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easure o gles .
] ) . o Variation of Values of
The measure of angle is the amount of rotation from the direction of one ray of Trigonometric Ratios in Different
the angle to the other. The initial and final positions of the revolving ray are Quadrants
respectively called the initial and terminal sides (arms). o Trigonometrical Ratios of Soime
Q Useful Angles between 0° and 90°
Trigonometric Ratios of
Compound Angles

e Maximum and Minimum
Greatest and Less Value of

0 WP asin@+b cos 6
If the rotation is in clockwise sense, the angle measured is negative and if the ¢ Trigonometric Equations
rotation is in anti-clockwise sense, the angle measured is positive. * Solution of Trigonometric
Equation of the Form
System of Measurement of Angles acos+bsino=c

There are two systems of measurement

Sexagesimal System

In this system each angle is divided into 90 equal parts and each part is
known as a degree. Thus, a right angle is equal to 90 degrees. One degree is
denoted as 1°.

Each degree is divided into 60 equal parts each of which is known as one
minute. One minute is denoted as 1’. Each minute is consist of 60 parts, each
part is known as a second. One second is denoted by 1”’.

Hence, 1 right angle = 90° (90 degree)
1 degree = 1° = 60’ (60 minute)
1 minute =1"=60"" (60 second)
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Circular System Let ZAOP=6
If the angle subtended by an arc of \/ - AOP= _2CAP 0 o oogol
length [ to the centre (;f circle of \ ’ radiusOP 1 ’ g r
radiusr is 6, then 6 = o [N Now, the six trigonometric functions may be defined as
If the length of arc is equal to the Hndee
radius of the circle, then the an_gle (i) cos 0 = OM _ . (ii) sin® = rM _
subtended at the centre of the circle OP OoP
will be one radian. One radian is denoted by 1¢.
oP i " _OP 1
The ratio of the circumference of the circle to the (iii) sec§ = ——— S #0  (v) cosec = PM 5’ y#0

diameter of the circle is denoted by a greek letter m and it
is a constant quantity.

; : (V)tan9=%=l,x¢0 (vi)cot9=O—M=£,y¢0
Circumference of circle OM «x PM y

Diameter of circle

Relation between Degree and Radian Graph of Trigonometric Functions

The number of radians of an angle subtended by an arc of ~ GI" aph of sin x

a circle at the centre is equal to the ratios of arc and y
radius.
180° =n° (_S_n, 1) (z, 1)

d 1 radian = 57°17" 44.8” . : =
an radian ak - e B'/"’A’\-f"""""ﬁ"/'-’y
If measure of an angle is given in degree, then to convert ol I_/I'l1 /| hy
it into radians, multiply the measure of an angle by % X iy én_n‘ T /A n " 3{,[ c 4

180° ) T2 \2J/| 2T "\2 /%
and if the measure of an angle is given in radians, then A B ==
to convert it into degree, write 180° at the place of 7 . (—g —1) (32—" —1)
YI
Example 1. CGiven that the side length of rhombus the
geometric mean of the lengths of its diagonals. The radian Facts Related to sin x
measure of the acute angle of the rhombus is (a) Domain = R
(a) = (b) = ©% = (b) Range = [-1,1]
12 6 % 3

(c) Period = 2n
Sol. (b) Let side of rhombus is x units and D @ (d) Graph of sin x is continuous for all real values of x.
>

diagonal of rhombus are aand b units.

Given, X’ = ab Graph of cos x
Areg of thombus =~ 2 sin =22 A Y
2 2 LN\
. 1 5 & ~2r,1) 0, 1) (2m, 1)

= sm9=5=sm30 ..... s L jp e y =1

= 6=30° s s \ . Jo| X

In radian180° x 7 = = radius. =C5 -32”‘\\ il “-72[ g L 32“ ==

6 B, P el B W R ]

. . 0 (—T(, _1) (7(, _1)
Trigonometric Functions v
Let X’ OX and YOY’ be the Y Vacts Rolitod to cof &
coordinate axes. Taking O B P, ) ) Deiialin= B
as the centre and a unit 17N a DR
radius, draw a circle, ’ ,,\’e Wy " (b) Range = [-1,1]
cutting the coordinate Ke—s olx m >X (c) Period = 2n
axes at A’.B’ A’and B', \\ (d) Graph of cos x is continuous for all real values of x
as shown in the figure. =

YY
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Graph of tanx
1 1 )‘/ 1 1
! ot/ :
&%/ 3 ia or iz /v jam
21 / 214/ 4.2 |2
| Tl iy E
[ L Yy [ 1

Facts Related to tan x

(a) Domain = R - (2n + l)g,nel

(b) Range = (-0, =)
(c) Period=m

i : mn
(d) Graph of tan x is discontinuous at x = 5 where m

is an odd integer.

