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CONIC SECTION

A conic (or a conic section) is the locus of a point which
moves in a plane such that its distance from a fixed point
bears a constant ratio to its distance from a fixed line. The
fixed point is called the focus and the fixed line is called the
directrix of the conic. The constant ratio is known as the
eccentricity of the conic and is denoted by the letter e. The
conic is an ellipse, a parabola or a hyperbola, according as
e<=or>1.

Geometrically, these curves can be obtained as sections
of a right circular cone by a plane in various positions and
that is why they are called conic sections. A conic (or a
conic section) is given by a second degree equation. Thus
a conic means a pair of straight lines, a circle, a parabola,
an ellipse or a hyperbola. A circle is a limiting case of an
ellipse.

Fig. 18.1

Circle, Ellipse, Parabola and Hyperbola

When the plane cuts the cone with semivertical angle 6

atan angle o with the vertical axis of the cone (other than
at the vertex) we have the following:

1. If a=90°, the section is a circle

2. If 0 < < 90°, the section is an ellipse

3. If o= 6, the section is a parabola

(In each of the above situations, the plane cuts entirely
across one side of the cone above or below the vertex.)

4. If 0 £ o < 6, the plane cuts through both the sides of

the cone and the curve of intersection is a hyperbola.

@) MATHEMATICS

CONIC SECTION

PARABOLA

Equation of a Conic Section

Let the focus of the conic be (e, f) and the directrix be the
line ax + by + ¢ = 0, e being the eccentricity, then equation
of the conic is the locus of the point P(h, k), such that

\/(h_a)Z +(k—,3)2 =em
[2 . 22
a +b
’ ’ ez(ax-kbv+c)2
x-S +(y-p = — s 5
a +b

PARABOLA

A parabola is the locus of a point which moves in a plane

such that its distance from a fixed point (called the focus) is

equal to its distance from a fixed line (called the directrix).
Standard Forms of the Equation of a Parabola.

Y
L ‘:] P(x,y)
x’ X
ol 5,0
x+a=0
.‘),
Fig. 18.2

Let the focus S be (a, 0) and directrix be the line x =—a, with
a > 0. If P(x, y) is any point on the locus, then

(x + a)2 = y2 =(x+ a)2 -
y? = 4ax is a standard form of the equation of a parabola.
Four standard forms of a parabola are

(x- a)2 + _v2 = (x - a)2 =4ax

A EPSTUDY CIRCLE
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O S| (a,0) X
M 2
Y——a y°=4ax

=4ay

Fig. 18.3 (c)

Illustration | 1 :

Find the equation of the parabola whose focus is (0, —4) and
directrix is y = 4.

© Solution: Let P (x, y) be any point on the parabola.
S (0, — 4) be the focus, then by definition of the parabola.

V=012 +(y+4)? ={(y-4?

= P=y-4-@+4°
= xX*=-16y
which is the required equation of the parabola.
Y
y=4
0

Y/
Fig. 18.4
The following terms are used in context of the parabola
y2 =4dax:

1. The point O(0, 0) is the vertex of the parabola,
and the tangent to the parabola at the vertex is
x =0.

@ MATHEMATICS

PARABOLA

(-a,0) |S 0

x=a y*=
Fig. 18.3 (b)

—4ax

Y

— M
S 1(0,-a)

—day
Fig. 18.3 (d)

2. The line joining the vertex O and the focus
S(a, 0) is the axis of the parabola and its equation
is therefore y = 0.

3. Any chord of the parabola perpendicular to its axis
is called a double ordinate.

4. Any chord of the parabola passing through its focus
is called a focal chord.

5. The focal chord of the parabola perpendicular to
its axis is called its latus rectum; the length of this
latus rectum is therefore 4a.

| Illustration | 2 i

Consider the parabola y* = 12x. The equation can be written
as y2 = 4ax where a = 3. Then

(a) Coordinates of the focus are (a, 0) = (3, 0):
(b) The coordinates of vertex are (0, 0)
(c) Equation of the directrix isx=—a ie. x=-3
(d) Equation of the tangent at the vertex is x = 0.
(e) Equation of the latus rectumisx=a ie. x=3
(f) Length of the latus rectum is 4a = 12.

(2) Let P(x, 2v/3x ) and P’(x, — 24/3x ), x > 0 be two
points, then for all values of x, PP’ is a double ordi-
nate of the parabola.

6. The points on a parabola, the normals at which
are concurrent, are called co-normal points of
the parabola. If (x;, y,), (x5, ¥,) and (x5, y;) are
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conormal points of the parabola y* = 4ax, then
yi+y+y;=0.

7. A line which bisects a system of parallel chords of
a parabola is called a diameter of the parabola.

The following are some standard results for the parabola
y2 = 4dax:
1. The parametric equations of the parabola or the
coordinates of any point on it are x = at’, y = 2at.
2. The tangent to the parabola at (x’, y”) is
yy'=2a (x + x”) and that at (af’, 2at) is fy=x+ ar.
3. The condition that the line y = mx + ¢ is a tangent
to the parabola is ¢ = a/m and the equation of any
tangent to it (not parallel to the y-axis) is therefore
y =mx + (alm).

Illustration ‘ 3 :

Find the equation of the tangent with slopes 5 to the parabola
y* = 20x, also find the coordinates of the point of contact of
the tangent to the parabola.

© Solution: Equation of the parabola can be written as
y2 =4dax,a=>35.
Equation of the tangent with slope 5 is

y=5x+§ =y=5x+1.

Parametric coordinates of any point on the parabola are
(5t2, 107) and the equation of the tangent at this point is

y=x+ 57

Comparing with y =5x + I, we getr = %

So the coordinates of the point of contact are

2
(1) 0()- (32)
5 5 5
4. The chord of contact (defined as in circles) of
(x y”) w.r.t. the parabola is yy" = 2a (x + x”).

5. The polar (defined as in circle) of (x”, y”) w.r.t. the
parabola is yy” = 2a(x+ x”).

6. The chord with mid-Point (x’, y') of the parab-
olais T = S’ whereT = yy’ - 2a (x + x’) and
S’=y"? — dax’,

7. The equation of the pair of tangents from
(x, y") to the parabola is 7° = SS’. Where
S = y* - dax.

8. The normal at (atz, 2at) to the parabola is
y=-1tx+2at + ar’. If m is the slope of this normal,
then its equation is y = mx — 2am — am’, which is
the normal to the parabola at (amz, —2am).

@) MATHEMATICS

<

PARABOLA

| Illustration I 4 :

A normal of slope 4 at a point P on the parabola y* = 28x,
meets the axis of the parabola at Q. Find the length PQ.

Solution: y* = 28x = 4ax, a = 7 also m = 4, equation of
the normal at P(am2 —2am) is y =mx —2am — am’

So coordinates of P are (112, — 56) and the equation of the
normal is

y=4x-56-448 or y=4x-504.
which meets the axis y =0 at Q (126, 0)
and  (PQ)*=(126-112)*+ (0 + 56)* = 14> x 17

= PO =1417.

9. A diameter of the parabola is the locus of the
middle points of a system of parallel chords of
the parabola and the equation of a diameter is
y = 2a/m where m is the slope of the parallel chords
which are bisected by it.

10. The equation of a chord joining (ar’, 2at;) and
(atzz, 2aty) is y(t; + t,) = 2x + 2att,.

11. If the chord joining the points having param-
eters f; and f, passes through the focus, then
Lhty=-1

12. If the coordinates of one end of a focal chord are
(atz, 2at), then the coordinates of the other end are
(a/tz, - 2alt).

| Illustration | 5 F

PP’ is a focal chord of the parabola _v2 = 8x. If the coordinates
of P are (18, 12), find the coordinates of P’.

© Solution: y* = 8x =4ax, a = 2.

So, coordinates of the focus are S(2, 0).

Equation of the line joining P and S is 3x— 4y — 6 = 0 which
meets the parabola at points for which 3y*~ 32y — 48 = 0
= y=12,-4/3

y =12, represents P. So the coordinates of P’ are (% - g)

Alternately Coordinates of P are (atz, 2at)= (18, 12)
where a = 2, t = 3, using the above result. Coordinates of

P’ are (i, ’_2“)=(3, _f)
P2t 9 3

13. For the end of the latus rectum, the values of the
parameter ¢ are * 1.

14. The tangents at the points (af*, 2at,) and
(at? ; 2aty) intersect at (at, ty, a(t; + 1,)).

15. The tangents at the extremities of any focal chord
intersect at right angles on the directrix.
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Illustration | 6 F

Show that the tangents at the extremities of the focal chord
PP’ in the Illustration 5 are at right angles and intersect on
the directrix of the parabola.

© Solution: Equations of the tangents at P and P’ are

12y =4(x + 18) and y(_%) - 4(“%)

=x-3y+18=0and3x+y+2/3=0
which are perpendiculars and intersect at (—2, 1?6) which
lies on the directrix x = =2 of the parabola.

16. The locus of the point of intersection of perpen-
dicular tangents to the parabola is its directrix.

17. The area of the triangle formed by any three points
on the parabola is twice the area of the triangle
formed by the tangents at these points.

18. The circle described on any focal chord of a pa-
rabola as diameter touches the directrix.

19. If the normal at the point (af}, 2at,) meets the
parabola again at (ar3, 2at,) then t, = — t, — 2/t,.

20. Three normals can be drawn from a point (x,, y,)
to the parabola. The points where these normals
meet the parabola are called feet of the normals or
conormal points. The sum of the slopes of these
normals is zero and the sum of the ordinates of the
feet of the normals is also zero.

21. If the normals at ‘¢;” and ‘#,” meet on the parabola
then t, t, = 2.

22. The centroid of the triangle formed by the co-
normal points on the parabola lies on the axis of
the parabola.

23. The pole of a focal chord of the parabola lies on
its directrix.

24. A diameter of the parabola is parallel to its axis and
the tangent at the point where it meets the parabola
is parallel to the system of chords bisected by the
diameter.

25. The semi-latus rectum of the parabola is the har-
monic mean between the segments of any focal
chord of the parabola.

26. If the tangent and normal at any point P on the
parabola meet the axis of the parabola in 7 and G
respectively, then

(i) ST =SG = SP, S being the focus
(i) |PSK = m/2, where K is the point where the tan-
gent at P meets the directrix.
(iii) The tangent at P is equally inclined to the axis
of the parabola and the focal distance of P.

) MATHEMATICS

<

PARABOLA

Illustration I 7 :

Find the locus of the intersection of the perpendicular tan-
gents to the parabola x =4y
Let x = my + ¢ be a tangent to the parabola. Then the roots
of the equation (my + c) = 4y are equal, as the line meets
the parabola at a single point.

= (2 mc - 4)2 =4m** = c= l .
m

; ; 1
So equation of any tangent to the parabola is x = my + —
m

and equation of the perpendicular tangent is
X=-—-—y-m
m
Solving for the point of intersection we get
y+1=0

So the perpendicular tangents to the parabola intersect on
the line y + 1 = 0 which is the directrix of the parabola.

[ Illustration J 8 ﬁ

The normal at a point P (36, 36) on the parabola _v2 = 36x
meets the parabola again at a point Q. Find the coordinates
of Q.
© Solution: Parabola is y* = 4ax, a =9
and P(36, 36) = (ar’, 2at), t = 2
Equation of the normal at (atz, 2at) is
y=—ix + 2at + at’
So equation of the normal at P is
y==-2x+36+72
or y=-2x+ 108
Which meets the parabola at points for which
(-2x + 108)* = 36x
= F-117x+ (54 =0
= x =36, 81.
x =36, gives the point P, so other end Q of
the normal at P is (81, =54)
Note: y-coordinate of Q cannot be +ve
Coordinates of Q are (at”, 2at’)

Where t' = -3 =—t— %

(using result 19)

[ Illustration | 9 :

If the normals at P (ar?, 2at;)and Q (arzz, 2at,) to the parabola
2 .

¥~ =4ax intersect on the parabola, then find the value of 7, 1,.

© Solution: Equation of normal at (ar’, 2ar) to the

parabola is y = —tx + 2at + ar’.
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If it passes through (4, k) then

k =—th + 2at + af’
= at3+(2a—h)t—k=0 (1)
Which gives three values of ¢ showing that the normal at
three points with ¢ = t,, t,, f; pass through (A, k).
So if the normals at P and Q intersect on the parabola, then
h= atg, k =2at;.
which proves result 21.

2at
From (7) we have 1, t, t; = k _ <9
a a

= =2

| Illustration |10=

If the tangent and normal at any point P on the parabola
meet the axis of the parabola in 7 and G respectively, then
show that the focus § of the parabola is the centre of the
circle passing through 7, P and G.

@®@ Example 1: The point of intersection of the normals to
the parabola _\'2 = 4x at the ends of its latus rectum is

(a) (0,2) (b) (3,0)
(c) (0,3) (d) (2,0
Ans. (b)

© Solution: Any point on the parabola is (af*, 2ar) where
a=1.For the latus rectumx=a = =1 = t=+ 1. So ends
of latus rectum are (1, = 2).

Equations of the normals at these points is given by y = —1x
+2at + at’

= x+y-3=0andx-y-3=0
which intersect at (3, 0).

® Example 2: Equation of the line joining the foci of the
parabolas y* = 4x and x* = — 4y is

(a) x+y-1=0 (b) x—y-1=0
(c) x=y+1=0 (d x+y+1=0
Ans. (b)

Solution: Foci of the parabolas are (1, 0) and (0, — 1)
and the equation of the line joining them is
y=x-1 or x-y-1=0

@® Example 3: The tangent at a point P on the parabola
y* = 8x meets the directrix of the parabola at Q such that

) MATHEMATICS

<

© Solution: Equations of the tangent and normal at
P(af’, 2at) are respectively

ty=x+ar’ X

y =—tx + 2at + at

PARABOLA

, )
p &

T & '

Fig. 18.5

So the coordinates of T are (—atz, 0) and of G are (2a + atz, 0)
Focus S'is (a, 0)

SG=ST=SP=a(l +P)

Which shows that S is the centre of the circle through 7, P
and G.

SOLVED EXAMPLES
Concept-based

Straight Objective Type Questions

distance of Q from the axis of the parabola is 3. Then the
coordinates of P cannot be

(a) (2,4) (b) (8,8)
(c) (172,2) (d) (8-8)
Ans. (a)

Solution: Equation of the tangent at P (27, 41) to the
parabolaisty=x+ 27> which meets the directrix x =2 of the

2 _ 2 _
parabola at Q for which y = o . So that 2 ~2 =%3.

