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JeTErMINANTS

CHAPTER AT A GLANCE

1. Determinant : To every Square matrix A = [a.. ] of order n associated with a

number (real or complex) called determinant of A. It is denoted by det (A) or |A|. i
A determinant is also denoted by A.

2. Properties of Determinant:

(1) The value of the determinant does not change when rows and columns are
interchanged. The determinant obtained by interchanging the rows into
corresponding columns and vice-versa is called the transpose of the
determinant and is denoted by AT. Thus A= AT,

(1) Ifall the elements of arow (or column) are zero, then the value of the determinant
1S ZEro.

(u1) The interchange of any two rows (or column) of the determinant changes the
sign of the determinant

Thus if A* 1s the new determinant obtained on interchanging any two rows
(or columns), then

A=—A*
Ifi-th and j-th row are interchanged then this operation is denoted by R; <> R..

(iv) Ifeach element ofarow (or column) of a determinant are multiplied by a non-
zero constant, then the determinant gets multiplied by the same constant.
Thus if we apply R, = pR., i.e, each element of i-th row is multiplied by p to a
determinant A, then we get new determinant

A*=pA
(v) [Ifall the elements of a row (or column) are proportional (or identical) to the

elements of some other row (or column) then the value of the determinant is
Zero.

(vi) Ifeach element ofarow (or column) of a determinant is zero then, its valueis
ZEero.

(vii) Iftoeach elementofa row (or a column) of'a determinant the equimultiples of
corresponding elements of other rows (or columns) are either added or
subtracted then value of determinant remains the same.

(viir) If sum of all elements of a row or column of a determinant are expressed as
sum of two (or more) terms, then the determinant are expressed as sum of two
(or more) terms, then the determinant can be expressed as sum of two (or
more) determinants
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For example,

al+Xl 32 +)\.‘) a; +)\.} al az 83 )\.1 )\.') )\.q

b3 = b| b, b3 + bl b, b3

C CH C3 Ci C C3 Ci € C3
Area of a Triangle : Area of a triangle whose vertices are (x,.,y,) , (X5, y,)and
1
(X4 »}’3)135‘[X|(Y3 _Y,z)+ x:()’} _YI)"'xs(}ﬁ _Y:)J’

Ifarea of a triangle is given, then use both positive and negative values of the
determinant for calculation.

Minors and Cofactors :

(i) Minors - The determinant obtained by deleting the i-the row and j-th
column passing through the element a; is called the minor of elementa,
and is denoted by Mij.

(ii) Cofactors - The cofactor of element a; is (—1)' "I times the determinant
obtained by deleting the i-th row and jth column passes through a;; and
is denoted by A i.e. A, = (1) M;

Value of a Determinant : The sum of the products of each element of any row
(or column) by the corresponding co-factors is equal to the value of the
determinant.

a;, b, ¢
LetA= 3y by €y
Ad3; 83 A4

ThenA=a, A, +a,A ,+a ;A ifexpanding along first row

A=a, A; +a;, A, +a; Ay, ifexpanding along third row.

Similarly, you can find the value of the determinant by expanding it along any
other row or column.

Adjoint of a Matrix : The adjoint of a square matrix A is the transpose of the
matrix which is obtained by replacing each element of matrix A by their cofactors.
In other words, adjoint of a square matrix A =[a;] . is defined as the transpose
of the matrix [Aii]n . Where A is the cofactor of the element a;. Adjoint of the
matrix A is denoted by adjA

DETERMINANTS

MATHEMAICS
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-l 912 93
IfA= | a> a»; |, then

dy) di3p a3z

Al Ap Ap Al Ay Az
ade=Transposeof Azl Azz A')3 - A]‘) A’)z A*p

Azl Az Az Az Ay Ajzz i
If A is any given square matrix of order n, then
A(adjA)=(adjA) A=Al
where [ 1s the identity matrix of order n.

Singular and Non-Singular Matrix

(1) Asquare matrix Ais said to be singular, if |A|=0

(i) A square matrix A is said to be non-singular, if |A| # 0

(u1) IfA and B are two non-singular matrices of the same order, then AB and
BA are also non-singular matrices of the same order.

Invertible Matrix

A square matrix Ais invertible if and only if A is non-singular matrix.

Inverse of a Square Matrix

Iftwo invertible matrices A and B are such that

AB =1 or BA =1, where I is the identity matrix then A is called the Inverse

matrix of matrix B or B is called the Inverse matrix of matrix A. Inverse of a

L & »
matrix A is denoted by A !, which does not mean 2 ie. A7 # iy

= 1 e

A A ’(dd_] A)

(1) Inverse of an invertible matrix is unique.

() A'.A=A.A'=I, whereis the identity matrix.

Application of Determinants and Matrices

We use the determinants and matrices for solving the system of linear

equations in two and three variables and checking the consistency of the

system of linear equations.

(i) Consistent System : A system of equation is said to be consistent if its
solution (one or more) exists.

(ii) Inconsistent System : A system of equation is said to be inconsistent if
its solution does not exist.

(iii) Solution of System of Linear Equations using Inverse of a Matrix
Consider the system of linear equations

2ND FLOOR, SATKOUDI COMPLEX, THANA CHOWK, RAMGARH-JH-829122
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p.x-+byt+ez=d,
ax +b,y+c,z=d,

aj+by+c,z=d,

fam—y

o

(9%]

a; by ¢ X d,
Let A=la, b, ¢ |[,X=|y|land B=|d

This matrix equation provides unique solution for the given system of
equations as inverse of a matrix 1s unique. This method of solving system of
equations is known as matrix method.

Case-II: If|A| =0 (i.e. A is singular matrix), then we calculate (adj A) - B

If (adj A)B # 0, (0 being zero matrix), then solution does not exist and the
system of equation is called consistent.

as b3 C3 z d3 M
Then, the system of equation can be written as AX =B
a) bl C X1 d]
i.C... 82 b2 C- yl = d2
aj b3 C Z d3
Case-I: [f A a non-singular matrix, then its inverse exists.
Now AX=B or A '(AX)=A"'B
[f(adj A)B = 0, then system may be either consistent or inconsistent according

or (A-TA)X=A"B or IX=A"B or X=AB
as the system have either infinitely many solutions or no solution.

=)

In this chapter, we have to study system of lincar equations having unique solutions
only.
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EXERCISE N1

4
-5 ]

4
Sol. 5 1=2><(—])—(—5)><(4)=—2+20=18 M
an apn
(a) @1 G ‘——(0” X(lzz)—(CIZlX(l]:).
(b) We can only find the determinant of a square matrix.
5 . |cos® —sinb 5 x2—-x+1 x-1
- 0 sin@  cosO o x+1  x+1

DETERMINANTS

MATHEMAICS

1.  Evaluate the following determinant :

cos® —sinB

Sol. (i) =¢0s 0 cos O —(sin O) (—sin 6)

sin®  cosH
7 T, ) a9
=cos“0+sin“0=1, (" cos“A+sinA=1)

. x ] x—] i
(11) =X =%t 1)+ ]1)=lx—-1} X+ 1)
X + 1 X + 1

=3+ x2oxox+1-(x2— 1) (v (a+b)(a—b)=a’-b?)
=x>+1-x*+1=x3-x>+2

1 2
3. IfA= |:4 2} , then show that [2A|=4|A]|.

1 2 2 4

2 4

o a=@xH-(Bx4=-24

LHS=[2A|= ‘

1

RHS=4|A|=4, ,|=4[(1x2)-(4x2)]=4(-6)=524

) (]

= [2A|=4]A|.
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1 0 1
4. A=[0 1 2/[,thenshowthat|3A|=27]|A|
0 0 4
I 0 1 3 O 3 3 0O 3
Sol. 3A=3(0 1 2|=|0 3 6 s [3A|=10 3 6
0 0 4 0O 0 12 0 0 12

1 1

0
Now; 27|A|=27|0 1 2
0 0 4
=27{1[(1 x4)— (0% 2)]-0[(0*x4)—(0x2)] +1[(0*2)—-(0x1)]}
=27(4)=108 = [3A|=27|Al.

ap 42 43

a, a a ; ;
(a) 21 %22 %23 | can be obtained by expanding along any row or any

93] Y33 933
column. If we expand it along 1st row, we get :
o+ ~ +2
i+ ayy [(ayy * az3) — (a3, X ay)] + (-1 )! a, [(ay) X ayy) —(ag; * ay)l

{1 )l+3 as [(avl x 6137)- (a3 * 6177)

dpyy; dx3 dy) dx3

6121 6122
or 671 1 + 013

(132 (l_ﬂ 3 (73 ] (133 (13 1 (132

(b) In the above question we observe that :  |34| =27 |A| = 33 4|
Here A is a square matrix of order 3.

We can say that : |KA| = K" |A|, where n is the order of A & K is any orbitrary
constant.

=[(3x12)—(0x6)]-0[(0x12)-(0x6)]+3[(0x0)—(0x3)]
(Here we have expanded the determinant along 1st Row).
=3[36]=108.
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4 -9 5 -9 54
(expanding along R )

=1(-9+12)-1(-18+15)-2(8-5)=3+3-6=0.

5. Evaluate the determinants :
31 -2 3 4 5
@ (0 0 -1 Ggi)y |1 1 =2
3 -5 0 2 3 1
0 1 2 2 -1 =2
(i) -1 0 -3 iv) [0 2 -1 i
-2 3 0 3 -5 0
3 =1 2
. N B ] 0 -1 0 -1 0() 0
Sol. (1) -1=3 5 0 —(—])3 ol 2|5 _s
3 -5 0 .
(expanding along R )
=3(0-5)+1(0+3)-2(0-0)=-15+3=-12.
) T _14 52 1 -2 1 2| 11 _
(11) = —33 | —-(-4) R D ) 3 (expanding along R )
2 3 1
=3(1+6)+4(1+4)+5(3-2)=21+20+5=46.
o2 0 -3 -1 -3 -1 0 .
(i) (-1 0 =3=0]3 o|-1|5 o|*+2]|-, 3| (expandingalongR))
-2 3 0
=0-10-6)+2(-3-0) =6-6=0.
2 -1 =2
v o 2 —1f=2> ) -2 ° dingalong R
(1v) % o 3 ol ™% s (expanding alongR,)
3 -5 0
=2(0-5)+10+3)-2(0-6)=—10+3+12=5
1 1 -2
6. IfA=[2 1 -3| find|A|
5 4 -9
1 1 2 1 1 -2 - -
= = 2%l
Sol. A=|2 1 3| = |A|=]2 1 —3:1‘ ‘~l‘ |2| ‘
5 4 -9 5 4 -9

www.aepstudycircle.com
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Find the value of x, if

24 x4 |2 3 |x 3

M 5 1516 | @4 s|"[2x s

2 4 |2x 4

@ ls 1|ls = |

Expanding the determinants, we get:
=2-20=2x2-24 = 2x*-24=-18
2 3 |x 3

= 2=3=x=+43

@ 4 5 2x 5
Expanding the determinants, we get:
= (2%x5)-4x3)=(5xx)—(2xx3)=> 10-12 =5x —6x = x=2

If v o2 = ‘ 6 2 , then x is equal to
18 x| (18 6
(@ 6 b) *6 () -6 o
¥ 2 6 2
® s s 6

Expanding the determinants, we get:
= x2-36=36-36 = x2=36 = x=+16

Sol.

www.aepstudycircle.com

EXERCISEEW]

Using the property of determinants and without expanding in Questions
I to 5, prove that

X a x+a
y b y+b(=0
Z ¢ z+¢
X a x+a X da X X a a
LHS.=|yv b y+b =LHS.=|Y b y|+|yv b b (1)
Z € z+e Z ¢ zZ g € &

(Expressing above determinant into sum of two determinants)

Since we know that the value of determinants having equal columns (or rows)
is zero. For 1stdeterminant : C, = C5. For 2nd determinant : C, = C;.
= LH.S.—0+0—-0—R.H.S. Hence proved.