Graph of cotx

X

a
o
A
2

N~ P

¢____________________-
N

e .| R
nN
nN

= ...-Aal .

Facts Related to cot x
(a) Domain=R-nn,nel
(b) Range = (-0, =)
(c) Period=m

(d) Graph of cot xis discontinuous at x = mn, where m is

an integer.

Graph of secx
Y

y = secx

e

A
“ 0o
A

- . .|| P

>

asymptotes

@) MATHEMATICS

Facts Related to sec x

(a) Domain= R - (2n + I)g,n el

(b) Range = (=, - 1] U [1, )
(c) Period = 2n

e . n
(d) Graph of sec x is discontinuous at x = % ,where m

is an odd integer.

Graph of cosec x

¥ = COSEeC X

g e
NI
—
R

| 2% » =R! g T 3& \ L ]
! 3\ -n2/|0 I n\_/.zn :
\/2\ b . 5 il

Facts Related to cosec x
(a) Domain=R-nn,nel
(b) Range = (o0, - 1] U [1, )
(c) Period = 2n

(d) Graph of cosecx is discontinuous at x = mm, where
m is an integer.

Trigonometric Identities

A trigonometric equation is an identity, if it is true for all

values of the angle or angles involved.
Some Important Identities are Given Below

(i) cos®0 + sin’0 =1

or cos’0 =1-sin”0

or sin”0 = 1 - cos” 0
(ii) sec’* 0 - tan®0 =1

or sec’0 =1+ tan’0
or tan” 0 = sec”0 - 1
(iii) cosec® 0 - cot> 0 =1

or cosec” 0 =1+ cot” 0

2 9
or cot” 0 = cosec” 0 - 1

A EPSTUDY CIRCLE
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Transformation of One Trigonometric Ratio to Another Trigonometric Ratios
sin 6 cos 0 tan 6 cot 6 sec 0 cosec 0
tan6 1 '(SeCZ 0-1) 1
sin 0 ino I - cos? — — A A}
s {i=itoa"h) Ji+ tan?e) (1+ cot?6) oc 0 cosec 0
! cot® 1 \(cosec?0 - 1)
[1_ ain2 —_— —_— L
cosH =gt coR: 0 V(1 + tan’ 0) J( + cot?0) sec 0 GOBEE D
sind J(-cos?6) 1 1
tan 6 - NN R T — [ 2 0_
(1 =sin?6) cos 0 tané coto Bae~ = \(cosec?6 -1)
. 0 1
(1 =sin® 6) . S e f————
cot 6 (1 -sin"6) "3 -
siqe Ji- (13032 0) tan@ cot® Jisec? 6 -1) (szesc;cee "
——n J(1 + cot? 6) e Al
sec 0 - p—n B 2 y(1+cot”6) sec 0
(1-sin®0) cos 0 (h+1an”0) cote = J(cosec® 6 - 1)
1 N N Ji+ tan?6) ; __58c8
— i ekl 0
cosec 0 e l(1 —cos20) = (1 + cot9) /7(5%2 0-1) cosec
Note Above table is applicable only when 6 €(0°,90°).
Example 2. If secx + sec’ x =1 then the value of Sol. (b) We have sin x P cos* x _1
tan® x — tan® x — 2 tan® x + 1equal to \ - 23 ) 5
@0 (b) 1 (©)2 d 3 ¥+w=é
Sol. (c) We have, secx + sec’x=1 w 5.5
2 g = 3sin” x+ 2(1-sin“X°=—
secx=-—(sec"x—-1) =—-tan“x 5
= sec’x=tan* x=1+ tan’x=tan* x = 25sin* x-20 sin’x+ 4=0
= (1+ tan?%* = tan® x sin2x=§
= 1+ 2tan?x + tan® x= tan® x 2
=5 cos“x=3/5
= tan® x - tan* x - 2 tan’ x =1 2
5 3 g = tan“x=2/3
= tan” x—tan” x—2tan“x+1=2 in®x costx (/5% (/5"
- = ps
2 2 8 27 8 27
; +y +1
Example 3. [fsin’6 = %, then x must be 2 3
X = —
@-3 (b) 2 ©1 do 0 0B
2 2 - =
Sol. () We have, sin’6= %yﬂ 625 125
X
0 <sin*0<1

L4 Ul

0 il
2x
0<xX*+y*+1<2x
0<x*+y?-2x+1<0
¥ -2x+1+y*=0
x-12+y%=0
x-1=0andy =0
x=landy =0

1

sinx  cos*x 1

Example 4. |If + =—, then
2 3 5

. 8 8

(@ tan’x + 4 (b) sin™ X & COS” X _
3 8 27
. 8 8

(© tan?x =1 G & N
3 8 27

) MATHEMATICS

1

125

2

125

Complementary and
Supplementary Angles

If the sum of two angles is equal to a right angle, then
these angles are known as complementary angles of each
other. Thus, 6 and 90° — 6 are complementary angles of
each other.

