ:i + agl} andb=i- 3 +3kare
parallel to each other
e (c) if vector a = a,i 0 a;i - a31:{ is of length V10 units,
- .o then one of the ordered tripplet
:::- (a),ay,a3)=(1,-1,-2)
g (d) if 2a, + 3a, + 6a; =26, then |a,i + a,j + aykl| is 5V6
L. N N
: : : 2 24. If a and b are two vectors and angle between them
: T is 0, then
[ & NI 9 9 9 2
T17T (@) laxb|”+ (a-b)"=2]al*|b|"
-4 () laxbl#(a-b),if 6=n/4
:::: (¢) axb=(a-b)n, (nisnormal unit vector), if 6= /6
0B (d) None of the above
25. Let a and b be two non-zero perpendicular vectors.
A vector r satisfying the equation r X b = a can be
axb axb
(a) b+ - (b) 2b - =
Ib|® Ib|*
axb axb
it (c) lalb+ — (d) [blb+ —
bl Ib|* Ib|*
Caacyl 26. If vectors a and b are non-collinear, then % + % is
LN a
: : : : (a) a unit vector
cee (b) in the plane of a or b
: : : : (c) equally inclined to a or b
T (d) perpendicular to a xb
08I
Tl
TIT
11T
1Y

bl
||T-MATHEMAT|C5

Numerical Value Questions

27.

28.

29.

30.

31.

32,

33.

34.

35.

If the vectors p=(a + Di+aj + ak,
q=ai+(a+1)fi+al;and
r=ai+aj+ (a+ 1)k (ae R) are coplanar and
3(p-q)% - Alr x gf* =0, then the value of A is ........ ;
(JEE Main 2020)
Let a, b and ¢ be three vectors such that
lal=+3,|bl=5, b -c=10 and the angle between b
and cis g If a is perpendicular to the vector b x ¢,

then |a x (b x ¢)|is equal to ...... . (JEE Main 2020)

Leto = (A-2)a + bandf = (4A — 2) a + 3b be two
given vectors where vectors a and b are non- collinear.
The value of (- 1) for which vectors o. and f§ are
collinear, is (JEE Main 2019)

Iffax bbx cex al=A[a b c]?, then X is equal to
(JEE Main 2014)

Let the vectors a, b, ¢ be such that |a|] = 2, |b| = 4
and | ¢| = 4. If the projection of b on a is equal to the
projection of c on a and b is perpendicular to ¢, then
the value of la+ b - ¢lis ......... ; (JEE Main 2020)

Ifa and b are unit vectors, then the greatest value
of v3la+bl+la-blis.... (JEE Main 2020)

A particle is acted upon by constant forces 41 + j -3k
and 3i + :]—k which displace it from a point

142]4 3k to the point 51 + 4 + k. The work done
in standard units by the forces is given by .........

Let three vectors a, b and ¢ be such that ¢ is
coplanar witha and b,a-¢=7and b is
perpendicular to ¢, where a = — i+ j+ k and
b=2i+ l;, then the value of 2 |a + b + ¢|* is

(JEE Main 2021)

Let x be a vector in the plane containing vectors
a= 2i—j+l}andb=i+2j'—f(. If the vector x is

perpendicular to (3i + 2j - k) and its projection on

ais #, then the value of |x |* is equal to

(JEE Main 2021)

SHOE J0an.
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111 Round I

44+ 1. (c) 2. (d) 3. (d) 4 (c) 5. (d) 6. (a) 7. (@ 8. (a) 9.(d)  10. (a)
08 11. (a) 12. (c) 13. (b) 14. (d) 15. (a) 16. (a) 17. (c) 18. (b) 19. (b) 20. (a)
2 ‘ ‘ 21. (b) 22. (d) 23. (c) 24. (¢) 25. (a) 26. (a) 27. (d) 28. (d) 29. (b) 30. (a)
LA 31. (a) 32. (b) 33. (¢) 34. (a) 35. (d) 36. (b) 37. (b) 38. (d) 39. (a) 40. (b)
+ b 4 41. (b) 42. (d) 43. (a) 44. (d) 45. () 46. (¢) 47. (b) 48. (b) 49. (¢) 50. (b)
el 51. (d) 52. (d) 53. (d) 54. () 55. (d) 56. (b) 57. (d) 58. (a) 59. () 60. (¢)
:::: 61. (d) 62. (a) 63. (b) 64. (d) 65. (d) 66. (b) 67. (a) 68. (¢) 69. (a) 70. (a)
seei 71. (b) 72. (@) 73. (a) 74. (b) 75. (d) 76. (c) 77. (b) 78. (d) 79. (a) 80. (@)
cee 81 ()  82.(b)  83.(d)  84.(a) 8. (a) 86.(d) 8. () 88 (b)  8.(d)  90. (d)
S 91. (a) 92. (d) 93. (a) 94. (d) 95. (d) 96. (c) 97. (b)

eS8 8

L1 11

S22 Round II

:::: 1. (a) 2. (a) 3. (c) 4. (c) 5. (c) 6. (c) 7. (d) 8. (c) 9. (b) 10. (c)
008 11. (@) 12. () 13 (c) 14. (b) 15. (c) 16. (d)  17. (b) 18. (d) 19. (@) 20. (b)

21. (a) 22. (b) 23. (a) 24. (c) 25. (b) 26. (d) 27. (1) 28. (30) 29. (4) 30. (1)
31. (6) 32. (4) 33. (40) 34. (75) 35. (486)
Solutions

g Round_I P 5 @ _ ie. £lOTh OP1s£1+lJ,

— 1. Given, a, =xi - j+ kand a, =1+ yj + zk are collinear 2 2

Bl x -1 1

eee: Ty M) |OP|= [ ] ‘f =J1=1

LEL X N

T -1 1 s ; 5 5

sew = Xx=Ay=—,z=— which is required unit vector in XY -plane.

'IIY A A

*9 e 5w o o Jw fm 3. InAABC,let CB=a, CA=band AB=c

(I L1 xi+yj+zk=A-—j+ -k

L] : L 1] A A A

: . :: Unit vector parallel to xi+ y:i + 2k is

1T c b

1 1 Ai-j+k
()»1 -——j+= k) A
=+ =+ =
\/}r’ + % + % \/}Lz + % o a .
For A = 1 (as shown in the following figure)

- or Now, by the triangle law of addition, we have a=b+ ¢
e Itis+ T (i-j+k It is clearly known that |a|,|b| and | ¢| represent the
SN side of AABC.

Sl 2. Let OP make 30° with X-axis, 60° with Y-axis and 90° .

ot withZ-axis and it lies in XY-plane. A'lso, it is kgown t}?at the sum of the lengths 'of any two
T sides of a triangle is greater than the third side.
ee e

Y lal<|bl+|c|

L XN

- Hence, it is not true that |a|=|b|+ | ¢ |

T L

:::: 4. Firstly, determine the resultants of vectors a and b
T vector ¢=a+ b and then find the direction of ¢ by
: : e ‘: finding unit vector in its direction and then multiplying
a8 :; it by 5, we can find the required vector.

. Direction cosines of OP are cos30°, cos 60° and Givenvectars a=21+8]- kand b=1-2j+k
cos 90°. Let ¢ be the resultant of a and b.

bl —
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sLe=a+ b=(2§+3:i—f()+(i—2}+ l::)=>c=33+}+0f(
Comparing with X =i+ y3+ zk
ICI=\/x2+ y2+22=\/32+1=,/9+ =410

. Unit vector in the direction of ¢,

é_£_33+ji
lel V10

Hence, the vector of magnitude 5 units and parallel to
the resultant of vectors a and b is

1 310 » + V10 -
J10 g T g !
. Let the given points be A(-1,-1,2), B@2,m,5) and
C(3,11,6).
Then, X ) o o
AB=Q2+1i+(m+1)j+ b-2k=3i+@m+1)j+3k
and AC=@+1)i+ (11+1)j+ 6-2k=4i+12j+ 4k
Since, A, Band C are collinear, we have AB=A AC,
ie. (3§ + (m + 1)} + 3]1) = A(4i + 12} 4 411)
= 3=4landm+1=12A
Therefore, m =8

t56=+5—@i+j) =t

A Here,m:cos§=iand n=cosg=0

V2
Therefore, >+ m?*+ n*=1 (gives)
2+ % +0=1
= l=%

tol-

Hence, the required vector r = 342 (li e m} kS nl:x) is
given by

r=3&(iii+ig+oﬁ)=r=i3;+33

V22
. Median AD is given by

|AD|=%|3§+}+511|=§

. The smallest value of | ka| will exist at numerically
smallest value of &,

i.e. at k =0, which gives | ka|=|k||a|=0x3=0

The numerically greatest value of kis 2 at which | ka| =6

. Given that, OA=aand OB=b
Let ¢ be the position vector of c.

