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CONIC SECTION

A conic (or a conic section) is the locus of a point which
moves in a plane such that its distance from a fixed point
bears a constant ratio to its distance from a fixed line. The
fixed point is called the focus and the fixed line is called the
directrix of the conic. The constant ratio is known as the
eccentricity of the conic and is denoted by the letter e. The
conic is an ellipse, a parabola or a hyperbola, according as
e<=or>1.

Geometrically, these curves can be obtained as sections
of a right circular cone by a plane in various positions and
that is why they are called conic sections. A conic (or a
conic section) is given by a second degree equation. Thus
a conic means a pair of straight lines, a circle, a parabola,
an ellipse or a hyperbola. A circle is a limiting case of an
ellipse.

Fig. 18.1

Circle, Ellipse, Parabola and Hyperbola

When the plane cuts the cone with semivertical angle 6

atan angle o with the vertical axis of the cone (other than
at the vertex) we have the following:

1. If a=90°, the section is a circle

2. If 0 < < 90°, the section is an ellipse

3. If o= 6, the section is a parabola

(In each of the above situations, the plane cuts entirely
across one side of the cone above or below the vertex.)

4. If 0 £ o < 6, the plane cuts through both the sides of

the cone and the curve of intersection is a hyperbola.

@) MATHEMATICS

CONIC SECTION

PARABOLA

Equation of a Conic Section

Let the focus of the conic be (e, f) and the directrix be the
line ax + by + ¢ = 0, e being the eccentricity, then equation
of the conic is the locus of the point P(h, k), such that

\/(h_a)Z +(k—,3)2 =em
[2 . 22
a +b
’ ’ ez(ax-kbv+c)2
x-S +(y-p = — s 5
a +b

PARABOLA

A parabola is the locus of a point which moves in a plane

such that its distance from a fixed point (called the focus) is

equal to its distance from a fixed line (called the directrix).
Standard Forms of the Equation of a Parabola.

Y
L ‘:] P(x,y)
x’ X
ol 5,0
x+a=0
.‘),
Fig. 18.2

Let the focus S be (a, 0) and directrix be the line x =—a, with
a > 0. If P(x, y) is any point on the locus, then

(x + a)2 = y2 =(x+ a)2 -
y? = 4ax is a standard form of the equation of a parabola.
Four standard forms of a parabola are

(x- a)2 + _v2 = (x - a)2 =4ax

A EPSTUDY CIRCLE
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O S| (a,0) X
M 2
Y——a y°=4ax

=4ay

Fig. 18.3 (c)

Illustration | 1 :

Find the equation of the parabola whose focus is (0, —4) and
directrix is y = 4.

© Solution: Let P (x, y) be any point on the parabola.
S (0, — 4) be the focus, then by definition of the parabola.

V=012 +(y+4)? ={(y-4?

= P=y-4-@+4°
= xX*=-16y
which is the required equation of the parabola.
Y
y=4
0

Y/
Fig. 18.4
The following terms are used in context of the parabola
y2 =4dax:

1. The point O(0, 0) is the vertex of the parabola,
and the tangent to the parabola at the vertex is
x =0.

@ MATHEMATICS

PARABOLA

(-a,0) |S 0

x=a y*=
Fig. 18.3 (b)

—4ax

Y

— M
S 1(0,-a)

—day
Fig. 18.3 (d)

2. The line joining the vertex O and the focus
S(a, 0) is the axis of the parabola and its equation
is therefore y = 0.

3. Any chord of the parabola perpendicular to its axis
is called a double ordinate.

4. Any chord of the parabola passing through its focus
is called a focal chord.

5. The focal chord of the parabola perpendicular to
its axis is called its latus rectum; the length of this
latus rectum is therefore 4a.

| Illustration | 2 i

Consider the parabola y* = 12x. The equation can be written
as y2 = 4ax where a = 3. Then

(a) Coordinates of the focus are (a, 0) = (3, 0):
(b) The coordinates of vertex are (0, 0)
(c) Equation of the directrix isx=—a ie. x=-3
(d) Equation of the tangent at the vertex is x = 0.
(e) Equation of the latus rectumisx=a ie. x=3
(f) Length of the latus rectum is 4a = 12.

(2) Let P(x, 2v/3x ) and P’(x, — 24/3x ), x > 0 be two
points, then for all values of x, PP’ is a double ordi-
nate of the parabola.

6. The points on a parabola, the normals at which
are concurrent, are called co-normal points of
the parabola. If (x;, y,), (x5, ¥,) and (x5, y;) are
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conormal points of the parabola y* = 4ax, then
yi+y+y;=0.

7. A line which bisects a system of parallel chords of
a parabola is called a diameter of the parabola.

The following are some standard results for the parabola
y2 = 4dax:
1. The parametric equations of the parabola or the
coordinates of any point on it are x = at’, y = 2at.
2. The tangent to the parabola at (x’, y”) is
yy'=2a (x + x”) and that at (af’, 2at) is fy=x+ ar.
3. The condition that the line y = mx + ¢ is a tangent
to the parabola is ¢ = a/m and the equation of any
tangent to it (not parallel to the y-axis) is therefore
y =mx + (alm).

Illustration ‘ 3 :

Find the equation of the tangent with slopes 5 to the parabola
y* = 20x, also find the coordinates of the point of contact of
the tangent to the parabola.

© Solution: Equation of the parabola can be written as
y2 =4dax,a=>35.
Equation of the tangent with slope 5 is

y=5x+§ =y=5x+1.