Now, if the sum of two angles is equal to two right
angles, then these angles are known as supplementary
angles of each other.

Thus, 6 and 180° — 6 are supplementary angles of each
other.

e.g.,23° and 67° are complementary angles of each other
while 167° and 13° are supplementary angles of each
other.
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Trigonometric Ratios of Complementary and Supplementary Angles

o sina COS (L tano cota seca cosec o

-0 -sin® cos 0 -tan0 —-coto sec 0 —-cosec 0
90°-0 cos 0 sin® coto tan® cosec 0 sec 0
90°+ 0 cos 0 -sin® -coto —-tan® —-cosec 0 sec 0
180°-6 sin © —-Cos 0 —tan6® —-coto -sec 0 cosec 0
180°+0 -sin B —-cos 0 tan® coto -seco —cosec 0

Note « sin{nm + (-1)"0} =sinBn e/

Variation of Values of Trigonometrical Ratios in Different Quadrants

* Ccos @nmt B)=cosOnel

e tan(nm + B)=tanO, nel

) II ) I B
(6] Except sin and cosec, all ratios are negative. T All trigonometric ratios are positive.
/ I ‘ v
X Except tan and cot, all ratios are negative. i Except cos and sec, all ratios are negative. X
Y
II I
sine decreases from 1 to 0 sine increases from 0 to 1
cosine decreases from 0 to -1 cosine decreases from 110 0
tangent increases from —eo to 0 tangent increases from 0 to co
cotangent decreases from 0 to —eo cotangent decreases fromeoto 0
secant increases from —eo to —1 secant increases from 1 t0 e
cosecant increases from 1 to e cosecant decreases fromeoto 1
(i1) X’ 111 Y X
sine decreases from 0 to 1 sine increases from -1to 0
cosine increases from —1to 0 CRsIng increases from 0 to 1
tangent increases from 0 to co gt increases from —eo to 0
cotangent decreases fromeoto 0 cotangent decreases from 0 to —eo
secant decreases from —1t0 —eo secant decreases from e to 1
cosecant increases from —eo to —1 cosecant decreases from —1t0 —co
Yl
Trigonometrical Ratios of Some Useful Angles between 0° and 90°
oo | 1575 | 187 | 2289 |s0s™ | 36" |aso® | saoPt | e0o” | 7.5 | 72T | 75°T | 90e/™
12 10 8 6 5 4 10 3 8 5 12 2
o |Bz1| M-t fy2-2| 1o fJt0-246 | 1| VB4t | V3 | 2+42 | 10425 |VS+1]
2\2 4 2 2 4 2 4 2 2 4 242
. | Br1f10+2vE | o+2| B | JB1 |t |\i0-205] 1 2-42 | 5-1 |81 O
242 4 2 2 4 V2 4 2 2 4 242
J3-1| +5-1 1 V5 + 1 V5 +1 4104245 | /8 +1
0 —| 2-1| = i |7=—=| 3 | ¥2+1 |1 —"— o
V3+1[10+2V5 V3 | {10-245 J10-245 J5-1 | +3-1
Bt J0+2V5| 5 | o |J0-26 | o |f0-2 ] 1| 5 V5ot 1ot
V3-1| J5-1 V5 +1 J5+1 | V3 J10+2V5 | V3+1
242 4 2 4 242
1 | B |Jiorads VA28 7 | VB0 | VB ITRoTags| 2 |V4+22| Bt 1) e
2\2 Ja+ 242 A 2 4 |2
[=5) N~ 1 - 1 a— -
Bo1| V8¢ 2 | fio-2fs | 2 | V8 B (V422 oo | Ee !

) MATHEMATICS
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Example 5. The value of

2 cos:’(g + x) cot(3m + x) sec(x — 3m) cosec(3 s x)

; is equal to
cot x tan“(x — m) sin(x — 2m)
(@0 (b) -1 (-2

Sol. (c) We have,

(d1

2 cos’(g + x) cot@3m + X sec(x —3m) cosec(3g - x)

cot x tan’(x = 1) sin(x — 27)

_2(~sin’ ¥ (cot X (- sec) (-

secy)

cot x tan® xsin x

=-2

Example 6. The value of

2 T 2 3m

) 5m 2 In
Ccos E + COS™ — + COS

— + Cos“ — is
16
(@0
Sol. (d) We have,

(b) 1 (©) -1 (d) 2

) 23m 251 ) Im
cos E+cos = + oS + COs" —

16 16 16
)T » 31 Z(n 31t)

€0S”— + €0S” — + €0s| — —— | + cos
16 16 2 16

) T 23m )37 )
cos® — + cos®> == + sin’ == + sin® —
16 16 16 16

( ) T .zn) ( ,3m 2311)
=| cos’ — + sin? — | + | cos’ = + sin? =
16 16 16 16

=1+1=2

Trigonometric Ratios of
Compound Angles

An angle made up of the algebraic sum of two or more
angles is called compound angles.