= 2/-3t-2=0 or 2f+3t-2=0
= 2t+1)(t-2)=0 or 2t-1)(t+2)=0

= t=%2, %

N | -

So, the coordinates of P are (8, +8) or (% + 2).

@® Example 4: .‘,2 = 16x is a parabola and X+ )‘2 =16isa
circle. Then
(a) circle passes through the vertex of the parabola
(b) circle touches the parabola at the vertex
(c) circle passes through the focus of the parabola
(d) circle lies inside the parabola.
Ans. (¢)
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4 > X
Q A(4,0)

Fig. 18.6

© Solution: Centre of the circle is the origin, the vertex
of the parabola and the focus of the parabola is A (4, 0). The
circle passes through A.

@ Example 5: The slope of the line touching both the
parabolas y2 =4xand X’ = - 32yis

1 3
a) — b) —
(a) 5 (b) 5
1 2
c) — d —
(c) 3 (d) 3
Ans. (a)
© Solution: Equation of the tangent at (%, 2) to the pa-
rabola y* = 4x is 1y = x+ * (1)
and the tangent at (167, — 8¢"%) to the parabola x* =— 32 y is
f x=y-8r? )

Since (1) and (2) represent the same line, comparing we get

L -t 7

= T =t=2

1 1
Hence the required slope of the tangent is = = g

Alternate Solution

I
y = mx + — is a tangent to the parabola

m
y2 = 4x. If it touches the parabola, ¥ = 32y, then the

roots of the equation ) (mx + l) = () are equal.
m

=  (32m)’=4x32x% LpT—
m

(39

® Example 6: Let L, be the length of the common chord
of the curves x*+ y* = 9 and y2 = 8x, and L, be the length of
the latus rectum of y2 = 8x, then

L
Li <L d L=v2
(¢) Li<L, (d) L,
Ans. (¢)

© Solution: For the points of intersection of the curves
2+ y2 =9 and y2 = 8x, we have
#*+8x-9=0 = x=-9orx=1

@ MATHEMATICS

<

PARABOLA

Since x>0 for y* = 8x, the points of intersection are (1, 2v2)
and (1, -2 ) so that the length of the common chord L,
is 442 .

L, = length of the latus rectum of y* = 8x is 8. So L, < L,

@® Example 7: If m is the slope of a common tangent of
the parabola y? = 16x and the circle x* + y* = 8, then m? is

equal to
(a) 1 (b) 2
(c) 4 (d) 8
Ans. (a)

© Solution: Equation of a tangent to the parabola y* = 16x
isy=mx+ 4 :

m
If this touches the circle of x* + y* = 8, then the distance of
the centre (0, 0) of the circle from this tangent is equal to
the radius 2./2 of the circle.

4
= — =22
V1+m
= 2=m*+m'
=5 (m2+2)(m2—l)=0=>m2=1‘

@® Example8: Equation of anormal to the parabola y =32
passing through its focus is

(a) x=0 (b) y=0
(c) x+y-8 =0 (d x-y-8=0
Ans. (b)

Solution: Equation of a normal to the parabola is
y= mx-—2am—am3,4a:32=>a:8

which passes through the focus (8, 0)

if 0=8m— 16m—8m’ =0

:>m3+m=0:>m(m2+ N=0=m=0

and the required equation of the normal is y = 0.

® Example 9: P;: y* = 49x and Py X = 4ay are two
parabolas. Equation of a tangent to the parabola P, at a point
where it intersects the parabola P, is:

(a) 2x—y—-4a=0 (b) y=0

(c) x=2y+4a=0 (d) x-y=0
Ans. (¢)
© Solution: Two parabolas intersect at the points (0, 0)
and (4a, 4a).
Equation of the tangent to P, at (0, 0) is x = 0 and at
(4a, 4a) is

y(4a) = 2a (x + 4a)
= x=2y+4a=0

@® Example 10: A point R divides the line segment joining
the points P(1, 3) and Q(1, 1) in the ratio 1: A. If R is an
interior point of the parabola y2 = 4x, then A can take a value
in the interval.
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(a) —1<,1<§ (b) —§</1<5
5 5
3
(c) 2<A<2 (d) —§</1<1
Ans. (d)
1:A
P(1,3) R o(l,1)
402
x=1
B
(10_2)
Fig. 18.7
© Solution: Coordinates of R are
_(,1+1 3A+1)
TAA+1 A +1

_ (] 31+ 1)
TA+1
= For all values of A, x-coordinate of R is 1 and y-coordi-
nate of R varies between —2 and 2.

= —2<3A+1<2.
A+1
=5 —§<l<l
5

® Example 11: A point on the parabola y* = 18x at which
the ordinate increases at twice the rate of the abscissa is

99
e 9 -4
(a) ( 2’ 2) (b) ( )
99
2,4 d
(c) (2,4) (d) (8 2)
Ans. (d)

© Solution: y*=18x = 2y% =18

= @ 2
x
We are given — =2
9
S0 —=2=>y=2
y 2
and x=—l—y2=>x=—9-
18 8

@) MATHEMATICS

<

@® Example 12: The normal at the point (bt,, 2bt,) on a
parabola meets the parabola again at the point (btzz, 2bt,),
then

PARABOLA

(a) rz=—t,+3 (b) 12=tl—3
h h
(c) r,_rl+Z (d) 12:—1,—z
4 L
Ans. (d)

© Solution: Equation of the parabola is y* = 4bx and the
equation of the tangent at (bt,”, 2bt,) is
y=—t,x + 2bt, + bt;’

which passes through (bt,%, 2bt,)

= 2bty =—t, (bty?) + 2bt, + bt,?

= 2, - 1) =-t(t,' - 1,)
2

:> t __,l

4
@®@ Example 13: If P be the point (1, 0) and Q, a point on
the locus y2 = 8x. The locus of the mid point of PQ is:
(@) X*+4y+2=0 (b) ¥*-4y+2=0
(€) Y¥-4x+2=0 (d) y*+4x+2=0
Ans. (c)
© Solution: Let the coordinates of Q be (2%, 41)

2
coordinates of the mid point of PQ are [2[ 2+ ] ,2tJ

92 41

Let h= s k=2t

Eliminating 7, we get 4h = k> + 2
So the required locus is y* —4x +2 =0
® Example 14: A parabola has the origin as its focus and

the line x = 2 as the directrix. Then the vertex of the parabola
is at

(@) (2,0) (b) (0,2)
(c) (1,0) (d) (0, 1)
Ans. (¢)

© Solution: Vertex is equidistant from the focus and the
directrix and hence its coordinates are (1, 0).

\

NV
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® Example 15: A chord is drawn through the focus of the
parabola y2 = 6x such than its distance from the vertex of this

parabola is g , then its slope can be

2 2
2 2
= 4 =
W S B

Ans. (a)

Solution: Focus of the parabola is (%0)

@ Example 16: The focus of the parabola 4y” + 12x — 20y
+67=0is
(a) (=7/2,512)
(c) (=17/4,5/2)
Ans. (c)
Solution: The given equation of the parabola can be
written as
V¥ -5y=-3x-67/4 = (y- 5/2)2 =-3 (x+7/2)
= Y*=4aX where Y=y—-5/2,X=x+7/2 and a=-3/4
The focus of ¥* = 4aX is (X, Y) = (a, 0) = (- 3/4, 0)
= x+72=-3/4, y-512=0 = x=-17/4,y=5/2
Therefore, required focus is (- 17/4, 5/2)
® Example 17: A line bisecting the ordinate PN of a point
P (atz, 2at), t > 0, on the parabola _v2 = 4ax is drawn parallel
to the axis to meet the curve at Q. If NO meets the tangent at
the vertex at the point 7, then the coordinates of T are.
(a) (0, 4at/3) (b) (0, 2at)
(c) (ar*l4, ar) (d) (0, ar)
Ans. (a)

Solution: Equation of the
line parallel to the axis and

bisecting the ordinate PN of the TM y=at

point P (af’, 2at) is y = at which
meets the parabola y? = dax at

the point Q [%,at].

(b) (—3/4,5/2)
(d) (572,-3/4)

N(af%, 0)

Coordinates of N are (af’, 0).
Equation of NQ is

Fig. 18.9
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Let the equation of the chord be
y=m (x - E)
’ 2
_3m
: : 2 5
Its distance from the vertex (0, 0) is [—=—| = —
1+ m? 2
= 9m* =5(1 + m?)
, 5 J5
= m=—-=m=—
4 2

0—at 2

yis 2 2. (X —at )
at” —at” /4

which meets the tangent at the vertex, x = 0, at the point y

=4at/3.

@® Example 18: If P, Q, R are three points on a parabola
y? = 4ax whose ordinates are in geometrical progression,
then the tangents at P and R meet on

(a) the line through Q parallel to x-axis

(b) the line through Q parallel to y-axis

(c) the line joining Q to the vertex

(d) the line joining Q to the focus.
Ans. (b)
Solution: Let the coordinates of P, Q, R be (at,-z, 2at;)
i=1,2, 3 having ordinates in G.P. So that 7, t,, t; are also in

GPie t)t;= r22 . Equations of the tangents at P and R are
ty=x+afandt,y=x+ ar32 , which intersect

]
. x+atl x+at;
at the point = — =
4 13

which is a line through Q parallel to y-axis.

x=att, = ats

® Example 19: The locus of the mid-point of the line
segment joining the focus to a moving point on the parabola
y? = 4ax is another parabola with directrix

(a) x=—a (b) x==al2
(c) x=0 (d) x=al2
Ans. (¢)

Solution: The focus of the parabola y2 =4axis S (a,0),
let P (ai’, 2at) be any point on the parabola then coordinates
of the mid-point of SP are given by
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Ca(+l)  2at+0

T g ¥ 3
Eliminating ‘" we get the locus of the mid-point
as y2= 2ax —a* ory2= 2a (x —al2) (1)
which is a parabola of the form Y’ = 4AX (2)

Where Y=y, X=x-a/2 and A = a/2

Equation of the directrix of (2)is X=-A

So equation the directrix of (1) is x—a/2 =—al2
= x=0

@® Example 20: Equation of a common tangent to the
curves y2 =8xandxy=-11is

(@) 3y=9x+2 (b) y=2x+1
(c) 2y=x+8 d y=x+2
Ans. (d)

© Solution: Equation of a tangent at (ar’, 2af) to y* = 8x is
ry=x+at2where4a=8i.e.a=2
= ty=x+ 27 which intersects the curve xy=-1atthe

2
points given by X(%Zt) =—1clearly r #0
or x* + 2fx + t = 0 and will be a tangent to the curve if the
roots of this quadratic equation are equal, for which 47 — 4¢
=0=t=0ort=1 and an equation of a common tangent
isy=x+2.
® Example 21: The tangent at the point P(x,, y,) to the
parabola y* = 4ax meets the parabola y* = 4a (x + b) at Q and
R, the coordinates of the mid-point of OR are
(@) (x;—a,y;+b)  (b) (x,y)
(c) (x;+b,y,+a) (d) (x;=b,y,-b)
Ans. (b)
© Solution: Equation of the tangent at P(x,, y,) to the
parabola y?=dax is Yy =2a (x+x))
or  2ax-yy+2ax;=0 (1)
If M (h, k) is the mid-point of QR, then equation of QR a
chord of the parabola y’= 4a(x + b) in terms of its mid-point
is ky — 2a (x + h) — 4ab = k* - 4a (h+ b)
(usingT=8") or 2ax—ky+k*—2ah=0 (ii)
Since (i) and (ii) represent the same line, we have

2a _y _ ﬂ
20 k Kk*-2ah
= k =y, and k* - 2ah = 2ax,
= yzl —2ah =2ax;, = 4ax,-2ax, =2ah
(as P(x,, y,) lies on the parabola _v2 =4ax)
= h =x; sothat h = x;, k =y, and the mid point of QR
is (x;, y;)
@® Example 22: AB is a chord of the parabola y* = 4ax with
the end A at the vertex of the given parabola. BC is drawn

) MATHEMATICS

<

perpendiculars to AB meeting the axis of the parabola at C.
The projection of BC on this axis is

PARABOLA

(a) a (b) 2a
(c) 4a (d) 8a
Ans. (¢)

© Solution: Draw BD perpendicular to the axis of the pa-
rabola. Let the coordinates of B be (x, y) then slope of AB is
given by tan 6 = y/x
Projection of BC on the axis of the parabola is
DC =BD tan 6

=y (ylx) = y2/x =4dax/x =4a

Y
A

B(x,y)

Fig. 18.10

@®@ Example 23 Equation of the common tangent touching
the circle (x — 3)* + y2 =9 and the parabola y2 = 4x above
the x-axis is

(@) V3 y=3x+1
(c) \/3 y=x+3
Ans. (¢)
© Solution: Equation of a tangent to the parabola y* = 4x
isy=mx+ l/m.

It will touch the circle (x — 3)2 + y2 =9 whose centre is
(3, 0) and radius is 3 if

0+m@3)+1/m)

V1+m?

®) V3 y=-@+3)
@ V3 y=—Gx+1)

=3

or if Gm + 1/m)*> =9(1 + m®)
orif  9m*+6+ 1/m> =9 + 9m’
or if m?=13ie.m=+1/\3

As the tangent is above the x-axis, we take m = l/ V3 and
thus the required equation is V3 y=x+3.
@® Example 24: The point of intersection of the tangents to

the parabola y* = 4x at the points where the circle (x — 3)* +
y* = 9 meets the parabola, other than the origin, is

(@) (=2,0) (b) (1,0)
(C) (09 O) (d) (_ l’ - l)
Ans. (a)
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© Solution: The circle meets the parabola at points given
by (x-3)>+4x=9

=X -2=0=>x=0,x=2. But x = 0 gives the origin so
wetakex=2andy= % 2V2 . Equation of the tangents to
the parabola at (2,22 ) and (2, —2/2 ) are respectively.

y (2v2) =2(x +2) and y(-2v2) =2(x + 2)
Solving these we get y =0 and x = - 2.