2ND FLOOR, SATKOUDI COMPLEX, THANA CHOWK, RAMGARH-JH-829122 I
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\ < 2" Note

Alternate Solution :

X a x+a X a
LHS.=|y b y+b|=|y b y (Applying Cy — Cy— C5).
Z & Z+e Z © zZ ‘ ‘ i

0 b—c c—a

_10 ¢—a a—h:O [+ C,=0]

0 a-b b-c
=R.H.S. (Hence proved).

w
h W N
© & 3
® 3 &
QW _h
I
O 00 g
~N
N h
Il
hn W N

0
®)

(Applying C, - C, +C, +C;)
(Applying C; > C,-C,-9C

Sol. L.HS.=

W W N
O 0 N
o O O

=0 (- C,=0)
= R.H.S. (Hence proved).
1 bc a(b+c)
4. 1 ca b(c+a)=0
1 ab c(a+b)

1 be a(b+c) bc ab+ ac

1
Sol. LHS.= |1 ca b(c+a)| =|l ca bc+ba
1

ab ca+cbh

=0 (~-oC C.)

a—-b b—c¢c c—a

2. b—c¢c c¢c—a a-5b=0

c—a a-b b-c

a-b b—-—c c—a a-b+b—c+c—a b—c c—-a
Sol. LHS.=|b—¢c ¢c—a a-b|=|b—-c+c—a+a—-b c—a a-b
c—a a—-b b-c c—a+a—-b+b-c a-b b-c
1 ab c(a+b)

www.aepstudycncle.com 2ND FLOOR, SATKOUDI COMPLEX, THANA CHOWK, RAMGARH-JH-829122
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1 bec ab+bc+ac
=l ca bc+ca+ab
1 ab ca+chb+ ab

1 be |1

=(ab+bc+ca)|l ca 1

1 ab 1
=(ab + bc +ca)*x0
=0=RH.S.
b+c q+r y+z a p x
5. c+a r+p z+x|=2b q Yy
a+b P+q x+y cC r z
b+c q+r y+z
Sol. LHS.=|c+a r+p z+X/=

a+b p+q x+y

b+c q+r
=2 ©Fa (N ol ¢
at+b+c p+q+r x+y+z
-a -p —X
=2| -b —q -y
a+b+c p+q+r x+y+z
-a -p =X
=2/-b —q -y
e T Z
a p X
=(-1¥%x2b q y
e ¥ Z
a p X

=2b q Y _pys.

C I Y/

www.aepstudycircle.com

(- C=C)
(Hence proved).
b+c q+r y+tz
c+a r+p Z+X
2(a+b+c) 2p+q+r) 2(x+y+2)
(Applying R; > R;+ R, +R))
y+z
Z+X (Taking common 2 in R;)

DETERMINANTS

JETErMINANTS a5

(Applying C; > C;+C,)

(Taking (ab+ bc+ ca) common in C,)

(Applying R, >R,—R; and R,—>R,-R))

(Applying R, >R, +R, +R,)

(Taking (1) common from R | & R, both).

(Hence proved).

2ND FLOOR, SATKOUDI COMPLEX, THANA CHOWK, RAMGARH-JH-829122
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By using properties of determinants, in Questions 6 to 14, show that

0 a -b
6. -2 0 -8 =0
b ¢ 0

—a’ ab  ac
252 2
7.  |ba —b* bc|=4a"bc
ac b —c?
Sol. Taking a, b, ccommon from R, R, & R, respectively, we get:
-a b ¢
L.HS.=abc|a -b ¢
a b -
Againa, b, c are taking common from C,, C, & C, respectively, we get:

=1 1 ] 0 0 2

1 -1

L.H.S.=a?b’¢? =a’b’c? 1 —1 1/ (ApplyingR, >R, +R,))

1 -l D -

=ab’c2. [2(1 +1)] (expanding along R )
=4a’b’c” =R.H.S.

1 a az

8. (@ |1 b b =@-b)(b-c)(c—a)

1
(b) a b c¢|=(@-b)(b-c)(c—a)(a+b+c)

Sol. LHS.=-a 0 — =[-8 0 -¢ (Applying R, = cR, & R;—>aR;) i
b & 0 ab ac 0 '
—-ab 0 —bc
=l -a 0 -c (Applying R; > R, —R;)
ab ac 0
Expand along C, :
L.H.S.=0+0+(~1)>2ac[((-ab) (—c))—((—a) —bc))] =—ac [abc—abc] =0 =R.H.S.

www.aepstudycncle.com 2ND FLOOR, SATKOUDI COMPLEX, THANA CHOWK, RAMGARH-JH-829122
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Sol. (a)

L.HS.=

—_—

a

b

a

b

|89

o

§9]

1
0
0

JETErMINQNTS

a
b—a

G—ud

) )
b* —-a“

2
c

2
a

~

—d

DETERMINANTS

MATHEMAICS

(Applying R, = R, -R;and Ry = R; -R))

2
a

(b+a)b—-a) (. x2
(c+a)(c—a)

| a
=10 b—a
0

c—a

L.HS.=(b

1

a) (c—a) |0

0

a
1
1

Expanding along C,, we get
LHS.=(M-a)(c—a)[l(ct+a)-1(b

=(b

=(a—b)(b—c)(c—a)=R.H.S

1 1

(b) LetL.HS.=|a

LHS.=

1
0
0

3
a

a
b—a

c—da

b

~
3

3
C

3
a

/)3 —a

cC

3

—a

1
= |1
1

1

31=|o

3o

~

a

a
b

C

b+a

¢+ a

a)(c—a)(c—b)=(1)(a—-b)(c

a

b

3
C

a
b—a

c—a

(..

Taking (b—a) & (¢c—a) common from R, & R4 respectively, we get :

1

L.HS.=(b—-a)(c—a)| 0

0

9

3
a

] b2 +a3+ab

2 2
Cc” +a” +ac

=(b—a)(c—a)[1[(c2+a%+ac)—(b*>+a?+ab)]] (Expanding along C -

=(b-a) (c—a) [c* + a® + ac — b*— a* — ab]

www.aepstudycircle.com

=y ={x-=yx+y)
Taking (b—a) & (c—a) common from R, & R, respectively, we get:
: ..—g— (c— +a)]=(b—a)(c—a)(ct+ta—b-—a)
=(b— = —b)=(1)(a- —8) -D{b—¢) (v x—y=—I@F—X))
3
(Changing rows into columns and columns in rows)
Appylying R, = R, — R, and R; = R; — R, we get
a
(b—a)b” +a” +ab)
(c—a)c” +a” +ac)
2 =E-giEy ol

2ND FLOOR, SATKOUDI COMPLEX, THANA CHOWK, RAMGARH-JH-829122
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=(b-a) (c-a) [ (c?- b+ (ac—ab)]
=(b-a)(c—a)|[(c+b)(c—b)+a(c—-b)]
=(b-a)(c—a)(c—=b)(a+b + )
=(-D(a=b)(c—a)(-1)(b-¢c)(a+ b+)
=(a-b)(b-c)(c—a)(a+b+c)=R.H.S.

X x> yz

9. v ¥ zx|=(x—y)(y-2) z— ) (xy +yz +2x) i
z z° Xy
X %2 Wz x-y x?-y? yz—zx
Sol. LetA=1]y y?> zx =|y—-z y?-2z2 ZX — XYy
z 2> Xy z 7> Xy
(Applying R, > R, - R,and R, > R,—-R,)
i

=ly-z (y-2)(y+2) -x(y-2) (- a’—b? = (a—b)(a+b))

)
Z Z* Xy

X=-Y (X+V¥)(X-Y) —-ZX—-Y)
1l x+y -z
=x—y){y—2) |1l y+tz ~x
z Z¢ Xy
(Taking common (x—y) and (y — z) from R and R,)
0 x—2 —z+x
=(xX-y)(y—-2) |1 y+z —X. (Applying R, > R, —R,)
7 & Xy
0O -1 -1
—(x-yYy-2z)(z—-Xx)1 y+z -x ('Taking (z —x) common from R
z z* Xy
Expanding along R, we get:
=(x-y)(y—2)(z—- x)[ A(y+2) xy+xz2}]+ 1 - (xy+ xz) - 1(z22—yz - 2?)]

=XxX-y)(y-2)(Z-X)Xytzx+tyz)=(X—-y (Y—2) (z—X) (Xy + yz + zX)
=R.H.S.

Xx+4 2x 2x
10. (a) 2x x+4 2x |=(5x+4)(4-x)?
2% 2x x+4

(b) y vy+k y [=K2Q3y+k)

www.aepstudycncle.com 2ND FLOOR, SATKOUDI COMPLEX, THANA CHOWK, RAMGARH-JH-829122
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x+4 2x 2x S5x+4 2x 2%
Sol:h(a) LHS=| 2x x+4 2x |=|5x+4 x+4 2x
2x 2x x+4 5x+4 2x x+4

(Applying C, ->C, +C, +C3)

=Bx+4) |1 x+4 2x (Taking (5x +4) common fromC )
] 2x x+4
0 x—4 0

=(Bx+4) |1 x+4 2x (Applying R, > R, —R,)

| 2x x+4

2x

1
=(5x+4) |:—(.\'—4) , } (Expanding along R,)

+4

=5x+4) [-(x—-4)(x +4-2x)]=5x+4) [-(x—4) (—x+4)]
=(5x+4)(4-x)(4-x)=(5x+4) (4—x)>*=R.H.S.

In case of determinants, we can use both elementary row operations and elementary
column operations to arrive at the result, as you have seen in the above question.

v+k b% y 3y+k B% %
(b) LHS.=| ¥y y+k y [=(3y+k y+k y
y y y+k 3y+k y y+k

(ApplyingC, = C,+C,+C,)
= @By+k)|l y+k y (Taking (3y + k) common from C,)

=@By+k) |1 y+k y (ApplyingR, - R, -R,)

| y+k

=@By+h) |k |

} (Expandingalong R,).

=@y +k). k[y+k—y]=0Cy+ k) k*=RH.S.
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Sol.
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JETErMINQNTS a3
a-b-c 2a 2a
(a) Zb b—C—(I 2[) =((l+b+(’)3
e 2c c—a-b
X+y+2z X y
(b) z y+z+2x ¥ =2(x+y+2)°
z X Z+X+2y
a—-b-c 2a 2a
(a) LHS= 2b b-—c-a 2b
2¢ 2c c—a->bh
a+b+c a+b+c a+b+c
= 2b b—c—a 2b (Applying R, >R, +R, +R;)
oG 2c c—a-b
| 1 1
=(a+b+c)|2b b—c—a 2b Taking (a+b+c)common fromR, )
2¢c 2e c—a-—b
0 1 1
=(a+b+c)|b+c+a b-c-a 2b (Applying C,— C,-C,)
0 2¢ c—a->b
=(@+b+c)|—(b+c+a) (Expanding along C))
i 2¢c c—a-b

—(a+b+ ) [F(c—a—-b-20)]—(a+ D+ ¢)? [(a + 0+ &)]
=(a+b+c))=R.HS.

X+y+2z X y
b) LetA= z y+2z+2X y
z X Z+X+2y
2(x+y+2) X
A=2(x+y+2z) y+z+2x y (ApplyingC, »C,+C,+C))
2(x+y+2z) X Z+X+2y
1 X y
=2(x+y+z)|l y+z+2x y (Taking 2(x+y+z)common fromC,)
1 X Z+X+2y

MATHEMAICS

2ND FLOOR, SATKOUDI COMPLEX, THANA CHOWK, RAMGARH-JH-829122

DETERMINANTS



12.

Sol.

STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS

DETERMINANTS
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JETErMINANTS &

0 Ax+y+z) 0
A=2x+y+z) 1 y+z+2x y (Applying R, >R, —R,)
1 X Z+X+2Y

I
—2(x+y+z)|:+(x+y+z) d

Expanding along R
l 2+x+2y} (Exp galong R))

=2 (x+y+z) (x+y+2z)(z+x+2y-y)=2(x+y+z)? (x+y+2)=2 K +y+z)*

Taking (1 —x) common from C,, we get:

L.HS.=

=(1 +x +x?)