Sum and Difference Formulae

(1) sin(A+ B) = sin A cos B+ cos A sin B
(1) sin(A - B)=sin A cos B- cos Asin B
(i11) cos(A + B) = cos A cos B- sin A sin B
(iv) cos(A - B)=cos A cos B+ sin A sin B

) tanld+ B)= tan A + tan B
1-tanAtanB
(vi) tan(A - B) = tan A - tan B
1+ tan AtanB
(i A By SR TR B 1
cot A + cot B
Ao o B cot AcotB+1
cot B— cot A

) MATHEMATICS

<4

(ix) sin(A + B) sin (A - B) = sin”> A - sin” B
=cos? B-cos® A
(x) cos(A + B) cos (A - B) = cos® A - sin’ B
= cos’ B-sin’ 4
(x1) sin(A+ B+ C)=sin A cos BcosC + cos Asin BeosC
+ cos Acos BsinC - sin Asin BsinC
Also, sin(A + B+ C) = sin Acos BcosC
(tan A + tan B+ tan C)
- tan Atan BtanC
(xi1) cos(A+ B+ C)=cos A cos BcosC — sin A sin B cos C
- sin A cos BsinC - cos A sin BsinC
Also, cos(A + B+ C)=cos Acos BcosC
(1-tan Atan B- tan BtanC - tanC'tan A)

Example 7. |If cos(o + ) = = snn(a B)=— and
0<o,p< E, then tan(2at) is equal to
4 (JEE Main 2019)
63 63 21 33
29 b 22 <1 d 2=
(a)5 ()16 (C)16 ()52

Sol. (b) Given, sin(o. — ) =

13
3 n
and cos(a + p) = < where o, € (0, Z)
5
Now, sin(oe =) = 3
S tan(or - ) = > ()
=
and cos(o+ f) = %
4 .
= tan (o + p) = 5 (i)
Now, tan(20) = tan[(o + ) + (o = P)]

_ tan(o + P) + tan(o — )
1-tan(a + ) tan(o. = P)

=2 1 [from Egs. (i) and (ii)]

_48+15_63
36-20 16

Product into Sum and Difference Formulae
(1) 2sinAcosB=sin(A+ B)+sin(A- B)
(i1) 2cos AsinB=sin(A+ B)-sin(A - B)
(111) 2 cos A cos B=cos (A + B) + cos (A - B)
(iv) 2sin Asin B=cos (A - B) - cos (A+ B)

A EPSTUDY CIRCLE
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Example 8. The value of cos L

. . . (C+D C-D
(a)—1- (b)—l ©1 o (i) sinC+ st=2sm( 5 )cos( 2 )
16 16
G ; C+D)\. (C-D
Sol. (b) (:osicosz—ncos4—nc058—1I (11) SlnC—st=2cos( ]sm( )
15 15 15 15 2
1 4m n 8n 2n -
=_(2cos—5cosg](2 cosgcosg) (iii) COSC+COSD=2COS(C;D)C()3(C 2D)
1 n n 2n 2n
=— —+ = —+ = -
4(COS 3 €08 )(COS 3 €8 5 ) (iv) cosC—cosD=25in(C;D)sin(D2C)
_1{1+\/§+1](_1+\/§—1]
412 4 B 4 Example 10. sin47°+ sin61°—sin11° — sin 25° is equal to
_1 _l+1(~/§—1_\/§+1J+E (@) sin 7° (b) cos 7°
4| 4 2 4 4 16 (c) sin 36° (d) cos 36°
— 1 Sol. (b) sin 47° —sin 25° + sin6P —sin1P
L =2 ¢o0s36°sin17 + 2 cos 36° sin 25°
Example 9. Ifl = sinz(%) . sinz(g] =2 cos 36°[sin1P + sin 25°]
=2cos36°[2 sin(25 ;”o)cos(zs 2_”0)]
andM = cosz[l) - sinz(z} then
16 8 (JEE Main 2020) [J§+1)(J§—l]
=4 cos 7°
() L-—L+lcosE (b) -L——co - )
242 28 42 4 8 o o
1 1 = 1 n 4
() M=—=+ —cos— (d M=—=+ —cos—
42 232 8 = cos 7°
Sol. (d) Given, L = sin’ 36 - sinzg Trigonometric Ratios of Multiples of an Angle
=5m(1+£)5m(1_5] (i) 5in26 = 2 in® cosd = 2200
16 8 16 8 1+ tan®0