Parametric coordinates of any point on the parabola are
(5t2, 107) and the equation of the tangent at this point is

y=x+ 57

Comparing with y =5x + I, we getr = %

So the coordinates of the point of contact are

2
(1) 0()- (32)
5 5 5
4. The chord of contact (defined as in circles) of
(x y”) w.r.t. the parabola is yy" = 2a (x + x”).

5. The polar (defined as in circle) of (x”, y”) w.r.t. the
parabola is yy” = 2a(x+ x”).

6. The chord with mid-Point (x’, y') of the parab-
olais T = S’ whereT = yy’ - 2a (x + x’) and
S’=y"? — dax’,

7. The equation of the pair of tangents from
(x, y") to the parabola is 7° = SS’. Where
S = y* - dax.

8. The normal at (atz, 2at) to the parabola is
y=-1tx+2at + ar’. If m is the slope of this normal,
then its equation is y = mx — 2am — am’, which is
the normal to the parabola at (amz, —2am).

@) MATHEMATICS

<

PARABOLA

| Illustration I 4 :

A normal of slope 4 at a point P on the parabola y* = 28x,
meets the axis of the parabola at Q. Find the length PQ.

Solution: y* = 28x = 4ax, a = 7 also m = 4, equation of
the normal at P(am2 —2am) is y =mx —2am — am’

So coordinates of P are (112, — 56) and the equation of the
normal is

y=4x-56-448 or y=4x-504.
which meets the axis y =0 at Q (126, 0)
and  (PQ)*=(126-112)*+ (0 + 56)* = 14> x 17

= PO =1417.

9. A diameter of the parabola is the locus of the
middle points of a system of parallel chords of
the parabola and the equation of a diameter is
y = 2a/m where m is the slope of the parallel chords
which are bisected by it.

10. The equation of a chord joining (ar’, 2at;) and
(atzz, 2aty) is y(t; + t,) = 2x + 2att,.

11. If the chord joining the points having param-
eters f; and f, passes through the focus, then
Lhty=-1

12. If the coordinates of one end of a focal chord are
(atz, 2at), then the coordinates of the other end are
(a/tz, - 2alt).

| Illustration | 5 F

PP’ is a focal chord of the parabola _v2 = 8x. If the coordinates
of P are (18, 12), find the coordinates of P’.

© Solution: y* = 8x =4ax, a = 2.

So, coordinates of the focus are S(2, 0).

Equation of the line joining P and S is 3x— 4y — 6 = 0 which
meets the parabola at points for which 3y*~ 32y — 48 = 0
= y=12,-4/3

y =12, represents P. So the coordinates of P’ are (% - g)

Alternately Coordinates of P are (atz, 2at)= (18, 12)
where a = 2, t = 3, using the above result. Coordinates of

P’ are (i, ’_2“)=(3, _f)
P2t 9 3

13. For the end of the latus rectum, the values of the
parameter ¢ are * 1.

14. The tangents at the points (af*, 2at,) and
(at? ; 2aty) intersect at (at, ty, a(t; + 1,)).

15. The tangents at the extremities of any focal chord
intersect at right angles on the directrix.
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Illustration | 6 F

Show that the tangents at the extremities of the focal chord
PP’ in the Illustration 5 are at right angles and intersect on
the directrix of the parabola.

© Solution: Equations of the tangents at P and P’ are

12y =4(x + 18) and y(_%) - 4(“%)

=x-3y+18=0and3x+y+2/3=0
which are perpendiculars and intersect at (—2, 1?6) which
lies on the directrix x = =2 of the parabola.

16. The locus of the point of intersection of perpen-
dicular tangents to the parabola is its directrix.

17. The area of the triangle formed by any three points
on the parabola is twice the area of the triangle
formed by the tangents at these points.

18. The circle described on any focal chord of a pa-
rabola as diameter touches the directrix.

19. If the normal at the point (af}, 2at,) meets the
parabola again at (ar3, 2at,) then t, = — t, — 2/t,.

20. Three normals can be drawn from a point (x,, y,)
to the parabola. The points where these normals
meet the parabola are called feet of the normals or
conormal points. The sum of the slopes of these
normals is zero and the sum of the ordinates of the
feet of the normals is also zero.

21. If the normals at ‘¢;” and ‘#,” meet on the parabola
then t, t, = 2.

22. The centroid of the triangle formed by the co-
normal points on the parabola lies on the axis of
the parabola.

23. The pole of a focal chord of the parabola lies on
its directrix.

24. A diameter of the parabola is parallel to its axis and
the tangent at the point where it meets the parabola
is parallel to the system of chords bisected by the
diameter.

25. The semi-latus rectum of the parabola is the har-
monic mean between the segments of any focal
chord of the parabola.

26. If the tangent and normal at any point P on the
parabola meet the axis of the parabola in 7 and G
respectively, then

(i) ST =SG = SP, S being the focus
(i) |PSK = m/2, where K is the point where the tan-
gent at P meets the directrix.
(iii) The tangent at P is equally inclined to the axis
of the parabola and the focal distance of P.

) MATHEMATICS

<

PARABOLA

Illustration I 7 :

Find the locus of the intersection of the perpendicular tan-
gents to the parabola x =4y
Let x = my + ¢ be a tangent to the parabola. Then the roots
of the equation (my + c) = 4y are equal, as the line meets
the parabola at a single point.