Also given, BC=1.5BA

= 0OC-0B=1.5(0A- 0B)
= c-b=15(a-b)

= c=15a-15b+b
= c=1.5a-0.5b

= c¢=0.5Ba-Db)

T-MATHEMATICS

10. Let a =3i-6j+kand b=2i -4j+ Ak

Since, a and b are parallel, then

a=ub
= Bi-6j+k)=u@i-4j+ Ak)
= 33—6:i+l}=2ui—4u:i+kpf{
On comparing, we get
3
2u=3=>u=§
and ku:l:l-%:l: X:%

11. Let the given points be A, Band C. Let O be the origin.

Then, OA =a -2b + 3¢, OB=2a + 3b - 4c
and OC=-7b+ 10¢

Now, AC=0C-0OA
=(-7b + 10c) - (a - 2b + 3¢)
=—-a-5b+ Tc
AB=0B- 0OA
=2a+3b-4¢c)-(a-2b + 3c¢)
=a+5b-"Tc
AB=-AC = (-1) x AC = scalar x AC
Hence, the points A, Band C are collinear.

12. If a and b are two non-zero non-collinear vectors and
x,y are two scalars such that xa+ yb=0, then
x=0, y=0. Because otherwise one will be a scalar
multiple of the other and hence collinear, which is a
contradiction.

13. All points A, B,C, D, E are in a plane.
- Resultant = (AC+ AD+ AE) + (CB+ DB+ EB)
=(AC+ CB)+ (AD+ DB) + (AE+ EB)
=AB+ AB+ AB=3AB

14. R, =2i + 4j -5k and R, =i + 2j + 3k
D o

Ro

A R, B
~ R (along AC) =R, + R, =3i + 6 -2k
R _3i+6j-2k
IRl \9+36+4

=%(3§+6:i—2l})

. a (unit vector along AC) =

SHICE 20aM..
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15.

16.

17.

18.

19.

I T - JEE | HEET | CBSE

Let O be the origin.
BE+ AF=0OE- OB+ OF-0OA
=OA; OC—OB+ OB+ OC—OA
=%+%+ %_OA.{.%_ OB
2 2 2 2
=0C_OA+ OB=OC—OD=DC
Given that, OA =i + xj + 3k, OB=3i + 4j + Tk

0C=yi-2j-5k

Since, A, B, C are collinear.

Then, AB=A BC

=  2i+ @-2)j+4k=27A[(y-3)i-6j-12Kk]

On comparing the coefficient of i, } and k we get

and

2=(y-3)A ...(1)
4-x=-6)\ vos(il)
and 4=-12\

1
= A= 3 ...(111)
On putting the value of A is Egs. (i) and (ii), we get

y=-3andx=2
Let position vector of Bis r.
, B0
P(a)
A(a + 2b)
a=2r+3(a+2b)
2+3
= 5a =2r + 3a + 6b
= 2r =2a —6b
r=a-3b

DA+ DB+ DC+ AE+ BE+ CE
=(DA+ AE)+ DB+ BE)+ (DC+ CE)
=DE+ DE+ DE=3DE

For collinearity, cos xi + sin xj = A(xi + sin xj)
= CoSX =X
Let f(x)=cosx—x

= f'(x)=-sinx-1<0

f(x) is decreasing function and forng, f(x) <0 and
m n

for —<x<—, f(x)>0.
8 5 f)

Hence, unique solution exist.

IIT-MATHEMATICS

20.

21.

22,

23.

To determine the angle between a and b we can use the
formula cos 0= —~

la|lb]
It is given that |a|=+/3,|b|=2and a-b =6
Let 0 be the required angle, then
_ab 6 1
“lallbl VBx2 2

= 0= cos_l(ij = cos_l(cos Ej -
V2 4) 4

Hence, the angle between the given vectors a and b
is /4.

0s 0

B
c a
0
A b G
lal=8,Ibl=7,lc|=10
bl +lcl-lal® _17
cosf=——-——— = —
2|blle| 28
Projection of con b=|¢| cos 6
=10X£=8—5
28 14

The given vectors are a = 2i + 2} - 3];, b=-i+ 23 +k
and ¢ =3i + ]
Now, (a+Ab)Lc
= (a+Ab)-¢=0
(. scalar product of two perpendicular vectors is zero)
(@1 + 2] + 3K) + A(-i + 2] + K)]- Bi+ J) =0
[@-M)i+@+20)j+ @+ Vk]-Gi+j)=0
@-AM3+@+2M)1+ @B+ A)0=0
6-3A+2+2A=0=8-A=0=>A=8
Hence, the required value of A is 8.

(given)
=
=
=
=

As a, b and ¢ are unit vectors, so use |a|=|b|=|c|=1

and expand (a+ b+ ¢)-(a+ b+ ¢) to get the value of

a-b+b-c+c-a.

Given, |a|=|b|=|c|=1anda+ b+ ¢c=0

We have, (a+b+c)(a+b+c)=0

=a-(a+b+c)+b-(a+b+c)+c-(a+b+c¢)=0

= a-at+a‘b+a-c+b-a+b-b+b-c+c-a

+c-b+cec=0

= |al’+|bP+|c/+2(a-b+b-c+c-a)=0

(ra-a=|lal*anda-b=b-a)

=3 1+1+1+2(@-b+b-c+c-a)=0
¢:lal=|bl=]ec|=1)

= 3+2(a-b+ b-c+c-a)=0

= a-b+b-c+c~a=—g

E P SIVOE 20N
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24. Here, we have to find ZABC i.e. angle between BA
and BC, so first of all, we have to calculate both these
vectors after that we can find the angle between them
by soae o) (B

|BA[|BC|

We are given the points A(1,2, 3), B(-1,0,0) and
C(,1,2). Also, it is given that ZABC is the angle
between the vectors BA and BC.

Here, BA =PV of A-PV of B
=(i+2}+3l})—(—§+03+01})
=[i- (-i)+ @j-0) + Bk -0)] =2i + 2j + 3k
IBAI=y@)%+ @7+ @) =4+4+9=417
BC =PV of C -PV of B
=(0i + 1j + 2k) - (-i + 0j + 0k)
=0~ (-i)+ (1j-0)+ €k -0)]
=§+:i+2f<
IBCl={@)?+ (1)*+@)>*=1+1+4=+6
Now, BA-BC = @i + 2j + 3k)- (i + j + 2k)
=2%x1+2%x1+3%x2=10

BA-BC 10
e = ZABC) = —2 _
0s0= paiBC) )= e
= LABC=COS—I(%)

25. Given two vectors lie in xy-plane. So, a vector coplanar
with them is

a=xi+yj
Since, al (i —:i)
= @i+ G-)=0
= x—y=0hﬁahc=y
a=xi+xj

and |a|=\/m=xx/2—
. Required unit vector=|%|=x(ijij)=%(i+:i)
26. Leta=i+j+k b=2i+4j-5kandc=Ai+2j+3k
Now, b+c=2i+4j-5k+Ai+2j+3
=@2+Mi+6j-2k
b+ cl=y@+ M)+ 6)* + (-2)°
=4+ A+ 40+36+4 =N +4) + 44
The unit vector along (b + ¢),
b+ec @+M1)i+6j-2k
Ib+el h2+4nr+44

Scalar product of (i + 3 4 l:x) with this unit vector is 1.