(1—x) {1

-~

(1 +x +x2)(1-x)

1 x

)

1

| X
0 ]

5
l+x x~

1

= (=) [ =)+ (1 +x)(x* —x?)]
x3)+0]=(1-x*)>=R.H.S.

=(1-x)[(1-
L +a%—b"
2ab
2b

www.aepstudycircle.com

2ab

1—a? +b?

—2a

-2b

L=ig ="

+(1+ x) i
1

1 v X2
2 _ 332
X 1 x[=(1-x)
X .\‘2 1
1 X ox2 l+x+x> x x°
LHS.=[x® 1 x|=|l+x+x x | (ApplyingC, —C,+C,+C})
x x> 1 l+x+x> x> 1
1 x X’
=(1+x+x3)|1 1 «x aki x+x2c ; h
)
I x= 1
1-x xooa?
=(1+x+x2)| O 1 x (ApplyingC, - C,-C,)

J

(Taking 1+ x+x= common from C))

X

x| (rai-p2=
1

(a—b)(a+b))

~

X
" } (Expanding along C,)

b’ =(a—b) (a%+b%+ab))

&'y a’

=(1+a*+ b}
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JETErMINQNTS ==

1+ (12 — [72 2ab —2b
Sol. LHS.=|  2ab |—a* g5 2a
2b —2a | —a2 — b2

Applying C, - C, -bC;and C, — C, +aC;, we get:
2 _ b2 +2b?
2ab —2ab
2b—b+a’b+b’

l+a 2ab —2ab
I—a® +h* +2a*

-b’

LHS. =

—7a+a—a

1+ a? + b2 0 —2b

2 2
= 0 l+a“ +b~ 2a
.

/)(I+az+/)2) —a(l+az+bz) |~ b

1 0
i

-2b
2a

b -—a l—az—b2

—2b
2a
l—a b~
(Taking (1 + a? +b*) common from both C,; & C,)
1 0 -2bh
=(1 + a? + b?)? 0 1 2a (Applying R; > R;—bR))
0 —a l-a”+b°
= (1 + a* + b? ) [1(1-a*+b2+2a%)] (Now expanding along C))
=(1+a?+ b2 (1N +a2+ )= +a? +b*)*=R.HS

=(1 + a*® + b?)?

az+l ab ac
14. ab b2+1 bec |=1+a2+b2+¢c2
ca cb c2+l
az+1 ab ac az+1 ab+0 ac+0
Sol. LetA= ab b2 +1 bc | = ab+0 b2+1 bc+0

cb c? +1 ca+0 cb+0 c2+1

This may be expressed as the sum of 8 determinants

ca

a’ ab 0
bc +ab b2 0

Bl

ac | ab ac az 0 ac  a“®
bel + 10 b2
0 bc

ab
- A=lab b?
bc

bc + ab |

-~

9 >
ca c- c” ca 0 c- ca
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DSA=A A+ A+ AL+ A+ A+ A+ Ag (respectively)

a’ ab
Al — ab b2
ca bc
1
=azb2c2 ]
|
= a2b3¢? (0)
=(.
1 ab
0 bc
=0
a2 0
A‘; = ab ]
ca O
=0
a’ ab
A4 - Zib b2
ca bc
=0
dz 0
As=|ab 1
ca O
1 ab
A() = O b.-
0 bc
= b2

www.aepstudycircle.com

ac

bc

2
C

az2 0 0 ab 0 I 0 ac
+ab 1 0+[0 b2 o+ 0 1 be
ca 01 [0 bc 1] 0 0 ¢

a a a
=abc|b b b

cC C ¢C

(% Ry =Ry=R)

= l(bzc2 —bzcz)

[ 9 9 7 )
zl(a’c”~a”c)

0
0 =Wa30)
1
0
0 =Wb30)
1

(Taking a, b, c common from C |, C,, C; respectively).

(Taking a, b, c common from R, R,, R;respectively).
(Expanding along C))
(Expanding along C,)
a2 : (Expanding along C5)
(Expanding along C;)
(Expandingalong C,)

[
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N 0 ac
2
A;=[0 1 bc :l(C —0) (Expanding along C,)
0 0 ¢?
)
= ¢~

@ k|A| b KA
(©) K |A| d 3k|A]

a d g
h| = |A|l=|b e h

i c f i

a

(=}

(¢c) Consideramatrix A=|b

- o Q.

C

ka kd kg ka kd kg
= kA=|kb ke kh| = |kAl=|kb ke kh
ke kf ki ke kf ki

Taking k common from R, R, & Ry, we get :

a d g

kAl=kkk|b e h|=k’|Al.

e F 1

Which of the following is correct :

(a) Determinantis a square matrix

(b) Determinantis a number associated to a matrix

(¢) Determinantis a number associated to a square matrix
(d) None of these

(¢) Since we know that, determinant of any matrix is defined ifand only if A
1S a square matrix.

I 0 0 i
Ag=(0 1 O|=1(1-0) (Expanding along C,)

0 0 1

=1.

L A=0+0+0+0+a’+b>+c?+1=a2+b?+c?+1=RHS.

If A be a square matrix of order 3 x 3, then | KA | is equal to

determinant is a number associated to a square matrix.
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EXERCISE K]

1.  Find the area of the triangle with vertices at the point given in each of the
following :

i (1,0),(6,0)(4,3) (i) (2,7),(,1),(10,8)
(iil) (—2, - 3)9 (33 Z)a (_] 8 8)

E Hint|
Area of a triangle with vertices (x|, y,), (X5, ¥,) and (x5, y3) is given as:
| X g 1
Area=—=|x, y, 1
5| 2 2
X3 V3 I}
1 1
Sol. (i) Areaoftriangle with vertices (1, 0), (6,0)and (4, 3)= 6 ]
4

DETERMINANTS

MATHEMAICS

w o O

6 0
4 3H| (Expanding along R)

1 15
i ‘[1(0—3)4‘1(18 Ol=—|( 3+18)I > — =7.5sq. units.
7 1
1 1
8 1

1
2
0 1
] —-0+1
2
1

1
(i1) Area oftriangle with vertices (2,7), (1, 1) & (10, 8)= 5
10

1 1 | . | B
) -7 +1
8 1 10 1 10 8

2(1-8)—7(1-10)+ 1(8—10)]|=

(Expanding along R,)

47
[-14+63-2]| = =

r—\

1
2

I
(3]
o
(Jl

sq. units

(1) Area oftriangle with vertices (—2,-3), (3,2) and (—1,-8) =

o | —
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JETErMINQNTS c=2

]
2
= area= |5 square units.

Since area is positive, we always use the absolute value of the determinant (Which is M
used for the area).
Show that the points A (a,b+¢), B (b,c+a) C(c, a+ b) are collinear.

4 |-30]

][—2(2+8)+3(3+1)+1(—24+2)]| :% [-20+12-22] =

(' |—a|=a)

E Hint

Use area of triangle.

Given points are (a, b+c), (b, c+a)and(c,a+Db).
We know that if the area of the triangle formed by above three points is zero,
then the points will lie on a line i.e., they will be collinear.

. area of a triangle with vertices (a, b+ c), (b,c+a)and (c,a +b)

a b+c 1 a+b+c b+c 1

b c+a |1 =%a+b+c c+a |1 (Appling C, - C, +C,)

o | —

a+b+c a+b 1

¢ a+b 1

1 b+e 1
_a+b+c 1

<

c+a 1
1 a+b 1

(Taking (a+b+c) common from C -

a+b+c

=————(0) (= C,=Cy)

=0. .. the given points are collinear.

Area of a triangle formed by three collinear points is zero.

Find the value of k if area of triangle is 4 square units and vertices are

(i) (k) 0)9 (4s 0)9 (Os 2) (ii) (_29 0)9 (09 4)9 (03 k)°

(1) Areaoftriangle with vertices (k, 0), (4, 0)and (0, 2) =

o | —
o o
o Aol e,

[u—

(given).
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Expanding along C |, we get:
I
3' k(0—-2)-4(0-2)|=4 = |-2k+8|=8

—>+(—2k+8)=8 (- hal=a&|+al=a)
Case (a) : Taking positivesign : —2k+8=8 —=k=0
Case (b) : Taking negative sign: +2k—-8=+8 =2k =16 = k=8.

Hence, £ =0, 8 r
(1) Thearea ofthe triangle whose vertices are ( 2, 0), (0, 4), (0, k)
1 -2 0 1
= 0 4 1/=4 (given)
0 k 1
Expanding along C,, we get : ]3|_2(4_k)| =4 =|8+k|=8.

(N

= x=(-8+k)=8 (o |-a|=a&|+a|=2a)
Case (a) : Taking positivesign: —8+k=8 =—=k=16.
Case (b) : Taking negativesign: 8—-k=8 —=k=8-8=0

Hence, k=0, 8.

If area of a triangle is given, we use both positive and negative values of the
determinant for calculations.

4. (i) Find the equation ofline joining (1, 2) and (3, 6) using determinants.
(ii) Find the equation of line joining (3, 1), (9, 3) using determinants.

g Hint |

Equation of a line joining (x,, y ) and (x,, y,) is given as: |x; y 1|=0.

Sol. (i) Equation ofthe line joining the points (1, 2), (3, 6) is given as:
x y 1
1 2 1|=0
3 6 1

Expanding along R, we get:
= x2-6)-y(1-3)+1(6-6)=0 = —4x+2x=0
= 2x —y =0, which 1s required equation of the line.
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(i) Equation of the line joining the points (3, 1) and (9, 3) 1s given as:

xR 1
3 IN\]|=0
9 3 1

Expanding along R, we get:
= X(1-3)-y3-9)+19-9)=0 = -2x+6y=0

= 6y=2x = x-—3y=0, which is the required line.
If area of triangle is 35 sq. units with vertices (2,—6), (5,4) and (k, 4). Then
k is

h

@ 12 (b) -2 (c) —12,-2 d 12,-2
Sol. (d) Areaoftriangle with vertices (2, —6), (5, 4) and (k, 4)

2 =6 1
5
k

Iff = 35 (given)
1

]
—5 4
2

4

Expanding along R, we get: [2(4—4)+6(5—k)+1(20 —4k)]| =35

I
2
1
— —\30 6k +20—4k]| =35 > [50—10k] =35 = (25— 5k) =35
Taking positive sign: 25— 5k= 35 = —5%=10 = k=-2

Taking negative sign: 25 —54=-35 = 5k=60 =k =12
Hence, k=12,-2.

EXERCISE W]

1.  Write the minors and cofactors of the elements of following determinants :

o R
0 3

a C

(i) (i)

b d

Sol. (i) Forthedeterminant =

2 -4
)
Minors: M, ,=3; M,=0; M, =-4,M,,=2
Cofactors: As Cij =(—1)y"] I\/lij
C, =(173=3; C,,=(-1P0=0; C\,=(-14=4; C,,=(-1)*2=2.

_ ) a c
(1) Forthe determinant =

b d

Minors : M”:a’; M,,=bM,, =c;M,,=a
Cofactors As ={— )‘*'M
C, =(1)2d= a’C],—( 1P¥b=—b;C,,=(1Pc=—¢;Cy, =(-1)*a=a
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2% Write Minors and Cofactor of elements of the determinant
1 0 0 1 0 4
@M (01 0 i) (3 5 -1
0 0 1 0 1 2

1 0 O

Sol. (i) Forthedeterminant A= 0 1 0 7
0O 0 1
1 O
Minors: M, = =1-0=1;
0 1
0 0 0 1 0 0
M,, = =0-0=0;M,, = =0-0=0; M,, = =0-0=
= 10 1 = 0 0 <10 1
M _| O—l =] L Mfo 0—000
2250 11" —~M23=0 0=0—():(), 1=l ol
1 0 4

M,, =0-0=0;M,,= =1-0=1.
270 0 20 ]

Cofactors: C,,=(- D)!*!M,, =(1)’1=1;

(7.3:(—1)"2MD:(—I)‘():();(.‘”:(—l)"-‘M|3=(—l)4():();
C, =(-12""M,, =1 1=0;C,,= (- 1) 2M,, = (-1)*1=1;
(’?_(_I)M’Mﬂ_( l)’()~() (11“(‘1)}*11\4 =(-1)*0=0;
C,,=(=1)*"2M,,=(-1)°0=0; C;;= (- 1)*" ‘Mu*( 0o 1=1.