= (2 mc - 4)2 =4m** = c= l .
m

; ; 1
So equation of any tangent to the parabola is x = my + —
m

and equation of the perpendicular tangent is
X=-—-—y-m
m
Solving for the point of intersection we get
y+1=0

So the perpendicular tangents to the parabola intersect on
the line y + 1 = 0 which is the directrix of the parabola.

[ Illustration J 8 ﬁ

The normal at a point P (36, 36) on the parabola _v2 = 36x
meets the parabola again at a point Q. Find the coordinates
of Q.
© Solution: Parabola is y* = 4ax, a =9
and P(36, 36) = (ar’, 2at), t = 2
Equation of the normal at (atz, 2at) is
y=—ix + 2at + at’
So equation of the normal at P is
y==-2x+36+72
or y=-2x+ 108
Which meets the parabola at points for which
(-2x + 108)* = 36x
= F-117x+ (54 =0
= x =36, 81.
x =36, gives the point P, so other end Q of
the normal at P is (81, =54)
Note: y-coordinate of Q cannot be +ve
Coordinates of Q are (at”, 2at’)

Where t' = -3 =—t— %

(using result 19)

[ Illustration | 9 :

If the normals at P (ar?, 2at;)and Q (arzz, 2at,) to the parabola
2 .

¥~ =4ax intersect on the parabola, then find the value of 7, 1,.

© Solution: Equation of normal at (ar’, 2ar) to the

parabola is y = —tx + 2at + ar’.
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If it passes through (4, k) then

k =—th + 2at + af’
= at3+(2a—h)t—k=0 (1)
Which gives three values of ¢ showing that the normal at
three points with ¢ = t,, t,, f; pass through (A, k).
So if the normals at P and Q intersect on the parabola, then
h= atg, k =2at;.
which proves result 21.

2at
From (7) we have 1, t, t; = k _ <9
a a

= =2

| Illustration |10=

If the tangent and normal at any point P on the parabola
meet the axis of the parabola in 7 and G respectively, then
show that the focus § of the parabola is the centre of the
circle passing through 7, P and G.

@®@ Example 1: The point of intersection of the normals to
the parabola _\'2 = 4x at the ends of its latus rectum is

(a) (0,2) (b) (3,0)
(c) (0,3) (d) (2,0
Ans. (b)

© Solution: Any point on the parabola is (af*, 2ar) where
a=1.For the latus rectumx=a = =1 = t=+ 1. So ends
of latus rectum are (1, = 2).

Equations of the normals at these points is given by y = —1x
+2at + at’

= x+y-3=0andx-y-3=0
which intersect at (3, 0).

® Example 2: Equation of the line joining the foci of the
parabolas y* = 4x and x* = — 4y is

(a) x+y-1=0 (b) x—y-1=0
(c) x=y+1=0 (d x+y+1=0
Ans. (b)

Solution: Foci of the parabolas are (1, 0) and (0, — 1)
and the equation of the line joining them is
y=x-1 or x-y-1=0

@® Example 3: The tangent at a point P on the parabola
y* = 8x meets the directrix of the parabola at Q such that

) MATHEMATICS

<

© Solution: Equations of the tangent and normal at
P(af’, 2at) are respectively

ty=x+ar’ X

y =—tx + 2at + at

PARABOLA

, )
p &

T & '

Fig. 18.5

So the coordinates of T are (—atz, 0) and of G are (2a + atz, 0)
Focus S'is (a, 0)

SG=ST=SP=a(l +P)

Which shows that S is the centre of the circle through 7, P
and G.

SOLVED EXAMPLES
Concept-based

Straight Objective Type Questions

distance of Q from the axis of the parabola is 3. Then the
coordinates of P cannot be

(a) (2,4) (b) (8,8)
(c) (172,2) (d) (8-8)
Ans. (a)

Solution: Equation of the tangent at P (27, 41) to the
parabolaisty=x+ 27> which meets the directrix x =2 of the

2 _ 2 _
parabola at Q for which y = o . So that 2 ~2 =%3.

= 2/-3t-2=0 or 2f+3t-2=0
= 2t+1)(t-2)=0 or 2t-1)(t+2)=0

= t=%2, %

N | -

So, the coordinates of P are (8, +8) or (% + 2).

@® Example 4: .‘,2 = 16x is a parabola and X+ )‘2 =16isa
circle. Then
(a) circle passes through the vertex of the parabola
(b) circle touches the parabola at the vertex
(c) circle passes through the focus of the parabola
(d) circle lies inside the parabola.
Ans. (¢)
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4 > X
Q A(4,0)

Fig. 18.6

© Solution: Centre of the circle is the origin, the vertex
of the parabola and the focus of the parabola is A (4, 0). The
circle passes through A.

@ Example 5: The slope of the line touching both the
parabolas y2 =4xand X’ = - 32yis

1 3
a) — b) —
(a) 5 (b) 5
1 2
c) — d —
(c) 3 (d) 3
Ans. (a)
© Solution: Equation of the tangent at (%, 2) to the pa-
rabola y* = 4x is 1y = x+ * (1)
and the tangent at (167, — 8¢"%) to the parabola x* =— 32 y is
f x=y-8r? )

Since (1) and (2) represent the same line, comparing we get

L -t 7

= T =t=2

1 1
Hence the required slope of the tangent is = = g

Alternate Solution

I
y = mx + — is a tangent to the parabola

m
y2 = 4x. If it touches the parabola, ¥ = 32y, then the

roots of the equation ) (mx + l) = () are equal.
m

=  (32m)’=4x32x% LpT—
m

(39

® Example 6: Let L, be the length of the common chord
of the curves x*+ y* = 9 and y2 = 8x, and L, be the length of
the latus rectum of y2 = 8x, then

L
Li <L d L=v2
(¢) Li<L, (d) L,
Ans. (¢)

© Solution: For the points of intersection of the curves
2+ y2 =9 and y2 = 8x, we have
#*+8x-9=0 = x=-9orx=1

@ MATHEMATICS

<

PARABOLA

Since x>0 for y* = 8x, the points of intersection are (1, 2v2)
and (1, -2 ) so that the length of the common chord L,
is 442 .