@® Example 25: Equation of the directrix of the parabola
Y +4y+4x+2=0is

(a) x=-1 (b) x=1
(c) x==-3/2 (d) x=3/2
Ans. (d)

© Solution: Given equation can be written as
G+2)=—4x+2=—-4(x-1/2)
which is of the form ¥ % = 4aX

where Y=y+2, X=x-12,a=-1
The directrix of the parabola Y’=4aXisX=-a
= x=12==(-1) = x=3/2

is the equation of the directrix of the given parabola

® Example 26: If x + y = k is a normal to the parabola
= 12x, then it touches the parabola

(a) _v2 =—36x (b) .\'2 =—12x
(c) _\'2 =-9Ox (d) none of these
Ans. (a)

© Solution: Since y = mx — 2am — am’ is a normal to the
parabola _v2 =4ax, taking a =3 and m = -1 we get
y=-x-203)-1)-3(-1)°
= x+y=09isanormal to the parabola yz =12x
Suppose it touches the parabola yz = 4ax.
Equation of a tangent to the parabola y” = 4ax is
y=mx+alm
If it represents the line x + y = 9, then
m=-landa/m=9 = a=-9
870 an equation of the required parabola is y> = 4(= 9)x or
y-=-36x

@® Example 27: If the normal chord at a point ‘7" on the
parabola y* = 4ax subtends a right angle at the vertex, then

avalue of ¢ is

(a) 4 (b) V3

© V2 d 1
Ans. (¢)
© Solution: Equation of the normal at ‘¢’ to the parabola
yz =4dax is

y=—tx +2at + af’ (i)

The joint equation of the lines joining the vertex (origin) to
the points of intersection of the parabola and the line (i) is

@ MATHEMATICS

<

PARABOLA

2 y+ix
y =dax| —
2at +at”

=  (2t+t 3)_v2 =4x (y+tx)

= 4xX-Q+)y +4xy=0

Since these lines are at right angles co-efficient of x” + coe-
fficient of y* =0

= 4t-2t-£=0 = =2

For t = 0, the normal line is y = 0, i.e. axis of the parabola
which passes through the vertex (0, 0).

@® Example 28: The slopes of the normals to the parabola
y* = 4dax intersecting at a point on the axis of the parabola at
a distance 4a from its vertex are in

(a) A.P. (b) G.P.
(c) H.P. (d) none of these
Ans. (a)

@? Solution: Equation of any normal to the parabola
y-=4axis

y=mx —2am — am’.
If it passes through (4a, 0), the point on the axis y =0, at a
distance 4a from the vertex (0,0) then m = 0, +2
Therefore the slopes of the required normals are
-2 , 0, 2 ; which are in A.P.

@® Example 29: If the focus of a parabola divides a focal
chord of the parabola in segments of length 3 and 2, the
length of the latus rectum of the parabola is

(a) 3/2 (b) 6/5
(c) 12/5 (d) 24/5
Ans. (d)

© Solution: Let y* = 4ax be the equation of the parabola,
then the focus is S (a, 0). Let P (ar*, 2at,) and Q (at*,, 2at)
be vertices of a focal chord of the parabola, then t, 1, =— 1.
Let SP=3,50=2

SP=\a?(1-1) +4a*2 =a(1+£)=3 (i)

and SO = a(l+i,) =2 (i)
Iy

From (i) and (ii) we get tz, =3/2 and a = 6/5

Hence the length of the latus rectum = 24/5.

@® Example 30: P is a point on the parabola whose ordinate
equals its abscissa. A normal is drawn to the parabola at P to
meet it again at Q. If § is the focus of the parabola then the
product of the slopes of SP and SQ is

(a) -1 (b) 172
(c) 1 d) 2
Ans. (a)

© Solution: Let P(af’, 2ar) be a point on the parabola
yl =4ax, thenar’ =2ar = t=2 and thus the coordinates
of P are (4a, 4a).
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Equation of the normal at P is y = — tx + 2at + a’

= y=—2x+4a+8a = 2x+y=12a (i)

which meets the parabola y* = 4ax at points given by

y*=2a (12a-y)

= y=4aory=-6a
y = 4a corresponds to the point P

andy=-6a = x=9afrom (i)

So that the coordinates of Q are (9a, — 6a). Since the coor-

dinate of the focus § are (a, 0), slope SP = 4/3 and slope of
SQ = - 6/8. Product of the slopes = — 1.

® Example 31: Equation of the directrix of the parabola
whose focus is (0, 0) and the tangent at the vertex is
x=y+1=0is

= Yy +2ay-24a"=0

(a) x—=y=0 (b) x=y-1=0
(c) x-=y+2=0 (d) x+y-1=0
Ans. (¢)

© Solution: Since the directrix is parallel to the tangent at

the vertex, let the equation of the directrix be.
x-y+A=0

But the distance between the focus and directrix is twice

the distance between the focus and the tangent at the vertex.

Therefore 04044 —2><0_0+l
Vi+1 Vi+1

focus lies on the same side of the directrix as the tangent
at the vertex of the parabola.
= A=2, and the required equationisx—y+2=0

® Example 32: The common tangents to the circle x* + y°
= a*/2 and the parabola y* = 4ax intersect at the focus of the

parabola

(a) x*= 4ay (b) == 4ay

(¢) y2 =—4ax (d) y2 =4a(x+a)
Ans. (¢)

© Solution: Equation of a tangent to the parabola y* = 4ax
s y = mx + a/m.
If it touches the circle x° + y2 =a’2

— (L)\llﬂnz = 2=m*(1+m?)
m 2

= m+m’-2=0 > (mz—l)(mz+2)=0

2
= m=1 = m=+1
Hence the common tangents are y=x+aand y=-x—a
which intersect at the point (— a, 0) which is the focus of the

parabola y* = — 4ax.

® Example 33: The locus of the vertices of the family of
parabolas

y=22 +28 % _24is

’ 3 2
(a) xy=064/105 (b) xy=105/64
(c) xy=3/4 (d) xy=35/16

@) MATHEMATICS
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Ans. (b)

Solution: Equation of the parabola can be written as

1=(ax+£)" 3

B 2
or (x+i) i(\,+3_5a)
4a 3a\" 16

vertex is x = —3/4a, y =-35a/16
Locus of the vertex is xy = 105/64.

® Example 34: An equation of a tangent to the parabola
y2 = 8x is y = x + 2. The point on this line from which the
other tangent to the parabola is perpendicular to the given
tangent is
(@ -1, 1)
(c) (2,4)
Ans. (d)

Solution: y = mx + a/m is a tangent for all values of m
where a = 2.

For m =1, y = x + 2 so the equation of the tangent perpen-
dicular to the given tangent is y = — x — 2. The required
point is the point of intersection of these tangents i.e.,
(= 2, 0). Alternately perpendicular tangents to a parabola
intersect on the directrix. x + 2 =0

(b) (0,2)
(d) (=2,0)

® Example 35: If two tangents drawn from a point P to
the parabola y* = 4x are at right angles, then the locus of P is

(a) x=-1 (b) 2x-1=0
(c) x=1 (d) 2x+1=0
Ans. (a)

Solution: Equation of a tangent to the parabola is y =
mx + 1/m. If it passes through P(h, k), then k = mh + 1/m
= m’h — mk + 1 = 0 which gives the slopes of two tangents
passing through P. As these are at right angles, product of
the slopes=—1 = 1/h=-

Locus of P is x =— 1 which is the directrix of the parabola.

® Example 36: The shortest distance between the line
y—x=1and the curve x = y* is

W2 3
(a) T (b) T
W2 yNE)
(c) N (d) e
Ans. (¢)

Solution: Any point on the curve is (£, 1) whose dis-
tance from the given line is

(-

1

2

gl

V2

3 _302

3
> bt o
4 a2 8
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@® Example 37: If a # 0 and the line 2bx + 3¢y +4d =0
passes through the points of intersection of the parabola
y? = 4ax and x* = 4ay, then

(@) d*+(2b-3c)*=0 (b) d°+(3b+2c)*=0

() d+@2b+3¢)*=0(d) &*+(3b-2c)*=0
Ans. (¢)
Solution: Given parabolas intersect at (0, 0) and (4a,
4a). If the given line passes through these points, then

d=0and 2b(4a) + 3c(4a) =0

= 2b+3¢=0
Hence d +(2b+3c)* =0.

@®@ Example 38: The locus of a point P(¢, ) moving under
the condition that the line y = ax + 8 is a tangent to the
parabola y* = 4ax is

(a) xy=4a (b) xy=a
(c) xy=a2 (d) ax3+2ax+y=0
Ans. (b)

Solution: Equation of any tangent with slope m to the

parabola is y = mx + 2
m
Comparing with y = ax + , we get
a
m=o, —=B=af=a.
o

and the required locus is xy = a.

® Example 39: The point of intersection of the normals to
the parabola y* = 4x at the ends of its latus rectum is

(a) (0,2) (b) (3,0)
(¢) (0,3) (d) (2,0)
Ans. (b)

Solution: Equation of the latus rectum is x = | and the
coordinates of the ends of the latus rectum are (1, 2) and
(1, =2). Equations of the normals at these points is y = —#x
+2at+af,where t=+l,a=1=y+x=3andy—x=-3
which intersect at (3, 0).

® Example 40: Two tangents are drawn from a point
(-2, 1) to the curve y* = 4x. If o is the angle between them,
then |tang] is equal to:

1 1
(a) 3 (b) ﬁ
(© 3 ) 3.
Ans. (d)
Solution: Equation of a tangent to the parabola y* = 4x
isy=mx+ —.
m

If it passes through (-2, —1), then

) MATHEMATICS
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—-1=2m+ =
m
=2m’-m—-1=0

=>(2m+l)(m—l)=0=>m=l,_7l

® Example 41: Let O be the vertex and Q be any point on
the parabola X = 8y. If the point P divides the line segment
OQ internally in the ratio 1:3, then the locus of P is:

(@ X’=y (b) y*=x
© y'=2 (d) x> =2y
Ans. (d)

Solution: Let the coordinate of O be (x, y’) and that of
P be (h, k), then
1, 1,

h= Zx s = - y
As (x', ) lies on the parabola x* = 8y
we get (4h)” = 8(4k)
= W =2k
Locus of P(h, k) is x> = 2y
@ Example 42: Let y> = 16x be a given parabola and L
be an extremity of its latus rectum in the first quadrant. If

a chord is drawn through L with slope-1, then the length of
this chord is:

(a) 32 () 16v2
© 16v3 d 3242
Ans. (d).

Solution: Equation of the latus rectum is x = 4 and the
coordinates of L are (4, 8). Equation of the chord through L
with slope-1is y—8 =—(x—4)

=x+y=12

Solving the equation of the chord and the parabola we get
3y =16(12 - y) = y=8 and -24.

So the coordinates of M the other end of the chord through
L is (36, -24).

and LM = \(36—4)* +(24-8)? = 322

@® Example 43: The locus of the mid-points of the chords
the parabola = 4py having slope m is a:
(a) line parallel to x-axis at a distance |2pm| from it.
(b) line parallel to y-axis at a distance |2pm| from it.
(c) line parallel to y = mx, m # 0 at a distance |[2pm|
from it.
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(d) circle with centre at the origin and radius [2pm]|.

Ans. (b)

© Solution: Let (h, k) be the mid point of a chord then its

equation is

hx — 2p(y — k) = h* — 4pk (using T = S)
h

slope of this chord is o =m= h=2pm
p

Locus of (A, k) is x = 2pm

which is line parallel to y-axis at a distance |2pm| from it.

@® Example 44 Let (x, y) be any point on the parabola
y* = 4x. Let P be the point that divides the line segment from

(0,0) to (x, y) in the ratio 2:3. Then locus of P is

(a) #=y (b) 5y*=2x
(c) 5y°=8x (d) 5% =2y
Ans. (¢)
© Solution: Let P be (h, k)
then h= & k= 2—\
) d

® Example 46 Consider the two curves C, : ¥
Cy: X +y —6x+1=0.

Statement-1: C, and C, touch each other exactly at two

points.

Statement-2: Equation of the tangent at (1, 2) to C, and C,

bothisx—y+1=0andat(l,-2)isx+y+1=0.
Ans. (a)

© Solution: Solving for the points of intersection we have

P +dx-6x+1=0
= x-17%=0
= x=1 = y=x2
Thus the two curves meet at (1, 2) and (1, =2)
Tangent at (1, 2) to )-2 =4xis

Y

(1,2)

P+ —6x+1=0

Fig. 18.11
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As (x, y) lies on the parabola yz =4x.

CRG

= 5K =8h
= Locus of Pis 5)'2 = 8x.

PARABOLA

@® Example 45 Let L be a normal to the parabola y* = 4x.
If L passes through the point (9, 6), then L is not given by

(a) y=x+3=0 (b) y+3x-33=0
(c) y+x-15=0 (d) y-2x+12=0
Ans. (¢)

Solution: The equation of the normal is
y=mx—2m-— m’.
As it passes through (9, 6)

6=9m-2m-m> = m-Tm+6=0
= m=1; 2,-3.
Showing that L is not given by (c).

Assertion-Reason Type Questions

y2)=2x+1) = x-y+1=0
Tangent at (1, 2) to the circle C, is
x+2y-3(x+1)+1=0
orx—y+ 1 =0 same as the tangent to the curve C,. Similarly
the tangent at the point (1,—2) to the two curvesisx+y+ |
=( = statement-2 is true and hence statement-1 is also true.

® Example 47: Statement-1: The normal at a point P on
the parabola _\'2 = 4x meets the x-axis at Q. If M is the mid
point of the line segment PQ, then the locus of M is another
parabola whose vertex is at the focus of the given parabola.

Statement-2: The tangent at a point P on the parabola
_\'2 = 4x meets the x-axis at Q. If R is the mid point of PQ,
then the locus of R is the tangent at the vertex of the parabola.
Ans. (b)

© Solution: Normal at the point P(mz, — 2m) on the pa-
rabola _v2 =4xisy=mx-2m- m® which meet the x-axis at
02 +m?, 0).

Coordinates of M are (1 + mz, -m)=(x,y)

Locus of M is yz = x— | which is a parabola with vertex
(1, 0), the focus of the parabola y2 =4x. Thus statement-1 is
true.

Next, tangent at a point P(¢*, 2f) on the parabola y* = 4x
isty=x+  which meets the x-axis at (- £, 0) coordinates
of R are (0, 1) = (x, y).

Locus of R is x = 0, the tangent at the vertex of the pa-
rabola _\'2 = 4x. So statement-2 is also true but does not lead
to statement-1.
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@ Example 48: Statement-1: The curve y = — % +x+1

is symmetrical with respect to the line x = 1.
Statement-2: A parabola is symmetric about its axis.
Ans. (a)

Solution: Statement-2 is true, Equation in statement-1
is (x — 1)’ =- 2(y — 3/2) which is a parabola with axis x — 1
=0, using statement-2, statement-1 is also true.