(1) Forthedeterminant= 3 5 -1
o1 2

Minors: M,  — =10+1=11-

1 4 1 0
M, = =-1-12=-13; M, = =5-0=5§,
3 -1 3 8

Cofactors Cy=i= 1)'*'MI.,CII (-1)’11=11; Cn( ] §8
= 143 =3; C, =13 () =4; Cp=(-1)*2 2T NEA= 3 1)‘1——1
3,—( 1)*(—20)=-20; C,,=(-1)(-13)=13; C,,=(= 1)65 &
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Using cofactors of elements of second row, evaluate A

|
- N

The elements of second row are : 8y, = 2,a,,=0&a,,=1.

| 8
Cofactorofazl=C2|=(—])3*' ‘ 3|=—(9—16)=7

2
‘ ‘ s
Cofactorofa,, =C,, =(-1)""* | 3|=15—8=7
|5 3
Cofactor of a,, = C,; = (-1)**3 { & =—(10-3)=-7

Now, the value of determinant is given as:

A= ay; Coy Ty, Cops +55 Cos =@ % T+ (OX T)+(1 % (7)) = 14+0-T7=7,

1 x yz
Using Cofactors of elements of third column, evaluate A=|1 'y zx]|,

1 z xy
Elements of third column are aj3= ¥Z,a,;= ZX and a33= Xy

Iy
. Cofctor of 8., =€, = (1) 2 { =Y
1 X

Cofactor of a,, = C,, = (- 1)*** | =—(Z—X),=—2Z+X

I x
Cofactor of a,; =C,,=(—1)°"3 oy~ (y—x)

Now, the value of determinant is given as:

A—aHCHﬁLanCnJra”C =yz(z—y)+zx (- z+x)+xy(y X)
—yz- VX — xz-+xy2—x-y Yz v (xy"—xz9) + - xy+xz’
=+yz(-y+2) +x(y’-2°) +x*(z-y)=-yz(y—2) +x(y+2) (y—2) - x* (y—2)
=—(y-2) [+yz—x(y+2) +X*]=«(y—2) (yz— Xz~ Xy +X°)
=—{y—z) [2{y—x)—x{y—x)] =(z—y) (y—x) (z—x)
=-D-2CEDE-y)(Z-x)=x-y)(y—-2)(z—X)

a1 212 243
If A=|ay; a;; ap3 andAij isthecofactorsofaij,then value of A is given by

431 a3y Aasz3

@ aj Ay tapAsg, tapAsgg b) a; Ay tapA,) ta Ay
(© ay Ay taynAptayAg @@ aj Ay tay Ay tag Ay
(d) The value of the given determinant is given as:
A=a; Ay tapA taiAg (Using first Row)
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m

D

c

A=ay Ay a5 Ay Hay3A5, (Using second Row)
A=ay Ay tay, Ay, tazgAg, (Using third Row)
A=a;; Ay Tay Ay +a3,Ag (Using first column)
A=a,A;+ a5 Ay, ta3,A,, (Using second column)
A=a;3 A3 t+ay3Ayy Hag3As, (Using third column)

Find the adjoint of each of the matrices in Exercises 1 and 2.
1 2
l .
3 4
E Hint|
ajp ap a3 Ch C2 Gz |Gy Gy Gy

A= an ary djj p— AC.//.(A)T: ('2| (jzz (:'23 = C|'>
ay; azy axp Gy Gy GCi3 Cz3 G G5

Here C ij i the cofactor of a i

|

3 4
ofAaregivenby: C,,=(-1)!"1(4)=4;C,=(-1)"2(3)=-3;
C,, =1 @)=~ Cs = 1F (1) = 1.

Sol. LetA= [ } .Let Cii be cofactor ofaii in A. Then, the cofactors of elements

. ey ¢l [4 -3] [4 -2
AUAS el T2 1] T3 1

Sol. LetA=|2 3 5|,

Cofactors:

1+1 2
G =i
i =44 P

5 >
] ‘=3—0:3; Bio =)

5
]‘=—(2+10)=-12;

The value of a determinant is given as the sum of the products of the elements of a row
(or a column) with their corresponding cofactors.
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Lct C;. be cofactor ofa. m A. Then, the cofactor ol elements of A are given by

35 o R
1 -1
R s =3+2=5.
o 2 3
Ci Cs Cal” 3 =12 6 [3 1 =11
ad_]A = CZI sz CZ} = 1 3 2 —-12 5 —1
G G G il =l 2 . .
Verify A (adj A) = (adj A) - A =|A| I in Questions 3 and 4.
3.
-4 6
=) 6)=6;" Cpy=(-1)! "2 (C4)=4
ﬁl—(—l)-"(3)=—% Cw—(—l)- 22)=2;

(]

3
(} = |A|=(2*x6)—(4x3)=12+12=24
8}

anef’ -1 3]

Sol. LetA= [h
. [ 4] 12+12 —-6+6 24 0
i Ll P [4 } —24+24 1242 {0 24}_241

. 6 —31[ 2 _[12+12 1818 24 0
AdjA. A= 2} » 6} 8-8 12412 —[0 24}—241

1 0
AT =24 =2
0 1
Hence A(AdjA)=(AdjA).A=241=|A]|l

=S

I

1 -1 2
4 A=|3 0 =2
1 0 3

1 -1 2

Sol. LetA=|3 0 =2
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Cofactors:

A1|=(—1)2‘0 _2‘=0—0=0;Ap=(—1)~‘ = =—(9+42)=-11:
0 3 = 3

A,gz(_l)*‘f 8:0-0:0 Ay = (-1°[ j:—(—3-o)=3;
4 2 s|1 -1

Ay =(-1) L |2 B-2 =LAy =1

Agp =14

—(0+1)=4£ i
| 0| 0+1)
| (2-0)=2;A3, =(-1) ‘ —(-2-6)=
ol 1 —1
and A}g =(-1) =43 =3,
e 3 0
0o 11 o' To 3 2
Now,Adj(A)=3 1 1| =[-11 1 8].
0 -1 3
I 3 ”0 3 2| [0+11+G 3-1-2 2-8+6
Now, A(Adj;A)=[3 0 -2[[-11 1 8|=[0+0+0 9+0+2 6+0-6
3 3
O}

1 O 0+0+0 3+0-3 240+9
=111
0 3

|
(AdjA)A =(-11 1 3 0 -2
0 -1 1 0 3

0+9+2 0+0+0 0-6+6 | [I11 0 0
=|-11+3+8 11+0+0 —22-2+24|=|0 11 O |=11L

U0—3+3 Y+0+0¢ 0O+249 | |0 0O 1
Now, |A|=1(0-0)+1(9+2)+2(0-0)=9+2=11.
~ JAIT=11T = A(adjA)=(@adjA)A=|A|]
Find the inverse of each of the matrices (if it exists) given in the Questions 5to 11 :

s 3

E Hint

Inverse of any square matrix (A) exists if its determinant is not equal to zero.

R

W e

Adj(4)

ie. |A| # 0and A7l =
4]
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g 2 3 2
Sol VL ASEN | = A=, ,

So, A is anon-singular matrix and therefore it is invertible. LctC bc cofactor
of a; in A. Then, the cofactors of elements of A are given by:

,.—(—1)“'(3>—3 C,=D'""2(4H=-4C,, =(-1y """ (=-2)=2
Cp=(172*"2@2)=2

' 5 gl 3 2 . S 1A 3 i
S AdJA= > 2| Tl-a 2 = A= A Adj. A= 12 | —4
"*l; \tf , ' Note

=6—(-8)=14 # 0.

A square matric is called a singular matrix if its determinant is equal to zero,
otherwise it is called non-singular matrix.

-1 8
6. 3 2

-1 5

-1 5
Sol. Let A:{_:; 7} = |A|= =—2+15=13 0,

-8 2

So, A is a non-singular matrix and therefore it is invertible. Let c.; be cofactor
of a;. in A. Then, the cofactors of elements of A are given by the cofactors of
elements of A are given by:

C]| = 1)1 Kl (2):2;C|3:(— l)l 12(_3):3

C, =12 1(5)=-5;Cp, =(1)*"2(-1)=-

[z 3] _[2 -5 e
AdjA= 5 1] T3 =1 = A _1A|AdJ'A_ 3|3

3
4
-

~J
S O -
S NN

9

Sol. LetA=10

S NN

4] = |A|=1(10-0) (Expanding along C,)= 10
5

)

4
=(10-0)=10;

Cofactors: oo™ 1) 1+1
0 5

C,,=(-1)12 =—(0-0)=0;C;; =11 (0—0)=0;

o 4 %
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2+1 2 3 242 -
Cp =D | 5| == 10-0)=-10;C;,=(- 12| = | S5- O
N 2+3 l 2 3+1 2 3
1113—4()——4d(‘—lz"|7—202
p_(_ ) 0 4 __( . )_ an 33_(_ ) 0 2 ( )
10 0O O 10 -10 2
AdjaA=|-10 5 o] =|0 5 -4
2 -4 2 0 0 2
| i 10 -10 2
P N T !
Hence, A Al Adj. A 0 0 5 4
0 0 2
1 0 O
8. 3 3 0
5 2 -1
1 0 O 1 0
3 0
Sol. LetA=|3 3 0| = |A=[3 3 0f=] ) 1| (Expanding along R ).
5 2 -1 5 2 -1
==3-0==3 %0
So, Aiis non singular therefore it is invertible.
Cofactors:
Gy =1y 2 ¢ =(-3-0)=-3;Cy, =(-1)° A B (-3—-D)=3:
= 2 -1 — RS 5 1] o
u|% 5 ;0 0
Cia=CN") ; , [FO6-19="9Cy=C1), ,[=0-0)=0
C —(1)4] . =(-1-0)=-1;C —(1)51 0—(2 0)=
i 5§ 1| B § 3| o
& (1)00(00)0(? (1)*'0 (0—0)=0and
31 =(— = :C3r =(-1) =—(0—-0)=0an
31 30 32 30
Copq = l) . 0 —(3 =3
et 33| R
91" [-3 0 0 =30 0
AdjA = 2| = 3 -1 0 :>A"=_? 3918 O\
3 -9 -2 3 -9 -2 3
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1 3

9 4 A 0

-7 N1
2 1 3 2 1 3

Sol. LetA=| 4 -1 0 = |A|=(4 -1 0O

-7 2 1 5 2 1 R
=2(-1-0)-1(4-0)+3(8-7) (ExpandingalongR,)
=2-4+3=-3
So, A is non-singular matrix and therefore, it is invertible.
-1 0
Cofactors: C”=(—l)“l 1|=(—1—O)=—1:

2

| 4 ;
Cpp=(1)'+2 =—(4-0)=—4:C;=(-D'"?
. -7 1 ' =7 2

2+ 1 3 ~ 7492
Cy =1y =—(1-6)=5;Cp=(-1)2"2

3
=2+21=23;
2 1 1

2

1 3
] O‘=(0+3)=3;

2

C,y =123

2= -7 2
2 3
4 0

l 2
lz—(4+7)=—11;c~” (1P

2 1
O T P
4 -1

C,,=(-1)**2 ‘=‘(0‘]2)='2:C33=(—1)3'3

-1 -4 1 -1 5 3
AdjA=| 5 23 -11| =[-4 23 12

1 -1 2 1 -1 2
Sol. LetA=(0 2 -3 = [A[= 0O 2 3
3 -2 4 3 -2 4
=1(8-6)+1(0+9)+2(0-6) (ExpandingalongR,).
=24+9-12=-1#0
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_ _ Adj A
Ais invertibleand A~! =
| A |
i -3
Cofactors:CHI(—l)- =8—-6=2;
2 4
: -3 " 2
Co=C1P|; 4 |=-0+9=-9;Cy=C1* |, |=0-62-6