L, = length of the latus rectum of y* = 8x is 8. So L, < L,

@® Example 7: If m is the slope of a common tangent of
the parabola y? = 16x and the circle x* + y* = 8, then m? is

equal to
(a) 1 (b) 2
(c) 4 (d) 8
Ans. (a)

© Solution: Equation of a tangent to the parabola y* = 16x
isy=mx+ 4 :

m
If this touches the circle of x* + y* = 8, then the distance of
the centre (0, 0) of the circle from this tangent is equal to
the radius 2./2 of the circle.

4
= — =22
V1+m
= 2=m*+m'
=5 (m2+2)(m2—l)=0=>m2=1‘

@® Example8: Equation of anormal to the parabola y =32
passing through its focus is

(a) x=0 (b) y=0
(c) x+y-8 =0 (d x-y-8=0
Ans. (b)

Solution: Equation of a normal to the parabola is
y= mx-—2am—am3,4a:32=>a:8

which passes through the focus (8, 0)

if 0=8m— 16m—8m’ =0

:>m3+m=0:>m(m2+ N=0=m=0

and the required equation of the normal is y = 0.

® Example 9: P;: y* = 49x and Py X = 4ay are two
parabolas. Equation of a tangent to the parabola P, at a point
where it intersects the parabola P, is:

(a) 2x—y—-4a=0 (b) y=0

(c) x=2y+4a=0 (d) x-y=0
Ans. (¢)
© Solution: Two parabolas intersect at the points (0, 0)
and (4a, 4a).
Equation of the tangent to P, at (0, 0) is x = 0 and at
(4a, 4a) is

y(4a) = 2a (x + 4a)
= x=2y+4a=0

@® Example 10: A point R divides the line segment joining
the points P(1, 3) and Q(1, 1) in the ratio 1: A. If R is an
interior point of the parabola y2 = 4x, then A can take a value
in the interval.
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(a) —1<,1<§ (b) —§</1<5
5 5
3
(c) 2<A<2 (d) —§</1<1
Ans. (d)
1:A
P(1,3) R o(l,1)
402
x=1
B
(10_2)
Fig. 18.7
© Solution: Coordinates of R are
_(,1+1 3A+1)
TAA+1 A +1

_ (] 31+ 1)
TA+1
= For all values of A, x-coordinate of R is 1 and y-coordi-
nate of R varies between —2 and 2.

= —2<3A+1<2.
A+1
=5 —§<l<l
5

® Example 11: A point on the parabola y* = 18x at which
the ordinate increases at twice the rate of the abscissa is

99
e 9 -4
(a) ( 2’ 2) (b) ( )
99
2,4 d
(c) (2,4) (d) (8 2)
Ans. (d)

© Solution: y*=18x = 2y% =18

= @ 2
x
We are given — =2
9
S0 —=2=>y=2
y 2
and x=—l—y2=>x=—9-
18 8

@) MATHEMATICS

<

@® Example 12: The normal at the point (bt,, 2bt,) on a
parabola meets the parabola again at the point (btzz, 2bt,),
then

PARABOLA

(a) rz=—t,+3 (b) 12=tl—3
h h
(c) r,_rl+Z (d) 12:—1,—z
4 L
Ans. (d)

© Solution: Equation of the parabola is y* = 4bx and the
equation of the tangent at (bt,”, 2bt,) is
y=—t,x + 2bt, + bt;’

which passes through (bt,%, 2bt,)

= 2bty =—t, (bty?) + 2bt, + bt,?

= 2, - 1) =-t(t,' - 1,)
2

:> t __,l

4
@®@ Example 13: If P be the point (1, 0) and Q, a point on
the locus y2 = 8x. The locus of the mid point of PQ is:
(@) X*+4y+2=0 (b) ¥*-4y+2=0
(€) Y¥-4x+2=0 (d) y*+4x+2=0
Ans. (c)
© Solution: Let the coordinates of Q be (2%, 41)

2
coordinates of the mid point of PQ are [2[ 2+ ] ,2tJ

92 41

Let h= s k=2t

Eliminating 7, we get 4h = k> + 2
So the required locus is y* —4x +2 =0
® Example 14: A parabola has the origin as its focus and

the line x = 2 as the directrix. Then the vertex of the parabola
is at

(@) (2,0) (b) (0,2)
(c) (1,0) (d) (0, 1)
Ans. (¢)

© Solution: Vertex is equidistant from the focus and the
directrix and hence its coordinates are (1, 0).