® Example 49: Statement-1: A parabola has the origin as
its focus and the line y = 2 as the directrix, then the vertex of
the parabola is at the point (0, 1).

Statement-2: Vertex of a parabola is equidistance from the
focus and the directrix and lies on the line through the focus
perpendicular to the directrix.

Ans. (a)
Solution: Statement-2 is true and using it in state-
ment-1, the vertex is on the line x = 0 at a distance | from

the focus (0, 0), so the vertex is at the point (0, 1) and the
statement-1 is also true.

11
@® Example 50: Statement 1: The point (Z 5) on the
parabola yz = x is closest to the line y =x + 1.
11
Statement-2: The tangent at (Z E) to the parabola y* = x

is parallel to the line y = x + 1.
Ans. (b)

Solution: Tangent at G %) to the parabola y* = x is

y(l)= l(x + l) ory=x+ 2 which is parallel to y.=.x.+.1.
2) 2 4 4

So statement-2 is true. For Statement-1, any point on the

2 1

parabola y* = x is Gz ) whose distance from the line

y=x+lis ‘ =) 40
JE N

which is minimum when ¢ = 1, so the coordinates on the
point on the parabola closest to y = x + 1 is e %) and

thus statement-1 is also true but does not follow from state-
ment-1.

@ Example 51: Statement-1 A circle drawn on a focal
radii of the parabola y* = 4ax as a diameter touches the
tangent at the vertex of the parabola.

Statement-2 The portion of the tangent to the parabola
y* = 4ax intercepted between the point of contact, other than
the vertex, and the directrix subtends a right angle at the
focus of the parabola.

Ans. (b)

@ MATHEMATICS

<

Solution: For statement-2, let the coordinates of a point
P on the parabola be (atz, 2at).
Equation of the tangent at P to the parabola is ty = x + af*

PARABOLA

which meets the directrix x + a = 0 at Q(—a,a(i - ;)) .

Coordinates of the focus S are (a, 0).

2at
Slope of PS = — =m,
at-—a
1
a(t_) -l
Slope of OS = LY P =m,
-a—a =2t

mym, = —1 = PQ subtends a right angle at the focus and
thus statement-2 is true.

Next, for statement-1, equation of the circle on PS as a di-
ameter is

(x—a)(x—af’) + (y—0)(y—2af)=0

which meets the tangent at the vertex x = 0 at points for
which

af + y(y—2af) =0
=y-
Showing that the circle touches the tangent at the vertex

and hence statement-1 is also true but does not follow from
statement-2.

® Example 52: Statement-11f x + 2y=5and 2x—y =0
are two tangent to the parabola whose axis is x + y = 3, then
equation of the directrix of the parabolaisx—y+1=0.
Statement-2 Perpendicular tangents to a parabola intersect
at its directrix.

Ans. (a)

Solution: For statement-2, let the equation of the pa-
rabola be y* = 4ax and equations of two perpendicular tan-
gents are

at)2 =0

a 1 a
y=mx+ —andy= ——x+—
m m 1

m
Point of intersection of these tangents is given by

a |
mx+ —=—— —am.
m m
=x+ta=0

which is the directrix of the parabola.
Showing that statement-2 is true.

For statement-1, x + 2y = 5 and 2x — y = 0 are two perpen-
dicular tangents which intersect at the point (1, 2).

So using statement-2, (1, 2) lies on the directrix, also
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directrix is perpendicular to the axis x + y = 3 and hence its
equationisy—2=(x—1)

=>x-y+1=0

Showing that the statement-1 is also true.

@® Example 53: Given: A circle, 2> + 2)> = 5 and a
parabola y* = 4./5x

Statement-1 An equation of a common tangent to these
curvesisy=x+ ,f5.

J5

Statement-2 If the line y = mx + —— (m # 0) is their com-
m

mon tangent, then m satisfies m* — 3m*> +2 = 0.
Ans. (a)

© Solution: An equation of the tangent to y* = 4./5y is

J5

"
y=mx+ ~= ormx-my+ /5 =0
m

which will touch the circle 2x* + 2)* = 5

5|5

Nm*+m?| ﬁ

m+m?-2=0

m==l

m = +1 satisfies m* —3m*> +2=0

So statement-2 is true and hence statement-1 is also true.

U

® Example 54: Statement-1: The slope of the tangent
at any point P on a parabola, whose axis is the axis of x
and vertex is at the origin, is inversely proportional to the
ordinate of that point.

Statement-2: The system of parabolas y* = 4ax satisfies a
differential equation of degree 1 and order 1.

@®@ Example 56: If the line x — 1 = 0 is the directrix of the
parabola y* — kx + 8 = 0, k # 0 and the parabola intersects the
circle x* + y* = 4 in two real distinct points, then the value
of kis

(a) -4 (b) -8
(c) 4 (d) none of these
Ans. (b)
© Solution: The equation of the parabola can be written

as
_\'2 = k(x — 8/k) which is of the form Y? = 4AX

@) MATHEMATICS

<

PARABOLA
Ans. (b)
© Solution: y* = 4ax = ZyQ =4a.
dx
dy 2a e . .
= d— —— =0 which is a differential equation of order 1
x y

and degree 1 shows that the statement-2 is true.
For statement-1, slope of the tangent at any point is given

dy 2a
bym=—=—.
ey

Showing that the slope m is inversely proportional to the
ordinate y of the point and thus statement-1 is also true but
does not follow from statement-2.

® Example 55: Statement-1 Point of intersection of the
tangents drawn to the parabola = 4y at (4, 4) and (4, 4)
lies on the y-axis.

Statement-2 Tangents drawn at the extremities of the latus
rectum of the parabola x* = 4ay intersect on the axis of the
parabola.

Ans. (b)

© Solution: Coordinates of the extremities of the latus

rectum of the parabola x> = 4ay are (+2a, a) and the equation
of the tangents at these extremities are

x(2a) = 2a(y + a) and x(-2a) = 2a(y + a)

which intersect on x = 0, i.e. y-axis the axis of the parabola.
Hence statement-2 is true.

In statement-1, equations of the tangents are x(4) = 2(y + 4)
and x(—4) =2(y +4) which again intersect on x = 0 i.e. y-axis.

So statement-1 is also true but does not follow statement-2
as (+ 4, 4) are not the extremities of the latus rectum of the
parabola x° = 4y.

LEVEL 2
Straight Objective Type Questions

where Y=y,X=x-8/kand A =k/4

Equation of the directrix isX=-A = x-8/k=-k/4

which represents the given line x —1 = 0 if %—% =1

= K+4k-32=0 = k=-8or4d

For k = 4, the parabola is y* = 4(x — 2) whose vertex is
(2, 0) and touches the circle 2+ y2 = 4 at the vertex.
Therefore k #4.
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For k = — 8, the parabola is y2 =—8(x + 1) which intersects
the circle x* + y* = 4 at two real distinct points as the vertex
(-1, 0) of the parabola lies inside the circle.

@® Example 57: M is the foot of the perpendicular from a
point P on the parabola y* = 8(x — 3) to its directrix and S is
the focus of the parabola, if SPM is an equilateral triangle,
the length of each side of the triangle is

(a) 2 (b) 3
(c) 4 (d) 8
Ans. (d)

Vertex is (3, 0) focus is (3 + 2, 0) directrix is x =3 — 2.

© Solution: Since SPM is an equilateral triangle ZSMP
= 60°.

P(x,y)
M
60
30
0
27| A 55,0
1,0)(3,0
x=1
Fig. 18.12
= 4LSMZ=30°
From triangle SZM
] = sin 30° => SM =257

SM
=2%x4=8
Hence length of each side of the triangle is 8.

@® Example 58: PQ is a double ordinate of a parabola
y* = 4ax. The locus of its points of trisection is another
parabola length of whose latus rectum is k times the length
of the latus rectum of the given parabola, the value of k is

(a) 1/9 (b) 173
(c) 2/3 (d) none of these
Ans. (a)

Solution: Let PQ be a double ordinate of the parabola
y* = 4ax meeting the axis at L, R and S be the points of trisec-
tion of PQ. So that PR = RS = SQ. (Fig. 18.13)

If the coordinates of R are (h, k), the coordinates of S are
(hﬂ = k)

) MATHEMATICS

<

PARABOLA

the coordinates of P are (h, 3k)

Since P lies on the parabola y* = 4ax
GBk’=4ah = 9k* = 4ah

The locus of R(h, k) is therefore
9y2 =4ax or y2 =(4/9) ax
which is a parabola whose length of the latus rectum = (4a/9)

= (1/9) (length of latus rectum of the given parabola)

Y

¢ R(h, k)
L

. -

® S(h, k)

0

Fig. 18.13

@®@ Example 59: An equilateral triangle is inscribed in the
parabola y* = 4x one of whose vertex is at the vertex of the
parabola, the length of each side of the triangle in units is

(@ V312 (b) 4372
(©) 8372 @ 83
Ans. (d)

© Solution: Let A be the vertex and ABC be the equi-
lateral triangle inscribed in the parabola y* = 4x, AM be
perpendicular on BC.

B
60°
30° ]
A M
C\
Fig. 18.14
Thenif AB=I[,AM =1 cos 30°
and BM =1 sin 30°.

Thus the coordinates of B are (/ 3 12, 112)
Since B lies on the parabola y* = 4x

= U2 =41 V3 12
= 1=8J3
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@® Example 60: If PQ is a focal chord of the parabola

_v2 = 4ax with focus at S, then M =
’ SP+S0Q
(a) a (b) 2a
(c) 4a (d) o
Ans. (b)

© Solution: Let the coordinates of P be (at,2 , 2at,) and of
Q be (at% , 2at,). Since PQ is a focal chord, t, 1, =— 1

Focus is § (a, 0) = SP = \Ja*(1-£2)? +4a* =a (1 +7)

1+1?
and  SQ=a(l+1n}= L3
f
2 282
Sothat 25PSQ _ 2a”(1+1)) ey

AP0 5@ {(1+112)+(1+12H
h
@®@ Example 61: If the tangents at the extremities of a chord

PQ of a parabola intersect at 7, then the distances of the
focus of the parabola from the points P, 7, Q are in

(a) A.P. (b) G.P.
(c) H.P. (d) none of these
Ans. (b)

Solution: Let the equation of the parabola be y* = 4ax
and P (atl2 , 2aty), Q (at% , 2at,) be the extremities of the

chord PQ. The coordinates of 7, the point of intersection of
the tangents at P and Q are
(aty ty, a (t, + 1,))

Now SP=a(l+1})
SQ=a(l1+8)
and ST? =(at, t,— a)’ + [a (t, + 1,) - 0]

=d*((+B+66+1)
=a*(1+8)(1+85)=SP.SQ

So that SP, ST, SQ are in G.P.

@® Example 62: If the normals to the parabola y? = 4ax at

the ends of the latus rectum meet the parabola again at the
points P and Q then the equation of PQ is

(a) x=2a (b) x=3a
(c) x=6a (d) x=9a
Ans. (d)

Solution: The ends of the latus rectum are L (a, 2a) and
L'(a,~2a). Equation of the normal to the parabola yz =4axat
(amz, —2am)isy=mx—2am— am’. Taking m=-1 and 1 re-
spectively we get the equations of the normals at L and L”as
y=—x+2a+aandy=x-2a-a

or x+y-3a=0andx-y-3a=0

Now x + y — 3a = 0 meets the parabola y2 = 4ax at points
given by

) MATHEMATICS

<

PARABOLA

3a —x)2 =dax = ¥ =10ax+94°=0

= x=aof x=9a. Butx = a correspondence to the point L.
Therefore x =9a and y = 3a —x =—6a

and the coordinates of P are (9a, — 6a)

Similarly the coordinates of Q are (9a, 6a)

Hence the equation of PQ is x = 9a

@®@ Example 63: The orthocentre of the triangle formed by
three distinct tangents to the parabola y* = 4ax lies on:

(a) x+a=0 (b) x—a=0
(¢c) x=0 (d) y=0
Ans. (a)

Solution: Equations of the tangents at the points
A(at)?, 2at,), B(at,?, 2at,) and C(aty’, 2at;) are

Ly =X +at,”

1,y =X + aty’
These tangents meet at

P(a tyt3, a(t; + 1,))

O(a tst, alty + 1))

R(a t;t,, a(t, + 1))
Equation of the altitude through P is y — a(t, + t3) =
—t, (x — atyt3)
=>y-alt +H+ 5+ HhhG) = (x+a)
which passes through the point (—a, a(t, + t, + t; + t,1,13))
From symmetry the other two altitudes also pass through

this point and hence the orthocentre of the triangle lies on
x=-aorx+a=0.

@ Example 64: Through the vertex of the parabola y* =
4ax, chords OA and OB are drawn at right angles to each
other. For all positions of the point A, the chord AB meets
the axis of the parabola at a fixed point. Coordinates of the
fixed point are:

(@) (a,0) (b) (-a,0)
(c) (4a,0) (d) (4a,0)
Ans. (¢)

Solution: Let the coordinates of 4 be (at,%, 2at,) and of
B be (at,?, 2at,).

A(at,?, 2aty)

B(at,2, 2at,)

Fig. 18.15
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OA is perpendicular to OB

2 2
h )\

Equation of 4B is
2
X—aty  y-2at
a122 —at} 2at, - 2at,

=2x—at})=(t, +1,) (v—2at,)

=2x+ati) -yt +4)=0

= 2(x—4a)-y(t, +1,)=0

which meets the axis y = 0 at the point (44, 0) for all values
of #,.

@ Example 65: A is a point on the parabola y* = 4ax.