T n
=cos| —+—
16 8

o

3n ( n)

= C0S— COS| ——
16

1 3n n

=—|2cos— cos —

16

16

16
2[ 16
1 n 27
=—| cos—+ cos—
2 4 16

—~+1cosE
232 2 8
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4n Sum and Difference into Product Formulae

2n 8m .
COS — COS — COS— IS
15 15 15

(11) cos 20 = cos’0 — sin’0 =1 - 2sin%0

1-tan’0
1+ tan’0

=2cos’0-1=

(iii) cos®0 = —;—(1 + cos 20), sin”0 = %(1 - cos 20)

(iv) tan 26 = 21200 _
1-tan“0
(v) cot 20 = cot'6-1
2cotB
—g) (VI) Sin 39 = 3 Sine -4 Sinii 6

(vii) cos 30 = 4 cos’ 0 — 3 cos0
(viii) tan 30 = 31200 - tan’ 0
1- 3tan®0
(ix) cot 30 = cot’ @ — 3 cot®
3cot’0 - 1
_ 3coth — cot’ O

1- 3cot’0

A EPSTUDY CIRCLE
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Example 11. V3 cosec 20° — sec 20° is equal to
(@1 (b) 2 (€3 (d) 4

Sol. (d) /3 cosec 20° - sec 20°

_ V3 1 _\/ic0520°—sin20°
sin20°  cos20° sin20°- cos 20°
4 ﬁ c0s20° - l sin20°
2 2

2 5in20°- cos20°
_ 4(sin60° c0s20° — cos60° sin20°)
sin 40°

_4sin40°
sin 40°

Trigonometric Ratios of Submultiple Angles

2tan16
2

(1) sin9=2sin19 cos—0 = 1
1+ tan? 56

(ii) cos® = cos> l6 - sinzle =1-2 sinzle
2 2 2

o1 l-tanzle
=2cos?-@0-1=— 2
1+ tanzle
2
2tan19 cotzl(-)—l
(i11) tan6 = (iv) cotB =
1-tan® =0 2 cot—0
2 2
Note
A 2 A

¢ 1-cosA=2sin? 2 * 1+ CcosA=2cos

* sin(a) + sin (ot + B) + sin (o + 2PB) +... + sinfa. + (n — 1)B]
sm{ (g]} sm( )
s.n( )

* cos (o) + cos (o + B) + cos (o + 2P) +... + cos [o. + (n — 1)B]

np

cos{a+ (n=1) B}sm_

= —

Sin=

Example 12. The value of

3(n) {311) .3(1[) .(311).
cos’| — |- coy — | + sin’| — |- sin| — | is
8 8 8 8

(JEE Main 2020)

1 1
(@) — b) —
4 242
1 1
(c) — d) —=
2 2

) MATHEMATICS
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Sol. (b) Given trigonometric expression
3(11] (31!) .3(11’) 5 30
cos’| — | cos| — | + sin’| — | sin—
8 8 8 8

3(n) n n) .3(n).(n
cos’| — | cos| — == [+ sin’| = |sin| — -
8 2 8 8 2

;)

< |

(3 on5)+ (5)=45)
5] [ws()+gn()

—lxzsin(ﬁ)cos( ) 1sm£ —
2 8 8 f

Hence, option (b) is correct.

Maximum and Minimum (Greatest and Least)
Value of a sin6 + b cos6
Let a=rcoso and b=r sina
. asin® + b cosO =r (cosa sinb + sina cos0)
=rsin(® +o)

where, r= \}az +b% and o = tan™! Lé)
a

.+ Maximum and minimum values of sin (0 + o) are 1 and
-1 respectively. Therefore,

(i) Maximum value of a sin® + b cosb = \a” + b?
(il) Minimum value of @ sin® + b cos® = — \/a”* + b*

Example 13. The maximum value of

3 cosO + 5 sin ((—) - E) for any real value of © is
6 (JEE Main 2019)

() ? (b) V34 (© 31 ()19
Sol. (d) Given expression 3 cos 0+ 5 sin(e—g)
=3 cos0+ 5(sin 0.cos ™ - sin cose)
6 6
=3 cos0+ 5[? sin 9—%COSOJ

=3c059—§c056+¥5in6

=lcos 6+ﬁsin9
2 2
- The maximum value of acos0+ bsin Qs \/az+ b?