\

NV
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® Example 15: A chord is drawn through the focus of the
parabola y2 = 6x such than its distance from the vertex of this

parabola is g , then its slope can be

2 2
2 2
= 4 =
W S B

Ans. (a)

Solution: Focus of the parabola is (%0)

@ Example 16: The focus of the parabola 4y” + 12x — 20y
+67=0is
(a) (=7/2,512)
(c) (=17/4,5/2)
Ans. (c)
Solution: The given equation of the parabola can be
written as
V¥ -5y=-3x-67/4 = (y- 5/2)2 =-3 (x+7/2)
= Y*=4aX where Y=y—-5/2,X=x+7/2 and a=-3/4
The focus of ¥* = 4aX is (X, Y) = (a, 0) = (- 3/4, 0)
= x+72=-3/4, y-512=0 = x=-17/4,y=5/2
Therefore, required focus is (- 17/4, 5/2)
® Example 17: A line bisecting the ordinate PN of a point
P (atz, 2at), t > 0, on the parabola _v2 = 4ax is drawn parallel
to the axis to meet the curve at Q. If NO meets the tangent at
the vertex at the point 7, then the coordinates of T are.
(a) (0, 4at/3) (b) (0, 2at)
(c) (ar*l4, ar) (d) (0, ar)
Ans. (a)

Solution: Equation of the
line parallel to the axis and

bisecting the ordinate PN of the TM y=at

point P (af’, 2at) is y = at which
meets the parabola y? = dax at

the point Q [%,at].

(b) (—3/4,5/2)
(d) (572,-3/4)

N(af%, 0)

Coordinates of N are (af’, 0).
Equation of NQ is

Fig. 18.9
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Let the equation of the chord be
y=m (x - E)
’ 2
_3m
: : 2 5
Its distance from the vertex (0, 0) is [—=—| = —
1+ m? 2
= 9m* =5(1 + m?)
, 5 J5
= m=—-=m=—
4 2

0—at 2

yis 2 2. (X —at )
at” —at” /4

which meets the tangent at the vertex, x = 0, at the point y

=4at/3.

@® Example 18: If P, Q, R are three points on a parabola
y? = 4ax whose ordinates are in geometrical progression,
then the tangents at P and R meet on

(a) the line through Q parallel to x-axis

(b) the line through Q parallel to y-axis

(c) the line joining Q to the vertex

(d) the line joining Q to the focus.
Ans. (b)
Solution: Let the coordinates of P, Q, R be (at,-z, 2at;)
i=1,2, 3 having ordinates in G.P. So that 7, t,, t; are also in

GPie t)t;= r22 . Equations of the tangents at P and R are
ty=x+afandt,y=x+ ar32 , which intersect

]
. x+atl x+at;
at the point = — =
4 13

which is a line through Q parallel to y-axis.

x=att, = ats

® Example 19: The locus of the mid-point of the line
segment joining the focus to a moving point on the parabola
y? = 4ax is another parabola with directrix

(a) x=—a (b) x==al2
(c) x=0 (d) x=al2
Ans. (¢)

Solution: The focus of the parabola y2 =4axis S (a,0),
let P (ai’, 2at) be any point on the parabola then coordinates
of the mid-point of SP are given by
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Ca(+l)  2at+0

T g ¥ 3
Eliminating ‘" we get the locus of the mid-point
as y2= 2ax —a* ory2= 2a (x —al2) (1)
which is a parabola of the form Y’ = 4AX (2)

Where Y=y, X=x-a/2 and A = a/2

Equation of the directrix of (2)is X=-A

So equation the directrix of (1) is x—a/2 =—al2
= x=0

@® Example 20: Equation of a common tangent to the
curves y2 =8xandxy=-11is

(@) 3y=9x+2 (b) y=2x+1
(c) 2y=x+8 d y=x+2
Ans. (d)

© Solution: Equation of a tangent at (ar’, 2af) to y* = 8x is
ry=x+at2where4a=8i.e.a=2
= ty=x+ 27 which intersects the curve xy=-1atthe

2
points given by X(%Zt) =—1clearly r #0
or x* + 2fx + t = 0 and will be a tangent to the curve if the
roots of this quadratic equation are equal, for which 47 — 4¢
=0=t=0ort=1 and an equation of a common tangent
isy=x+2.
® Example 21: The tangent at the point P(x,, y,) to the
parabola y* = 4ax meets the parabola y* = 4a (x + b) at Q and
R, the coordinates of the mid-point of OR are
(@) (x;—a,y;+b)  (b) (x,y)
(c) (x;+b,y,+a) (d) (x;=b,y,-b)
Ans. (b)
© Solution: Equation of the tangent at P(x,, y,) to the
parabola y?=dax is Yy =2a (x+x))
or  2ax-yy+2ax;=0 (1)
If M (h, k) is the mid-point of QR, then equation of QR a
chord of the parabola y’= 4a(x + b) in terms of its mid-point
is ky — 2a (x + h) — 4ab = k* - 4a (h+ b)
(usingT=8") or 2ax—ky+k*—2ah=0 (ii)
Since (i) and (ii) represent the same line, we have

2a _y _ ﬂ
20 k Kk*-2ah
= k =y, and k* - 2ah = 2ax,
= yzl —2ah =2ax;, = 4ax,-2ax, =2ah
(as P(x,, y,) lies on the parabola _v2 =4ax)
= h =x; sothat h = x;, k =y, and the mid point of QR
is (x;, y;)
@® Example 22: AB is a chord of the parabola y* = 4ax with
the end A at the vertex of the given parabola. BC is drawn

) MATHEMATICS

<

perpendiculars to AB meeting the axis of the parabola at C.
The projection of BC on this axis is

PARABOLA

(a) a (b) 2a
(c) 4a (d) 8a
Ans. (¢)

© Solution: Draw BD perpendicular to the axis of the pa-
rabola. Let the coordinates of B be (x, y) then slope of AB is
given by tan 6 = y/x
Projection of BC on the axis of the parabola is
DC =BD tan 6

=y (ylx) = y2/x =4dax/x =4a

Y
A

B(x,y)

Fig. 18.10

@®@ Example 23 Equation of the common tangent touching
the circle (x — 3)* + y2 =9 and the parabola y2 = 4x above
the x-axis is

(@) V3 y=3x+1
(c) \/3 y=x+3
Ans. (¢)
© Solution: Equation of a tangent to the parabola y* = 4x
isy=mx+ l/m.