The normal at 4 meets the parabola again at B. If AB sub-
tends a right angle at the vertex of the parabola, then the
slope of AB is

(a) %1 (b) +2
© i% @) 243
Ans. (b)

1. A chord is drawn through the focus of the parabola
y> = 6x such that its distance from the vertex of

this parabola is g then its slope can be:

(a) ﬁ (b) ﬁ
2 2
(c) - (d) ’
TS 3
N V3

2. An equation of the parabola whose focus is (-3, 0)
and the directrix is x + 5 = 0 is:

@ Y =4x+5) () Y=dr+4)
© Y=4(x+3) (@) y'=4(x-3)

3. The centre C of a variable circle passing through
a fixed point (a, 0), a > 0, touches the line y = x.
Locus of C is a parabola whose directrix is
(a) x+y=0
(c) x=y=0

(b) x+y=a
(d x-y=a

@ MATHEMATICS

<

Solution: Equation of the normal at A(atz, 2at) to the
parabola y* = 4ax is
y=—1tx+ 2at + a’

PARABOLA

B

Fig. 18.16

Equation of the pair of lines O4 and OB is

+1t
1 = (4ax) y+ix
2at +af®
= (P +20)y% = 4x* + 4xy
= 40 + 4xy — (t3 + 21)y2 =0

These lines are perpendicular.
=  4-£-2=0
= £-2t=0=t=0o0rt=+.2

Concept-based
Straight Objective Type Questions

4. The parabolas y? = 4x and x* = 32y intersect at a
point P other than the origin. If the angle of inter-
section is 6, then tan@ is equal to

5 4

= b) —
(a) 3 (b) 5

3

= d) 1
(c) 3 (d)

5. Length of the common chord of the parabola y =
8x and the circle x* + y2 - 2x—4y=01is:

& %ﬁ ®) 5
© 245 @ 345

6. If P is the point (1, 0) and Q lies on the parabola
_\'2 = 36x, then the locus of the mid point of PQ is:
@ ¥=92x-1) () y¥=9x+2)

(€) ¥*=2(x-9) d) ¥*=9(y-2)

7. Let Q be the foot of the perpendicular from the

origin O to the tangent at a point P(c, ) on the
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parabola y* = 4ax, and S be the focus of the pa-
rabola, then (OQ)2 (SP) is equal to

=

The directrix of the parabola y* + 4x + 3 = 0 is
(a) x=3/4=0 (b) x+1/4=0

(c) x=1/4=0 (d) x-4/3=0

Tjhe line x + y = 6 is a normal to the parabola.
vy~ = 8x at the point

(a) (18,-12) (b) (4,2)

(c) (2,4) (d) 3,3)

The length of the chord of the parabola ¥ = dax
whose equation is

y—xx/5+4a\/§=0is

@ 211 a (b) 442 a
© 8V2 a @ 6Y3 a

If perpendjculars are drawn on any tangent to a
parabola y~ = 4ax from the points (a + k, 0) on the

@) MATHEMATICS

(a) o (b) ao?
© B d) af’ 12.
. An equation of the latus rectum of the parabola
P +ax+2y=0is
-3 2
a) y=— b) y=—
@ y== (b) ¥ 3
3 —2
c) y=— d) y=—
© y=3 @ y=- 3
. If a tangent to the parabola y* = 4x makes an angle
/4 with the positive direction of the axis of x,
then the coordinates of the point of contact with
the parabola are:
(@ (1,2) () (1,-2) -
(c) 4.4) (d) (4,-4)
. Distance of a point P on the parabola y* = 48x from
the focus is / and its distance from the tangent at
the vertex is d, then [ — d is equal to
(a) 4 (b) 8
© 12 ) 16. I5.
Locus of the mid points of the chords of the pa-
rabola )'2 = 8x which touch the circle
P +y=4is
(@) (' —4x)’=16("+4)
LEVEL 1

20.

21.

<

(b) (7 -47)=4("+d)

€©) (7 -4x)’=4(16+))

d) (F-4x)’=16(4+)")

If 6 is the angle between the tangents to the pa-
rabola y* = 12x passing through the point (-1, 2)
then |tanf)| is equal to

(a) 2

PARABOLA

(b) 3
| 2
(c) 5 (d) 3

Let L be a normal to the parabola y* = 4x. If L
passes through the point (9, 6), then equation of L
can not be

(@ y—x+3=0 (b) y+3x-33=0
() y+x-15=0 d y—-2x+12=0

Normal at a point P on the parabola y* = 4ax meets
the axis at Q such that the distance of Q from the
focus of the parabola is 10a. The coordinates of P
are:

(a) (6a, 9a) (b) (6a,—9a)
(¢) (9a, 6a) (d) (3a, 6a)

P, :y2=x.P2:y2=—x,P3:x2=y,P4:x2=
—y are four parabola. Points of intersection of the
parabola P; and P, with P, and P, (other than the
origin) enclose a square of area (in sq. units).

(a) 2 (b) 4
(c) 8 (d) 1e6.

Straight Objective Type Questions

axis. The difference of the squares of their lengths
is

(a) 4 (b) 4a

(c) 4k (d) 4ak

If the normal drawn from the point on the axis
of the parabola y* = 8ax whose distance from the
focus is 8 a, and which is not parallel to either
axes, makes an angle 6 with the axis of x, then 6
is equal to

(a) /6 (b) /4

(¢c) m/3 (d) none of these

Let AB be a chord of the circle x* + y2 = > sub-
tending a right angle at the centre. Then the locus
of the centroid of the triangle PAB as P moves on
the circle is

A EPSTUDY CIRCLE
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(a) aparabola (b) acircle

(c) anellipse (d) a pair of straight lines

For the parabola ¥ + 8x — 12y + 20 = 0, which of

the following in not correct

(a) vertex (2, 6)

(b) focus (0, 6)

(c) length of the latus rectum = 4

(d) axisisy=06

Tangents at the extremities of a focal chord of a

parabola intersect

(a) on the axis of the parabola

(b) on the tangent at the vertex

(c) atthe point of intersection of the directrix and the
line parallel to the axis of the parabola through
the mid-point of the chord.

(d) none of these

The coordinates of the end point of the latus rectum

of the parabola (y — I)2 = 2(x + 2), which does not

lie on the line 2x + y + 3 = 0 are

(a) (-2,1) (b) (=372, 1)

(c) (-3/2,2) (d) (=3/2,0)

The point of contact of the tangent to the parabola

y* = 9x which passes through the point (4, 10) and

makes an angle 6 with the axis of the parabola such

that tan 6 > 2 is

(a) (4/9,2) (b) (36, 18)

(c) (4,6) (d) (1/4,3/2)

Equation of the normal at a point on the parabola

y* = 36x, whose ordinate is three times its abcissac

is

(a) 2x+3y+44=0 (b) 2x-3y+44=0

(c) 2x+3y-44=0 (d) 2x-3y=0

Which of the following parametric equation does

not represent a parabola

(@) x=r+2t+1,y=2t+2

(b) x=a(-2t+1),y=2at-2a

(c) x=3sinzt,y=6sint

(d) x=asint,y=2acost

If the line kx + y = 4 touches the parabola
y = x — x°, then the point of contact is

(@ (-2,2) (d) (2,-2)

(c) (=2,6) (d) (2,-6)

If the normal at P to the parabola y* = 4ax meets
the parabola again at Q such that PQ subtends a

right angle at the vertex of the parabola, then the
coordinates of P are

@) Qa, 22 a)
©) (2v2a,2a)

(b) (-2a, 2¥2 a)
(d) (22 a,-2a)

) MATHEMATICS
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An equation of a common tangent to the parabola
y* = 4x and x* = 4y is

PARABOLA

(@) x—-y+1=0 (b) x+y-1=0
() x+y+1=0 (d) y=0
y = — 2x + 12a is a normal to the parabola y* =

4ax at the point whose distance from the directrix
of the parabola is

(a) 4a (b) Sa
(©) 4V2a (d) 8a
PN is an ordinate of the parabola ¥y =90r A straight

line is drawn through the mid-point M of PN paral-
lel to the axis of the parabola meeting the parabola
at Q. NQ meets the tangent at the vertex A, at a
point 7, then AT/NP =

(a) 3/2 (b) 4/3
(c) 273 (d) 3/4
If the area of the triangle inscribed in the parabola

? = 4ax with one vertex at the vertex of the pa-
rabola and other two vertices at the extremities of
a focal chord is 54%/2, then the length of the focal
chord is

(a) 3a (b) 5a
(c) 25al4 (d) none of these
Length of the tangent drawn from an end of the

latus rectum of the parabola y2 = 4ax to the circle
of radius a touching externally the parabola at the
vertex is

@ Va (b) 2a
© V7a (d) 3a

If the tangents at the extremities of a focal chord of
the parabola = 4ay meet the tangent at the vertex
at points whose abcissac are x; and x, then x; x, =

(@) a (b) a* -1
) a*+1 d) -d’
Equation of the tangent at a point P on the parabola

y* = 4ax, the normal at which is at a distance
av/5 /4 from the focus of the parabola is

(a) 4x-2y+a=0 (b) 4x—8y+9a=0

(¢) 2x-y-12a=0 (d) 2x+y-12a=0

An isosceles triangle is inscribed in the parabola
y* = 4ax with its base as the line joining the vertex
of the parabola and positive end of the latus rectum
of the parabola. If (atz, 2at) is the vertex of the
triangle then

(a) 27 -8t+5=0
(c) 27 +8t+5=0

(b) 27 +8t-5=0
d) 2 -8t-5=0
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Equation of a family of circles passing through
th extremities of the latus rectum of the parabola
vy~ = 4ax, g being a parametric, is

(a) x*+ _\*2 +2g (y—2a)- 54°=0
(b) .r2+)'2+2g(x+a)—5a2=0
(c) X+ y2 +2g(x—a) - 54°=0
d) ¥+ yz +2g (y+2a) - 54°=0

A triangle ABC is inscribed in the parabola y* = 4x
such that A lies at the vertex of the parabola and BC
is a focal chord of the parabola with one extremity
at (9, 6), the centroid of the triangle ABC lies at

(a) (41/27,8/9) (b) (82/27, 16/9)
(c) (87/27,20/9) (d) (80727, 20/9)

P is a point on the parabola .‘,2 = 4ax whose ordinate
is equal to its abscissa and PQ is a focal chord, R
and S are the feet of the perpendiculars from P and
Q respectively on the tangent at the vertex, 7 is the
foot of the perpendicular from Q to PR, area of the
triangle PTQ is

(a) 75 d’/4 (b) 85’2
(c) 75a*8 (d) 45412

P is a point on the locus of the mid-points of the
chords of the parabola y* = 4ax passing through
the vertex of the parabola; S is the focus of the
parabola and the line joining S and P is produced

=

Statement-1: The tangent to the parabola y? = 4x at
any point P and perpendicular on it from the focus
S meet on the directrix of the parabola.

Statement-2: Tangents and normals at the extremi-
. ()

ties of the latus rectum of a parabola y~ = 4ax con-
. . 2 .

stitute a square whose area is 8a” sq. units.

Statement-1: If the vertex of a parabola lies at the
point (a, 0) and the directrix is y-axis then the focus
of the parabola is at the point (2a, 0).

Statement;Z: Length of the common 7chord of the
parabola y~ = 12x and the circle x* + y~ = 9 is equal
to the length of the latus rectum of the parabola.

Statement-1: The tangents at the extremities of a
focal chord of a parabola intersect on its directrix.

) MATHEMATICS

42.

43.

45.

49.

50.

51

<

to meet the parabola at Q. If the ordinate of P is
equal to its abscissa, coordinates of Q are

(a) (4a,4a) (b) (3a, 3a)

(¢) (2a, 2a) (d) none of these

The length of the perpendiculars from the focus
and the extremities of a focal chord of a parabola
on the tangent at the vertex form

(a) anA.P. (b) aG.P.

(c) an H.P. (d) none of these.

Locus of the point of intersection of the normals to
9 . . .
the parabola y~ = 16x which are at right angles is

(a) P =4(x—4) (b) ¥ =4(x-8)
() Y¥=—4(x-12) () y*=-8(x-8)

PARABOLA

. Equation of a common tangent to the parabola y =

x> and y=—(x- 2)2 is
(a) y=4(x-1) (b) y=4(x+1)

(c) y=4(x-1) (d) y=-4(x+1)

Let (x;, v), i = 1, 2, 3, 4, be the points of inter-
section of the parabola y* = 4ax and the circle
x>+ +2gx + 2fy + ¢ = 0, ¢ # 0, then which of
the following is true

(a) Y= +y3 — Y= 0

(b) x;+x,+x;3+x,=0

() ywywws= 164>

(@ Fppgp =&

Assertion-Reason Type Questions

Statement-2: The locus of the point of intersec-
tion of perpendicular tangents to the parabola is its
directrix.

Let P : y* = 2x be a parabola.

Statement-1 If three distinct normals of P pass
through (¢, 0), then o > 1.

Statement-2 If o < 1, exactly one normal of P
passes through (o, 0).

Statement-1 No normal of the parabola y* = 4ax with
. . 2 2
integral slope, can touch the circle x* + )* = &’.

Statement-2 The equation x° + 4x* + 3x> = 1 =0
has no integral roots.

Statement-1 If the focus of the parabola is (1, —1)
and its directrix is 3x + 4y — 9 = 0, then the length
of its latus rectum is 4.
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Statement-2 Length of the latus rectum of a pa-
rabola is twice the length of the perpendicular from
the focus on the directrix.

Statement-1 Number of common tangents to the
parabola y* = 2x and the circle x> + y* — 4x + 3 =
0is 2.

Statement-2 The circle x> + y2 —4x + 3 =0 does
not intersect the parabola y* = 2x.

Statement-1 PQ is a focal chord of the parabola
y2 = 8x. If the coordinates are (32, 16) then the

1
coordinates of Q are (g,—z).

=l

P is a point on the axis of the parabola y* = 4ax;
Q and R are the extremities of its latus rectum, A
is its vertex. If POR is an equilateral triangle lying
within the parabola and ZAQP = 6, then cos 0 =

2-3
25
52
23

The points of intersection of the circle x* + y* = a*
. 2 2

with the parabolas y~ = 4ax and y~ = — 4ax form a

rectangle whose area is

@@ 8(v5 -2)a>  (b) 8(V5 -2)"242
(c) 8(\/5 +2)"2 4 (d) none of these

b ——

(a) v

(c)

(d) none of these

The circle x* + _\'2 = 9 and the parabola )‘2 = 8
intersect at P and Q. Tangents to the circle at P
and Q intersect the x-axis at R and tangents to the
parabola at P and Q intersect the x-axis at S. The
ratio of the areas of the triangles PQS and POR is

@ 1:2 (b) 1:2

(c) 1:4 (d 1:8

The common tangents to the circle 2+ y2 =2 and
the parabola y2 = 8x touch the circle at the points
P, Q and the parabola at the points R, S. Then the
area of the quadrilateral PQRS in sq. units is

(@ 3 (b) 6

() 9 (d) 20

@ MATHEMATICS

54.

55.

LEVEL 2

60.

61.

62.

63.
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Statement-2 If the coordinates of one end of a
focal chord of a parabola are (atz, 2at) then the

PARABOLA

. a —2a
coordinates of the other end are (—2,—J.
A

Statement-1 If the tangents at the points (az,’, 2at,)
and (atzz, 2at,) on the parabola y* = 4ax intersect
on the axis of the parabola, then #; + 1, = 0.