[S—

('S

1 0 0
Sol. A=|0 cosa sina
0 sina —-cosa
= |A|=1(—cosa coso — sina sina) (Expanding along R,)
— (cos? a + sin‘a)= -1 (- cos?0+sin?0=1)
Cofactors:

5| cosa  sina

Ch=CD"

=(- cos” oL —sin> a)——(cos o +sin> ao)=-—I

sino.  —cosa
(" cos?A +sin’A=1)

|0 sina 0 cosa

Cp=1’ :—(070):0:(‘,3:(—1)4 _ = (0—-0)=0;
0 —cosa sin o

Cay =1 =—~0-0)=0

. 2

_(71) 5 4 _7( 4+4)“0 (_‘Y)_(—l)-l 4 :4—6:—2
) o1 =l " ] B
Cpu=C1) 3 _» =—(=2+3)=-1;C5,=¢1) 5 | A
s[1 2 1 -1
foms=1—LF 0 -3 =311 )=3andCps =(—1) _— =2+0=2.
2 9 6" [2 0 -l

s AdjA=|0 -2 -1| = -9 -2 3

-1 3 2 -6 -1 2

Adi A 2 9 “ -2 0 1

s Al= == |9 2 3| g 2 -3

A] )

-6 -1 2 6 1 -2

1 0 0

11 0 cosa sina

0 sina —cosa

sino.  —cosa
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4|1 0
Co =(-1 | =—cosa.—0=—cosc;
0 —cosa
5|1 0 _ )
Crz =(-1) _ =—(sino.—0)=—-sina ;
- 0 sina
0 0
Cy1 =D . =—0-0=0;
sinat  —cosa

1 0

Csy, =(—1)5 _ =—(sina—0)=—-sina
- 0 smmo
6l 1 0
and C33 =(-1) 0 ~|=cosa.— 0 = cosa..
COS O
-1 0 o 1" [-1 o0 0
adjA=| 0 —-cosa -sina| =|0 -—-cosa -sina
0 —sina cosa 0 —sina coso
S A
-1 0 o 1" 1 o 0
= : adjA=(-1)| 0 —-cosa —-sina| =|0 cosa sina
A

0 —sina cosa 0 sinoa —cosa

3 7 6 8 ) P Ha i
LetA= 5 & andB=|_ o , verify that(AB) '=B'A"\.

3 7

Here|[Al=|, o =(3x5-@2x7) =15-14=1%0.

Cofactors of elements of A are
A, =C1)P5=5 A, =(-1Y2=-2; A, =1y7=-7; A,,=(1)*3=3.

| 5 =21 [5 -7 o 5 7
AdjA= 73 =12 3 = A'=Ad). |A|lA= 5 3

6 8
7 9

Cofactors of elements of B are
B,,=(-129=9; B,=(-1}7=-7;B,,= (-1)*8=-8;B,,= (-1)*6=6

0
9 -7 9 -8 AdiB 1 [9 -8

‘1 — - | SMDE o e
AdB [—8 6} [—7 6} B B —5 {—7 6}

3 716 8 18+49 24+63 67 87
2 DIT 9 12+35 16+45 47 61

Also, | B|= =(6%x9)—(7%x8) =54-56=-2 % 0.
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=(67%x61)—(87x47)=4087—-4089 = -2

67
|AB|=’4
.

Cofactors of elements of AB are: C | =(-1 )2(61)=61:

C,=(-13(@7)=-47;C,, =(-1)*(87)=—87 and C,, = (-1)* (67) =67
61 —47]" [61 -87
-87 67 47 67

. Adj (AB) {

_ Adi(AB) 1 61 87
| AB| 2| -47 67

5 (AB)™!
T 81| 5 -7 | | 45+16 —63-24
NwmETRTES e gl 8 TS| a5-12 40+18
1 61 -87 | | .
=547 67 =(AB) '.Hence, (AB) "' =B A"
31 ,
IfA =[ . 2] ,show that A2 —5A + 71=0. Hence Find AL.
3
A=| : 5| = A=ERY-H1xD)=6+1=7
e 3 1][3 1] [9-1 3+2] [8 5
-1 21 2] |-3-2 -1+4] [-5 3

. 8 3 3 1 1 0
SAP-BRIT=| ¢ 5l 1 5|F? 5 1

8—-15+7 5-5+0 _ 0 0 0 - A2_5A+71=0
—54+5+0 3-10+7 0 O

Multiplying by A~ b/s of the above equation, we get:
A'A-AT'(5A)-A'(TA) = (A10)

= (A TA)A-5A'TA+7A'T=0 = JA-5I+7A'=0 (" X 'X=Tand XI=X)
= TA1=5I-TA=5I-A (. IX=X)

| 1 o] [3 1] [5-3 o0-1] [2 -1l
= =0g 1| I-x 2] lorl 5-2] |1 B

{2 =i}
:A'Z./.

1 3

For the matrix A = 1 , find the numbers « and b such that

AZ+aA+bI2=0.

3 2 s [3 213 2 9+2 69N 1D\ 8
A= - A< = — =
1 1 RIS 3+1 2+% & B

(§]
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Now A2+ gA+ bI2=0

”8+ 32'[)]0—0 11+3a+b 8+7.a_00
%P4 3[Q°% 1 1]7°% 0 117" 4+a 3+atb| MO

Comparing the corresponding elements, we get:

11+3a+b=0 (1)
8+2a=0 .(11)
4+a =0 ..(111)

1 1 1
For the matrix A= |1 2 -3| show that A’ — 6A% + 5A + 111, = 0.
2 -1 3
Hence find A~
11 1
A=l 2 -3

—
[—

| 1+1+2 1+2-1 1-3+3
=|1+2-6 1+4+3 1-6-9
-1 3 2-1+46 2-2-3 2+3+9

()
|

—

I

N —
)
|
S

2 | 4 2 ] 1 1 1

—]:—3 8 -—14 = A3=AZxA=|-3 8 -14((1 2 =3
14 7 -3

_|-3+48-28 —3+16+14 —3-24-42|=|-

| 7-3+28  7-6-14  7+9+42 32

Now, A3 —6A2+5A+ 111,

8 7 1 4 2 1
~ |23 27 -69|-6|-3 8 -14| >
32 -13 58 7 & 14

4+2+2 4+4-1 4-6+3 7 ]

N —_— —_—

2 =3 +ll{

[ 8—24+5+11 7-12+5+0 1-6+5+0 0 0 0
=|-23+18+5+0 27-48+10+11 —-69+84-15+0|=|0 0 O
132-42+10+40 -13+18-5+0 58-84+15+11 0 0 0

= A’-6A%+5A+111,=0;

Multiplying by A"

A'A-ATI(6AY) + AT(5A) + AT (111,)=A""'0

= (ATA)A2-6 (ATA)A+5ATA+ 1AL =0 (- XX=1& XI=X)
= IA2-6IA+51+11A7'=0 =11 A '=—A%2+6A-51 (TIX—X)

3+ta+b=0 (1v)
from (ii) & (iii) we get: a=-—4
Put the value of @ in (i) or (iv), we get; b=-3a—-llorb=-3—-a
=>b=-3(-4) -1lorb=-3—-(-4) =b=12-1lorb=-3+4 =bH=1
Hence,a=—4&b=1.
i
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- B 11 1 -5 0 O
—\A-1=|4+3 -8 +14|+6|1 2 3|+ 0 -5 O
-7 +3 -14 2 -1 3 0O 0 -5
A5~ 85 —F4640 —1+6+0 -3 4 5
= 3+6+0 -8+12-5 14-18+0 |=[9 -1 —4 &
TJEI2E0 3640 ~14418-5 5 5 1
| 3 4 5
VESVLIN [ R
= A 1
5 -3 -1
2 =1 1
16. IfA=|-1 2 —1|, Verify that A®—6A%+9A—41=0 and hence, find A~
1 -1 2
2 =1 1 % =} 1 2 -1 1
Sol. WehaveA=|-1 2 -1 A=AA=|-1 2 -1||-1 2 -1
] ~1 B I 1 2 I -l 2
a+1+1 -=2-@—1 I+l+d 6 =5 3
= =0=0-] J4d3] =]-2-F|=|=88 6 =5
24142 =]1=2=8 T1+]lsd 5 -5 6
6 -5 5 2 ~1 1
Ad=A2A=|-5 6 -=5||-1 2 -l
5 -5 6 I =1 2
[ 1245483 —B-10-5 64+5¢10 22 =21 21
= | =] == 541245 —5-=6-10|=|-21 22 -21
| 104546 —-5-10—-6 5+5+12 21 <21 22
Now, A3 —6A2+9A—41
9% =21 21 6 -5 5 z2 -1 1 1 0 O
=|-21 22 -21|-6|-5 6 —5|+9|-1 2 -1|]-2aN) B4
| 21 -21 22 B =8 § I =1 Z 0 0 1
[22—-36+18—-4 —21+30-8-0 21-304+9N\0 090, d
=|=21+30-9-0 22-36+18—-4 —21+30-9—-0:aS0">00
| 21-30+9-0 -21+30-9-0 22-36+18-4 0 0 0
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= A3—6AZ+9A-41=0 = 41=A3-6A2+9A

Multiplying A~! b/s, we get: A"'(4)=A"'A3 —A-1(6A%)+ A~ (9A)

= 4A'D=ATAAZ-6(A 'TA)A+9(A'A)

= 4A '=TA%-6IA +91 (- X1 X=1&XI=X)
= 4A'=A%2-6A+9I (- IX=X).

Ll 6,9
=t dhm e A3

4 4 M
6 -5 5 2 -1 1 1 0 0
— 4A1=|-5 6 -5|-6|/-1 2 -—=1(+9|/0 1 O
5 =5 6 1 -1 2 0O 0 1
] 6-12+9 -54+46+0 5-6+0 : 3 1 -1
— A'=Z—5+6+0 6-12+9 -5+6+0 :Z 1 3 1
5-6+0 —-5+6+0 6-12+9 -1 1 3
1 0 0 A O 0

17. Let Abe a non-singular square matrix of order 3 x 3. Then | Adj A |is equal to:
@ |A| ® AP © [AF @ 3|A|
Adj A. T T (AdjA) A
| Al | A
_(Adj A)A
| Al

Sol. O -~ A!= (Multiply b/s by A).

— (- X1X=1])

= (AdjA)A=|AI=]A||0 1 0]|=|0 |A| ©
0

0 0 1 0 | A |
|A| O 0
= |(AdA).|A|=10 [A] O (v XY =] X]Y)
0 0 | A |
= |AdjA||A|=|A| (A>-0) (Expanding along R )
= |AdjA|=]|A]% (Dividing b/s by |A|).
18. IfAisan invertible matrix of order 2, then det. (A™') is equal to :
1
(a) det.(A) (b) det.(A) c 1 d 0.
Sol. (b) SinceAisaninvertible matrix. = A !exists =>AA =1
Applying the determinant b/s. we get:
= |AA7l|=|T|=1 (o |I|=1).
= [A]A]=1 (- XY= [X][Y]).

1
— = —= 7
= |ATI=1A] " det-(A).
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Examine the consistency of the system of equations in Questions 1 to 6 :

1.

Sol.

Sol.

Sol.

www.aepstudycircle.com

X+2p=2\ 2x+3y=3

E Hints

If the system of equations are represented by AX = B, then :
(a) the equations are consistent if |[A] # 0.
(b) If|A| =0 andif
(1) (Adj A) B = 0, then the equations are consistent.
(i1) (Adj A) B # 0, then the equations are inconsistent.
x+2y=2,2x+3y=3
Above equations can be written in the form of AX = B, where:

5 = 5 ;
A . X=|"|&B= L 2[ x| _ |2
I y 5 2 3| |y 3
12
Now [A|=|, 5|=3-4=-1%0

Hence, system of equations are consistent.