It will touch the circle (x — 3)2 + y2 =9 whose centre is
(3, 0) and radius is 3 if

0+m@3)+1/m)

V1+m?

®) V3 y=-@+3)
@ V3 y=—Gx+1)

=3

or if Gm + 1/m)*> =9(1 + m®)
orif  9m*+6+ 1/m> =9 + 9m’
or if m?=13ie.m=+1/\3

As the tangent is above the x-axis, we take m = l/ V3 and
thus the required equation is V3 y=x+3.
@® Example 24: The point of intersection of the tangents to

the parabola y* = 4x at the points where the circle (x — 3)* +
y* = 9 meets the parabola, other than the origin, is

(@) (=2,0) (b) (1,0)
(C) (09 O) (d) (_ l’ - l)
Ans. (a)
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© Solution: The circle meets the parabola at points given
by (x-3)>+4x=9

=X -2=0=>x=0,x=2. But x = 0 gives the origin so
wetakex=2andy= % 2V2 . Equation of the tangents to
the parabola at (2,22 ) and (2, —2/2 ) are respectively.

y (2v2) =2(x +2) and y(-2v2) =2(x + 2)
Solving these we get y =0 and x = - 2.

@® Example 25: Equation of the directrix of the parabola
Y +4y+4x+2=0is

(a) x=-1 (b) x=1
(c) x==-3/2 (d) x=3/2
Ans. (d)

© Solution: Given equation can be written as
G+2)=—4x+2=—-4(x-1/2)
which is of the form ¥ % = 4aX

where Y=y+2, X=x-12,a=-1
The directrix of the parabola Y’=4aXisX=-a
= x=12==(-1) = x=3/2

is the equation of the directrix of the given parabola

® Example 26: If x + y = k is a normal to the parabola
= 12x, then it touches the parabola

(a) _v2 =—36x (b) .\'2 =—12x
(c) _\'2 =-9Ox (d) none of these
Ans. (a)

© Solution: Since y = mx — 2am — am’ is a normal to the
parabola _v2 =4ax, taking a =3 and m = -1 we get
y=-x-203)-1)-3(-1)°
= x+y=09isanormal to the parabola yz =12x
Suppose it touches the parabola yz = 4ax.
Equation of a tangent to the parabola y” = 4ax is
y=mx+alm
If it represents the line x + y = 9, then
m=-landa/m=9 = a=-9
870 an equation of the required parabola is y> = 4(= 9)x or
y-=-36x

@® Example 27: If the normal chord at a point ‘7" on the
parabola y* = 4ax subtends a right angle at the vertex, then

avalue of ¢ is

(a) 4 (b) V3

© V2 d 1
Ans. (¢)
© Solution: Equation of the normal at ‘¢’ to the parabola
yz =4dax is

y=—tx +2at + af’ (i)

The joint equation of the lines joining the vertex (origin) to
the points of intersection of the parabola and the line (i) is

@ MATHEMATICS

<

PARABOLA

2 y+ix
y =dax| —
2at +at”

=  (2t+t 3)_v2 =4x (y+tx)

= 4xX-Q+)y +4xy=0

Since these lines are at right angles co-efficient of x” + coe-
fficient of y* =0

= 4t-2t-£=0 = =2

For t = 0, the normal line is y = 0, i.e. axis of the parabola
which passes through the vertex (0, 0).

@® Example 28: The slopes of the normals to the parabola
y* = 4dax intersecting at a point on the axis of the parabola at
a distance 4a from its vertex are in

(a) A.P. (b) G.P.
(c) H.P. (d) none of these
Ans. (a)

@? Solution: Equation of any normal to the parabola
y-=4axis

y=mx —2am — am’.
If it passes through (4a, 0), the point on the axis y =0, at a
distance 4a from the vertex (0,0) then m = 0, +2
Therefore the slopes of the required normals are
-2 , 0, 2 ; which are in A.P.

@® Example 29: If the focus of a parabola divides a focal
chord of the parabola in segments of length 3 and 2, the
length of the latus rectum of the parabola is

(a) 3/2 (b) 6/5
(c) 12/5 (d) 24/5
Ans. (d)

© Solution: Let y* = 4ax be the equation of the parabola,
then the focus is S (a, 0). Let P (ar*, 2at,) and Q (at*,, 2at)
be vertices of a focal chord of the parabola, then t, 1, =— 1.
Let SP=3,50=2

SP=\a?(1-1) +4a*2 =a(1+£)=3 (i)

and SO = a(l+i,) =2 (i)
Iy

From (i) and (ii) we get tz, =3/2 and a = 6/5

Hence the length of the latus rectum = 24/5.