Statement-2 The tangents at the extremities of any
focal chord of a parabola intersect on the axis of
the parabola and include an angle of m/4.

Statement-1 Length of a focal chord of the parabola
_vz = 16x can not be a 9 units.

Statement-2 > 2 for all r # 0.

1
t+-
t

Straight Objective Type Questions

Length of the chord of contact drawn from the point
(-3, 2) to the parabola _\'2 =4x is

(a) 4 (b) 22
© 82 d) 42

The tangent PT and the normal PN to the parabola
y?> = 4ax at a point P on it meet axis at points T
and N, respectively. The locus of the centroid of the
triangle PTN is a parabola whose vertex is the point:

a 2a
o) o

4a

Let P and Q be distinct points on the parabola
y? = 2x such that a circle with PQ as diameter
passes through the vertex O of the parabola. If P
lies in the first quadrant and the area of the triangle
AOPQ is 3,/2 , then which of the following are the

coordinates of P?

(a) (4,2V2)
1 1
® (m)

The tangents to the parabola y* = 4ax at the points
A, B, C, taken in pair intersect at the points P, Q,
R. The ratio of the areas of the AABC and APQR is
(a) 3:2 (b) 2:1
(c) 3:1 (d 2:3

(©) (a,0)

b) (9,3V2)
d) @+2)
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65. If P,Q, and P,0, are two focal chords of the

PARABOLA

64.y = (x — 11) cos@ — cos(36) is a normal to the

parabola y* = 16x for parabola y* = 4ax, then the lines P P, and Q,0,
0= 1/3 b 6 intersect on:
(@ ®) (a) the axis of the parabola.
(c) 6= 2 (d) all values of 6. (b) the directrix of the parabola
3 (c) the tangent at the vertex of the parabola

(d) latus rectum of the parabola.

l Previous Years’ AIEEE/JEE Main Questions

. The normal at the point (I?tl2 , 2bt)) on a parabola
meets the parabola again in the point (bt% ,2bty)
then

8.

(a) (2,0 (b) (0,2)

(c) (1,0 (d) (0, 1 [2008]
The shortest distance between the line y — x = 1
and the curve x = yz is

(©) =1, +21, ) t,=—1,-2/t, [2003] @) 3W2/5 (b) V3/4
" 9 i
. A point on the parabola y~ = 18x at which the ©) 3\/5/8 (d) 2\/5/8 [2009], [2011]

ordinate increases at twice the rate of the abscissa
is

. If two tangents drawn from a point P to the parabola

(a) (-9/8,9/2) (b) (2,-4) y2 = 4x are at right angles, then the locus of P is
(©) (2,4 (d) (9/8,912) [2004] (@ x=-1 (b) 2x-1=0
.If a # 0 and the line 2bx + 3cy + 4d = 0 passes (c) x=1 (d) 2x+1=0 [2010]

through the points of intersection of the parabola

x = 2 as the directrix. Then the vertex of the pa-
rabola is at

@ MATHEMATICS

5 9 10. Statement-1: An equation of a common tangent to
y~ = 4ax and x~ = 4ay, then 5 5
@) d*+@2b-3c)=0 the parabola y* = 16v3 x and the ellipse 2x° + y2 =4
(b) d>+(3b+2¢)*=0 isy=2x+ 2V3.
(€) d*+ (@b +30)"=0 Statement-2: If the line y =
2 -2 y=mx+ L
(d) & +@3b-2¢=0 [2004] 43/m, (m0)
\ 2
. If P be the point (1, 0) and Q a point on the locus 151 vommon fangent to the parabola y* = 163 x
y2 = 8x. The locus of the mid point of PQ is and the ellipse 2x° + y2 = 4, then m satisfies
4 2
(a) x2 + 4,V +:9:=10 (b) X2 _4). +9=10 m' + 2m” = 24. [2012]
() y’—4x+2=0 (d) y*+4x+2=0 1. Given: A circle, 2¢* + 2y* = 5 and a parabola
[2005] Y = 45x.
. The locus of the vertices of the family of parabola Statement-1: An equation of a common tangent to
B Py these curves is y = x + /5.
y= - 2a is Statement-2: If the line y = mx + J/5/m (m #0)
(a) xy=64/105 (b) xy =105/64 is their common tangent, then m satisfies
- 2
(c) xy=3/4 () xy=35/16 [2006] m*-3m* +2=0 [2013]
. The equation of a tangent to the parabola y* = 8x 12. Statement-1: The slope of the tangent at any point
is y = x + 2. The point on this line from which the P on a parabola, whose axis is the axis of x and
other tangent to the parabola is perpendicular to the vertex is at the origin, is inversely proportional to
given tangent is the ordinate of the point P.
(@ (=1,1) (b) (0,2) Statement-2: The system of parabolas y* = 4ax
) (2,4) () (=2,0) [2007] satisfies a differential equation of degree 1 and
. A parabola has the origin as its focus and the line anise 1. ) [2013, online]
13. Statement-1: The line x — 2y = 2 meets the parabola

y* + 2x = 0 only at the point (-2, -2).
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Statement-2: The line y = mx — 1/2m (m # 0) is
a tangent to the parabola, y*> = —2x at the point

1 |
(‘_2 7’_?) [2013, online]
m- !

. The point of intersection of the normals to the

parabola y2 = 4x at the ends of its latus rectum is:

(@) (0,2) (b) (3,0)
(c) (0,3) (d) (2,0) [2013, online]

The slope of the line touching both the parabolas
y* = 4x and »* = =32y is:

(a) (b)

(c) (d) (2014]

= N =
W N W

. Let L; be the length of the-common chord of the

curves x* + _\'2 =9 and _\'2 = 8x, and L, be the length
of the latus rectum of .\'2 = 8x, then

() L <L, (d) %:ﬁ

2

[2014, online]

. Two tangents are drawn from a point (-2, —1) to

the curve y* = 4x. If o is the angle between them,
then l.tan ol is equal to:

| |
= b) —=
(a) 3 (b) Jg
(c) V3 (d) 3 [2014, online]

A chord is drawn through the focus of the parabola
7 . .
y~ = 6x such that its distance from the vertex of

this parabola is 75 then its slope can be:

J5 3

== b) —
@ = b) =
() —2r (d) = [2014, online]
c : B , online

. Let O be the vertex and Q be any point on the

parabola x* = 8y. If the point P divides the line
segment OQ internally in the ratio 1 : 3, then the
locus of P is:

20.

21.

22

23.

24.

<

PARABOLA

(a) .\'2=_v (b) _v2=x
(d) =2 d x*=2y [2015]
Let PQ be a double ordinate of the parabola
y? = — 4x, where P lies in the second quadrant. If R
divides PQ in the ratio 2 : 1, then the locus of R is:
(a) 9y2 =4x (b) 9y2 =—4x
(d) 3y*=2x (d) 3y*=-2x

[2015, online|

If the tangent to the conic y — 6 = X at (2, 10)
touches the circle x* + y* + 8x — 2y = k (for same
fixed k) at a point (¢, B); then (o, p) is:

6 10 8 2
o [-5n) o (53)

4 1 7 6
o (55 ©(Fs)

2015, online]

Let P be the point on the parabola, y* = 8x which
is at a minimum distance from the centre C of the
circle, x* + (y + 6)2 = |. Then the equation of the
circle, passing through C and having its centre as
P is

(@) X*+y*—4x+8y+12=0

(b) ¥+y*-x+4y-12=0

(d) P+)y*—x/4+2y-24=0

(d) X*+y*—4x+9y+18=0 [2016]

The minimum distance of a point on the curve y =
2 . . .
X~ — 4 from the origin is:

15 o J2
2 2

15 19 .
(d) \/; (d) \/; [2016, online]

P and Q two distinct points on the parabola,
y* = 4x, with parameters ¢ and 1, respectively. If the
normal at P passes through Q, then the minimum
value of 7, is:

(a) 8
(d) 6

(a)

(b) 4

(d 2 [2016, online]

Previous Years’ B-Architecture Entrance

Examination Questions

An equilateral triangle is inscribed in the parabola
_\'2 = 8x with one of its vertices at the vertex of the
parabola. Then the length of its side is

) MATHEMATICS

(a) 83
(c) 16

(b) 16V3

(d) 8 [2006]
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2. Statement-1: The point G %) on the parabola (a) 26 (b) ﬁ
5 5
_\'2 = x is closest to the line y = x + 1. Iz
11 ) 22 @ 2 [2016]
Statement-2: The tangent at (Z 5) to the parabola 5 5
y* = x is parallel to the line y = x + 1 @ ANSwWers
(a) Statement-1 is true, statement-2 is true,
statement-2 is not a correct explanation for Concept-based
statement-1.
(b) Statement-1 is true, statement-2 is false. 1. (a) 2. 0 3. (© 4.(9)
(c) Statement-1 is false, statement-2 is true. 5. (c) 6. (a) 7. (b) 8. (c)
(d) Statement-1 is true, statement-2 is true, 9. (a) 10. (c) 11. (c) 12. (a)
statement-2 is a correct explanation for
statement-1. [2009] 13.c) 4. () 5. (b}
3. The acute angle between the tangents drawn from Level 1
the point (1, 4) to the parabola y* = 4x is: 16. (¢) 17. () 18. (d) 19. (d)
(8 w0 () 20 21. (b 22 23
(c) /3 (d) /4 oty (©) e ®) - (©) - (Z)
4. Statement-1: Point of intersection of the tangents - © - @ - (©) - @
drawn to the parabola x> =4y at (4, 4) and (-4, 4) 28. (b) 29. (a) 30. (¢) 31. (b)
lies on the y-axis. 32. (¢) 33. (¢) 34. (¢) 35. (d)
Statement-2: Tangents drawn at the extremities of 36. (a) 37. (b) 38. () 39. (b)
the latus rectum of the parabola x* = 4y intersect
on the axis of the parabola. 40. (c) 41. (@) 42. (b) 4. ()
(a) Statement-1 is true, statement-2 is true, state- 44. (a) 45. (d) 46. (d) 47. (¢)
ment-2 is a correct explanation for statement-1. 48. (a) 49. (b) 50. (a) 51. (a)
(b) Statement-1 is true, statement-2 is true, state-
ment-2 is not a correct explanation for state- 52. (d) 53. (@) 54. () 55. (a)
ment-1. Level 2
(c) Statement-1 is true, statement-2 is false.
(d) Statement-1 is false, statement-2 is true. [2012] 56. (a) 57. (b) 58. (¢) 59. (d)
9. L&t _\'2 = 16x be a given parabola and L be an 60. (c) 61. (b) 62. (a) 63. (b)
extremity of its latus rectum in the first quadrant. 64. (d) 65. (b)
If a chord is drawn through L with slope -1, then
the length of this chord is Previous Years’ AIEEE/JEE Main Questions
(a) 32 (b) 16v2 1. (d) 2. (d) 3. (c) 4. (c)
(©) 163 @ 32v2 20131 5 ) 6. (d) 7. (©) 8. (©)
6. The locus of the mid points of the chords of the
parabola x* = 4py having slope m is a: %48 0. (= 1, (8} 15 109
(a) line parallel to x-axis at a distance 12 pml from it. 13. (a) 14. (b) 15. (@) 16. (¢)
(b) line parallel to y-axis at a distance 12 pml from it. 17. (d) 18. (a) 19. (d) 20. (b)
(c) line parallel to y = mx, m # 0 at a distance 12 pml 21. (b) 22. (a) 23. (¢) 24. (d)

from it.
(d) circle with centre at the origin and radius [2 pml. ~ Previous Years’ B-Architecture Entrance

[2014] Examination Questions
7. Let PQ be a focal chord of the parabola y* = 4x.
If the centre of a circle having PQ as its diameter L(b) % 5 - [0) 4. ()
lies on the line /5 y + 4 = 0, then, the length of 5. (d) 6. (b) 7. (d)
the chord PQ is:

) MATHEMATICS A E P STUDY CIRCLE
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} 7. Let o = a’, B = 2at.
@ Hints and Solutions et a B = 2at

Concept-based

Equation of the tangent at P(ct, f) is ty = x + ar*

2

at

i = 00 = ;

1. Let the equation of the chord be. 0 /—l P
,V—Ozm(x—%] SP = a(f + 1)

2,4
m(_%) So (00) (5P) = 25 x a(1 + ) = & = ac?
Its distance from the vertex (0, 0) is =
1+m? 8. We can write the equation of the parabola as
x+2f=-20-2)
V5 e 5 . ) .
B3 L +7 Shifting the origin to (-2, 2), the equation is

2. We have (x+3)7 +»% =[x + 5]
=y =@x+57-(x+3=4x+4)

3. C is equidistant from the point (a, 0) and the line
v = x, so locus of C is a parabola with directrix
y=xie.x—y=0.

4. Coordinates of P are (16, 8)

X’=—2Ywhere X=x+2,Y=y-2

2 -1
Equation of the latus rectum is Y = _(Z) e

=y =

N | W

. Slope of the tangent to the parabola at (%, 2r) is

1 3 :
p = tan% =1 = =1 and the required point of

_ @ 2 _
m = — for y” = 4x at P contact is (1, 2).
2 1 10. Any point on the parabola is P(127%, 241) whose
=Sm= = == distance from the focus (12, 0) is l2(t2 +1)=1and
Yiesy 4

dy 2
my,= = forx”=32yatP
P

from y-axis, the tangent at the vertex is 127 = d.

Sol-d=12

. Let (h, k) be the mid-point of the chord of the

, = li =1 parabola y* = 8x, then its equation is
6 16.81 ky — 4(x + h) = k> — 8h
tan6=l_—?=§ =dx—ky+ KB —4h=0
1= which touches the circle x* + y* = 4

5. Any point on the parabola is (27, 4) which lies on
the circle if # + 37 - 4r=0=1=0, 1

= end points of the common chord are (0, 0) and
(2, 4) and the required length is 2\5.

6. Let the coordinates of Q be (97, 181) coordinates
2

9" +1
of R the mid point of PQ are 7,91 =(x, »).

Locus of R is

2
2x=9(¥) +1
9

=)y =92x-1)

@ MATHEMATICS

k> —4h
:> —
V16 + k2
= (I* — 4h)> = 4(k% + 16)
Locus of (h, k) is (7 — 4x)* = 4(16 + )?)