2x—y=5; x+y=4

2x—y=5,x+y=4

Above equations can be written in the form of AX = B, where :

N M B

2
Now |A|= |

l=2+l:3¢0

Hence, system of equations are consistent.
x+3y=5;2x+6y=8

x+3y—5,2x+6y—8

Above equations can be written in the form of A X = B, where:

N N R

1 3
N0w|A|=2 6=6—6:O = A ! does not exists.

Now, for Adj A,
C;=C126=6; C,=(1¥2=-2; C,;=(1)3=-3;C,,=@D =N~

adiac] 6 21" 6 -3
IRTI 3 1| T2 1

vowntinn-[% 1[0 ara] TSRl

Hence, equations are inconsistent with no solution.
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4. x+y+z=1;2x+3y+2z=2;ax+ay+2az=

S. x§y+zal;, 2x+3y+2z=2; x+y+2z=—
a

Above equations can be written in the form of AX = B, where :

.
-

1 1 1 1 1
A=|2Z 3 and C = 2 3 2||lyl=
1 1 1 1 2

1
2 _
=
La |
1 -1

s A= ] (Applying R; — R, —R;)

=—1(2-3) (Expanding along R )

=+1#0.

. given system of equations are consistent.

S. 3x—y-2z=2; 2y— "=—l'3x—5y=3

(NS I NS B
oy
Il

N < X

|
Y [ S NG T
L

—_— N =
W

S
Il

i S B )

—_ o

NN

3 -1 2
0O 2 -1
3 5 0

.
=

e
[l

N

Sol. 3x—y-2z=2; 2y—-z=-1; 3x-5y=3
Above equations can bc written in the form of AX = B, where :
3 =] =i X 2
A=|0 2 -1|;X=|ylandB=|-1
3 =5 0 Z 3
3 -1 =2
|A|=10 2 —1{=3(0-5)+1(0+3)-2(0-6) (Expanding along R )
3 -5 0
=—15+3+12=0 .. A! does not exist.
ForAdj. A,C,, =(-1)*(0-5)=-5;C,,=(-1)° (0+3)= —
C;=(-1*(0-6)=-6;C,,=(-1)* (0-10)=—(- 10) = 10;
Cp,=1)*(0+6)=+6;Cy;=(-1)° (-15+3)=12;

C, =( 1)4(1+4)a5 Cy, = (-1’ (-3-0)=3;
C33=(-1)°(6-0)—6

% & &1 [=5 10 5

AdjA=|10 6 12| =|-3 6 3
i 4 ® -6 12 6
-5 10 5| 2 -10-10+ 1N n
Now,AdjA.B=|-3 6 3|[|-l|=| —6-6+9 |=/=3|#0
-6 12 6| 3 —-12—-12+18 -6
Hence equations are inconsistent with no solution.
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6. Sx— y+4z=5;2x+3y+52=2;5x-2y+6z=-1
Sol. S5x— y+4z=5;2x+3y+52=2;5x—2y +6z=—
Above equations can be written in the form of AX = B, where:

5 =1 4 X S 5 -1 4] [«x 5
A=[2 3 S5;X=|ylandB=| 2 .12 3 s5||v#=]| 2
5 26 z -1 5 2 6||z| |-1

Solve the following of linear equations using matrix method in Exercises 7to 14 :
7. Sx+12y=4 X +3y=95
Sol. The given system of equations can be written as AX — B

_ > 2|1.% 4 3 2 X 4
1.e., - where A = , X = and B=
5 3 L&) s[5 3o 3] nam- [

5 2
Now, [A|=|_ | =15-14=1#0

= A ! exists and hence the given equation has a unique solution.
Cofactorsof A: A, =(-1)""1(3)=3;A,=-1)""2(7)=-7;

')|_(_])2+|(2)_ 7'»_( )2+2(5):+5-

AM{;j}Liﬂ
,MBDXA@Dﬁ}EfﬂMBEQ[-

Comparing the corresponding elements we get:
x=2,p==3
8. 2x—-y=-2; 3x+4y=3
Sol. The given system of equations can be written as AX =B

5 -1 4

Now,|A[=]2 3 5

5 -2 6

=5(18+10)+1(12-25)+4(—4-15) (ExpandingalongR,)
=140-13-76=51# 0

Hence equations are consistent with a uniqug solution.

. [2 -10[x] [-2 2 =l X —2
i.e., L 4} {:}z { g } where A= L’ 4} X= {v:] and B= [ 3 }
Now |[A|=8+3=11%0
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= A~! exists and hence the given equation has a unique solution.
Cofactorsof A: A, =(- 1)1 (@) =4A,=(-1)1"(3)=-3;

A, =D (D)=1;A,=(-1)?"?2)=2.

. 4 31" [4 1 L (adia) 1[4 1
AdJA—1 5| =|=3 2andA =Tal 173 A2

Solution of given system is given by X =A ' B I
-
x 1[4 IH—Z} 1[—8+3} I [=31] 91
= vl =3 23T le+6] T 1112 |12

11

4x—-3y=3; 3x—-Sy=7
The given system of equations can be written as AX =B

- g r 4 =3 5 3
1.€., = dlk — 2 where A= X = and B =
3 5|y 7 3 -5 y %

Now |A|= =—20+9=—11%0

3 =5

= A ! exists and hence the given equation has a unique solution.
Cofactorsof A: A, =1 (5=-5A,=-1)"23)=-3;

,=(1)?724)=4.

Rl | P T[S 3 sty SENEIA) -5 3
J 34] =3 4] A| —11|-3 4

Solution of given system of equations is given by X =A ' B

A, =(-1*1(=3)=3;A

o

i

X 1 =5 37[3] =1[-15+21 —
1 =1 |l
= |y|T711 =3 4||l7] 11| -9+28 _19

) 11
619
= AT
Sx+2y=3; 3x+2y=5
The given system of equations can be written as AX =B

|GI-[E] o=z S Lydeeems ]

5

3 =10—6=4«0

o N

Now |A|=‘
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= Al exists and hence the given equations have a unique solution.
Cofactorsof A, A, =(- 1" 2)=2, A,=(-1)1"2(3)=-3;

A, =D 2)=-2; A,,=(1)*2(5)=5

Adi A= : -3 T_ 2 -2 dAfl_M__l_
J s «| |3 5|  |A| 4

Solution of given system of equations is givenby X =A' B

= [ als Sl ]

Hence, x=-1,y=4.
11. 2x+y+z=1,x-2y-2z=3/2,3y-52=9
Sol. The given system of equations are
2x+y+z=1,x-2y-z=3/2,3y—-52=9
These system of equations can be written in the form of AX = B, where,
i

\9]

—2
#3 5

2 | | X |
A=|1 2 -1, X=|y|&B=|3/2
0 3 =5 z 9

2 1 1
Now [A|=|1 -2 -1 [=2(10+3)-1(-5-0)+1(3—0) (ExpandingalongR,)
0O 3 -5

=26+5+3=34=0
= A~ exists and the given system of equations have a unique solution.
Cofactors of A:
= {103 = 13; Aya =3 -0} =35} A2 (3 0)=3;
A2|=—( -5— 3)—8A2—( 10-0)=-10; A —(6-0)=6
A =142)=1;A3,=—(-2~1)=3 and A33—( 4—1):—5

13 5 37°% [13 8 1
5

~adj(A) =8 -10 —-6]| = -10 3
1 3 =5 3 49 2

, 1 13 8 1
. A-l=-——adj(A)= 5 —-10 3
Al 34

3 -6 -5
Now, the solution of given system of equation is given by X = A~'B

X 13 8 1 1 13+12%9 1
= |y|l=—1|5 -10 3 ||3/2 :i 5-155% 274 1/2

z 3 -6 -5]||9 3-9-45 -3/2

= x=1, y=1/2, z=-3/2.
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X=y+z=4; 2x+y—-3z=0; x+ty+z=2.
The given system of equations can be written as AX = B

1 -1 1 X 4 1 -1 1 £ 4
ie. |2 1 =3||y|=|0]|whereA=|2 1 -=-3|,X=|y|andB=|0
1 1 ] 2 2 1 1 | Z 2

1 -1 1
Now, |A|- (2 1 =31-1(0+3)+1(2+3)+1(2-1)(ExpandingalongR,)
| 1

=4+5+1=10%0
= A ! exists and hence the given LC]UdthﬂS have a unique solution.
Cofactorsof A: A =+ (1+3)=4A,=—(2+3)=-5;A; —+(7—1)—1

A l==—( 1-1)= 2Aﬁ—+(l—l)—0 Au —(1+1)=
A, ==+(B-1)=2;A,,=—(-3-2)=5andA,,=+(1+2)= 3
4 -5 11" [4 2 2
AdjA=|2 0 2| =(-5 0 5
2 5 3 1 -2 3
4 2 2
I 1
and A= —7— (AdjA)=— [-5 0 5
. A A9A=Tg
1 -2 3
Solution of given system is given by X = A 'B
I 4 2 27174 16+0+4 2
= |(y|l=—|2 0 5{|o0 Ll 20+0+10|=|-1
10 10
z 1 -2 3]|2 44+0+6 1
= x=2,y=—landz=

2x+3y+3z=5;x-2y+z=—4;3x—y—2z=3.
The given system of equations can be written as AX = B i.e.,

2 3 3 X 5 2 3 3 b 4
1 =2 1 ||y|=|-4|whereA=|1 -2 1 [, X=|y|&B=
3 -1 =2||z] L3 g —f -8 z
2 353 32
Now,|A|= 1 -2 1
3 -1 =2
=2(4+1)-3(-2-3)+3(-1+6) (Expanding along R,)

=10+15+15=40 # 0
A~! exists and hence the given equations have a unique solution.
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Cofactorsof A: A, =+(@4+1)=5A —(—2-3)=35; A=+ (- L&A,
A ——(—6+3) 3;A,,=+(-4-9)=-13; An——(—2 9) ll

A”~+(3+6)79 Ag, —Q2-3)=1;A, =+(4-3)=
5 5% AT [8 38 9

l| H

(Adj—-A) =|3 -13 11| =|5 -13 1
9 1 7 5 11 =7
i 3 3 9
1
Al= AdiA) =— |5 -13 1
[a] BAA) =75
5 11 -7
Solution of given system is given by X = A"'B
k o , 5 3 9 3 , 25-12+27 | 40
= |y|=—=|5 -13 1||-4|=—|25+52+3 |=—| 80 |=
40 40 40
z 5 11 ~7]13 25— 4421 —40
Heiice, x= 1, y=2Zandz—=~1.

14, x—y+2z=7;3x+4y—-5z=-5
2x—y +3z=12.
Sol. The given system of equations can be written as AX =B i.e.,

1 -1 2 ||=x 7 1 -1 2 x 7
3 4 -5||y|=|3|whereA=|3 4 -5|X=|y|&B=|~
2 -1 3 ||z 12 2 -1 3 z 12
1 =1 2
Now, |[A|=|3 4 -5
2 ~1 3
=1(12-5)+1(9+10)+2(—-3-8) (Expanding along R,)

=7+19-22=4 %20

- A T exists and hence the given equations have a unique solution.

Cofactors of A: A”*+(12 3=k =—0t1I)=—1% A, =+3—8)=—11;
7|— ( 3+2)_1 ’)’)_+(3 4)__IA‘Y§__(_I+2):_1
Ay =+(5-8)=-3A,,=—(5-6)=11andA;; =+ (4+3)="N

7 =19 11TF 7 1 -8
(AdjA)=|1 -1 —1| =[-19 -1 11
% 11 7 <11 =1 %
i ' T 1 -3
Al= Adj A =18 <1 11
[a] (A9A=Y

il =} 7
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Solution of given system is given by X = A~'B

b ] 7 1 =3|| 7 : 49-5-36 ] 8 4
= |V|=7 -19 -1 11||-5|==|-133+5+132 > 478E p1
Z -11 -1 7 12 -77+5+84 12 3

Hence,x=2,y=1 andz=3.

3 -3 8
15. 1fA=|> 2 ~*| Find A-1. Using A-'. Solve the following system of
1 1 -2
linear equations:
2x—-3y+52z=11,3x+2y—-4z=-5,x+y—2z=-3.