2 2.2 bte
i+j+k)- =1
@i+ )|b+c|
v Geleip@riiledi-gk
A +4r+44

il
T-MATHEMATICS

12+ M) +16) +1(-2) _

1
A2+ 4h + 44

@+A)+6-2

VA2 + 4 + 44
A+6=4A2+4\+44

A+6)2=22+4r+44
A +120+ 36 =22+ 4A + 44
8L=8=A=1
Hence, the value of A is 1.

1

U

L iul

. Let a and b be two unit vectors and 0 be the angle

between them.

Then, lal=|b|=1

Now, (a + b) is a unit vector, if
la+bl=1=(a+b)*=1

= (a+b)-(a+b)=1=a-a+a-b+b-a+b-b=1

= lal*+|bl*+2a-b=1 (ra-b=b-a)
= 1°+1%2+2a-b=1
= a-b=—1=>|a||b|cose=—l
2 2
1
= 1X1XcosO=-=
2
= (:os():—l:(izat
2 3

. Since, position vectors of A,B,C are 23—:i+1},

i—3}—5f(andai —3}+ ﬁ, respectively.

Now, AC=(@i-3j+Kk)-QCi-j+Kk=(-2)i-2]
and BC=@i-3j+k-(-3j-5k)=(a-1)i+6k
Since, the AABC is right angled at C, then

AC-BC=0
= @a-2)i-2j}-{a-1)i+6k}=0
= (a-2)(a-1)=0

a=landa=2

. We have, Ab + c=AGi+ j-2k) + (i+3j- k)

= +1i+ O +3)j-@\r+ 1k

Since, al(Ab+ec)a-Ab+e¢)=0

= @i-j+ k) [0+ Di+(A+3)j-Cr+1)k]=0

= 20+1)-A+3)-@r+1)=0
A=-2

. Projection of a vector a and b is

a-b_Qi-j+k)-(i+2j+2k 2

Ib| J1+4+4 3

. We have,

(3a-b)?=3a%+b*-2/3a-b
V3 V3

= a-b=—=c0s0=—=0=30°
2 2
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@28 32 LetOA=i+j-k OB=2i-j+3k, " CE )
oo 0C=2i-3kand OD=3i-2j+k Ipl”
B3 hion oa-ei b 64k . a2
L L L.l . i
-4+ =i-2j+4k L o p-p
44+ CD:pDTOCf @Bi-2j+k) - Qi-3k) 37. Given that, |a|=3,|b|=4 and a + Ab is perpendicular
++ =i-2j+4k toa - Ab.
4+ . Projection of AB along CD is=AB'CD (a+Ab)-(a-24b)=0
A .. . . . cpi = a-a-a-bL+Aib-a-xb-b=0
S =(1—2.|+4k)-(1—2_)+4k) 5 lal>= A2 bl2=0
+ae J1+4+16 . lal . lal_3
b4 1+4+16 _ 21 = T i
T el . S SO ) Ibl [b| 4
coe AL gE 5n _ lallblV3
b 33 |lu+ v+ whl=lul+ v+ |wP+2(u-v+ v-w+ w-u) 38. - a'b=|allblcos?=—72
T
2o = 0=9+16+25+2(u-v+ v-w+ w-u) ) _iz_|a||b|\/§ (given condition)
:::«: = uv+v-w+t wou=-25 . J3 2 b -
e 34. Since, the given vectors are mutually orthogonal, - |a|=6><2=4
therefore
a'b=2-4+2=0 39. Let a=xi+yj+z2k
) :.C=AA_1+2“=O (1) a-i:(xi+yji+zl;)-i=x
c=2A+4 =0 P A A A A oA
me i " a-G+P=(i+yj+ k) G+Ph=x+y
- On solving Egs. (i) and (i1), we get A LT T
R AAs u=2 and A=-3 anda-(i+j+k)A=(xi+kyjj-zk)-(iﬁ+kj+lﬂi)=x+y+z
T Hence, (A, n)=(-3,2) ~+ Given that,a-i=a-(i+j)=a-(i+j+ k)
L B
DSOS 35. la-bl*=|al*+|b*-2lal|blcos 6 ,?ake :;:j;x;:{)”
41y = la-blP=1+1-2c0os60°=2-1 and X+ y=x+y+2z=2=0
:::: = la-b|=1 = x has any real values.
:::: 36. Given Now, takex=1 - a=1i
: :: : (1) A parallelogram ABCD such that AB= q and AD = p. n (+k)- (3 - ; + ak)
eee: (i) The altitude from vertex B to side AD coincides M i
T T with a vector r.
- 5
To find The vector r in terms of p and q. s 1_ 1+a = lz (1+a)
Let E be the foot of perpendicular from B to side AD. 2 \/5,/2+ a® 4 22+a’)
AE = Projection of vector q on p=q- p= (Il_‘l) = 2+a’=2(1+a’+2a)
P = a’+4a=0 = a=0,-4
AE = Vector along AE of length AE 5(6§+23+3f() 3(33‘2:i+6i()
% a-p| _@-pp 41. - F = Fy=
- :IAEIAE:(—)[):—:Z—' . 7A . 7
MM Ipl Ipl p _1@i-3j-6k)
T D C 3 7
TRy andF=F +F,+ E;
e 1 N - . o X o .
e E =—(30i + 10j + 15k + 9i - 6j + 18k + 2i - 3j - 6k)
p r T
L XN 1 AR A
cee. A B =L @1i+j+27k)
T IY q 7
TIl _gh R o of R ob of i
:::: Now, applying triangles law in AABE, we get g AE=g "1+ kA 21+kt3k A3l +A4k
09 AB+ BE= AE .'.Workdone=?[4li+j+27k]-[3i+4k]
_@Q-pp
= = ol =%[123+108]=33units
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b 42. - X a =0
117 =1
141 s (3 Z 2, oSS
2
:::: i=la, '=la |a| +1<J<J<na aj
===: =» 0= n+2]zz a;-a;
Si<J=n
. x 2Y a-a
B 1<i<j<n
: : : { 43. According to given information, we have the following
- .. ﬁgure.
'y a+b
-ne
XYy d
Ty
Il X
Iy
‘I 1 1
I1ll a
: : :: Clearly, projection of b on a=—
11T o al
098 (i + byj + +2k) (i + j + V2Kk)
J12+ 1%+ (2)°
b+ by +2 b+ by+2
V4 2
i But projection of bon a =|al
299 e R,
.o - BABAR 0 byt Bym2 )
LB 2 &
:::: Now,a+b=(i+j+J§k)+(b]i+b2j+J§k)
cee = (b, + 1)i + (by+ 1)j + 242k
:::: * (a+ b)L ¢, therefore (a+ b)-¢=0
444 ={ (b + )i+ (by+ 1)j+ 22K Gi+j+2k) =0
11 = 5(by + 1)+ 1(by + 1) + 2J2(¥2) =0
444 5b, + by =10 ...(ii)

=
From Egs. (1) and (ii),
by=-3and b, =5

= b=-3i+5j+2k
= Ibl=y(-3)2+ 6)* + (v2)* = /36 = 6
44. Given, la+bl<1

= J1+1+2cos2a<1
= J2(1 + cos2a) <1

' = Vdcosla <1 = |cosa|<%
]
= T ca<? (0sasm)
3 3

45. Given that, |a]=2v2,|b|=3

The longer vectors is5a + 2b+ a-3b=6a-b
Length of one diagonal = |6a — b|

=/36a%+ b®-2x6|a||b|cos45°

DR RRRRRRR R R RN

JTI1IXI RSN RN OO
ITII XTI o

1
= [36X8+9-12X2J2 x3x ——
\/ V2

=,/288+9-12x6 =225 =15

bl
IITI-MATHEMATICS

46.

47.

48.

49.

50.

51.

52.

Other diagonal is 4a + 5b.

Its length = \[16 x 8 + 25 x 9 + 40 x 6 = /593

+
Let the unit vector lﬁj is perpendicular to i- ], then

we get

=0

(i+3)-G-j) _1-1
V2 V2
i+

o s the required unit vector.