=2

; : 3 ;
. Equation of any tangent is y = mx + — which
m

passes through (-1, 2) if 2 = —m + L
m

=>m+2m-3=0

=>m=1,-3

A EPSTUDY CIRCLE
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So |tanf = ’%’ = 2.

13. Equation of a normal to the parabola y* = 4x is
y = mx — 2m — m> which passes through (9, 6) if
m —Tm+6=0

=>m=1,2,-3.
So equation of L can not be y + x — 15 =0

14. Equation of the normal at P(ar’, 2ar) to the parabola
y* = 4ax is y = —tx + 2at + a’ which meets the
axisy=0atx=a(2 + 7). So coordinates of Q are
(a2 + ), 0). Focus is S(a, 0).

QS=Za+at2—a=a(l+t2)= 106 =F£=9
So the required coordinates are (9a, +6a)

15. Points of intersection are A(1, 1), B(-1, 1), C(-1,
—1) and D(1, 1)

Area of the square ABCD = 2> = 4

B(-1,1) (I, DA

C(-1,-1) D(1,-1)

Fig. 18.17
Level 1
16. y2 = —4(x + 3/4), the directrix is x + 3/4 -1 =0
17. y = — x + 6 is a normal at the point (amz, — 2am)
wherea=2, m=-11ie., (2, 4)

18. Any point on the parabola is (at2 , 2at);
2at — a2 +4a2 =0

= 27-21-4\2 =0
= f|+f2=\/§,l“t2=—4.
Length of the chord is
\/(atl2 —atzz)2 +(2ar, —2(1!2)2 = a\/ﬁ \/2+4=6\/§a

19. Any tangent is y = mx + a/m. Required difference
is

m(a+k)+am7 m(a—k)+alm :
\/l +m? \/1 +m’

|
= X 4(ma + alm)mk = 4ak.

Py

1+ m~

@) MATHEMATICS

<

20. Focus is (2a, 0), so point is P(2a + 8a, 0). Equation
of any normal is y = mx — 2Q2a)m — Qa)m’. If it
passes through P(10a, 0), then

6am-2am’ =0 = m=0,i\/§.

PARABOLA

So the required angle is 6 = tan"' V3 = 7/3.
21. Let (h, k) be the centroid, then

B r+rc059’k=

r+rsinf

- :
= (3h - r)2 + 3k - r)2 =
SS9+ ) -6rth+k) +rF=0
Locus of (h, k) is a circle.

B(0,r)
A (r,0)

P (rcos 6,rsin 6)
Fig. 18.18

22. (y— 6)* = — 8(x — 2) or ¥* = 4AX where Y = y — 6,
X=x-2,A=-2,vertex is (2,6), focusis (X=A, Y=0)
i.e., (0, 6) axis is Y = 0 i.e. y = 6 and length of the
latus rectum = |4Al = 8.

23. Extremities of a focal chord are (atz, 2at), (a/tz, —2alt)
Tangents are ty = x + af’, and — ty = xt’ + a.
They intersect at (—a, a(r — 1)) or (—a,a(r —l))

t t
which is the point of intersection of the directrix

x = — a and the line y = a(r—l) which is the
t

line through the mid-point of the chord parallel to
the axis.

24. Y =4AX where Y=y -1, X=x+2,A = 1/2.
End of the LR.is (X = A, Y =% 2A) = (- 3/2, 2)
or (= 3/2, 0) but (- 3/2, 0) lies on the line.

25. Equation of the tangent at any point (9774, 91/2)
on the parabola is ty = x + 9°/4. Since it passes
through (4, 10), 10¢ = 4 + 97/4 or 97 — 40t + 16
=0
=>1t=4/9, 4 tan 6=1/t>2 = t<1/2. So
t = 4/9 and the required point is (4/9, 2).

26. Equation of the normal at (9m>, — 18m) on the
parabola is
y=mx—2X9m - 9m® where — 18m = 3 x 9m>.
i.e., m=0orm=-2/3. For m = - 2/3, the equa-
tion of the normal is 2x + 3y — 44 = 0.

27.x = aT? y = 2aT represents a parabola.
ina) a=1,T=t+1,in(b)a=a, T=(@-1)
in(c) a =3, T =sint. But in (d) if 2aT = 2a cos t
= T = cos t which does not satisfy x = aT>.
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28. 4 —kx = x — x* or x* — (k + 1)x + 4 = 0 has coinci-
dent roots if (k + 1)2— 16=0 = k=3o0r->5.
So x = + 2 and the points of contact are (2, — 2)
or (-2, - 6).

29. Let the coordinates of P be (amz, — 2am) and Q be

—2am -2am’
~ 2

(am”, - 2am’) then

am am’
= mm =-4
Normal at P, y = mx — 2am — am’. Since it passes
through Q

- 2(1(_i) =am (1—67) - 2am —am® = 0

m m-
> mt+2m-8=0 = m=+2 and the

coordinates of P are (2a, + 242 a)

30. Equation of a tangent to y* = 4x is y = mx + 1/m.
If it touches the parabola x* = 4y then the roots of
the equation X = 4(mx + 1/m) are coincident. So

(4m)2 + E =0 = m = -1 and the equation of
m

the tangent is x + y + 1 = 0.

31. y = = 2x + 12a is a normal at the point (a(- 2)2,
— 2a(- 2)) i.e., (4a, 4a) whose distance from
X =-—ais Sa.

32. Let P be (97%/4, 91/2), then NP = 91/2. MN = 9t/4, 37.

equation of MQ is y = 9#/4 which meets the parabola
y> = 9x at the point Q(9£/16, 91/4), N is (9¢°/4, 0)

equation of NQ is 38
9x16 . _
Y= Tax2t (X_Z’ ) which meets the tangent 39,

X% 0 (at the vertex A) at the point for which

y = 3t so that AT = 3¢ and ﬂ e 3tx2 = 3
NP ot 3

Fig. 18.19
33. Let the vertices be 0(0, 0), A(at*, 2at),

42,
0 0 |
2 5q°
l|af 2at I|=L:>2f2—5f+2=0
2|a 2 :
£t

) MATHEMATICS

34.

35,

36.

[9’2 z] 40.
p 42 2

& 41.

<

= t=2or 1/2 so the vertices of a focal chord are
(4a, 4a) and (a/4, — a) (Taking ¢ = 2) and length
of this focal chord is 25 a/4.

Equation of the circle is (x + a)* + y* = a* and an
end of the Latus rectum of the parabola is (a, 2a).

Required length is \/(a +a)2 +Qa)? -a* = aJ7.

PARABOLA

One extremity of the focal chord be (2at, ar®). Equa-
tion of the tangent is zx = y + ar’* which meets the

tangent at the vertex, y = 0 at x = ar so x; = at and
1 2

Xy = al ——| thus xx, = - a".
t

Equation of the normal with slope m is
y =mx —2am — am® whose distance from the focus
am - 2am — am® _ NG

= —a
\/l+m“

= 161712(1 + mz) =5

(a, 0) is

= m'=14 = m==zI12

Slope of the tangent is =2 and the equation of the
tangent is

y=tx2xta2 = 4xxt2y+a=0.

(atz)2 + (2ar)2 = (at2 - a)2 +(2at - 2(1)2, as vertex of the

parabolais (0, 0) and positive end of the latus-rectum is
(a, 2a).

. Taking x = a in (c) we get y = £ 2a for all values
of g.
If one extremity of the focal chord is (9, 6), the

other is (1/9, =2/3) so the centroid of the triangle

i (0+9+l/9 0+6—2/3) . (g E)
37 3 27" 9
P(4a, 4a), Q(al4, — a), R0, 4a), SO, — a),

T(al4, 4a). So area of the APTQ is

1 1 a) 752
= RPN Ol = [de-2 | %8s = 22
2 0 2(”4 “=%“

0(0, 0) is the vertex and R(atz, 2at) is any point
on the parabola.(arz/Z, 2at/2) is the mid-point of
the chord OR. Whose locus is y* = 2ax, coordi-
nates of P on this locus are (2a, 2a), focus is
S(a, 0). Equation of SP is y = 2(x — a) which meets
y2 = 4ax at the point Q for which 4(x — a)2 = 4ax
= x> = 3ax + a* = 0 which is not satisfied by the
points in (a), (b) or (c).

y2 = 4ax be the parabola, P(atz, 2at), Q(i7 _—2a)

2

and the focus is S(a, 0). The tangent at the vertex
is x = 0. Lengths of the perpendicular from P,
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Q and S on this tangent are respectively /, = at’,
L=ald l,=asothat [L=a’=1 = 1,1,
[ form a G.P.

Let two perpendicular normals to the parabolay2 =16x
1 8 4

be y = mx — 8m —4m’ and y = —— g —t—y
m m m

Py

Solving we get x = 4(m—l] + 12

m
e
m

Eliminating m we get the required locus as
2
yo=4(x - 12).

Coordinates of any point on y = ¥ is (1, 12)

d
dx

= 2t

(%)

Equation of the tangent to the parabola is
y—1£=2x~-1)

= y=20- 7

which will touch the parabola y = — (x — 2)2 if the
roots of the equation — (x — 2)* = 2¢x — ¢* are equal.

=@t-2-@4-/=0=1t=0o0r2
For ¢ = 2, the required tangent is y = 4(x — 1)

For the points of intersections of the given parabola

4 2
and circle, we have v_z +y* +2gx 2+ 2%
16a 4a
+c=0

= y4 + 4a(4a + Zg)y2 + 32a2_fj/ + 16a%c = 0
=yt 1yt v = 0,y = 16d°c

2
(N)23Ys) _ 2

Also xx,x3x4 = (4a)°

I 2 2 2 2
x,+x2+x3+x4=4—‘;(y| +y, ety ) #0.

Statement-1 is false. Equation of any tangent to

. 1 .
the parabola is y = mx + — and equation of the
m

perpendicular from the focus S(1, 0) on it is

1 1 ) . .
y= ——x+— and these intersect at x = 0, directrix
m m

isx=-1.

) MATHEMATICS

47.

48.

49.

50.

3.

<

Statement-2 is true. Tangents and normals at (a, £
2a) are respectively xty+a=0and x+y-3a =
0 which enclose a square, length of a side = 2v2a.

PARABOLA

In statement-1, focus is on the x-axis at a distance
a from the vertex so statement-1 is true.

Statement-2 is false as the length of the latus-
rectum of the parabola is 12 which is greater than
the diameter of the circle and the common chord
is of length less than the diameter.

Statement-2 is true, equations of the perpendicular
2
tangents to the parabola y° = 4ax are y = mx + a/m,
y = m'x + a/m’ where mm’ = — 1 they intersect at
the point for which
a a(lm-m’)

a
m-m)x=—-—=
m’m

- = x=-a
mm

which is the directrix of the parabola.

Since the extremities of a focal chord are (atz, 2at)
and (at”, 2ar’) where 1’ = — 1 and the slopes of the
tangents at those points are 1/¢ and 1/ whose product
is — 1, the tangents are perpendicular and hence by
statement-2 they intersect on the directrix.

An equation of a normal to the parabola y* = 2x is

y=mx-m- —m.

2

It will pass through (e, 0) if 0 = mot — m — %m3

= m[m* - 2(et— 1)] =0

If this equation has three distinct roots then o > 1
and thus the statement-1 is true.

Also if « < 1, we have only one value of m and
thus exactly one normal of P passing through
(a, 0) and statement-2 is also true but does not
justify statement-1.

Equation of a normal to the parabola )* = 4ax
isy = mx — 2am — am® which touches the circle
2+ y2 = a&* if (-2am - am3)2 =d¥(1 + m®)

=Smb+4m* +3m* - 1=0
Which does not hold for any integral value of m

so statement-2 is true and justify that statement-1
is also true.

Statement-2 is true, see theory using it in
statemenet-1, length of the latus rectum

3M+HEDH-9

= 2
‘ V9+16

‘ = 4 and thus statement-1 is

also true.
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From the given equations we have x* + 2x — 4x + 3
=0= (x-— l)2 + 2 = 0 which has no real solution
and thus the statement-2 is true.

For statement-1, equation of a tangent to the pa-

rabola y* = 2x is y = mx + 2L which will touch
m

2m—0+1—
the circle if |——2"| = [,2_3

1+ m?

2
= (2m+L) =1+m
2m

=>3m2+L2+1=0
4m

which gives no real value of m.

So there is no common tangent to the given curves
and the statement-1 is false.

Statement-2 is true, see theory.
In statement-1, for the parabola y2 = 8 a =2,
So (atz, 2at) = (32, 16) = t = 4 and using state-

" -2
ment-2, the coordinates of Q are (i _a) -

2t
)
16 2 8

So statement-2 is also true.

Statement-2 is false as these tangents intersect on
the directrix and are at right angles.

In statement-1, the tangents intersect at the point
(atyty, a(t, + t,)) which lies on the axis i.e. y = 0
= 1, + 1, = 0 and hence statement-1 is true.

R
[ Y
If¢>0, |t+- = \ﬁ——] +25
( Jit
| |
Ift<0, |[t+- =‘(—t——) >2
t t

So statement-2 is true.

Length of a focal chord of the parabola y* = 16x

2

is a(t+}) where a = 4

| 2
So if4(t+;) =9

ATHEMATICS

<

PARABOLA

3

= = =<2
2

1
t+-
t

Which is not possible by statement-2 and thus state-
ment-1 is also true.

Level 2
56. PQ = OR = 4a

> 2
= \a +4a” =

AP = AM + PM

= a+?(4a) =(1+2v3)a

0 Q (a 2a)

(0,0)

R
Fig. 18.20

(AQ)* +(PQ)* - (AP)*

cosf =
2(AQ)(PQ)
5+16-(1+12443)  5_3
B 85 T 245
57. Points of intersection of x> + _v2 = &* and

y* = dax are ((\/5_2)(,,12(\/5_2)'2,2 )and the

. . . 2 2 2 2
points of intersection of y* = —4ax and x™ + y" = a”

e ((2-)a.22(5-2)a" |

Fig. 18.21

Required area = 2 x(\/— - 2) X 2 X 2(\/§ - 2)”2a2

_ 8(\/3—2)3/2(12
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Coordinates of P are (1, 2\/5) and of Q are
(1,—2\/5). Tangent at P(l, 2\/5) to the circle
i y2 =9isx + 2\/5_)1 = 9 which meets x-axis
at R(9, 0).