@® Example 30: P is a point on the parabola whose ordinate
equals its abscissa. A normal is drawn to the parabola at P to
meet it again at Q. If § is the focus of the parabola then the
product of the slopes of SP and SQ is

(a) -1 (b) 172
(c) 1 d) 2
Ans. (a)

© Solution: Let P(af’, 2ar) be a point on the parabola
yl =4ax, thenar’ =2ar = t=2 and thus the coordinates
of P are (4a, 4a).
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Equation of the normal at P is y = — tx + 2at + a’

= y=—2x+4a+8a = 2x+y=12a (i)

which meets the parabola y* = 4ax at points given by

y*=2a (12a-y)

= y=4aory=-6a
y = 4a corresponds to the point P

andy=-6a = x=9afrom (i)

So that the coordinates of Q are (9a, — 6a). Since the coor-

dinate of the focus § are (a, 0), slope SP = 4/3 and slope of
SQ = - 6/8. Product of the slopes = — 1.

® Example 31: Equation of the directrix of the parabola
whose focus is (0, 0) and the tangent at the vertex is
x=y+1=0is

= Yy +2ay-24a"=0

(a) x—=y=0 (b) x=y-1=0
(c) x-=y+2=0 (d) x+y-1=0
Ans. (¢)

© Solution: Since the directrix is parallel to the tangent at

the vertex, let the equation of the directrix be.
x-y+A=0

But the distance between the focus and directrix is twice

the distance between the focus and the tangent at the vertex.

Therefore 04044 —2><0_0+l
Vi+1 Vi+1

focus lies on the same side of the directrix as the tangent
at the vertex of the parabola.
= A=2, and the required equationisx—y+2=0

® Example 32: The common tangents to the circle x* + y°
= a*/2 and the parabola y* = 4ax intersect at the focus of the

parabola

(a) x*= 4ay (b) == 4ay

(¢) y2 =—4ax (d) y2 =4a(x+a)
Ans. (¢)

© Solution: Equation of a tangent to the parabola y* = 4ax
s y = mx + a/m.
If it touches the circle x° + y2 =a’2

— (L)\llﬂnz = 2=m*(1+m?)
m 2

= m+m’-2=0 > (mz—l)(mz+2)=0

2
= m=1 = m=+1
Hence the common tangents are y=x+aand y=-x—a
which intersect at the point (— a, 0) which is the focus of the

parabola y* = — 4ax.

® Example 33: The locus of the vertices of the family of
parabolas

y=22 +28 % _24is

’ 3 2
(a) xy=064/105 (b) xy=105/64
(c) xy=3/4 (d) xy=35/16

@) MATHEMATICS
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Ans. (b)

Solution: Equation of the parabola can be written as

1=(ax+£)" 3

B 2
or (x+i) i(\,+3_5a)
4a 3a\" 16

vertex is x = —3/4a, y =-35a/16
Locus of the vertex is xy = 105/64.

® Example 34: An equation of a tangent to the parabola
y2 = 8x is y = x + 2. The point on this line from which the
other tangent to the parabola is perpendicular to the given
tangent is
(@ -1, 1)
(c) (2,4)
Ans. (d)

Solution: y = mx + a/m is a tangent for all values of m
where a = 2.

For m =1, y = x + 2 so the equation of the tangent perpen-
dicular to the given tangent is y = — x — 2. The required
point is the point of intersection of these tangents i.e.,
(= 2, 0). Alternately perpendicular tangents to a parabola
intersect on the directrix. x + 2 =0

(b) (0,2)
(d) (=2,0)

® Example 35: If two tangents drawn from a point P to
the parabola y* = 4x are at right angles, then the locus of P is

(a) x=-1 (b) 2x-1=0
(c) x=1 (d) 2x+1=0
Ans. (a)

Solution: Equation of a tangent to the parabola is y =
mx + 1/m. If it passes through P(h, k), then k = mh + 1/m
= m’h — mk + 1 = 0 which gives the slopes of two tangents
passing through P. As these are at right angles, product of
the slopes=—1 = 1/h=-

Locus of P is x =— 1 which is the directrix of the parabola.

® Example 36: The shortest distance between the line
y—x=1and the curve x = y* is

W2 3
(a) T (b) T
W2 yNE)
(c) N (d) e
Ans. (¢)

Solution: Any point on the curve is (£, 1) whose dis-
tance from the given line is

(-

1

2

gl

V2

3 _302

3
> bt o
4 a2 8
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@® Example 37: If a # 0 and the line 2bx + 3¢y +4d =0
passes through the points of intersection of the parabola
y? = 4ax and x* = 4ay, then

(@) d*+(2b-3c)*=0 (b) d°+(3b+2c)*=0

() d+@2b+3¢)*=0(d) &*+(3b-2c)*=0
Ans. (¢)
Solution: Given parabolas intersect at (0, 0) and (4a,
4a). If the given line passes through these points, then

d=0and 2b(4a) + 3c(4a) =0

= 2b+3¢=0
Hence d +(2b+3c)* =0.

@®@ Example 38: The locus of a point P(¢, ) moving under
the condition that the line y = ax + 8 is a tangent to the
parabola y* = 4ax is

(a) xy=4a (b) xy=a
(c) xy=a2 (d) ax3+2ax+y=0
Ans. (b)

Solution: Equation of any tangent with slope m to the

parabola is y = mx + 2
m
Comparing with y = ax + , we get
a
m=o, —=B=af=a.
o

and the required locus is xy = a.

® Example 39: The point of intersection of the normals to
the parabola y* = 4x at the ends of its latus rectum is

(a) (0,2) (b) (3,0)
(¢) (0,3) (d) (2,0)
Ans. (b)

Solution: Equation of the latus rectum is x = | and the
coordinates of the ends of the latus rectum are (1, 2) and
(1, =2). Equations of the normals at these points is y = —#x
+2at+af,where t=+l,a=1=y+x=3andy—x=-3
which intersect at (3, 0).