So, maximum value of%cos(ﬂ 5 sinBis
2
(1)2 (5ﬁ
— - +| —
2 2
[1 75 J%
= |—4—=_/—=
4 4 4
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Trigonometric Equations
An equation involving one or more trigonometrical ratios
of unknown angle is called a trigonometric equation.

. 1
e.g. coszﬁ—s1n6=§, tanm6 =cotnb
etc., are trigonometric equations.

Solutions of a Trigonometric Equation
A value of the unknown angle which satisfies
the given equation, is called a solution of the equation.

The trigonometric equation may have infinite number of
solutions and can be classified as

Principal Solution

The least value of unknown angle which satisfies the
given equation, is called a principal solution of
trigonometric equation.

General Solution
The solution consisting of all possible solutions of a
trigonometric equation is called its general solution.

Note A function f(x) is said to be a periodic function, if a least
positive real number T is such that f (x + T) = f(x), then T is known as
period of function f(x).

General Solutions of Trigonometric Equations

(i) sin6=0 6=nm,nel

(i) cos0=0 0=(2n+1)g,nel

(iii) tan®=0 6=nm,nel

(iv) 0=nm+ (1o
sin@=sina ael-E ™| nel

0=2nm * ¢,

cos 6 =cos

v) ¢ ael0n],nel

(vi) 0=nm+q
tan 6 =tan o n

sin® 8 =sin’ «

(vii) cos® B =cos® o O=nm+anel
tan® 0 = tan® o

(viii) sinf=1 0=(4n+ 1)g,ne/

(ix) cos =1 0=2nm,nel

(x) cosB=-1 0=@2n+mnel

(xi) sin x =sin o.and cos X =C0S o. X=2Nm + o

Important Points

* If0 is an odd multiple of % i.e., when

0=(2n+ l)g,ne I, then sec and tan 0 are not

defined.

) MATHEMATICS
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* If0 is an even multiple of% ,le.whenO=nn,nel,

then cosec 6 and cot 6 are not defined.

* The general solution of equations containing
cosec 0, sec B and cot 6 is equivalent to that of the
equation involving sin 0, cos 0, tan 6.

If value of 6 which satisfies the two trigonometric
equations, is least positive value o, then
0=2nn+o,nel eg.,sinf=sino and

cosO =cosa ,then0=2nn+a,nel

When cos0 = 0, then sin® =1or -1 :>6=(n +%)n

If sin® =1, then n is even and if sin 6 = -1, then n is odd.
Similarly, when sin6 = 0,then cos®@ =1lor-1 =60 =nn

If cos© = 1, then n is even and if cos ® = — 1, then n is odd.

Example 14. letS ={0e[-2m,2n]:2 cos’0 + 3sin6 =0},

then the sum of the elements of S is (JEE Main 2019)
@@ 2m (b) © (0 =N (d) s
3 6
Sol. (a) We have, 6 €[-2m, 27]
and 2cos’0+3sin0=0
= 2(1-sin*0 +3sinH=0
= 2-2sin’0+3sin0=0
= 2sin0-3sin6-2=0
= 2sin?0-4sinB+sin8-2=0
= 2sinB(sin®-2)+1sin6-2) =
= (sinB-2) 2sinB+17 =0
= sin(i:%1 [ (sin6-2) #0]
= 0=2n-2, -n+Z -Z 7+2 [reel-2n,2n]]
6 6 6 6

Now, sum of all solutions=2n—£—n+£—£+n+£=2n
6 6 6 6

Example 15. The solution of

tan x + tan 2x + tan 3x = tan x tan 2x tan 3x s

(@ x=nm,nel (b)x:?,nel

() x= % ,nel (d) None of these

tan x + tan 2x

Sol. (c) We know that, tan 3x=tan (x + 2x) = —————
1-tan x tan 2x

= tan 3x—tan x tan 2x tan 3x = tan x + tan 2x

= tan x tan 2x tan 3x = tan 3x — tan x — tan 2x ...(i)

Now, tan x+ tan 2x + tan 3x = tan x tan 2x tan 3x

—2 tan x + tan 2x + tan 3x = tan 3x — tan x — tan 2x
[from Eq. (i)]

=5 2 tan x=-2 tan 2x=> tan 2x=tan (-x)