Tangent at P (1, 2\/5) to the parabola y* = 8x is

y(2J§) = 4(x + 1) which meets x-axis at S(-1, 0)
Y

A

S R(9,0)

Q
Fig. 18.22

Equation of PQ is x = 1
Arcaof APOS  SL 2 1

0 = == =
Areaof APOR LR 8 4

Equation of any tangent of the parabola y* = 8x is
2
y=mx+ —.
m
It will be a tangent to the circle x* + y* = 2 if
|2/m]|

=2

1+m

.

= — =21 +m)

m
smt+m-2=0
Sm+2)m-1)=0

= m==1.

Thus, two common tangents are y = x + 2 and
y=-x-2

R(2,4)

o

-1,HP
_ .
NQ\

(=1,-1)

sah

Fig. 18.23

@) MATHEMATICS

60.

61.
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Coordinates of P, O, R, S are respectively (-1, 1),
(_l’ _l)s (2’ 4)’ (2’ _4)

PARABOLA

s PQ =2, RS = 8 and distance between PQ and
RS is 5.

-. area of PORS = %(2 + 8)(5) = 20(unit)2

The tangents at the points A(¢,, 2¢,) and B(t,, 2t,)
intersect at the point (t,4,, t, + t,)

Sotyty=-3and t; +1, = 2.

(AB)* = (12 - t,2)* + 4(t; - )’

= (1 - )[(ty + 1)* + 4]

= [ + )’ = 4nn] [(4 + 1) + 4]
=@4+12)(4+4)=16x8

= AB = 8\

Equations of tangent and normal at point P(ar’, 2at)
to the parabola are

y=x+af

y = —tx + 2at + at’ respectively.

-~ ,L "L(,\n
P

T D N\@2a + ai2, 0)
(_atz’ al \

Fig. 18.24

These meet the axis of the parabola at T(—ar*, 0)
and NQ2a + af’, 0)

Let centroid of APTN be (h, k), then

h:%(_at2+20+a12+at2)=%(20+a’2)and

k= %(0+0+2at)= %(at)

Eliminating ¢, we get

(-2)-3(3)

Thus, locus of centroid is

et
Y73 3

Vertex of this parabola is (24/3, 0);
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As circle with PQ as diameter passes through O,
2P0Q = Z.

2
Let coordinates of P be (12,\/51) , where 7> 0, and
let coordinates of O be (r,z,\/il,).

2
t

Let m, = slope of OP =

V2

m, = slope of OQ = rY
I

As ZPOQ = % mymy = -1
= tt; = 2.

Area of OPQ = %|X|)’2 - x|

= %ﬁﬁrl-zﬁﬁr\
- %(2»: Y [, = 2]
- Vaj+2) - \/E(H%)

= 32 = \/E(H%j
=F-3t+2=0=1=1,2
Thus, coordinates of P are (l,\/i) or (4,2\/5)

Let A(at;’, 2at)), B(aty, 2at)), C(at;, 2ats)
then P(atyt;, a(t, + t3)) Qlatsty, a(t; + t))) and
R(at\ty, a(t, + 1))

all2 2at, 1

Area of AABC = —laf; 2at, 1|

N | —

al32 2at; 1

= 02(’1 — ) (= 6)(1z— 1)

Area of APOR = 2 att; a(ty+4) 1
att, a(t,+t,) 1
1,
= 50 (’l = ,2)(t2 = t3)(’3 e ,l)

Hence the required ratio is 2 : 1.

) MATHEMATICS

<

PARABOLA

64. Equation of a normal to the parabola y* = 16x is

65.

1.

2

y = —tx + 8¢ + 47 for all values of 1
Comparing with the given equation, we have
—t = cosB, 8¢ + 4 = —11cos@ — cos36.

= —8c0s0 — 4cos’0 = —11 cosf — cos36.

= 4c0s°0 — 3cos0 = cos36.

Which is true for all values of 6.

Let the coordinates of P, be (at,%, 2at,), then the

-2 .
7 ,—a] and the coordi-
1

i a
coordinates of Q, are [—
!

i h

nates of P, be (at,’, 2at,), then the coordinates of
a —2a
are | 7>,
e b

Equation of PP, is

x- 61112 y—2at,

at; —at} - 2at, - 2at,
or 2(x + atyty) = (1, + By (1

Similarly equation of 0,0, is

gl
2| x+—| == —+—|p
L, L h
or 2(tjt,x + a) = —(t; + 1)y (2)
Adding (1) and (2) we get
2k +a)(1+4)=0=>x+a=0

Showing that PP, and Q,0, intersect on x = —a,
which is the directrix of the parabola.

Previous Years' AIEEE/JEE Main Questions

Equation of the normal at (bt,%, 2bt,) of the parabola
is

y =—-t;x + 2bt, + bt

which passes through (bt,%, 2bt,) if 2bt, = —t,(bt,%)
+ 2bt, + bt,.
=2t - ) =42 - )
t, = —1 E
=== = f

Given curve * = 18x = Zy% =18

A EPSTUDY CIRCLE
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9
> 2
dc Y
We are given L =2
dx
9 9
L. =2 y=Z
y ) )

*. required point is (2 —9-)
e q p 8 ) 2 .

. The two parabolas y* = 4ax and x* = 4ay meet in
(0, 0) and (4a, 4a). As these points lie on 2bx +
3cy +4d =0, we get d = 0 and 2b(4a) + 3c(4a) +
4d =0

=d=0and 2b +3c=0
Thus, & + (2b + 3¢)> = 0
. Let Q be (27, 41), P(1, 0)

Mid point of PO = (h, k) = (zr;l,z:J

Eliminating 7 we get
2

2(2) +1

p= 2/
2

Locus of (h, k) is y* —4x+2 =10

=4h=K +2

1 1
Ly = —a’x* +=a*x-2a (1)

3 2

@ %a3r+—a2

e 3

At the vertex of parabola y = ax” + bx + ¢, o =0

x

So? _0mae 3

X X

Putting a = = in (1), we get
4x

1(—27 1) ) 1( 9 ) 3
==l | F= = |Xt—
3 64 &P 2\16x° 2x

105
=Dxy= —.
i 64

) MATHEMATICS

<

PARABOLA

6. Since perpendicular tangents intersect on the direc-

10.

trix x = =2, required point is (-2, 0).

. Vertex of the parabola is equidistant from the focus

and the directrix on the axis of the parabola. So its
coordinates are (1, 0).

. Any point on the parabola is ()7, y).

Its distance from the line x —y + 1 =0 is
3

( _1)2+z>_

Y72) Tt a2

W2
8

1

=

yz—y+l

V2

P:

Hence the shortest distance is which is
attained when the perpendicular is drawn from

(-‘—l) on the parabola.
42

. Perpendicular tangent to the parabola y* = 4x inter-

sect on the directrix of the parabola i.e. x = —1.

An equation of tangent to the parabola y* = 4ax is
of the form y = mx + a/m.

-~ an equation of the tangent to

V= 16\3x is y=mx+ 43/m.

Now, y = mx + 4\3/m will be tangent to
2x* + y* = 4 if the equation

22 + (mx+4¥3/m)? = 4

or 2+ mAx* + gf3x +48/m* —4=0
has equal roots.

& (BV3)? —4Q2 + m?) (@8/m* —4)=0
& m* +2m* = 24.

. Statement-2 is true.

Since m = 2 satisfies this equation, we get that
statement-1 is also true and statement-2 is a correct
reason for the statement-1.

. An equation of tangent to y* = 45x is

J5

y=mx+ X2 orm’x—my+ 5 =0.
m
This line will touch x* + y* = 5/2 if

| m?(0) = m(0)+/5 | _\5
\lm4+m2 \/E

A EPSTUDY CIRCLE
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S>m+m-2=0 " 1
P " of x* = —32(mx+—) are equal.
= m = *1. Note that m = +1 satisfies m" — 3m~ + m
2=0. |
_ =>32m -4=0=>m= —
Form =1,y =x + /5 is a common tangent to 2

the two curves. . . .
16. For the points of intersection x> + 8x — 9 = 0

12. y* = dax

= ZyQ = 4qa

dx

uy Qg{
dx y
B

Which is a differential equation of degree 1 and » =8
orderl so statement-2 is true.

A(|,2/§

PR Fig. 18.25
- ;
Slope of the tangent m = 3 at P(x, y) e~ e 0) =0
= m is inversely proportional to the ordinate of P. =>x=1 [ x>0]
So statement-1 is also true but does not follow from % Chbordinats of i am (I,Z\/f)
statement-1.
. ) Thus, L, = 42
13. y = mx + — is a tangent to the parabola y~ = 4ax
m Also, L, =8 = (4) (2)
1
at (i,z—a) for y* = 2x,a= -~ Ly <L
m- m 2
1 17. Let y = mx + = be a tangent to the parabola
= y=mx & is a tangent to the parabola m
m

5
Y =4x.

1 -1 :
at (‘2—2»;) = statement-2 is true. It will pass through (-2, -1), we get
m

= x — 2y =2 is a tangent to the parabola at (-2, -2) m

2 _ _
for m = % and thus statement-1 is also true. =2m-m-1=0=m=1,-12

1
14. Ends of the latus rectum are (1, £2) = (12, 21) HE
= = +] =>|tana|=—l=3
1_ =
Equation of the normal at (£, 2¢) is y = —tx + 2t 2
3
Tl 18. Let the slope of the line be m, then its equation is
Equations of the normals for 7 = +1 are y = —x + y = m(x—é).
3and y =x - 3. ’
They intersect at (3, 0). Its distance from (0, 0) is
1 m0-3/2)-0| 5
15. y =mx + — is a tangent to the parabola y* = 4x H—}' = =
m V1+m® R
which will touch the parabola x*> = —32y if the root NG
= @Bml=51+m)=>m=x-——.

2

) MATHEMATICS A EPSTUDY CIRCLE
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2
- — 44
5 Repiboesd sl 5 25 22. Refer figure. Let S = CP* = 1* + (242t +6)

Y7 = . 4r3+4\/§(2\/§t+6)
dt
= . =4[t3+4t+6\/§]
0 (32.0)
Vo
Fig. 18.26 -
= =
19. Let coordinates of Q be (x’, ') and that of P be P2, 2201)
(x, y), then g
x= lx' y = L. GC
2707

As (¥, ) lies on x* = 8y, Fig. 18.27
2 _ 2 _ ds
(4x)" =8(4y) > x" =2 For least value of S, P =0
20. Let coordinates of P be (—tz, 2f), where ¢ > 0, then
coordinates of Q are (-, — 21). =S P+4at+ 62 =
If coordinates of R are (x, y), then A +\/§’2 _\/Etz —21+6t+6\/5 =0
- - =27 - = (t+\/5)(t2—\/ft+6) =0
2+1
=>t=_2 [+ ¢ 1is real]
_120+2(-20) _ 2 V2
and y = == =/ = _Et s
2+1 Also, &3 = 437 + 4]
Eliminating #, we get !
d*s
3\ R = — > ()
-x = (—Ey) or 9" = —4x a |__5

= S is least when 7 = _,/2 . Thus, coordinates of

21. An equation of tangent to
P are (2, 4).

- 6=x"at (2, 10) is . o
4 B ) An equation of required circle is

(+10)—12=2Q2)x ordx —y +2 =0 (1) s TP -y o (0 2P 15 A

An equation of normal at the point of contact or x> + y2 —4x+8 +12=0

o B) of (1) and x* +y* + 8x — 2y = k i
(@ B of (1) and " +y e s 23. Let coordinates of a point P on y = x* — 4 is

(x—(4)+4py-1)=0 @ £ -4).
orx+4y=0 (2) Let d = distance of P from the origin, then
The point (e, f) is the point of intersection of (1) & =(t- 07+ (- 4-0)>
and (2). Solving (1) and (2), we get =P A i
8 2 4 "
o= -—, = —, = — +
7 17 -7 +16
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Note that d is least if # = 7/2. Least value of d is

J15/2.

24. An equation of normal at P(f) is y = —tx + 2 + '3

It passes through Q(,) i.e. (112, 2t))
if 26, =— >+ 2t + 1

=2t -0)=4" -1

=2=—t+1)

4
:>r,2=r2+t—2+42 rz(in +4=6[AM 2

Previous Years' B-Architecture Entrance
Examination Questions

1. Equation of the side 4B of the triangle ABC is

X3 x which meets the parabola y* = 8x at the

RE
point B (24’8\/5)

C
Fig. 18.28

= (4B)* = (24) + (8\/5)2 = 4B = 16\3

2. Tangent at (%,%) to the parabola y2 =xis

| 1(H1)=> N
— o — ..'__x —
N3z) " 2\*"g)=7? 4

Which is parallel to y = x + 1, so statement-2 is
true.

Any point on the parabola y* = x is (:‘12 %t)

whose distance from the line y = x + 1 is

) MATHEMATICS

. Equation of a tangent to the parabola y* = 4x is

. Tangent to the parabola 2= 4y at (4, 4) and (-4,

. Coordinates of L are (4, 8).

. Let (h, k) be the mid point of the chord of the

PARABOLA

<
’l 2

\/5’_ 42

Which minimum for # = 1. So statement-1 is also
true but does not follow from statement-2.

y = mx + = which passes through (1, 4)
m

s csmPadm 1m0
m

= m;m, = —1. So the required angle is %

4) are x(4) = 2(y + 4) and x(—4) = 2(y + 4) which
intersect on x = 0, i.e. y-axis.

So statement-1 is true.

Extremities of the latus rectum are (+2, 1) and the
tangents at these points are 2x = 2(y + 1) and (-2)
x=2y+1).

Which again intersect on y-axis, the axis of the pa-
rabola and statement-2 is also true but does justify
statement-1.

Equation of the chord through L with slope —1, is
x+y=12 (1

Any point on the parabola is (47, 8f) which lies on
(1) if

48 +8-12=0=1=1,-3.
t = 1 coordinates to L, so other end M of the

chord is (36, — 24) and length of the chord is
JB6-4) +(-24-8)* = 322

parabola x> = 4 py with slope m then its equation
is

hx — 2p(y — k) = h* — 4pk.

h
=>m—$=>h—2pm.

Locus of (A, k) is x = 2pm.
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Which is parallel to y-axis at a distance [2pm| from

(el

7. Let coordinates of P be (tz, 2f), then coordinates

— 2 2
of Q are (%72) Centre of the circle with PQ _ [(t—l) +4}
! t
as diameter is (l(ﬂ +i2),t—1]. 12
2 t ! = PQ = [r——j +4
t
As it lies on \/gy +4 =0,
16 36
1 -4 = — +4="—
t— - = — 5 5
t 5

1 2 1 2
Also, PQ? = (:2——2j +4(1+;)

t
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