® Example 40: Two tangents are drawn from a point
(-2, 1) to the curve y* = 4x. If o is the angle between them,
then |tang] is equal to:

1 1
(a) 3 (b) ﬁ
(© 3 ) 3.
Ans. (d)
Solution: Equation of a tangent to the parabola y* = 4x
isy=mx+ —.
m

If it passes through (-2, —1), then

) MATHEMATICS
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—-1=2m+ =
m
=2m’-m—-1=0

=>(2m+l)(m—l)=0=>m=l,_7l

® Example 41: Let O be the vertex and Q be any point on
the parabola X = 8y. If the point P divides the line segment
OQ internally in the ratio 1:3, then the locus of P is:

(@ X’=y (b) y*=x
© y'=2 (d) x> =2y
Ans. (d)

Solution: Let the coordinate of O be (x, y’) and that of
P be (h, k), then
1, 1,

h= Zx s = - y
As (x', ) lies on the parabola x* = 8y
we get (4h)” = 8(4k)
= W =2k
Locus of P(h, k) is x> = 2y
@ Example 42: Let y> = 16x be a given parabola and L
be an extremity of its latus rectum in the first quadrant. If

a chord is drawn through L with slope-1, then the length of
this chord is:

(a) 32 () 16v2
© 16v3 d 3242
Ans. (d).

Solution: Equation of the latus rectum is x = 4 and the
coordinates of L are (4, 8). Equation of the chord through L
with slope-1is y—8 =—(x—4)

=x+y=12

Solving the equation of the chord and the parabola we get
3y =16(12 - y) = y=8 and -24.

So the coordinates of M the other end of the chord through
L is (36, -24).

and LM = \(36—4)* +(24-8)? = 322

@® Example 43: The locus of the mid-points of the chords
the parabola = 4py having slope m is a:
(a) line parallel to x-axis at a distance |2pm| from it.
(b) line parallel to y-axis at a distance |2pm| from it.
(c) line parallel to y = mx, m # 0 at a distance |[2pm|
from it.
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(d) circle with centre at the origin and radius [2pm]|.

Ans. (b)

© Solution: Let (h, k) be the mid point of a chord then its

equation is

hx — 2p(y — k) = h* — 4pk (using T = S)
h

slope of this chord is o =m= h=2pm
p

Locus of (A, k) is x = 2pm

which is line parallel to y-axis at a distance |2pm| from it.

@® Example 44 Let (x, y) be any point on the parabola
y* = 4x. Let P be the point that divides the line segment from

(0,0) to (x, y) in the ratio 2:3. Then locus of P is

(a) #=y (b) 5y*=2x
(c) 5y°=8x (d) 5% =2y
Ans. (¢)
© Solution: Let P be (h, k)
then h= & k= 2—\
) d

® Example 46 Consider the two curves C, : ¥
Cy: X +y —6x+1=0.

Statement-1: C, and C, touch each other exactly at two

points.

Statement-2: Equation of the tangent at (1, 2) to C, and C,

bothisx—y+1=0andat(l,-2)isx+y+1=0.
Ans. (a)

© Solution: Solving for the points of intersection we have

P +dx-6x+1=0
= x-17%=0
= x=1 = y=x2
Thus the two curves meet at (1, 2) and (1, =2)
Tangent at (1, 2) to )-2 =4xis

Y

(1,2)

P+ —6x+1=0

Fig. 18.11
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As (x, y) lies on the parabola yz =4x.

CRG

= 5K =8h
= Locus of Pis 5)'2 = 8x.

PARABOLA

@® Example 45 Let L be a normal to the parabola y* = 4x.
If L passes through the point (9, 6), then L is not given by

(a) y=x+3=0 (b) y+3x-33=0
(c) y+x-15=0 (d) y-2x+12=0
Ans. (¢)

Solution: The equation of the normal is
y=mx—2m-— m’.
As it passes through (9, 6)

6=9m-2m-m> = m-Tm+6=0
= m=1; 2,-3.
Showing that L is not given by (c).

Assertion-Reason Type Questions

y2)=2x+1) = x-y+1=0
Tangent at (1, 2) to the circle C, is
x+2y-3(x+1)+1=0
orx—y+ 1 =0 same as the tangent to the curve C,. Similarly
the tangent at the point (1,—2) to the two curvesisx+y+ |
=( = statement-2 is true and hence statement-1 is also true.

® Example 47: Statement-1: The normal at a point P on
the parabola _\'2 = 4x meets the x-axis at Q. If M is the mid
point of the line segment PQ, then the locus of M is another
parabola whose vertex is at the focus of the given parabola.

Statement-2: The tangent at a point P on the parabola
_\'2 = 4x meets the x-axis at Q. If R is the mid point of PQ,
then the locus of R is the tangent at the vertex of the parabola.
Ans. (b)

© Solution: Normal at the point P(mz, — 2m) on the pa-
rabola _v2 =4xisy=mx-2m- m® which meet the x-axis at
02 +m?, 0).

Coordinates of M are (1 + mz, -m)=(x,y)

Locus of M is yz = x— | which is a parabola with vertex
(1, 0), the focus of the parabola y2 =4x. Thus statement-1 is
true.

Next, tangent at a point P(¢*, 2f) on the parabola y* = 4x
isty=x+  which meets the x-axis at (- £, 0) coordinates
of R are (0, 1) = (x, y).

Locus of R is x = 0, the tangent at the vertex of the pa-
rabola _\'2 = 4x. So statement-2 is also true but does not lead
to statement-1.
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