V2

Clearly, angle between a and b = g =a-b=0
la+blf=a’+b%+2a-b=1+1+0=2

= la+b|=+2

- a, b and ¢ are pth, gth and rth terms of HP,

respectively

(Q*’")+ ("*P)+ (r-q
a b ¢
= u-v=_0

=0

' p, q and r are reciprocal vectors of a, b, ¢ respectively.
wp-a=1,p-b=0=p-cetc.

.. (la + mb + ne)-(Ip+ mq + nr) = P+ m” + n*
Let ¢= a+ b where a, b and ¢ are all unit vectors
c¢’=a”+ b*+ 2ab

= 2a-b=-1
Againja-bl*=a’+b*-2a-b=1+1-(-1)=3
la-b|=13
Since, |a + b|<|a - b]|
la+bl*<la-bf

= a’+b’+2a-b<a’+b’-2a-b
= 4a-b<0
= a-b<0
= cos 0 <0 = 01is obtuse.
Let OA=x|:1 + yI:i and OB=x2§ + yzji,
since1 =0A.i=x and-2=OB.i=x,
Moreover, y, = x; and y, = x; = 4, 50

OA =i+ jand OB=-2i + 4j.
Hence, |20A - 30B| = |8i - 10j| = /164 =2./41
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53. (x-a)(x+a)=8=x=3
To determine (x — a), we have
(x-a)=9+1-4=6sothat
Ix—él—\/gandsimilarlylx+ al=+14

28020009
L IIITI1];
' TIITT]]
A . N e

T T T Then, (x-a)-(x+a)= V14 x /6 cos ©
& o & = 8=+14 x /6 cos 0
4 = cosE)—i
333 V21
el 54. Given vectors,a=1i-2j+ kandb=1i- j+ kand e, such
g thatbxc=bxa
Iy — bx(c-a)=0
TTY
:::: = bllc-a
T1L = c-a=Ab=>c=a+ib
'T11 . A B
(T 1] = c=1+Mi-Q2+M)j+(1+A1k
T .
(111 4 c-a=0 (given)
444 = (+0)+2@+1)+1+1)=0
= 4h+6=0
= A=—§
2
le 14 1o»
e i c:——l—_J-—_
TR 2 2 2
- o ow SO c.b=_l+l_l=_l
& 2 2 2 2
{ I I
N Hence, option (c) is correct.
L I N N
XLy 55. Since, (2u x 3v)is a unit vector.
TTY
" 1 L = |2u x3v|=
TTY
TR = 6|lullvl|lsin8]=1
T11 i
:::: = sin 6=~ [ lal=|v]=1]
1TY 6
: : :: Since, 01s an acute angle, then there is exactly one
2 L1 value of 0 for which (2u x 3v) is a unit vector.
56. We have, |a|=|b|,|]axb|=|alanda-b=0
|laxb|=|a||b|sin90°
lal=|allb|
= |b|=1=|al=|axb|
ki la+b+ (@xb)|*=|al*+|b|*+laxb/’
A +2(a-b+a-(axb)+b-(axb))
A = la+b+@xb)|’=1+1+1+0=3
Figrgad Now, angle bwtween (a+ b+ (axb))and ais
—ee — (a+b+(axb)-a
Ty la+b+(axb)||al
L X X NI
Ty 2
:==I cosez|a|+a-\})_+a-(a><b)
1
- 3 x1
:::l cose—1+0+0
+44 3
1
6=cos"l(—)
V3

il
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57.

58.

Given three unit vectors a, b and ¢ such that

a+b+ec=0 ...()

If we do dot product in Eq. (i) with a,b and ¢, then we
get relations

a-a+a-b+a-c=0
= a-b+a-c=-1,b-a+b-c=-1
andc-a+c-b=-1
~.On adding above three obtained relations, we get
2(a-b+b-c+c-a)=-3 (ra-b=b-a)

=i=a-b+b-c+ c-a=—g

If we do cross product in Eq. (i) with a, b and ¢, then
we get relation

O+axb+axe=0

= axb+axec=0
and bxa+bxe=0
and cxa+exb=0

~axb+bxc+ecxa=3axb)=3(bxec)=3(cxa)
~ d=3axb=3bxc =3cxa
From the given options the ordered pair,

(A,d)=(—g,3axb)

Adjacent sides of a parallelogram are given as
a=2i-4j+5kandb=i-2j-3k

Then, the diagonal of a parallelogram is given by
v=a+ b.

a

(. from the figure, it is clear that resultant of adjacent
sides of a parallelogram is glven by the diagonal)

v= 21—4_|+5k+ 1—2] 3k
=@+1)i+(-4-2)j+ 6-3k=3i-6j+2k
Comparing with X =xi+ y}+ zl;, we get
x=3,y=-6,z2=2

|v|=w/x2+ y2+22
={@)%+ (-6)* + )°
= 9+36+4=49=7

Thus, the unit vector parallel to the diagonal is
1_31 6]+2k 3A 6* 2%

PR A
i j k
Also, area of parallelogram ABCD,laxb|=2 -4 5
1 -2 -3

=11(12 + 10) - j(-6 - 5) + k(-4 + 4) | = [22i + 11 + O]
=©@2)2 + 11)% + 0% = J(11)%@? + 1) = 115 sq units
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: : :: 59. The vector which is perpendicular to both a and b most - Area of AABC = 1 |ABx AC|
b be parallel a x b. Now, 2
228 i § ok L) G-3}+ kyx @1 +3j-4i)|
s G =—|({-3j+ k) x Bi+3j—
S35 L 2-iesey-io-oi 8w oy
Leteh axb=[1 4 2(=1@28+4)-j(7-6)+k(-2-12) li : &
3 -2 7 | .
=32i - j- 14k 3 3 _4
ReS! Letd = Aa x b) = A(32i - j - 14k) =Liaz-9)-j4-3)+ k@ +9)|
' R A 5 & % 2
v v o Also, c-d =15 = @i - § + 4k)- 1323 - j - 14k) =15 f s 5
il ==[9i+ 7j+ 12K|
OO = 2% (320) + (1) x (1) + 4 x (-14A) =15 2
eos. = 64) + A ~B6L=15 B gy g L
Iy 2 2 2
"1 1 1 = 9)\,=15 =g & ” " . R
88l 15 5 63. Given vectors o =3i+ jand E =2i-j+3k
TIT s ko= vy g 5 3 25
EE:} 9 3 and B = B,~ B, such that B, is parallel to o and B, is
i ~ ~ A~ 3
T g (323 - § - 14k). perpendicular to o
So, B, =ha=A@i+]j)
60. Using the formula|a x b|=|al|-|bl||sin 0], we get oL o o
" Now, B,=B,-B =A@i+ j)-@i-j+3k
=+ — ~ ~ o
o E 6 =@Br-2)i+ (A+1)j-3k
i :. Therefore,a-b=lal-|b|cos6=8x3x3x§=12J§ ﬁz is perpendicular to o, so 32-0(:0
EEN ) & s s a W w [since if non-zero vectors a and b are
DO 61. Given vectors arei a :A31 T 2j+xkandb=i-j+k perpendicular to each other, then a-b =0]
css ij ok (BA-2)@)+ (. +1)(1) =0
T - =
ety a><b_|3 2 x| = 9A-6+A+1=0
Tt |1 =1 1| = 10A=5
Ty ! ) A ;
-4+ —i@+ %) -jB-2+k(3-2) - -
444 = (v +2)i + (x-3)j - 5k N
1T . ~ So, B =<i+z]
00! = laxbl=y@+2?+ (x-3)%+25 2 2
2 - = 18 e ] 8 . la 8 o2
=\/2x‘—2x+4+9+20 and Bz-(5—2)1+[§+1)]—3k——§1+51—3k
=\/2(x2—x+l)—l+38 v &
4) 2 :}} J k
- o 1
2 xB,=| = = 0
e = z(x-l) ol PixBo=3 3
M 2 -1 3 3
PP 75 1 o 2 2
So, J|axb|>,[— [at x=—,|a x b|1s minimum]
2 2 {2129 4{3+3)
- =i -=—=-0 -3 — =01+ —if—
sew 3 2 2 4 4
- = r25,|— 32 Ox Bax 1 » A X
ces 2 s fop 25 D= (0l 0] + BR)
Tt 2 2 2 2
el 62. Let position vectors of A, B and C are;
444 : L ot e sl %, uf 64. Leta=ai+a)j+ gk
eoe: OA =i+2j+3k OB=2i-j+4k . Leta=a,i+ay+ay
i:'l and OC=4i+5j-k Now, (a x i) = (@i + aj + azk) x i
117 R, o
334 Now, AB=OB-OA=@i-j+4k)-(@+2j+3k ik
=i—3?i+f( =la; ay ag| =-j(-a3)+k(-ay)
and AC=0C-OA=(@i+5j-k)-(i+2j+3k) 1 0 0