2 -3 5 2 -3 5
Sol. HereA=|3 2 4 |=|A =3 2 -4
| | -2 ] ] -2
=2(-4+4)+3(-6+4)+53-2) (Expanding along R )
=0-6+5=-1#0 .. A!exist.
Cofactors of A:
A = 4+4)=0;A,,=—(-6+4)=2; AH—+(3—2)=I;
~(6-5)=—L;A,,=+(4-5)=—9;A,,=—(2+3)=-5;
—+(l7—10)—2 Av——( 8-!5)—23andA —+(4+9)=l3.
o 2 171 Jo -1 2
- (Adj-A)=|-1 -9 -5| =[2 -9 23
2 23 13 1 =5 13

0 -1 2 0 1 -2
Alzi(ade):_'l 2 9 23|=|—2 9 23 )

-5 13 =] 9 =13

Now given equations : 2x —3y+5z=11;3x+2y—4z=-5andx+y—2z=-3
can be written in the form of:

2 -3 S5 ||x 11
3 2 4||ly|=|-5|i.e; AX=B =X=A"B
1 1 2|z -3
from equation (1), we get
X 0 1 =21]|11 0—5+6 1
=|yl=|-2 9 23||-5|=|-22-45+69 | Tha
o =1 & 131|383 -11-25+39 3
—> x=1l,y=2andz=3.
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16. The cost of 4 kg onion, 3 kg wheat and 2 kg rice is ¥ 69. The cost of 2 kg
onion, 4 kg wheat and 6 kg rice is ¥ 90. The cost of 6 kg onion, 2 kg wheat
and 3 kg rice is¥ 70. Find the cost of each item per kg by matrix method.

Sol. Let costof | kg onion =3 x,cost of | kg wheat =Xy
and costof 1 kgrice=%z

4x+3y+2z=60
2x+4y+6z=90

A;‘,:+(|8—8) 10A3, (4 ) OfndAn~+(16 6)=10.

il

6x+2y+3z=T70 =
Above equations can be written in the form of:
4 3 2||x 60
2 4 6||y|=]|90|1e,AX=B
6 2 3 70
4 32
Now A|=12 4 6
6 2 3
0 30 =20 0O -5 10

=4 (12—-12)-3(6—-36)+2(4—24) (Expanding along R)
~AdjA=|-5 0 10 = | 30 0 -20

=90-40=50#0
AT exists.

10 =20 10 =20 10 10
0 -5 10
1

éofactosofA
AI —+(l7—l7) OAI,——(6~26) A;—+(4~24)=—20;
= Al= LAde—— 30 0 =20
| A" 50
-20 10 10
As,AX=B = X=A"'B
0 -5 10 || 60 0 -5 106
:L 30 0 —-201(90 =%30 0 -20
-20 10 10|70 =20 10 10||7

-

J

0 -45 +70 5
=| 180 +0 -140|=|8
-120 +90 +70 8

= x=5,y=8,z=8
Ilence, cost of 1 kg of onion =3 5, cost of 1 kg of wheat =% 8
and cost of 1 kg of rice =X 8.
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1. Prove that the determinant

X sin® cosO
—sin® —x 1 | isindependent of ©.
cos O 1 X

=—x3—x+x [sin?0 + cos20]=—x> —x + x (sin%0 + cos?0=1)
= —x3, which is independent of 0.

3
aazbclaza

2.  Without expanding the determinant, prove that |b b?> cal=[1 b? b?|.

cc2 ab 1 « i

5
a a° be

Sol. LHS=|b b* ca

N
¢ ¢ ab

Multiply R, R, and R, by a, b and c respectively and dividing the determined
by abc, we s_ct

: a’ a’ abc
LHS= b?> b’ abc .
abc | |
¢z ¢ abce

Taking common abc from C;, we get:

a

abc | , . ol .. _

A= b* B 1=-(p* 1 B (interchanging C, & C,)
¢

abc

% sin® cosH

Sol. LetA=—-sinB® —Xx 1

cos 0 1 X

Expanding along R, we get:

=x(—x*—1)—sin 6 (—x sin © —cos B) + cos 6 (— sin 6 + x cos 0)
=_—x3 —x + x sin?0 + sinB cosO — sind cosO + x cos20

; (interchanging C, & C,)

=RHS (Hence proved).
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cosa cosf cosasinf —sina
Evaluate | —sinf3 cosf 0

sina cos sina sinf  cosa

cosa cosf3 cosa sinf3 —sina
LetA = -—sinf3 cosf3 0 |,

sina. cos3  sina sinf3  cosa
Taking out cos a from R, and sin o from R,, we get:
cosp  sin} —tana .
. A= cosa sina. —sinf3  cosf3 0 ( i = tan© and C?SG = cot9
i

_ cos 0 sin©

cosfp sin3 cota
Operating R, - R, —R;, we get:

0 0 —tan o —cot a
A=cosasino —sinf3 cosf3 0 "

cosf3 sinf3 cota

Expandingalong R |, we get:
—sinf3 cosf

A = cos a sin o (— tan o — cot .
SIS e &) cosf  sinf

sino. ~ coso - 5
= _ &i = (—=sin“ B—cos~ 3)
smacosa{cosa sma]

( tan O = il and cot0 = Cose

cos O sin 0

(. cos?0+sin?0=1)

. 2

sSmm- o + Cos“ o

: (=D
Sina Cosa

:—sinacosa[
=].
b+¢ ¢+a a+b

If a, b and ¢ are real numbers, andA=|c+a a+b b+c¢[=0.
a+b b+c¢c c+a

Show that eithera+b+¢=0 ora=b=c.
b+c¢c c¢c+a a+b [2(a+b+c) c+a a+b
A= c+a a+b b+c=[2(a+b+c) a+b b+c
a+b b+c c+a [2(a+b+c¢) b+c c+a
(Applying C, > C,+C, +C,)
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D

c

a+b+c c+a a+b
=2l/a+b+¢c a+b b+c (Taking 2 common from C,)
a+b+c\ b+¢c c+a

a+b+c -b -
=2a+b+c —c -a {

Applying C, — C, -C;
and C3 — C3 = Cl

a+b+c —-a -b
Taking (a + b+ ¢) common from C , (— 1) from C, and C, both, we get:
Y T B 1 b ¢
N . " ) N 1l € 8|=0
A=2(a+b+c)]l ¢ a = Either(a+b+c)=0o

i & b Il a b

0 b-c c-—a
= |0 c—a a-b|=0 (Applying R, > R, —R, and R, > R, —R;)
1 a b
= 1[(b-c)(a—b)—(c—-a)(c—a)]=0 (Expanding along C,)
—ba-b>—cat+bc—c?-a’+2ca=0 =>—-a’-b?>—c?+ab+bc+ca=0
= —2a2 —2b%—2¢% +2ab+2bc+2ca=0 (Multiplying b/s by 2).
= —[2a?% + 2b2 + 2c2 — 2ab —2bc —2ca] =0
— [(a2 +b%— 2ab) + (a2 +¢2—2ac)+ (b2 +¢2 - 2bc)] =0
=(a-b)y2+(a-c)+(b-c)=0
Since we know that square of any number is always positive.
L (a-b2=@-cl=(b-cP2=0=>(@-b)=(@-c)=(b-c)=0
=a=b;a=c&b=c =>a=b=c.
Henceif A=0theneithera+b+c=0ora=b=c.
X+a X X
5.  Solve the equation | x x+a x |=0,a%0.
X X x+a
X+4 X X
X X+a X

Sol. Let A=
X X X+a

Applying C, - C, + C, + C;and then take (3x +a) common from G, we get:
3x+a X X | X X

A= 3x+a x+a X |=(3x+a)l x+a X

3x+a > X+a 1 X X +a
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0 -a 0

=(3x+a)|]l x+a X (Applying R, -> R, —R,)
| X X+a

Expanding along R, we get:

] X

=(3x+a)a =a(3x+a)(x+a—x)=a*(3x+a)

X+a

But, A=0 .. a?(3x+a)=0= 3x+a=0 (v a# 0)
a
: ——
===3
a2 bc ac+c2
6. Prove that |a> +ab b2 ac | =4a’b3c2.
ab b2 + bc c2
a’ bc ac+c? a C a+c
Sol. LetA=a2+ab b? ac —=abc a+b b a

(Taking ‘a’ common from C is b from C 5 and ¢ from Cy)
2(a+c¢) C a+c
A=abc 2(a+b) b a (Applying C, »C, +C,+C))

ab b2 + be c2 b b+c ¢
2(b+c) b+c C
a+c¢

e
A=2abcla+b b a (Taking 2 common from C))
_+_

A = 2abc (Applying Cl -3 Ly — C3)

A= 2abec —C a—c

(Applying R, > R, —R3)
b+c C

C a+cC

U

A= Zabc[b

J (Expanding along C)
—C a-c

I

2ab2c [c(a —c) + c(a + ¢)] = 2ab?c [ca— ¢ + ca + ¢2]
2ab?c [2ca] = 4a2b?c2.
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3 -1 1 1 2 -2
7. IfA'=[-15 6 -S|andB=[-1 3 0 [, find(AB).
5 -2 2 0 -2 1
| 2 =2
Sol. B|=|-1 3 0 |=1(3-0)-2(-1-0)-2(2-0)(Expanding along R))

NN = N
N = W
N = N
W D

B
6 2 5
Since we know that: (AB) '=B' A"/

hn

3 2 B 3 -1 1 9-30+30 -3+12-12 3-10+12
=11 1 2||[-15 6 -5|=|3-15+10 -1+6-4 1-5+4
2 2 5 § =2 2 6-30+25 -2+12-10 2-10+10
9 =3 5
= @AB)!'=(-2 1 0
1 0 2
1 -2 1
8. LetA=|-2 3 1] verifythat
1 1 5

() [AdjA]TT=Adj (AT (i) [A-1]1=A.
1 -2 1
Sol. (i) HereA=|—-2 3
1 1 B3
|IA|=1(15-1)+2(-10-1)+1(-2-3) (ExpandingalongR,)
=14-22-5=—13 % 0
A-! exists
Cofactors of A:

0O -2 1

=3+2-4=1%#0 .. B! =exists,

Cofactors of B:
B”=+(3—0)=3;BD=—(—I—O)=l;Bl3=+(2—0)=2;
B, =—2—4)=2 B =+ {1 —-0)=1; Bys =—(—2—0)=23
B, =+{(0+6)=6; B,, =={(0-2)=2; B, =+(3+2)=5.

T

3 1 2 3 6 | (adj B)
~(AdjB)=|2 1 2| =|1 2| and B = =
2

A =+(A5-1)=14;A,=—(-10-1)=11 ; A ; =T -

www.aepstudycncle.com 2ND FLOOR, SATKOUDI COMPLEX, THANA CHOWK, RAMGARH-JH-829122



DETERMINANTS

STUDY CIRCLE

ACCENTS EDUCATIONAL PROMOTERS dETErmiNaNTsw
Ay =—(10-1)=11;A,,=+(5-1)=4;A,; =— (1+2)=-3;
Ay =+(2-3)=-5; A;,=—(1+2)=-3and A;;=+(3-4)=A.
14 11 -51" [14 11 =5
AdjA =11 4 3| =[11 4 =3
-5 -3 -1 -3 3 =1

=—182+286+65=169#0.

Hence B! exists.

Cofactorsof B :

B, =(4—-9)=-13;B;s=—{(-11-15)=26; B;s =—33+20=-13;
By, =—{-11-18) =26 By =—14—25~—39; B —~( 42 +55)=-13;

B31:—33+20:—13LB33:—(—42+55)=—l§B =56—121=—65.