2x=nm + (-x) = 3x=nm

nm
= x=?,wherenel
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Example 16. The number of solutions of the equation Example 17. The solution of the equation
14 sini* x= cos? 3x, x€ [_S_RI 5_7t] is k cos x = 3 sin x =k + 1is possible only if
2 (JEE Main 2019) (@) k € (~o0, 4]
(@ 3 (b) 5 © 7 (d 4 (b) k € (~oo, =)
(©kel4, )
Sol. (b) Given equation is1+ sin* x = cos’(3x) (d) None of the above
i f(1+ sin* % =[1,2
Sincesangeiarl -+ sm” A =12] Sol. (a) Here, k cos x — 3 sin x=k + 1could be rewritten as
and range of cos’3x) =0, 1] p 3 -
So, the given equation holds if e S sin x = [
1+ sin* x=1=cos’3x) \/k o ‘/k i : +]9
= sin® x=0 and cos?3x=1 = cos (x+ ¢) = g
K +9
. [ 51 Sn}
Since, XE|l-—,— k
22 where, cos ¢ = -
x=-2m,-m, 0,7 2. k“+9
Thus, there are five different values of x is possible. and  sing= 3
VK +9
Solution of Trigonometric Equation of which posses solution only, if
the Formacos6 + b sin6 =c¢ Lo ke
Let the equation is K +9
acosO + bsinb=c i
On dividing by ya* + b both sides, we get = el
: ¢ : ;
cos O + sinf = (i) = k+0*<k*+9
2, 12 2, 12 [2, 12
il 4 ba+b = K +2k+1<k*+9
Let tano = — = k<4
¢ b Hence, the interval in which k cos x = 3 sin x =k + 1admits
sing = ———— solution fork is (~eo, 4].
\/aZ + b?

a Example 18. The number of integral values of n so that
and R 21 p? sinx(sinx + cosx) = n has at least one solution is
5 (@0 (b) 1

From Eq. (1), we get (© 2 d 3

cos O coso + sin0 sino = Sol. (c) We have,

a®+ b’ T
sinx(sinx+ cosx) =n

no
o o

= sin’x+ sinxcosx=n

= cos(0 -a)=

:

2, 12 5
a“+b 1-cos2x sin2x
- =n

If |c|>,/a2+b2,then equation a cos 0 + b sin0 = ¢ has 2 2
. . = 1-cos2x+ sin2x=2n
no solution and if,

sin2x—cos2x=2n -1

=
< 2 2
lel<ya* + b%, = ~2<m-1542

then let cos O = \/I)LZ [+ sin2x - cos2x € [- 2, 4211
6 +b . —ﬁ+1<n<ﬁ+1

= cos (0 —a)=cos ¢ 2] 2

= 0-a=2nnt¢ n=0,1

- O=2nmto+o,nel Two integral value of ni.e., 0 and 1.
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GEINYBE) Topically Divided Problems
Trigonometric Functions and Identities @ 1 )%
; x
1. The value gf the expression © 1-x (d) None of these
sin“y 1l+cosy siny .
_1+cosy+ §in y —l_cosylsequalto 9. Ifsin 6 + cos® = m and sec 0 + cosec 6 = n, then
; d n(m +1) (m - 1) is equal to
@0 (@) 1 (©siny  (d) cosy (@) m (M) n © 2m @ 2n
2. If0 lies in the second quadrant, then the value of x y z
T—8n0 |iteiae 10. If - BN = om ,thenx +y+2z
\/ . +\/ —— is equal to cos6 cos(() - —) cos(e + —)
1+sin6 1-sin6 3 3
(a) 2 secH (b) —2secH is equal to
(c) 2 cosec® (d) None of these (@) 1 (b) 0
3 - (c) -1 (d) None of these
3. If o <o <7, then \/cosec o + 2 cota is equal to 11, 1% lies in Tind quadrant then
(@) 1+ coto (b) 1-cota Jl+sinx + /1-sinx 14
is equal to
(¢) -1 -cota (d) -1+ cota Jl+sinx - [1-sinx q
4. Iftan A +sin A = m and tan A - sin A = n, then v x
(a) sin— (b) tan—
7 e 2 2
is equal to x x
mn (c) secé (d) cosecé
(a) 4 (b) 3 (c) 16 d 9
12. Iftan 6, 2tan® + 2 and 3 tan 0 + 3 are in GP, then
5. The value of 7 B ot
the value of —————1i
6(sin®0 + cos®0) — 9 (sin* O + cos* 0) + 4 is ¢ vaueo 9-4.sec20-1 '
(a) -3 (b) O (c) 1 (d) 3
12 33
T n . (a) — b) ——
6. For any0e (— , —), the expression 5 28
42 © 22 @ 2
3(sin O — cos0)* +6 (sin 6 + cos0)® + 4sin®o equals 100 13

(OEE Main 2019) 13. If cos x = tan y, cot y = tan z and cot z = tan x, then

(a) 13 -4cos® 0+ 2sin®0cos>0 . ;
sin x is equal to

(b) 13 -4cos’0+ 6cos’ O )\/g+1 " V5 -1 JB+1 ng_l
(c) 13-4cos”0+ 6sinBcos’ 0 @ 4 ) 4 © 2 ) 2
6