=3i+38j-4k e on
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:::: Similarly, (ax j)=(a,i+ a.j+ a;k)xj ijk o
:::: :all}_asi c=bxa=|0 1 0/ =zi-xk
" A A " " &
-4+ and (axk)=(a,i+ ayj + a;k) x k Yoz
001 % 3 . 2. %, 2ot e
(11T =-qa,j+ a5 69. Giventhat,a=i+ j+ k,b=1+3j+5k
!.-1 - . “ & 5 "
b+ Now, (axi)=(axi)(@axi and c=Ti+9j+ 11k
+ 4 =(a33-azl:l)-(a3:i-azfi) LetA=a+b=(i+j+k+ (i+3j+5k=2i+4j+6k
4+ :a§+a§ andB:b+c:(§+3:i+5f{)+(7§+93+1111)
soe. (@xj)*=ai+aj =8i +12j + 16k
EERE PN2_ 2, 2
:::: and (axk) =a; +a; If A and B are diagonals, then area of parallelogram
. )2 %2 )2 E & 8
:::: ..(a><1)+(ax1)+faxk) o . 1, i k
:::: =a32+a§+al24i—ag+al‘+a§ =§|AXBI=§2 4 6
‘T 1 1 :2(af‘+ag+a32) 8 12 16
111 2(a,i + ag) + a5k)- (0,1 + a) + agk)
TI1L =2(a,1 + aqj + azk)- " " p
M TT o R ~Liiea-72)-jB2-48)+ k@4 -32)|
444 =2a-a=2a’ 2
1 1 = a = -
65. Given that,|a|=10,|b|=2and a-b=12 =§|—8i+16j—8kl=|—4i+8j—4kl
J a-b=|al|b|cos® 2 ; :
_ =47+ ®) + (-4)°
= 12=10x%x2-cos0
3 = /16 + 64+ 16 = /96 = 4.6
=» cos=— = = .
<o 5 . Force F=AB=03-1)i+(-4-2)j+ 2+ 3)k
. s axb=|al|blsin6-n —2i-6j+5k
g - |a><b|=|a||b||sm9|-|1:| E+1nl=1l] Moment of force F with respect to M = MAx F
. = L e MA =(1+2)i+ @-4)j+ (-3 +6)k=3i-2j+3k
cee ~20.| T-9/25| s on
coe ij
:::: —QOX\/E‘—Z()le Now, MAxF=@3 -2 3
X 25 5 9 -6 5
TIY
LTIT = |a xbl=16 . R £
111 =i(-10+18)+ j(6 -15) + k(-18 + 4
:::: 66. The number of vectors of unit length perpendicular to lf i ), i 5) + k( )
98 thevectorsaandb:ilale =8i-9j-14k
ax
P a 5 & . Given that, |al|=|e|=1,|b|=4
Qi+ j+2k)x(G+ k) )
=t ———= A Let angle between b and ¢ is o, then
[@i+j+2k)x(j+ k)| )
s & A u Ibxel=415 (given)
_g G2 -204 ) > Ibllelsina =15
_, i-2j+2Kk) 4x1 4
i T 1+4+4 .
EE . . . (,'oscnt:1ﬂ1—51n2()t:l
- e e _+(—i—2j+2k) 4
il T J9 We have, b-2c=%a
:::: =i1(—§—2:i+21:x) On squaring both sides, we gzet .
‘T Y 3 (b-2¢)*=A"(a)
:::: . Required number of vectors is 2. - b2 + 4¢% - 4b-c = 32a2
-4+ 67. a-(b+c)x(a+b+c) = 16+4-4|bllclcoso =24
L L 1] = f—
-4+ =a-j-axb+bxe+exa+cecxb) . 16+4—4x4x1xl=12
T 11 =a-(raxb+exa)=0 4
68. Since, the vectorsa=xi+yj+zkandb=]j = N=16+4-4=16
are such that a, ¢ and b form a right handed system. = A=14

E P SIVOE J0R.
A T
STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS



"

JTIIET RN ERRE N NI ANEEE
TI IR FIEERRERE NN NN E
TIITIZEIEREER RN EE

SRR RRRRRRE RS
I 1T T IR T RN NN N

TI I XTI RN NN NN N N
B
e e

- :
T - JEE | MEET | CBSE

STUDY CI

EDUCATIONAL PROI

72. Given that vectors ki+3+2f(,i+k}—l::and2i—:i+kf(
A1 2
are coplanar, then{l A -1/=0

2 -1 A
AP -1)-(h+2)+2(-1-21)=0
B -A-A-2-2-41=0
¥ -6r-4=0
RA+2) -2 +2)-200+2)=0
A+2)(W2-21-2)=0
A=-2

Luss sl

73. [a-bb-cc-a]
={(a-b)x(b-c)j-(c-a)
=(axb-axec-bxb+bxe)(c-a)
=(axb+cxa+bxec)(c-a)
=(axb)-ec-(bxc)a
= [abc] - [abe] =0
74. We have, [a+ bb+ cc+ a]={a+ b)x(b+ c¢)}-(c+ a)
=(axb+axc+bxb+bxc)(c+a)
=(axb+axc+bxe)(c+a) [bxb=0]
=(axb)-c+(axc)ec+(b+c)c
+(axb)a+(axec)a+(bxe)a
=[abe]+0+0+0+0+ [bea]
(. [ace] =0, [bee] =0, [aba) =0, [aca] =0
= [abe] + [abe] =2[abc]

75. Given, a, b and ¢ are three non-coplanar vectors and p,
q and r defined by the relations

bxc cxa axb
= ,q= andr =
[abe] [abc] [abe]
a-bxe a-(bxe)
a- p = — =
[abc] [abc]
and a.q:a.cxa :M:
[abc] [abe]
Similarly, b-g=c-r=1

and a-r=b-p=c-q=c-p=b-r=0
s (@a+b)p+(b+c)q+(c+a)r
=a-p+b-p+b-q+cq+cr+a-r

=1+1+1=3
76. The three vectors (a+2b+3c),(Ab+4c¢) and @L-1)¢
1 2 3
are non-coplanar, if |0 A 4 [#0
00 2rA-1
5 @A -1)0) %0 = uo,%

So, these three vectors are non-coplanar for all except
two values of A.