-5 -3 -1
B|=14(-4-9)—-11(—-11-15)-5(-33 +20) (Expanding along R )
AdjB=| 26 -39 -13| =|26 -39 -13
—13 —-13 -65 -13 -13 -65

=13 2o —13

1
AdjB=—| 26 -39 -13

1
= 169

~ Bl
—13 —-13 -65

-] 2 =1

1
= (Ad_] A)il = E 2 -3 -1

1411 S ¥

11 L Q.

]
Now, letC=A 13 3 5 13

5 NRLA ]
| 13 13% 18

- -3 =1

, , 14 11 -5
L Al=—— (AdjA) =— — |11 4 -3
|A|( ) A) 3
& &
Now, let B=Adj A. To find [AdjA] !, we find B!
14 11 -5
Now,B=AdjA= |11 4 -3
13 26 -131F [-13 26 -13
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4 3
13 4 9 13 1
Now, C;, = (- !*! = — - = =
u= DT s 1T e e T Te0 13
13 13
11 15N 2 88 3G% =1
am (1) 2, (3,20 1
169 169) 13 169 169

@

]

2

|

I
\_/;/;/;/

13 I
—-11 15 2 —14 25 >
S TR AR P EVIF ) I
169 169 13 169 169 13
—42 55 -1 -33 20 -1
= ——— i — —;C}l —i T j—
= 169 169 13 - 169 169 13
—42 55 -1 56 121 -5
Cpe (220 58] gy o 25 120) 5
. 169 169 13 o 169 169 13
12 1]
I3 13 13 1 2 -]
~ | - i i 1 1 2 3 1 (ii)
AT )=l C= 1w T T |TE )
LI S S =
13 13 13 |
from (i) and (ii) we get: (Adj. A) ' =Adj. (A1)

1 =2 1 ; 14 11 -5
GivenA=|-2 3 1 andA‘IZ—E 11 4 -3

1 1 5 -5 -3 -1

... (Proved above)
\3

]
|A“|=(E) (14(—4—9) —1 1(—=11—15)— 5(-33 +20)!
(Expanding along R, and | KA | = k3 |A|ifAis 3 x 3 matrix)

:(_—lj (—182+286+65)=_—1
13 13

Also Adj (A1) :% 2 =3 <] (Proved above)

Adia™h 11
PSR

(A H1=
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1 =21
>AY!l=-2 3 1{=A = Al)y!l=A
-1 1 5

1 y

=2(x+y) 1l x+y X  (Taking2(x+y) common from C))
1 y X+y
A=2(x+y)|0 x -y  (OperatingR, > R,—-R andR; > R;-R))
0 x-y =x
2 ¢ ) 2 2
= 2(x+y) [+ yx =Y =2 (x+y) (2 + Y2 ~xy)

=2 (x3+y%) [ a3+ b =(a+Db)(a®+b?—ab]
1 X y
10. Evaluate(l x+vy y

1 X X+y

1 X y
Sol. LetA=1 x+Yy y
1 X X+Yy

9. Evaluate| Yy X+y X =
X+y X y
X y Xx+y [2(x+Yy) y X+y
Sol. y x+y x =[2(x+y) x+y x [(OperatingC,—>C,+C,+C,)
X+y X y 2(x+y) X y
I y X+Yy
=2(x+y) [1(x*+y(x—-Y))] (Expanding along C,)
Applying R, - R, -R, and R, = R, - R,, we get:

Y
y 0/ =1(xy-0) (Expanding along C,)
0 x
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Using properties of determinants in exercises 11 to 15, prove that :
o ol B+y

1. B B y+of =B-1)G-o)(@—B)+B+y)
Yy v* o+B

a ol B+y| | o P Y

Sol. LetA=B B2 vy+a|=|a’ B2 v?
vy v a+B| B+y y+a o+p
(Interchanging rows and columns.)
o p Y
= o’ B ¥ (Applying R, > R, +R))
a+B+y a+p+y a+p+y
a By
=(a+B+y)ja® P°-a° y°—a° (ApplyingC,—»C,-C,andC,—>C,-C)

I I I

=(a+B+Yy) o’ B3 2 (Taking (o + 3 +v) common to R))
o B-a Y—a
| 0 0

o B—a Y—a
:(a+[3+y) o’ B-a)B+a) (y—a)y+a)]| (- a’ —b? =(a—b)(a+b))
| 0 0

Taking common (3 — ) & (y— a) from C, & C, respectively, we get:

o | |
A=(@+B+y)(B-a) (y—a)a® P+a y+a
10 0

Expanding along R,, w get ;
A=(@+B+y)B-a)(y-a)(y+a—-B-a)
=>A=(@+B+y)-1(a-B)y-a)(-1) B-7v)
S>A=0@-BP-Ey-a)(a+pP+y) (Henceproved).
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X x° I+p1(3

vy y2 1+py’| = +pxys) (x-y) (y-2) z-x).

z 2° 1+pz3
x %2 1+px3 x x 1 & x* pf

~

LetA=Y Y> 1+py’ then A=Y Y 1+y y> py =
z z° l+pZ’ z 2 1 |z 2 pr
Applying C, <> C; in first determinant and Taking x, y, z & p common from

R,,R,, R; & C; respectively in the second determinant, we get:
s I = 1 £ x°

A=_ly 1 y* +pxyz|l y y?2
z 1 2 1 2 =z

Applying R, <> R, in the first determinant, we get:

1 x?2 1 x x? 1 x x2

X
A=1y y+pxyzl y y*=(1+pxyz)! y >
Z 0 9 )

] = 1 2 Z° 1 & Z°

Applying R, - R, -R,, R, - R, - R, we get :
0 x-y x2-y?
A=(1+pxyz) 0 y-z y?*-z7?
1 % 7

Taking common (x —y) & (y—z) from R, & R, respectively, we get:

0 1 x+y

A=1+pxyz) (x=Y)(Yy-2)0 | y+z (- a’—b2=(a—b)(a+b))
1 =z =

= A =(1+pxyz) (x-y)(y-2)[1(y+z-x~-y)] (ExpandingalongC))

= A =(1+pxyz)(x—y)(y—2)(z—x). (Henceproved).

3a —-a+b -a+c

-b+a 3b —b+c¢| =3 (a+b+c)(ab+bc +ca)

—c+a -—-c+b 3c

3a —-a+b -—-a+c |a+b+c —-a+b =sa+c
=|—b+a 3b -b+c/=la+b+c 3b —b+c¢
—-c+a -c+b 3c a+b+c -c+b 3c
(Applying C, > C+C, +C,)
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1 —-a+b -a+c
=(a+b+¢) |1 3b -b+c (Taking common (a +b+c¢) from C))

1 —c+b 3¢

. —a+bh —a+e

=(@a+b+c)0 2b+a a-b (ApplyingR,—>R,-R,andR; —>R;-R)) =
0 a-c 2c+a

=(a+b+c)[(2b+a)(2c+a)—(a—b)(a—c)] (Expanding along C,)

= (a+b+c) [4bc + 2ab +2ac + a%—a%+ac+ ab—bc]

=3(at+b+c)(ab+ba+ca) (Henceproved).

1 1+p 1+p+q
14. |12 3+2p 4+3p+2q|=1.
3 6+3p 10+6p+3q

I I+p I+p+q I 1+p l+p+q
Sol. LetA=2 3+2p 4+3p+2q =0 | 24p
3 6+3p 10+6p+3q o0 3 7+3p

(ApplyingR, >R, -2R,andR; > R, -
=]1(7+3p-6-3p) (Expanding along C,)
=1]. (Hence proved).

sinaa cosa cos(a+9d)
15. [sinB cosB cos(B+3d) =0
siny cosy cos(y+9d)

sina. cosa cos(o+9d) sino coso COSOLCosd — sinasind
Sol. sinf3 cosP cos(B+06) =sinB cosP cosPBcosd — sinPBsind

siny cosy cos(y+d) siny cosy cosycosd —sinysind
(cos (A+ B)=cos Acos B—sinA sin B)

sinat. coso O

=/sinf3 cosf3 O (Applying C; > C;+sindx C,—cosd-C,),
siny cosy

=0 (o =)
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16. Solve the system of the following equations

2 JF \10 4 6 S 6 9 20
-+ —+—=4; ———+—-=1; —4——=—=2
X\ Yy 4 X Yy z X Yy z
| | |
Sol. Let =u, =V, =W
X y 4

. System of equations becomes

2u+3v+10w=4; 4qu—-6v+Sw=1; 6u+9v-20w=2
Above system of equation can be written in the form of AX =B
2 3 10 u -+
where, A=|4 6 5 |, X=|v|&B=

1
6 9 =20 w 2

|A|— (120—-45)-3 (-80-30)+ 10 (36 + 36) (Expanding along R )
=150+ 330+ 720= 1200 # 0. Hence A ! exists.
Cofactorsof A:

A, =120-45=75; A|,=—-(-80-30) =110 A, =36 +36 = 72;
A, =—(-60-90) =150;A,,=—40-60=-100; A,,=— (18 - 18) =
A, =15+60=75;A,,=—-(10-40) =30;and A,; =—-12-12=-24

75 110 721" [75 150 75
. adjA =[150 -100 0 | =|110 —100 30
19 30 -24 72 0 -4

L[5 1s0 s
. Al = adj(A) = 110 —100 30
A

1200
0 —24

Now the solution of the system of equations are given as: X =A'B

U 75 150 75 || 4 300+150+150

I 1
= | V|=—=—]|110 =100 30
1200

1 ZW 440-100+ 60
72 0 24112 288+0-48

| | ] | | |
= . V= . W = = :2, = =3,Z= =5
- 2 3 5 ==& u ¥ \% W

Hence,x=2,y=3,z=5.
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Choose the correct answer in Questions 17 to 19.

x+2 x+3 x+2a

17. Ifa,b,careinA.P, then the determinant (x+3 x+4 x+2b|is
x+4 x+5 x+2¢

@ 0 (b) 1 (¢) x (d) 2x

X+2 Xx+3 x+2a l X+2 x+3 x+2a
Sol. (a) LetA=|x+3 x+4 x+2b:7 2x+6 2x+8 2x+4b
Xx+4 x+5 x+2¢  |x+4 x+5 x+2c

(Multiply R, by 2 and divide the determinant by 2)

X+2 x+3 X +2a

1
= 0 0 0+2(2b-a-c) (Applying R, > R, - R, - R,)
x+4 x+5 X+2¢

Buta,b,careinA.P =>2b=a+cor 2b—a—-c=0
i Xx+2 x+3 x+2a

— A:Z 0 0 D |=) (** R,=0).
x+4 x+1 x+2c¢

18. [Ifx,y, zare nonzero real numbers, then the inverse of matrix

x 0 0
A=|0 y 0]is
0

() 0 'y 0 b xyz| 0 y_' 0

1

1
) —[0 y O d ——|0
XyZ Xyz
10 0 z 10

x 0 0
Sol. (a) A=[{0 y 0| = |Al=x[yz-0] (Expanding along R))
0 0 z
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= |A|=xyz Hence A ! exists.

The cofactors of the elements of A are
AL=YZ AL =0A,;,=00A,,=0;
A,,=xz2;A,;=0;A,,=0;A,,=0and A;; =xy

yz O 0 ' yz O 0

sadj(A)=10 zx 0| =10 =z O
0 0 xy| 0 0 xy
. vz 0 0 x 0 0
5 AlefG—A ] 0 zx O0|=l0 y!' o
| A | Xyz -
| 0 0 xy 0 0 2z
1 sin© 1
19. LetA=|—Sin® 1 Sin® | \where 0 <0< 2n Then

(a) Det(A)=0 (b) Det(A) € (2,0)
(¢) Det(A) e(2,4) (d) Det(A) € |2,4]
| sin O |
Sol. @) A= —sin O 1 sin 6
-1 —sin O 1

-1 —sin© 1
| G40 1 2 sin© 1
Det (A)=|—sin 8 1 sine =10 1 sin O (Applying R; — R +R3).
- —sin© 1 0 —sin® 1
=2 (1 +sin’0) (Expanding along C )
- minimum value of sin’0is 0 at =0, t, 2t € [0, 27)
S for0=0,m,2nt: Det(A)=2(1+0)=2

T

“.» maximum value of sin“0Q is 1 at 0 = 5 ¥ p € [0, 27)

. Tt 37
L IRy 5 :Det(A)=2-(1+1)=4
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