(@ 13- 4;05 6 14. Ifsin A — /6 cos A = /7 cos A, then

7. If fi,(x) = — (sin® x + cos* x), where x € R, k> 1, then cos A + /6 sin A is equal to
k (a) V6 sin A (b) -7 sin A
f1(x) — fs(x) is equal to (JEE Main 2014) (c) V6 cos A (d) V7 cos A
(a) 1 (b) 1 (0) 1 (d) & 15. If A, B,C and D are the angles of a cyclic
6 - 3 14 . 12 quadrilateral, then cos A + cos B + cosC + cos D is
8. If;m =%, then M is equal to
1+ cosa +sina cosa (a) 2(cos A + cosC) (b) 2 (cos A + cos B)
equal to (¢) 2(cos A + cos D) (d) 0
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16. 165" A _ V3 and 54 _ ﬁ,o <A,B<X then 25. The expression
sinB 2 cosB B 2 cos?(A - B) + cos®> B—2cos (A — B) cos A cos Bis
(a) tan A= @ (b) tan A = @ (a) dependent on B
< V3 (b) dependent on A and B
{) #Gn.2 =2 (d) tanB=2 (c) dependent on A
17. If a cos® o + 3a coso sin® o = m and (d) independent of A and B
asin®o +3a cos® asin o = n, then 26, 1f A TSOY 2 cot B, then A,BandC are in
(m+n)*3 + (m -n)*"? isequal to cosC - cos A
@ 2a> () 2d” (0 2d¥® (@ 24d° (a) AP (b) GP
(c) HP (d) None of these

18. If cos6 = 1(x + 1), then l(Jc2 + iz) is equal to
2 2 X

, 27. T cos o +B)=§,sin(ot—B)=%anda,Blies

(a) sin26 (b) cos26 T :
© tan20 (@) Nois of thisss between 0 and i then tan 2a is equal to
3n (@) 16 ®) 56
19. The value of3[sin4 (?—a)+sin4(3n+a)} 2 &3 33
T (c) — (d) None of these
—2[sin6 (5 + oz) +sin® Bm - a)} is equal to 33
n . ) n
(@ 0 () 1 28. The value of( s + e B j " ( ginA+ 0 b )
() 3 (d) sin 40, + sin 60, sin A —sin B cosA — cosB
20. If tan x + cot x = 2, then sin®” x + cos®" x is equal to (where, n is an even) is
(a) 2" ®) —% (a) 2 tan” ( %) ®) 2 cot"[AT_B)
() % (d) None of these (c) 0 (d) None of these
, , 29. If£<(x<1t,1t<[3<3—n;sina=EandtanB=E,
21. If15sin” o + 10 cos™ o. = 6, for some o € R, then the 2 2 17 5
value of 27 sec® o + 8 cosec®. is equal to then the value of sin(f — a) is
(JEE Main 2021) 171 21 21 171
== - & & ==
(@) 350 (b) 500 @501 ® 21 @ Doy
(c) 400 (d) 250 30. If cosx + cosy + coso. =0 and
22. Let n be a positive integer such that i+ in v =0, then cot(x + yj is equal to
i T n
sin — + cos — = —. Then, )
2n 2n 2 (a) sin o (b) cos (c) cota (d) sin(l = y)
@) n=6 ®) n=1,2,3,...,8 2
© n=5 (d) None of these 31. tan 81° - tan 63° — tan 27° + tan 9° equals
. s 3 2 d) 4
Trigonometric Ratios of Sum and e ®9 © ] @ .
Difference of Two and Three Angles 32. f0<B<a< g, cos (o +B) = = and cos (o = B) =,
23. Ifm sin O = nsin (9 + 2(1), then tan (9 + 0() cot o is thensin 2 is equal to
equal to (a) 0 ®)1
(a) (m + n)(m - n) (b) =0 (c) 2 (d) None of these
m+n
33 Iftano = (1+27) ! tanB = (1 + 2**) 7} thena + B
m+n ’ ’
(c) = (d)2(m + n)(m - n) aiuals
n T n n
i = (@) — (b) — (¢) - () —
24. The value of (8 +4) doouh — /) is equal to 6 4 3 2
sin(B - A) +cos(B + A) +B B-A
@ cos B+sin B cos A+sin A 34. If cos A = m cosB and cot =\ tan =
cos B-sin B cos A-sin A fhien:k:is
—si 1 1
cos A —sin A (@ None of thess @ = o) 2 i ©Z E (d) None of these

cos A +sin A m-1 m m-1
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