77. Given vectors are i+ A} +k }+ Ak and Ai + k, which
forms a parallelopiped.
. Volume of the parallelopiped is

il
T-MATHEMATICS

= V= -r+1
On differentiating w.r.t. A, we get
4V a1
dA
; ; av 1
For maxima or minima, — =0=A=+ —
dh V3
1
2 243 >0 , for A=—
and (cii—))g =6A= J§1
243 <0 , for A=——
V3
d* . . 1 L
.+ —— 18 positive for A = —, so volume V’ is minimum
aZ P NS
1
for A =—
V3
78. Since, given vectors a, b and ¢ are coplanar.
1 1 1
1 -1 2 (=0
x x-2 -1
= 1{1-2(x-2)}-1(-1-2x)+1(x-2+x)=0
= 1-2x+4+1+2x+2x-2=0
= 2x=-4
= x=-2

79. Let unit vector is ai + b} + ck

cai+ b]' + ckis perpendicular to it 3+ k

Then, a+b+c¢=0 ...(1)
anda§+bji+clA(,(i+3+2l:{)and(i+23+l‘()are
coplanar.

a b c

1 1 2|=0

1 2 1
= -3a+b+c=0 ...(i1)

From Egs. (i) and (ii), we get
a=0andc=-b
ai+ b} + ckis a unit vector, then

al+ b2+ =1

=5 0+b%+b%=1
= b=L
2
5 & & 1a 1.a
ai+bj+ck=—=j-—=k
! NCRN
-k
2
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T1T 80. We know that, if a, b, ¢ are coplanar vectors, then 83. [ikjl+[kjil+[kil=[ikjl+[ikj]-[ikj]
444 [abe]=0 i T
1Tt =likjl=i-(kx})
$11 o i
e8! 1 A 4 |=0 . B =l.(._l)=._1 :
44+ 9 4 M¥-1 84. Given, a=pi+j+k b=i+gj+k and c=i+j+rk
4+ = 1IA02-1)-16}-2(2-1)-8) +4 are coplanarand p#q#r#1.
DO @-20)=0 Since, a, b and ¢ are coplanar.
Ry = B -A-16-2)2+18+16-81=0 - ’1’ ! i .
Bl = 2 -2)2-9\+18=0 - & by a=0 = 7 2=
i XA-2)-9(A-2)=0 el
P = ( ) =9 ( )=
o8 2 = p@r-1)-1(r-1)+1(1-9)=0
413 - a~810 ~0=0 = pgr-p-r+1+1-q=0
T TY = A-2)(A+3)(A-3)=0 pgr-(p+q+r)=-2
LA Ll
Il o A=2,3o0r-3 85. Angle between the faces OAB and ABC is same as angle
: : :‘: IfL=2, then between normals of the faces OAB and ABC.
:::: i gk Vector along the normals of OAB
axec=|1 2 4 i j k
243 =1 2 1|=5i-j-3k=a (let)
=i6-16)- j3-8)+ k (4 -4)=—-10i + 5j 213
A i 3 k Vector along normals of ABC
MG IfA=%+3 thenaxec=(1 2 4(=0 i :' 1.
o 2 48 =|1 -1 2|=i-5j-3k=b(et)
L I I
sew (because last two rows are proportional). =2 =1 1
L B N N
seei 81. Given that,|a|=1,|b|=3and|c|=5 . _ab 5+5+9
'R E X o COSO—I llbl————35 35
I1x - = - a
e [a-2bb-3cc-4a] "
889! = (a -2b)-{(b - 3c) x (c - 4a)} - ezcos-l(i)
:::l =(a-2b)-{bxc-4bxa+12¢c x a}
:::: =(a-2b)-(a +4c+ 12b) 86. Given vectors, pi+ j+ k, i+pj+ k i+ j+puk will be
' I11 =a-a-24b-b=1-24x9 coplanar, if
T
=1-216=-215 k11
82. As we know, the volume of parallelopiped, where L & L|=0
coterminus edges are given by vectors 1 1w
a=i+j+nk b=2i+4j-nk = u@i-1)-1@-1)+10-p)=0
and c=i+nj+3k (n>0),is = M- [pu@+1)-1-1]=0
i 11 n = w-1)[n*+pn-2]=0
PO 2 4 -n|=158 [given] = - [@+2)@-1)]=0
. 1 n 3 => p=lor-2
: : : : = 112+ nd) -16 + n) + n@n -4) =158 So, sum of the distinct real values of
sew = 3n’-5n+6=158 p=1-2=-1
:::: = 3n*-5n-152=0 87. Since, A B C from a left handed system
:::: = 3n“-24n+19n-152=0 [A, B, C] <0
:::n = Bn+19)(n-8)=0 PR
| 1)
'T1Y = n=8asnz=0 S m
343 a=i+j+8k b=2i+4j-8k Now: AXB=1 g ;“““6’“"
M 2 ot of 1
e and c=i+8j+3k
a-c=1+8+24=33 C=-11i+6j+ k so that
and  b-c=2+32-24=10 [ABC]=-121-36-1=-158<0

il - —
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LE & NI
T
L X X NI
Iy
TIL
Ll Ll 5 é i
T 88. Since, the volume of parallelopiped whose coterminous
TIT A a G & ok R A @ &
.-:q edgesareu=i+ j+ Ak v=i+ j+3kandw=2i+ j+ k
L 111 ;
L1 L1 18
( 1 1 1] 11 A
Tt ) ,
LT ] [uvw]=|1 1 3|=1cucunit (given)
S i |2 1 1|
e =11-3)-11-6)+A(1-2)|=1
PG = [-2+5-Al=1
- - IA-3|=1 = A-3=%1
'Yy
smwi = A=2,4
L R B N . .
T TY Since, angle between u and w is 6, so
'TIY
288 c0s 0= 2+1+A
soe 141+ 2 fa+1+1
444 __Ia+3|
333! Fns
for k:2,cose=9
6
for A=4 cose—i
' 63
i 89. Given three vectors are
| a=a§+}+3f{
it b=2i+j-ak
S and c=0i-2j+3k
L B N N
[ o 1 3
Ty
Ll Clearly, [abc]=|2 1 -«
I
esawi a -2 3
'IT1X =
111 = (3 -20) - 2 I
444 o@B ‘)2(1) 16+0°)+3(-4-o)
L X 1 1 =-30"-18
Tl N
e00( =-3(’+6)
> There is no value of o for which — 3(a:* + 6) becomes
a 1 3
zero,so=|2 1 -o|[labe]#0
a -2 3

= vectors a, b and c are not coplanar for any value
oa€R.

el So, the set S ={a.: a, band c are coplanar} is empty
.. set.
ces. 90. a x [ax (axb)]=ax{(a-b)a-(a-b)b}
E E E :I (expanding by vector triple product)
:::: =(a-b)(axa)-(a-a)(axbh)
4+ o A=(a-a)(b><a) - [-axa=0]
:::: 91. a-c=(i+j+ k)-i=land b-e=(@{+j)-i=1
:::: Now, (axb)xe=(c-a)b-(c-b)a=ub+ Aa

= u=c-aandA=-c-b

= pu=land A=-1

M+A=1-1=0

92.

93.

94.

95.

96.

97.

We have, a=§+2:i+31}
and b=ix(axi)+}x(ax})+ﬁx(axﬁ)
=3a-a=2a=2(+2j+3k)
o Ibl=/4+16+36 =56 =214
We have, axb+c=0
= ax(axb)+axe=0
= (a-b)a-(a-a)b+axe=0
= 3a-2b+axc=0
= 2b=3a+axc
= 2b=3j-3k-2i-j-k
=-2i+2j-4k
b=—i+:i—2l}
ik
axb=|2 3 -1/=-10i+9j+ 7k
-1 2 -4
ij ok
axec=2 3 —1=4i—3:i—f{
L 1 I
s (axb)-(axe)=-40-27-7T=-T4
(axb)xec=(c-a)b-(c-b)a=-5a+4b
c-a=4,c-b=5
= ax(bxec)=(a-c)b-(a-b)e
= 4b -3¢
Since, (axb)xe=ax(bxe)
(a-c)b-(b-c)a=(a-c)b-(a-b)ec
= (b-c)a=(a-b)ec
= a=(a'b)~c
(b-c)
Hence, a is parallel to c.
We have, (axe)+b=0
=5 ax(axec)+axb=0
[taking cross product with a both sides]
i j k
= (a-c)a—-(a-a)c+|1 -1 0(=0
1 1 1

[-ax(xe)=(a-e)b-(a-b)c]
= 4(i-j)-2+(i-j+2k)=0
['.'a~a:(i—:i)(§—:i):1+1=Zanda-c:4]

=) 2c=4§—4:i—§—:i+21:1
3i-5j+2k
= c=—"—
2
9 9+25+4 19
= lef=——=—
4 2

il - —
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1. Given, (axb)xc=%|b|lcla
= —cx(axb):%lbllcla
= —(c-b)a+(c-a)b=%|b||c|a

ElbIICH (C~b)]a=(c~a)b

Since, a and b are not collinear.

c~b+%|b||cl=0andc~a=0

= |cl|b|cos@+%|b[lc|=0
"
- |b||c|(cosG+§J=0
1
= cos9+§=0['.’lbl¢0,lc|¢0]
= cos€)=—l
3
. 8 272
= sinf=—=——
3 3

2. We have,|[a b c]|=V

Let V] be the volume of the parallelopiped formed by the
vectors o, and y.

Then, Vi=l[oBy]l
a-a a-b a-c

Now, [oBy]=la-b b-b b-c|[abc]
a-¢c c-b c-c

= [eBpyl=[abec)®[abc]

= [@Byl=[abc]®

Vi=l[aByll=I[abe]® |=V?
3. Let a=a+2b+3c,f=Ab+4c

and Yy=@r-1)c
1 2 3
Then, [aBy]=|0 A 4 [abc]
00 @r-1)
[afy]=A 2A-1) [abc]
= [aBy]=0,
It x:o,% [+ [abe] £0]

Hence, o,p and y are non-coplanar for all value of A

except two values 0 and 5

4. We have, projection of v along u = projection of w along u

v-u w-u
= e

[ul  |ul
= v-u=w-u ...()

IIIT-MATHEMATICS
U L L

. Given,

Also, v and w are perpendicular to each other

v-w=0 ssiD)
[u-v+wli=lulP+|vP |w

-2(a-v)-2(v-w)+2(u-w)
= [u-v+wl’=1+4+9

[from Egs. (i) and (ii)]

Now,

= lu-v+ wl|=+14

. ax(ax((a-b)a-a’h))

ax(-la(@axb)=-lal®((a-b)a-lal*b)
=—(a-b)alal*+]al'b

=lal'b [-a-b=0]

. By expanding a x (b x ¢), we get

a-c=x’-2x+6,a-b=—siny
a-(b+c)=4
= x’-2x+2=siny
= siny=x2>-2x=2+ (x-1)%+121
Butsin y<1
.. Both sides are equal only for x=1

lal=Ibl=]¢&l=1
and

Now, consider

= (a-¢)b-(a-be=""h+ "¢

On comparing, we get
é-f)=—§ﬁ|éllf)lcos 0=-
2 2

3 ) A

= cosO=—7 [~ lal=|b|=1]

= cosezcos(n—ﬁ) = 9:5_11
6 6

a-b=2/2 -3~ =6

. Now,
V2

The diagonals are 2a —3b + (a + b)
. Length of diagonals are
|3a-2b[*=9-8+4-9-12-6=36
and la-4b[*=8+16-9-8-6 =104
.. The length of the longer diagonal is V104 i.e. 24/26.

. Given OP =i + yj—k, 0Q = —i+2j+3xk

|PQ|=+/20 and OP is perpendicular to OQ

OR =3i+2j- Tk

Also, OP, 0Q, OR are coplanar

OP-0Q=-x+2y-3x=0= y=2x
|PQI*=20 = (x+1)*+ (y-2)*+ (1 + 3x)°

SIHICE 20a.

A\ E P
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L & X NI
e e
e R
T 5 5 5 )
:::: = 20=(x+1)"+@Cx-2)"+ (1 +3x) 15. Taking cross product of the given relation with a and b
'TTT = x=1= y=2 in turn, we get
:::: OP, 0Q, OR are coplanar 2axb=3cxa,axb=3bxc
88 x y -1 1 2
ded axb+bxc+exa=|1+=+=|(axb)
{ -1 2 3x/=0 3 3
3 z -7 =2axb
444 1 2 -1 16. If (axb)x ¢ =0, then c= Bl
- -1 2 3(=0 |laxbl|
L I
e 3 z -7 (axb)-c=laxb]|
YL X 2
et = (-14-32)-2(7-9)-1(-2-6)=0 = 2z=-2 a; Qay ag
LR B N 9
:::: L+yt+2l=1+4+4=9 = by by, by| =laxbl|
:::: 10. Let first term and common ratio of a GP be o and p. a & G
T Then, a=a-pP L b=0-p", c=a-p ! 12 3
L1 11
111 loga =logo + (p —1) logP, 17. For coplanar vectors|0 A u [=0
:::: logb=loga+ (g-1)logp 0 0 2A-1
and loge=1log o+ (r—1)logp = (2k—1))»=0=>)»:0,1
The dot product of the given two vectors is 2
S{logo+ (p—-1)logB} (g-r) 18. ag =3pi+]j
= (log o - logP) £(g - r) + log Ep(g - r)=0 Aoy = (p+ 1)i +V10]
e 11. Given, vectors area:i—f{,b:xi+:i+ (1—x)1:1 — lagl = ey
P and c=yi+xj+(1+x-)k = 9p?+1=p2+2p+1+10
RO 10 -1 = 8p*-2p-10=0
S [abe]=|x 1 1l—x - 4p®-p-5=0
i +x- B
cse: v B Iie = 4p-5)(p+1)=0
s Applying C; — Cy + C, we get = s o]
1T 10 0 4
:::: =(x 1 1 |=10+x)-x=1
:::: y x 1l+x
Ty :
TTT Thus, [a b ¢] depends upon neither x nor y. a
12. Here, a-x=2andaxr+ b=r .. (1) Bk
Dot product of Eq. (i) with a to get, a-b=a-r =2 Z
Cross product of Eq. (i) with a to get,
ax(axr)+ axb=axr=r-b
* = 2a-r+axb+r-b 19. OA = -4j + 3k, OB =14i + 2j - 5k
el =l[2a+b+a><b] . -4j+3k » 14i+2j-5k
® % ® 2 a= ;b:
e . 5 15
4 e s 13. Since, a-b=a-c=0,b-c== r= 121+ 9k + 141 + 25 - 5]
- 2 15
[ N N N _ 2= - 2 A A A
:::: laxb-axc]| |a>2<(b c)2| ) ) =A[2i+2j+4k]
'YL L =|a| |b_c] _(a'(b_c)) ='b_c|- 15
T Y p n 2h 3 A o
T I =|b|*+le|*-2|bl|c|cos = =1 r=—[i+j+2k]
TIY 3 15
Tl
Il 14. We know that, 20. A -1)(a; —ay)+u (ay+ ag) +y (ag + a, —2a,) + ay
Soo _(r-a)bxc+(r-b)exa+ (r-c)axb ' +da,=0
= [abc] ieA-1a; +(1-A+p-2y)as+@+y+1)ay
r +(y+d)a,=0
z Q+B+Y=§'(a+b+ c) Since, a;, a,, a3 and a, are linearly independent.
||||"|| u-cuw\.
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TIL
Iy
e R
L LLL s
(IT1Y 1= - . = -
44+ .7\ ;1\' (1),1 2+u 2y 10,«({)+y-;100andy+ 0
11 e A=l u=2y,u+y+1=0,y+8=
25! U SAE T
11l ie. A=lLp=-Z,y=-2,8=7
eoei

21. Since, a, b and ¢ are unit vectors inclined at an angle 0.

|lal|=|b|=1andcosb=a-c=b-c

R Now, c=caa+fb+y@xh) (D)
ey = a-c=a(a-a)+fab) +y{a-(@xb)
S = cos@=calal®  [-a-b=0,a (axb)=0]
LE LR = cosB=0a
LR B N
Ty Similarly, by taking det roduct on both sides of Eq. (1),
:::: we get
aaRi -
-4 B=cos®
TTY . a=p
TIY )
:::: Aga1n,(;:0ta+ﬁb+y(axb) )
= |lel"=laa+pb+y(axb)l”
=alalP+p* bl +y*laxbl*+20p (a-b)
+ 20y {a-(axb)}+ 20y [b-{a xb}]
= 1=Ot2+ﬁ2+Y2|aXb|2
: = 1=202+y*{lal*|b[*sin®n/2}
R s = 1=2a"+y*{lal’|b[*sin*n/2}
LI . . . 1_.Y2
see = 1=202+y?’=20i=—"1
Ty 2
L B N N
T But o=p=cost.
L X X NI
LEL X — 9 y2 2 2 _ 2=
et 1=20"+y°=y"=1-2cos”0=-cos20
:::: Bzzl_Y2=1+c0528
11T 9 9
ese b
TIY 22. We have, AM = Projection of b ona=22
1T la|
D C
b
e A M B
o AM=| 2D,
L B B |a|
e Now, in AADM
asse: AD=AM+ MD = DM= AM- AD
L X X NI 5
'Y Y = DM=(a b)2a7b
X la|
L X § NI
+++ Also, DM=—"_[(a-b)a-|a|*b]
'T11 la|
111 1 _
e - MD:WUan—(ab)a}
a
Now, %I;b)=#[(a-b)a—(a-a)b]=DM
a a

il
IIT-MATHEMATICS

23,

24,

25,

26.

27.

@, + aycos2x+ agsinx =0,V xe R

= (a, + ay)+sin*x(a; —2a,) =0Vxe R

= @, + ay=0and a; —2a,=0
G _G_ B30
-1 1 2

= a,=—-Aay=Aa; =2\

axb=|a||lb|sinOn

=5 laxb|=|al|b]|sin®
laxb| .
= = ...(1)
[allb]
la-b|

. (i)

a-b=|allb|cos0= cosO=

lallbl
From Egs. (i) and (ii),

sin®0+ cos’0=1

= laxb[*+ (a-b)*=lal*|b?

T ; 1
Ifo=—, thensinO=cos0=—

4 V2

lallb] la||b]
Therefore, |la xb|= anda-b=
V2 V2
laxb|#a-b

= axb:IaHblsinBﬁ:Mﬁ
= axb=(a-b)n

Since, a, b and a x b are non-coplanar,
r=xa+ yb+ z(axb)

rxb=a
= xaxhbh+z{(a-b)b-(b-b)a}=a
= —(l+zlb)a+xaxb=0 [since, a-b=0]
x:()s-lnd:z:—i2
bl
axb .
Thus, r = yb - W, where yis the parameter.

Obviously, ﬁ + |?b| is a vector in the plane of a and b
a

and hence, perpendicular to a x b.

It is also equally inclined to a and b as it is along the
angle bisector.

The given vectors are
p=(a+ i+ aj+ ak,
q=a§+ (a+ 1)}+af{

and r = ai + a:i + (a + ].)l:l, (a € R) are coplanar,

So, [Pqr]=0
a+1 a a

= a a+1l a (=0
a a a+1

=@+ [a+1)?-a’l-alal@+1)-a?
+ala®-ala+1)]=0

SHCE IO
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I T IR NSRRI N il
T I T IR IR

JTIITERETRERRRE N NI

D0 BB RGPRRRE R«
JIJTIRR TR RN NN
e i e e i dm a E E  E E = = -

I I T IR DR NN O

T I T TR N NN NN NN OO
(OB BBbBRBREERE R e s
BB RRRERRERE R & o

= (@+1)2a+1]-2a[a] =0
= 2a2+3a+1-2a%=0
1
= a=-—
3
22 142 12
So, =—i-—j-=-k
w  PeglmglTy
& 2A ].A
=—-—i+=-j--k
1="31%3)73
g 2 2
and r=—-i-—j+-k
3 3 3
2
2 2 1Y (3 1
o =22, (2] .1
P-q) 9 9 9 9 9
i j k
and rxq = U
3 3 3
212 1
3 3 3
*(1 4) :(1 2) A( 2 1)
=il=-=|-j=+= -—=-=
9 9 9 9 9 9
st e S
3 3 3
(exqPetitelad
9 979 3
-+ It is given that
3(p-q)’-MrxqlF=0
= 3(1]-A(1)=0:>x=1
9 3

. There are three vectors given a,b and ¢ , such that
lal=+3,|b|=5and b- ¢ =10

So, |b||c|~cos§ =10
[+ it is given angle between b and cis -135]

= 5|c|(%)=10 =ile|=4

Now, as a is perpendicular to the vector bxc,
) Iax(bxc)I:j]I

aIbecIsinE‘
2

.
=|a||bxc|=|a||b|lc|smg

= (/3)6)@) ? =30

. Two vectors ¢ and d are said to be collinear, if we can
write ¢ = Ab for some non-zero scalar A.

Let the vectors .= (A—-2)a+b

and B=@r-2)a+3b are
collinear, where a and b are non-collinear.
~. We can write o = kp, for some & € R—{0}
= (A-2)a+b=Fk[@Lr-2)a+ 3b]

= [(A-2)-k@Ar-2)]a+(1-3k)b=0

il
IllT-MATHEMATlCS

Now, as a and b are non-collinear, therefore they are
linearly independent and hence

(A-2)-k(@r-2)=0and 1-3k=0

=5 A—2=Fk@Ah-2)and 3k =1
= r-2=1ar-2) [-.~3k=1:>k=l}
3 3
= 3A-6=4A-2
= A=-4
il

. Use the formulae

ax(bxec)=(a-c)b-(a-b)c,
[abe]=[bca]l=[cab]
and [aabl]=[abb]=[acec]=0
Further simplify it and get the result.
Now, [ax b bx cex a]
=axb-((bxe)x(cxa))
=axb-((kxecxa))
=axb-[(k-a)c-(k-c)a]
(axb)-(bxec-a)e—(bxec-c)a)
(axb)-((bcale)-0 [~ [bxe-e]=0]
=axb-c[bcal=[abc][bca]

[here, k=bx ¢]

=[abec]’ f-labe]=[becal
Hence, [axbbxcexal=A[abc]?
= [abel®’=i[abe]?
= A=1

. It is given that projection of b on a is equal to the

projection of ¢ on a, where |a|=2, |b|=4and|c|=4,
a-b_a-c
2 2
= a-b=a-c

SO

and b is perpendicular to ¢, so b-¢=0

Now, |a+b - c|?
=la*+|bl*+|cl*+2a-b-2b-c-2a-¢
=4+16+16=36

s la+b-c|=6

. Let angle between unit vectors a and b is 6 € [0, «t].

Then, |a + b>=|al*+ |b> + 2a-b
=1+1+2cos0=2(1+ cos )

=4cosz§
2

= |a+b|=2cos(g] [ GE[O,H]ﬁCOS(gJZOjl

Similarly, |a — b’=|al*+|b>*-2a-b
=1+1-2cos0

=201 —cosG)=4sinzg

= |a—b|=25in(9)
)

&
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L]
[
i
!
!
1
0 . (9
08 So,v3la+bl+|a—-b|=2|+/3cos m + sin 5
209 having greatest value=2,/3+1 =4 -9 [;3_1 +2)§+(§+ 1)}+ B+1+1)k
L - 2 2
[+ greatest value of @ cos 0+ bsin Ois/a” + b7] A
. _ 33. Total force, F=@i+j-3k)+@i+j-k) =2(1+I+2°)=2°+°0=7°
4l F=T7i+2j-4k 35. Letx=ha+ub [A and p are scalars]
E E The partic}e is Slisplficed fron':n . x =i(2l +p)+ }(QH =13+ ]}(A _
:: Ai+2j+3k)toB(Gi+4j+k) Since,x-(33+2?i—lﬁi):0
:: Now, dlsnplac:emtnent, o o 30+ 81 =0 D
-y AB=(5i+4 j+ BH-(i+2j+3k=4i+2j-2k 746
o - Work done = F- AB= (7 + 2§ ~4K)- (41 +2 -2 Al gesjention o 3 1. 14
L 1
Y =28+ 4 + 8=40 units x-a_l’?Jg
L 1) —_—
3 34. c=hi(bx(axh)) lal 2
=A((b-b)a - (b-a)b) - Glj.u=51 ...(i1)
- A G T :i+ IA;) +95+ ];) From Egs. (1) and (i1), we get
) (- 31 + 5 + 6K) A=hp=—2
=A(-3i+5j+ " - -
i x =131 - 14 + 11k
g c-a=T=3L+5AL+6L=T7 2
. |x|" =486
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